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This book presents a clear and congise introduction to statistcs and cconometrics. A courss in stalisiics
or coonometrics is often ong of the most useiul but also one of the most difficult of the required courses
in colbeges and wmiversiies,  The purpose of this book 5 10 help overcome this dillicalty by using a
problem-solving approach

Each chapter beging with a statement of theory, prnciples, or backgrouwmd inlormation, Mully illu-
strated with examples.  This is followed by sumerous theoretical and practical problems with detailed,
step-by-siep solutions.  While primarily intended as a supplement to all current standard textbooks of
statistics and,or econometnics, the book can alse be wsed as an independent text, as well as to supplement
class lectures.

The ook 15 aimed at collepe students in cconomics, business adminstration, and the socal scences
taking a one-semiester or a one-yvear course in statistics and/or coonometrics. It also provides a wvery
uselul source of reference for MLAL and MLB A, students and For all those whe wse (or would ke 1o use)
stafestics and econometnies in ther work, Mo prior statistical backgroand s assumed,

The book is completely self=contained n that it covers the statistics (Chaps. 1 10 5) required for
econometrics (Chaps, 6 1o 110 Tt s apphed in nature, and all prools appear in the problems section
rather than in the text itselll  Real-world socosconomic and business data are used, whenever posaible,
to demonstrate the more advanced coonometric techniqecs amd models.  Several sources of online data
are used, and Web addresses are given for the student's and rescarcher’s further use (App. 12). Topics
frequently encountered in cconometrics, such as multicollinearity and autocorrelation, are clearly and
concisely discussed as to the problems they create, the methods to test for their presence, and possible
correction technigues.  In this second edifion, we have expanded the computer appheations to provide a
gengral mtroduction to data handling, and speailfic programming mstruction to perform all estimations
in this book by computer (Chap, 12) wsing Microsofl Excel, Eviews, or SAS statistical packages, We
have also added sections on nonparameteie esting, mains notation, bieary choice models, and an entine
chapter on time series analysis (Chap, 111, a ficld of cconometrics which has expanded as of late. A
sample statistics and coonometrics examination is also included.

The methodology of this book and much of its content has been tested in undergraduate and
graduate classes in statistics and econometrics at Fordham University.  Students found the approach
and content of the book extremely useful and made many valuable suggestions for improvement.  We
have also received very useful advice from Professors Mary Beth Combs, Edward Dowling, and Damo-
dar Guparati,  The Ffellowing stedents caorefully resd through the entire manusernpt and made many
uselul comments: Luca Bonardi, Kevin Coughlin, Sean Hennessy, and James Santangelo.  To all of
thent we are dl:l:p|_l,- E,r.al:.:fuL We owe a greal il lectual debi o our lormer '|'lrv:_:-|-|.':m1n ol slatstics and
ceonomelrica: 1. 5, Butler, Jack Johnston, Lawrence Klein, and Bernard Ok un.

We are indebted to the Literary Executor of the late 5ir Ronald A, Fisher, F. R. 5., to Dr. Frank
Yates, F. B 5., and the Longman Group Lid., London, for permission to adapt and reprint Tables TTT
and TV from their book, Swerisrical Tables for Biolegieal, Agriculieral and Medical Research.

In addition to Statistics and Econometrics, the Schaum’s Outline Series in Economies includes
Microecononile Theory, Macroeconomic Theory, farernarional Economics, Mathematics for Econatnisis,
and Prirciples of Economics.

Diosaiiick SALYATORE

Drrrick Keacure
Mew York, 2001
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Introduction

1.1 THE NATURE OF STATISTICS

Shatipiicr reters (o the collection, presmtation, analysis, and ahhzaton of numencal data to make
inferences and reach decisions in the face of uncertainty in econoimics, business, and other social and
physical sciences.

Statistics 15 subdivided o deseriptive and mferentinl.  Descriptive statistics 15 concerned with
summariang and describing a body of data, Fofereniial siarisiics 2 the process of reaching general-
tentions about the whole {called the popidarion) by cxamining a portion (called the sampdiel.  In order
for this to be valid, the sample must be represensarive of the population and the probabifity of error abso
imust be specified.

Diescripdive statisties s discussed in detail in Chap. 2. This & followed by (the more crucial)
stutistical inference; Chap. 3 deals with probabdity, Chap. 4 with estimation, and Chap. 5 with hypoth-
ests tesling,

EXAMPLE 1. Suppose thai we have data on the incomes of 1000 LS families.  This bedy of data can be
sommartesd by fnding the average fumily meome and the spread of these family ncomss above and bebow the
pvernge.  The data also con be described by constrmicting a table, chan, or graph of the pumber or proportion of
families im each income class.  This is descriplive statistees.  IF these 1000 famibics are representative of all LIS
families, weé can then estimale and tes! hypothescs aboul the averape family meame m the Umted States a8 3 whobe
Since these conclusions are sahject 10 error, we abo wonld have 1o indicate the probability of error This is
siafistical inference

1.2 STATISTICS AND ECOMNOMETRICS

Ecormmetrics refers to the apphcation of economic theory, mathematics, and statistical techniques
for the purpose of esting hypotheses and estimating and Torecasting economic phenomena.  Econo-
mctrics has beoome st L'rjl.g|3.' identified wath FETETSINT aralvals, This relates a |.‘||."|.'l|’.‘||.d|’.‘||| variable to ong
or more mdependent or caplanstory varmbles,  Since relationships among cconomic vanables are
generally mexact, a disturbance or error lerm (with well-defined probabshste properties) must be
included {see Prob- 1.5},

Chaptess & and 7 deal with regressicn analysis: Chap. & extends the basic regression mosdel; Chap. 9
deals with methods of testing and correctmg for vielations in the assumptions of the basic regression
modek and Chaps. 10 and 11 deal wath two specific arens of econometrics, speaifically simultaneous-
equations and fime-senes methods. Thus Chaps. 1 to 5 deal with the statistics requiared [or econometrics
(Chaps, Gte 1), Chapler 12 5 concemmed with using the computer to aid im the caleulatons myvolved in
the previous chinpiers
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2 IMTRODUCTION [CHAF. 1

EXAMPLE 2. Consumption theory tells us that, in general, people increase their consumption expenditure O as
theaar deposable Galler-tas) meome ¥,y mersases, butl not by &5 much as the inerease m their dispossbile income,  This
can bi stated in explicit lnsar equation form as

Co=by+b, 7, (1.0

whire by and by are unknown constants called paremeters.  The parameter by 15 the dope coclliaent epresenting the
enargiial propemsty o comsume (MPCL  Sance even people wath identical disposable income ane hkely 1o have
somewhat different consumption expenditures, the theoretically exact and deterministic relationship represented by
Eg. (1.1 must bz modified 1o mchide a mendom disturbanc: or error term, w, making it stochastic:

Comby+ b Fy#u (1.2

1.3 THE METHODOLOGY OF ECONOMETRICS

Econometric research, in general, involves the following thres stages:

. Specification of the model or maintained hypothesis in explicit stochastic equation Form,
together with the a priori theoretical cxpectations about the sign and size of the parameters
of the function.

Collection of data on the varakles of the model and sstimation of the coefficients of the Minction
with appropriate sconometric techniques (presented in Chaps. 6 to S)

IJ

3. Ewalwation of the estimated coelficients of the function on the basis of ecomomie, statistical, and
ceomometnic criteria.

EXAMPLE 3. The first stage in economeinic research on consumption theory is 1o stafe the theory in explectt
stachasise cquation lorm, as i Eq. (1.1} wath the expectatson that by o= 0 (e, al ¥ =0, O = 0 as people dessave
and 'or bosrow) and O = &y < 1. The second srage involves the collection of data on consumption expenditare and
disposable income ard estimation of Eq. (1.1).  The third sfage in econometric rescarch imvalbees (| checking to sez if
thee estimieted] valoe ol fy == Damd 00 < &) < 1; (2 determmang if s “satislactory™ proportion of the varmation i O 15
“expluined™ by changes in ¥y and ol by and by are “satstically signilicant at acoeplabls levels™ [see Prob. 1.03(c) and
Sec. 5.2); and (3p testing 1o see if the assumptions of the basic regression moded are satisfied o1, if not, how to cotrect
for vinlations,  If the estimated relationship does not pass these fests, the hypothesized relaticnship must be
modified and reestimated until a satisfactory estimated consumption relationship is achieved.

Solved Problems

THE NATURE OF STATISTICS

1.1 What is the purpose and lunction of (@) The ficld of study of statistics? (&) Descriptive sta-
tistics? (o) Inferemtial statistcs?

(b Seatistics is the body of procedures and technigues vsed to colleet, present, ard analyze data on which
1o hase decisions in the face of uncertminty or mcomplete information.  Statisbical analysis s used today
i practically every professon.  The cconomst wses i 1o 18 the elllaemey of alternative produoction
techiigues; the busmessperson may nse ot fo test the product design or packape that maxsmizes sales;
the sockologist to analyze the result of & drug rehabilifntion program; the industrial psychologist to
craming workers” responses 1o plant enviromment; the politicl soentst 10 lorecast yolmg patierns; the
physician to st the elfectiveness of a new deag; the chemist 10 produce cheaper fertifizers; and 5o on.

itrh  Dheseriptive statisbics summanees a body of data with one or two preces of information that charactenize
the whole data. Tt alse refers to dhe presentation of a hody of data in the form of dabdss, charts, graphs,
and other forms of graphic dsplay,

WWW. LisAri.com



CHAR. 1) INTRODLICTION 3

1.3

1.4

(ch  Inferential statistics (hoth estimation and hypothesis testingh refers fo the drawing of gencralizations
abaout the properiss of the whole (called a popalarion) from the specific or a sample drawn from the
popilaton.  Inferential statistes thus involvs anductive reasoning, (This & to be contrasted wath
deductive reasoning, which ascribes properties to the specific starting with the whaole_)

(o) Are deseriptive or inferential statstics more important today? (b What & the importance
of a represcntative sample in statistical inference?  {e) Why is probability theory reguired?

Grh  Statestics started as a purely descraptive saienos, Bul it grew mioa poswerful 1ool of demsion making as
its inferential branch was developed.  Modern statistical analysis refers primarily to infereatial or
inductive statistics, Haowever, deductive and inductive siabistics are complementary,  'We must study
how to generate samples from populations belore we can learn 1o generalize from samples 10 popalka-
WS,

it In order for stabstcal mference b be vald, 0 must be based on a sample that fally reflects the
characteristics and propertes of the population froim which it s drawn. A representatove sample is
ensured by random sampling, wherehy each element of the population has an equal chanesz of being
inclhuded in the sample [see Sec. 4.1

ich  SBince the posabiliy of error exists in statsstical inference, estimates or tests of a population property or
charactenstie are given together with the chance or probabalny of bong wrong,  Thus probabaliny
theory is an eisential clement in statisteal inference.

How can the manager of a firm prodecng hightbelbs summariee and deseribe to g board mesting
the results of testing the life of a sample of 100 lighthulks produced by the firm?

Providimg the (raw) data on the life of sach in the sample of 100 lightbulbs produscsd by the firm woukd
be wery anconvenient and tme-consuming For the board members o evaluate,  Instead, the masages might
summarize the data by indicating that the averngs life of the bulks fested is 260 h and that 35%, of the balks
tested lasted between 33) and 40 b, By doing this, the manager is providing two picces of information (the
average lifi and the spread m the average hife) that charactenze the life of the 100 bulbs testad . The manages
abso might want to describe the data with a table or chart indicating the number or proporison of bulbs
tested that lasted within each 10-h classification.  Suach a tubular or graphic representation of the data is also
wery uselul for gaimmg @ guick overview of the datie.  In summanzang amd descmbing the data m the ways
indicated, the manager is engaging in desenptive statistecs, [t should be noted that descriptive statestics can
bz used to summanize and describe any body of data, whether it is a sample (as above) or 8 population (when
all the clements of the population are known and its chamcienstics can be calculated).

(a} Why may the manager in Prob, 1.3 want to engage in statistical inference? (b What would
this invalve and reguire?

trp  Caahty control reguires thal the manager have a Faoly good ea about the average hfe and the spread
it the Bfe of the lightbulbs produced by the firme. However, testing all the lightbalbs produced woukd
destrow the entire output of the firm.  Even when testing does not destroy the produes, festing the entire
autput is usually prohibitively cxpensive and time-consuming.  The usaal procedure is 10 fake o sample
aff the output and infer the propertics and charactensties of the entire sutput {popalatony from the
corrcaponding characteristics of 4 sample drawn from the population.

(b Seatestical inferenoe roquancs first of all that the sample be sepresentative of the population bemg
sampled.  IF the firm produces lightbulbs in different plants, with moene than one workshift, and
with raw materials from different supplers, these must be represented in the sample in the proportion
i which they contribute to the todal oatput of the firm. From the averape bie and spread in the Bife of
the bullbs in the sample, the firm manager maght estimate, with 953% probability of being correct and
5% probability of being wrong, the avernge life of all the lightbulks produced by the fiom to be between
3200 and A0k {see Sec. 4.3).  Instead, the manrager may use the sample information to fest, with 95%
probabaity of being correcl and 5% probabaliy of being wrong, that the average lhife of the pepalation
of all the bulbs produced by the finm is greater than 320h (see See. 520 In estimating or testing the
avernge for a population from sample information, the manager s engaging in statistical inference.
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IMTRODUCTION [CHAF. 1

STATISTICS AND ECONOMETRICS

1.8 What is meant by (@) Econometrics? (&) Regression analysis? (¢ Disturbance or error
ferm?  {dy Simullansous-egquations models?

.7

Lith

(i

(el

)

Ecomometrics is the infegration of cconomic theory, mathematics, ard statistical techniques for the
parpos: of testing hypatheses about eoonome phenamena, estimating coelficients ol econcmie relation-
aludps, and forecasting of predicting future valwes of cconomic varmabiles of phenomena.  Econometnes
is subsdivided into theoretical and applied econometrics. Theorenical economeirics refers to the methosds
for measurement of economic relationships in general. Applied ecomamaeirics examines the problems
encountered and the fndimngs in particelar fields of soonommes, such as demand theory, pradusciion,
ivestment, consumption, and other fields of applicd ceonomss ressarch, o any e, coonomaelics s
partly an art and partly a scsence, becanse often the intuition and good judgment of the sconometrician
plays & crocial role.

Fegression analysis studies the causal relationship between one economic varinbde to be explained (the
dependent variable) and ore or more mdependent or explanstory variables.  When there is only one
iisdependent or explanatory vanable, we have simple regression.  In the more nsual case of mone than
one independent or explanatory variable, we have mltple segresion,

A (random} disturbanc: or error must b2 included in the exact relationships postulated by econamic
theory and mathemnatical econamiss in order 1o make them stechastic (ie., in order to reflect the fact
that in the real world, economic relaismships among ecomome variables are mesacl and somewhat
erralech

Smnulancons-aquations models reler o relationships among cconommic varmables expressed with moere
than ons equation and such that the sconomic varables in the various equations interact,  Simulia-
necus-equations models are the most complex aspect of cconometncs and are discussed in Chap ML

(a) What are the functions of cconemetrics? (b)) What aspects of econometrics (and other social
sciences) make it basically different from most physical sciences!

[II"

i

Econemetrics has hasically three closely inferrelated functions.  The first is to test economic theories ar
hypotheses.  For esample, is consumption directly related to income? Is the guantity demanded of a
commadity mversely related 10188 prsce? Thi second Tunchion of economelnes i 10 provede numerical
catimates of the coclficients of coonomse relationships,  These are cssential in docision making,  For
example, a government pelicymaker meeds 1o have an aecurats sstimate of the coeflicient of the rebation-
ship between consumpdson and incame in order B0 determime the stimulating (i, the multipler) efect
aof a proposed lax redesction. A manapger needs 1o know il a price reduction increasss or reduces the
total sales revennes of the firm and, if so, by how much,  The third fanction of econemetrics is the
farecasting of events.  This, ton, B necessary in order for policymakers 1o take appropriate commective
action ol the rate of nemployment or milatson s predected o nse o the Ttune.

There are two basc differences between econometncs [and other social sciences) on one hand, and most
physical soences (such as physics) on the other.  One s that (@ pomted out carber) relationships
among sconomic varabdss are inexact and somewhat erratic.  The second is that most ecomnemic
phenomenn oocur contemporancously, sa that laboratory expeniments cannot be conducted.  These
differences require special methods of analysss (such as the indusion of a disturhance or error term with
the exact relationships postulated by economic theory) and multivariate analysss (sach as multipls
regression amalysish,  The katter isolates the offsct of each independent or explanatory variable on
the dependent variable in the face of contemporaneoas change in all explanatory variables,

In what way and for what purpose are (@) economic theory, () mathematics, and (¢) statistical
analysis combined to form the Geld of study of cconometrics?

[k

Econametrics presupposes the existence of a body of economic theories or hypotheses requining testing
IF the sanables supgested by economic theory do not provede a satisfactory explanatsen, the rescancher
may experiment with alternatve formulations and vanables suggested by provions esls or opposmg
theories, I this way, econometric research can lead 1o the acceptance, rejection, and reformulation of
eeomomic theones,
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CHAR. 1) INTRODLICTION ]

1.4

() Mathematics is used o express the verbal statements of economie theories in mathematical form,
eapresmg an exacl or determinstic fasctonal relationship between the deperdent and one or more
nidepindent or explanatory vanabhes,

(e} Beadestical analyss apphes appropriate technigoes to estimabe the inexset and nonexpermental relation.
alips among ceononss vanables by utdlizing selevant cconomic data and cvalaating the resalts,

What justifies the inclusion of a disturbance or error term in regression analysis?

The mclusion of a {random) disturbamse: or error teem (sith welldefined probabilistic properties) is
requined in regression analysis For thres important reasens,  First, sines the purpoess of theory is to generalizs
und simplify, economic relationships usually inclede only the most important fonoes at work.  This means
that numeraus other variables with slight and rregular dlfects are nod ancduded.  The error ferm can be
viewed as representing the net effect of this large mumber of small and irregular forces at work,  Second, the
incluzion of the error term can be justified in order to take into considerntion the net effect of possible errors
m measunng the dependent vanmable, or vamable boing explaimed.  Finally, sinee buman behavior usually
differs in a random way under identical circamstances, the disturbamsos or error term can be used to capture
this inherently random human behavior, This error term thus allows for individual random deviations from
the exact and deterministic relationships postulated by sconomic theory and mathematical sconomics,

Comsumer demand theery states that the quantity demanded of a commodity Dy s a function of,
or depends on, s price Py, consumer’s incoms 1, and the price of other (related) commodities,
sy, commodity £ (e, Pz Assuming that consumens” Tastes remain constant during the period
of analysis, state the proceding theory in (@) spocilic or explicit lingar form or equation and
i) ostochastic form. (o) Which are the coefficients to be estimated? What are they called?
Y] Dr=f‘q+-ﬂ‘|Pr+uﬁrF+b}P? |_.|I.=:|
[!Fr Dg'=!l||+b|f":|-'+£l;r+l!?5fz+ﬂ 1§14
(ch The coclicients o be estomated are by, &), &, and &, They ane called paramsiers.

THE METHODOLOGY OF ECONOMETRICS
LI0  With reference to the consumer demand theory in Prob, 1.9) indicate () what the lirst step is in

L1

eoonomelrie research and  (b) what the a prion theoretical expectations are of the sigm and
poaaible size of the parameters of the demand function given by Eq. (1.4).

(e} The firsl step in econometne analysis 5 fo express the theory of consumer demand in stochastic
equation form, as in Eq. (14 and ndicate the a prion theoretical cxpectations about the sign and
possibly the size of the parameters of the function,

it Comsumer demsand theory postulates that in Eq. (1.4), & <O (dicating that price ard quantity are
inversely related), by = @0 if the commodity is 8 normal good (indicating that consnmers purchase more
aoff the commodity at higher incomes), by = 0 0 X and & are substitutes, and by < 0o X and & are
complements.

Indicate the second stage in cconometric research  (a) in general and (b)) with reference to the
demand function specified by Ee. {1.4)

Gwh The second stags in econsmetric rescarch involves the colbction of data on the dependent variable: and
aon each of the independent or explanatory varniahles of the model and whilcang these data for the
crnpitical estmmsation of the paraimeters of the model.  This s uwswally dose with multiple segression
analysis {discussed in Chap, Th

i) In order to estimate the demand function gven by Bq. (1.4), data mod be colbected on (1) the
quantity demanded of commadity ¥ by comsumers, (2 the price of X, (3 consumer's incomes,
and {4} the price of commadity & per unid of time {i.e., per day, month, or yearh and over a member
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of davs, monthe, or years. Dataon Py, ¥, and Pr are then regressed apninst data on Dy and estimates
ol paramelers by, by, by, amd by obned.

How does the type of data required to eatimate the demand Nunction specifled by Eq. (1.4) differ
from the type of data that would be required to estimate the consumption function for o group af

Samuilfies ar one poinr i s

[n order to estimate the demand fonction given by Eq. (1.4), numerical valoes of the variables are
meguired over a pensd of ime. For example, il we want to estimate the demand function for colfee, we need
the numerscal value of the quantity of colles demanded, say, per year, over a number of vears, say, from 1960
to 1980 Similarly, we peed data on the average price of coffee, consumers’ incoms, and the price, of say, e
(n suhstitute for coffeck per year from 15960 to 19280, [ata that give numetical values For the variahles of a
functsen From persed o period are called foeeserier date. Howaeser, 1o estimate the consumption function
for a gronp of Familics at one podat i tme, we seed cress-sectiona) dara {ie, nomerscal values for the
consumpdion expenditures and disposable incomes of each family in the group a1 a particular poing in time,
sy, in 198.2).

What is meant by {a) The third stage in econometric analysis? {b) A priori thecretical cri-
fenat (o) Stansteal eritena? () Eeonemetric entera? (e The lorecasting abality of the
mmicuhel’®

(ah  The third stape o ecomnsiris research inviolves the cvaluation of the estimated madel on the hass of
the a preosi critena, statistical and econometne criteria, and the forecasting ability ol the mode,

it The a prior ecomomic oriferia refer 10 the sgn and aee of the parnmetess of the mode postulated by
ceonoamic theory. I the estimatad cocflicwnts do pot conform to these postalatad, the model must be
revised or rejected,

(ed  The stavistiva eriteria fefier to {1 the proportion of wanation in the dependent variable “explained™
by changes in the independent or explanatory vanables and (2} venficntion that the dispsrsion or
spread of axch estimated coeflicient around the true parameter is sullicently narrow to gve us “con-
fidemee™ in e cstimates.

() The econometnic oriteria refer 1o bests thal the assumptsons of the basie regresson model, and partici-
larlty those abous the disturhance oF error term, are satisfied,

(ed  The ferecasting abiling of the model refers to the abilicy of the model to accurately prodsct future values
of the dependent variable based on known or expectad fotwrs valueis) of the independent or explana-
1oy variablais).

How can the grrimated demand function given by Eq, (1.4) be evaluated in terms of (@) The a
priori criteria?  (b) The statistical eriteria?  (¢) The cconometric criteria?  (d) The forocasting
ability of the model?

Gih  The estimated demand Function given by Eq, (1.4) can be evaluated in terms of the a prion theoretical
criteria by checking that the estimated cosfBoients conform to the theoretical expectations with regard
Lo sign and possible siee, as postulated in Prob. L10GA)  The demand theory prven by Eq. {1.4) is
conlirmed only i by < 0, 4F by = 0000 1 15 & normal good ), and if By = 0(f Z 15 a substirate for X, as
postulated by demand theory,

(th  The statistical erieria ane satisfied only o a “high™ proportion of the varmation in Dy over time is
“explained™ by changes in Py, ¥, and Pz, and if the disperaon of estimated b, b, and by around the
true parameters are Csaficiently narmow.” There is no generally accepted answer as 10 what s a “haph™
proporten of the vamation in Dy “eaplained”” by Py, ¥, amd Pz, However, besause of comimon trends
i time-series data, we would expect more than 50 to 70% of the variation in the dependent variabks to
be expluired by the independent or explanatory varables for the model to be judped satsfactory.
Semilarly, n onder for sach estimated cocfficent to be “datistally signalficant,” we would expect the
dispersion of each estimated coeflicient about the true parameter (measured by its standard deviation;
see Sec, 131 to be penerally kess than half the estimated value of the cosfficient
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115

(ch The eeonometrss critenia are ussd fo desermine if the assamptions of the ceonometric methods ased arg
satisfied in the estomation of the demand funetion of Bg. (1.4). Omlly if these assumpions ane satisfied
will the estimated cocflicents have the desirable propertiss of unblasadness, consstmey, efficiency, and
so forth (see Sec G40

Gl O way to test the fosecasting abilicy of the demsand model gren by Eq. (143 05 6o use the estimated

fonction o predict the value of Dy for a period not included in the sample and checking that this
predicted valuwe 5 “sulbaently close™ 1o the actual observed wialue of Dy dor that persod.

Present m schematse Torm the vanous stages of economelric ressirech,

Srape [0 Economic theory
i
Mathematical maodel
|
Econometne (stochastec) model
Srage 1 Colkction of approprinte data
i
Estimation of the parameters of the model
Stage & Evaluation of the model on the basis of sconomic,
statistical, and cconometric criteria

J 1 : 1

Mccept theory Reject theory Rewise theory

il compsatible il imcompatible i incompatible
with data with data with daia
| !
Prediction Confrontation of
revised theory
with new data

Supplementary Problems

THE MATURE OF STATISTICS

.16

117

i} To which feld of study is statistical analysis important? (5 What are the most important functions of
descrniptive statistics?  (c] What is the most important function of inferential siatistics?

Aws. (wl To economies, busingss, and ather socal and physical sciesess (00 Summarizing ard deseribing
a body of data  (¢) Drawing inferences abont the characteristics of a population From the corresponding
characteristics of a sample drawn from the population.

() [s statistical inference associated with deduetive or inductive reasoning? {5 What are the conditions
required in order for statistical inference o be valid?
Ars. (@) Inductive ressoning (A1 A represeatative sampls and probabibty theary

STATISTICS AND ECOMNOMETREICS

Express in the form of an expleal lmear squation the statement that the level of myvestment spendmg © s
inversely rellated to rate of interest K.
Aws, I'=hy+ &8 with b postulated to be negative [1.5)
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What iz the answer 1o Prob. 1,18 an example of?
Ams. An econdomic theory expressed in {exact or deterministicy mathematical form

Express Eq. (1.5 in stochastic form,
Ars. P=hy+b R+ (1.6

Why is a stochastic Form required in sconometric analysis?
Ars.  Because the relationships among economic wriables are inexact and somewhat ermdic as opposed to
the exact and deterministic relationshops postulated by economic theary and mathematical economics

THE METHODOLOGY OF ECONOMETRICS

L1Z

1.25

What are Slages  lal one, () w0, and (b three an econometne reseanch?

Ars. (o) Specification of the theory in stochastic squation form and indscation of the expected signs and
possible sizes of estimated paramesers (4 Collection of data on the varinbles of the model and cstimation
of the coefficients of the function  {¢) Boonomie, statistical, and cconometnic evaluation of the estimated
pasamelers

What is the first stage of cconometric analysis for the investment theory in Prob, 1187
Ams. Stating the theory in the Form of Eq- {1.6) and predicting by =0

What is the second stage in cconometnic analysis for the investment theory in Probk, 1,087
Ars. Colbaction of time-senes dala on § and R and estimation of Eq. (L6}

What is the third stage of soonometnic analysis for the investment theory in Prob, 1187

drs.  Determination that the estmated coefficient of B, = 0, that an “adequate™ praportion of the vanation
m I aver tome s Cexplamed” by changes in B, that &) a5 “statstically significant at customary levels,™ and
that the ecomometrse assumptions of the model ane satislbed
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Descriptive Statistics

L1 FREQUENCY IMSTRIBUTIONS

It i olten wselul to OFEATILEE OF AFTange o |-|.||_|_-. ol data into a fregriene v diztriharion. This breaks up
the diata inte groups or classes and shows e number of observations in each class.  The number of
clisses 15 usually between 5 and 15, A relarive frequency distriburion is obdained by dividing the number
i ohservtions in cach cliss by the total number of observitions in the data as a whole.  The sum ol the
relative frequencies eguals 1. A bissgram is a bar graph ol a frequency distribution, where classes are
micasured aleng the horizontal axis and requencies along the vertical axis. A freguency polyeos is a line
graph of o Frequency distribution resulting From joining the frequency of each clags platted at the class
mddpoint, A curedative fregueney disiribution shows, Tor gach class, the total number of observations in
all classes up to and including that class. When plotied, this gives a disrribution curve, oF ogive,

EXAMPLE 1. A student received the following grades (imeasared from 0 fo 10 n the 10 guizees he took durning &
semester 6, T, 6, %, 5, 76,9, 10, and 6. These grades can be arranged into frequency distnbutions as in Table 2.1
and shown graphecally asan Fre. 2-1.

Table 2.1 Freqeescy Distributions of Grades

Lirades Absalate Frogucacy Relatve Froguendy
5 1 .l
i 4 A
7 . 0.2
b 1 .l
9 I 0.1
10 il 0.1
1 LA
Tl & Hrstogram Ml B Relsfive froquency hislegram
1 .,
g ;
. | 2 d
4 £
; i i __I _: i g, f—
4, |_|_| .
.g ] ! 1 ] _" =1 un Bl u
= | e
i ] . T [ ® T i i = 1 [ [ oo
Criracies Criradies
Fig. 2-1

9
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n DESCRIPTIVE STATISTICS [CHAP. 2

EXAMPLE 2. Thecans in o samphs of 20 cans of fruit contain net weights of fruit ranging from 19,3 to 20,902, 65
givern in Tahle 2.2 [F we want o group thess data into 6 clisses, we gt oloss intervals of 030z
{200 = 1928 =03 0:.  The weights given in Table 2.2 can be arranped inte the freguency distribuations given
in Takle 2.3 and shown graphsally in Fig 2-2.

Takble 2.2 ™et Weight in Cunces of Froit

197 199 H.2 9% Mo H6 193 M4 19% 3
a1 195 HMS N3 HNE 199 W0 Mbs 199 193

Table 2.3 Frequency Distribution of Weights

Weight, ox Class Midpoint | Absolute Frequency | Relative Frequency | Cumulative Frequency
192194 193 I s ]
149.5-19.7 196 2 IR K
10520 14 & 40 it
311203 .2 4 02 15
Ha-26 205 3 i 1%
S0.-20% | ¥ ] _2 ] 20

2 1 AW
Parezl A: Hisbogram Panel 1B: Kelative frequency histogram
B Y FE e
7 BT
:‘E"' s - i Ty
ERE 3
|4 &
-\-_- 1 #® -: i - LLECE]
o A =T
£ 3
o 1 E I e i
o
(] - 1 il [ B
1%5- - |9 0 )- S04 - 193 T P - Jhe 00
1“8 T JU% INE NE JUY ea 1%7 M0 AL R a8
Werghts Wirghts

Panel IF, Clgive

i
Panel C: Frequency polygon Ll
i io |
i
1 4
o
i it
g Z
= al - 3 g
5 i E
= 4 1 H L
X : g
a 2 i Fl
i
Ll 1 -
i
b — . L i - L I | i
TEE 140 FFG 196 0D 381 Hid 210 i g =P8 198 JBF M0 Jd JET I0G
Waaghtsz Waights
Fig. 2-I
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CHAR. 2) DESCRIPTIVE STATISTICS 1

1.2 MEASURES OF CENTRAL TENDENCY

Ceniral rendency refers to the location of a distribution.  The most important measures of central
tendency are (13 the mean, (23 the median, and (3} the mede. We will be measuring these for
populations (1.e.. the colkection of all the elements that we are deseribing) and for samphes drawn
from populations, as well as for grouped and ungrouped data,

. The arithmienic mean or average, of a popualation is represented by g (the Greek letter mu); and
for a sample. by X (read “X bar™).  For wngrowped data, poand T are calculated by the following
lormulas:

p=X g waiX (2.a,b)

N i

where 5 X refers 10 the sum of all the observations, while N and o refer 1o the number of
chsarvations in the population and sample, respectively.  For gronped data, g oand ¥ ang
caleulated by

e
= Sx amd = ‘E—H

- = {2.2a, b)

where 37 (X refers to the sum of the frequency of each class ¢ times the class midpoing ¥,
2. The median for ungrouped data is the value of the middle item when all the items are arranged in
cither ascending or descending order i terms of valees:

Median = the (‘V;— I)rh atem in the data array (2.3

where N refers to the number of ftems in the popualation (g Tor a sample).  The median For
greiged data s given by the formula

n2-F

Median = L 4
i -

(2.4]
where L = lower limit of the median class (i, the class that contains the middle item of
the distribution
n = the number of observations in the data set
F =sum of the frequencies up to but not including the median class
T = Trequency of the median class
¢ = width of the class mierval

3. The mede is the value that occurs most frequently in the data set. For growped data, we abtain

d)

h-Tt.HJ-l.'—LLr‘,I |.nf;.r

(2.5)

where £ = lower limit of the modal elass (e, the clas with the greatest frequency)
dy = Imequency of the modal class minus the frequency of the previous class
i

&

frequency of the modal class minus the frequency of the fallowing class
width of the class interval

The mean is the most commonly used measure of central tendency.  The mean, howewer, is allected
by extrems values im the data set, whik: the median and the mode are not,  Other measures of central
teidency are the weighted mean, the peomerric mear, amd the harmonic mean (see Probs. 2.7 to 2.9),
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12 DESCRIPTIVE STATISTICS [CHAP. I

EXAMPLE 3. The mean grads for the popualation on the 10 guizees given in Example 1, nsing the formmla for
ungroaped data, 1%

E.'L'I‘E-'.'J RS54 THOFD 1046 70
we= - Lk fi b ml 2 } =E=T'IJ"H-I11$

To find the median for the ungrowped dats, we frsl arrangs the 10 grades in ascendimg order: 5,6, 6,6, 6, 7, 7,8, 4,
10, Then we ind the grade of the (& + 1200 {1+ 1),/2 = 5.5th itein, Thus the median is the average of the 5th
and b item in the armay, or (6 + 712 =65 The mode For the angrouped data is & (the value that oceurs maost
frequently in the data seth

EXAMPLE 4. We can esrimsate tie mieaw for the growped data given in Tabde 2.3 with the aid of Tahle 2.4;

i 1.
RO 31, UL VP

This caleulation could be simplified by coding (see Proh, 2.6)

Takle 2,4  Cabeallathon of the Sample Mean for the Data in Table 2,3

Class Freguancy
Wiaght, oz Midpoing X r Ix
%2104 1.3 I 9.3
185197 1506 2 Wz
1% 6200 1949 ] 1592
2001203 202 1 0.8
204204 205 E] 61,5
20009 2008 2 1.6
S f=an=2 5 A = 4016

We can estimate the siedian (med) for the same grouped data as Follows:

1F a2
Med = L4+ 108 5

3 7
=03 = 19.8 4 EI:I..'!-

= 198 +0.2625 = H06 oz

where L= 198 = lower lieat of the median class (e, the 1982000 class shch contains the 10tk and 111k
abservations)
g = M = pumber of observations or items
F = 1= sum of frequences wp 1o but not incloding the median dass
Fo = = frequency of the median class

¢ =13 = width of class inmterval

Similarly

_ LI f _ L5 _
Mods: L—mc I&H—mﬂ.i I!H+ﬁ 198+ 008 = 19590z

Asmnobad in Prob, 2.4, the mean, madian, and mode for growped data are estimates usad when only the growped data
are available or 10 reduce caboulations wath a larpe ungrouped data sed.
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CHAR. 2) DESCRIPTIVE STATISTICS 13

13 MEASURES OF DISPERSION

Dispersion refers to the variability or spread in the data. The most impoertant measures of disper-
siom are (1) the average deviation, (21 the variance, and (31 the srandard deviarion,  We will mea-
sure these for populations and samples, as well as for grouped and ungrouped data.

1. Avergee deviption.  The average deviation CADY, ako called the mean absoluse deviaion (MAD,

is given by
21X =
N

XY=
AD = E—"

AD = for populations i 2.aa)

and for samples (2.l

where the two vertical bars indicaie the absolute value, or the values omitiing the sign, with the
ather svimbols having the same meaning as in Sec. 2.2 For grouped data

5 T
AD = ZX

ap— =S¥~ X ”i x|

for populations (2.7

and for samples (2.7h)

where § refers to the frequency of each class and X 1o the cluss midpoints,
Variance. The population variance «° (the Greek letter sigma squared) and the sample
variance 5 for ungrouped data are given by

=

] H
o= E“‘_;’” and 5" = % (2.8a.b)
For grouped data
5 &3 . -3
= WT_“J and = EJ'I}T‘E%H {2.0a.b)

i, Srmmdard deviarion.  The population standard deviation & and sample standard deviation s are
the positive square rools of therr respective varances.  For ungrouped data

f
T= |'E':J':r _ I'"lz and ¢ = 'I—EHJ — T]! (2. 10ha )
=V T m=1 -
For grouped data
; 7
o 1IIII.'E_r.:.:il - ."w (2.11a.t)

The most widely used measure of (absolute) dispersion is the standard deviation.  Other
micasures (Besides the variance and average deviation) are the range, the rerguartile range,
and the quarnile devianion {soz Probs. 2,11 and 2,12

4. The cogficiens of variation (V) measures relarive dispersion:

F = f—: for populations 2.1 2a)
and K= % for samples (2120

EXAMPLE 5. The average deviation, vanance, standard deviation, and coefficient of varation for the nngrouped
data given in Exampds 1 can be found with the aid of Table 2.5 (g = T; see Example 3k
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14 DESCRIPTIVE STATISTICS [CHAP. I

nl
BT
|:|'2 - M —_ ﬁ - Win|5 9_‘|1|grpﬂ_

ST

R
. 'I.'Illz” B 2 /3T s 148 poinis
E ‘:il:l.ﬂ. or 1%

i

Table 2.5  Cabculations om ile Data in Exanple 1

Crade X' | p Y=p X = 1 X = b
fi 7 1 1 1
T T L L il
i 7 =1 | |
B 7 1 1 1
¥ 7 -2 2 4
7 7 0 L L
fr T =1 1 1
" 7 Z z 4
0 7 3 3 9
i T =1 1 1
LY -pl=0 | DX -ul=12 | DY -pf =22

EXAMPLE &. The average dewiation, variance, standard devintion, and coefficient of waniation for the frequency
distribation of weights (grouped datn} given in Tahle 2.% con be found with the aid of Table 2.6 |:'.'|':" = MLOE oz see
Example 4):

5 -F) 636

AD = - ﬁ =138 ar
X X7 28520
£ A ) =155 or squared
H—1 1%
go g2 XV (29300 e = 0304202
1IllI w— | BT
¥ 03947 o
V=om o 0]9, 1.96
T 208 o o .

Mate that in the formula l'nrf and 5,4 = 1 rather than o is used in the denominator (see Prob, 216 for the reason).
From the formulas fior o°, o, £, and & given m this section, others may be derived that wall semplify the caleulaisens
for a barge body of data (see Probs. 207 to 219 for their derivation and application),

Tabde 26 Calculstions an the Dkata im Tahle 24

Weight, Clam Frequarey
or Midpoint ¥ r Men¥| 2-F | 1% -T wax-T  |iv-T Sy =T
i 2 149410 (T i waE | -096 | e 0w 060 1586
18,50 19,70 (L] T il ] kAR LR 0230 L]
15 B} D00 19590 B i L] =ILIE U] 1.44 01324 022
20121 202 1 ol ] iz Rz nas LR LA
L4314 L5 } UL 04X | kA2 .26 176 n.512
2070180 TR T il 03z ®T2 .34 [T E] (R
o T =636 5 Y — T = 18500
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14 SHAPE OF FREQUENCY DISTRIBUTIONS

The shape of a distribution refiers to (1) its symmetry or lack of it (shewressh and  (2) its peak-
cdness (Kurtosis).

. Skewness. A distribution has ®ero skewncss if it is symmetrical about its mean.  For a
symmetrical (unimodal) distribution, the mean, median, and mode are equal. A distribution
is positively thewed iF the right tail is longer.  Then, mean > median > mode, A distribution is
segarively skewed i the keft tail is longer.  Then, mode = median = mean (s0e Fig. 2-3)

i
Flan Ml.h]l:"--' T -H““Mr.!n Moan " ™= Pllode
Pelodtan Mdidtin M dzin
Pliude
Panel A Symmetnca Penel B: Posdively skewed Puned € Negatively shewed
Fig. 2-3
Skewness can be measured by the Pearson coefifcient of skewiness:
S — med
Bk = e . ) fior populations (2.13a)
3 X — med .
und 8k = X — med) for samphes (2 I3h)
3

Mean and variance are the first and second moments of a distribution, respectively,  Skewness
can also be measured by the third moment [the numerator of Eq. (2. 14a.8)] divided by the cube
of the standard deviation:

gy — 2 S1X =g

p for populations (2.4
AN - XY
and Sk = # for samples e

For symmetric distributions, Sk = 0.
Kurtosis. A peaked curve is called leprokuriic, as opposed to a Nai one (plarvkaric), relative (o
ane that is seesokwrnc (s0e Fig, 2-4) Kuortosis can be measured by the fowrdh seomenr [the
numerator of Eq. (2.15a,8)] divided by the standard deviation raised to the fourth power. The
kuriosis for a mesokurtic curve is 3.

rr

Lepickurtic
Ml sodriic

Plarykuniic
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S D A F ey .
Kurtosis = % for populations (2.15a)
N -5
and Kurtosis = M for samples (2.1 5k)

3. Jaimi moment, The comovement of two separate distributions can be measured by covariance:

EX -y -T) EX¥)

covi X, ¥ = v T XY for populations
— X - X JE—
cov(¥, ¥} = 2X DY -T) V) 5y for samples
Lid Eid

A positive covanance indicates that X and ¥ mowve wgether in relation to their means. A
negative covariance indicates that they move in opposite directions.

EXAMPLE 7. Wocan find the Pearson coelficient of shewness for the grades grven in Example 1 by usmg u =7,
mod = 6.5 (s Example 3), and o = 145 {s0c Esample 5

_ Mp—med) T 65 305 .
= . =W 1. =R rsec Fig 2-1)
Simmilarly, by using ¥ = 20008 oz, med = 20006 o (see Example 41, and & = 0,39 0z (see Examphe &), we can find the
Pearson coefficient of skewness for the Frequency distiibution of weights in Table 2.5 as follows:

_ Y — med) . A0, 08 — 30,06
] 039

Sk

5k =i lE (sex Fig. 2-2c).

For kurtosis, see Proh, 223,

Solved Problems

FREQUENCY DISTRIBUTIONS

21 Table 2.7 mves the grodes on a quiz for a class of 40 students.  (a) Arrange these grades (raw
clata szt mate an arcay feom the lowest grade to the highest grade. (&) Construet a table showing
class intervals and class midpoints and the absolute, relative, and cumulative freguencies for cach
grade.  (c) Present the data in the form of o histogram, relative-frequency histogram, frequency

polygon, and ogive.
Takle 3.7 Grades on a Oz Tor 8 Class of 40 Spodewis

7 b [ 2 & T ik T 3 9
10 4 5 5 4 & T 4 B 2
5 3 L1 ) 9 i . 4 T @
4 fi 1 b 1 f ¥ & 14k 5
[ap See Table 2.5,
Table 2.8  Data Array of Grades
2 2 2 3 3 i 4 4 4 4
1 5 ] 5 5 5 & & & &
b & ) 1 ! £ T T T T
B S # # 4 W B G I 1
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i*F Sce Table 2% Mote that sinee we are dealing here with discrete data (i.e., data expressed in whals

(el

Freyuemsy

Fregueengy
=

numbers), we used the actual grades as the class midpoints,

Table 29 Frequency Disiribation of Grades

Class Absohute Relative Cumulative
Cirade Midpoimt Frequency Freguency Frequency
1,524 2 k] 007% 3
2534 i 3 0avs ]
1544 4 3 0.12% i1
4554 5 5 0125 16
5564 & [+ 0. 150 22
6,574 1 # 0. 200 Sl
1584 B 4 1, 100 4
55494 4 4 00, i kT
95104 LI ) {1,050 4l
4 1,041
See Fig. 2:5.
Panel A: Hislogram Pame| B: Belative Frequency Dismbution
- — P —
i BH
a
- 4
- — (] E— s -
F s 3
L e |6 i ~f o
- = =
W a | = [T T E g !
sk i slslf| | | [P*Ts
a
i 1 ] i § i 1 Ed B i il i 1 ] il 8 i E ] B ([ ]
Carades Crroeles
Panel D: Oigrve

Pramec] : Froqucmey paoshygon

Cumsmlative frequency
4

b o e e e e e

i
i 1 ) i i @ ¥ £ % nom los@mi=19 I4 28 &8 % &f TH @4 4 Jus
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A sample of 25 workers moa plant reeerve the hourdy wages given in Table 2,10, (@) Arrange
these raw data iinto an array from the lowest to the highest wage, (5 Groop the data info
classes. (¢} Present the data in the form of a histogram, relative=frequency histogram, frequency
polvgon, and ogive

Table 210 Hourly Wages in Dellars

i6s RTE 3RS 3185 40 400 425 355 3IEE 3G
gl 340 426 375 345 405 4B 415 3ED 405
IBR O 30E 40b 4R 408

(wh See Table 2.01.
Table 211 Data Array of Wages in Dollars

355 360 36E 0 ATE AT 80 3ES O XES 1EE 39D
395 1485 3495 396 400 405 405 405 46 408
400 415 408 423 4o

(th The hourly wages in Table 200 range from 5355 to 3430, This can be convennily subdivided
inte & equal classes of 50010 each.  That is, [#4.30 — £3.50) /8 = 808078 = 20,00, Motz that the
range was gxtended from 33,50 to 3430 so that the lowest wage, 53,55, falls wirlun the lowess class
and the largest wage, 54,3, falls within the largest class It is also convenient (ard needed for
patting the frequency polygen) to find the class mark or midpoint of cach class,  Thess are
shown in Tahle 212,

Table 21Z  Fregqeency Distribwtion of Wages

Haourly Wage, Class Absahute Relative Cumulative

5 Midpoint, § | Freguency Frequency Fregquency
3.50-3.59 158 1 0.4 1
E60-3 64 145 2 10K 1
3703179 i 2 (.08 i
3E0-3.89 EECEY 4 016 ]
500199 195 5 .20 14
4.00-4.0% 405 L .24 20
4. 10-4.19 415 i 12 23
4.20-4.29 425 2 .08 25

23 1.0

(ch  See Fig. 2-6. Anpther way of getting the ogive 15 to plot the cumulative Freguencies wp fo 53,595, 3,695,
3795, and 50 on (50 as fo inclode the upper limit of each class), The values 53585, 1685, 1795 eic. are
aoffen referred o as the class fowndaries or exacs Bdrs,  MNode that the class midpoints are obtaned by
atfdding topether the lower and upper class bowndaries and dvidmg by 2. For exsample, the sccond class
mimdpoant B prven by 3595 4 309502 = T.090 2 = 365 (e Tabke 2.12).
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Panel A Hislisgram Paned [ Rolalrve frequincy distnbubion
1 — AN —
fE — [ = I_n
£
4k e B anl _—
1 " -] il e
[ ~ Win
- i B A - n ki
L 5 i
i ] | T wi | wm wis
| i |1r-l
L] III L ‘I‘
BB 5 Jode LRE BB | dife 4 d 38 1]
B4 598 4 T8 LEE 1% 4 4 41§
Fanel C: Fredquency polygon Pramsz] [ Ohgiwg
& 54
5 ': i
| o
1= 1 i 5- A=
1 1 B
ool | =
15 I : e & BT
! ! | h &
| 1 - miw |-
i ! : : E’ ]
1= ol 1 ! o oA
! S .
i T » T
BlE R3% 38 LTE 1SS LR 44 411 &3 438 Lowmdme = LS L&l 170 160 190 &dd 4 1F 410 438
Fig. 26

MEASURES OF CENTRAL TENDEMNCY

Find the mean, median, and mode  (a) for the grades on the quiz For the class of 40 students
given im Table 2.7 ithe ungrouped data) and (6 for the grouped data of these grades given in
Tabkle 2.9,

13

[}

(i)

Smee we are dealing with off prades, we want the population miea;

_ 2K T+5+64+---4+5 40
=T W =g - oot

That i, p i oblained by adding together all the 40 grades given i Table 2.7 and dividing by 40 [the
three centered dots (ellipses) were put in 1o avold repeating the 40 values in Table 2.7).  The mediar is
given by the values of the [(V 4 11/2|th stem in the data armay in Tabkle 28, Therefore, the median is
the value of the (40 4 112 or 20,5th, or the nverage of the 20h and 21st ifem,  Since they are both
cqual to &, the median is 6, The mede s T (the value that oocors most frequently in the data set).

W can find the popaieiion mean for thi groupsd data in Tabke 2.9 wath the asd of Table 2.13;

Y M0
HEE Tt

This is the same mean we found for the ungronped data, Motz that the sam of the frequencies, % 7,
equals the number of observations in the population, %, and X = L,r"t’ The median for the
grouped data of Table 2,13 is given by

N2 - "'.l._ §4 +M| =55 4067 =617

Med = £+ ra %
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where [ = 5.5 = |ower limit of the median class (e, the 55264 class, which contains the
Hith and 218t observations)
& = 40 = number of ohservations
F =16 = sum of observabiens up to bt not ascheding the median class
Jo =6 = frequency of the median class
c= 1 = wulth ol class anteryval

The seoge for the grouped data in Tahle 213 & given by

P

e
Mode = L + =65+
d]-.n'-_ur 144

1=65+10.33 = 6K]
where [ = 6.5 = lower limit of the modal class (e, the §.5-7.4 class with the highest frequency of Bl
) = 2 = frequency of the modal class, 8, minus the frequency of the previous class, &
dy = 4 = frequency of the modal class, B, minus the frequency of the following class, 4
¢ = | =width of the class interval

Mot that while the mean calculated from the grouped data a5 i this case whental 1o the mean
caleulated for the ungrouped data, the median and the mode are only {gead) approsimations.

Tabde 203  Calculation of tle Population Mean for the Geromped Data in

Tabbe 2.9
Cirade Class Mudpoint ¥ Freguency iy
1.5-24 2 1 fi
2.5-34 k. 3 o
1544 4 ¥ 20
4.5-54 3 3 25
5504 f L il
574 7 B it
1584 B 4 32
B.5-%.4 b i 36
a5 104 10 2 20
E |'r = l"" = ‘|":| E II".'t' - :‘ﬂ]

Find the mean, median, and mode (@) for the sample of hourly wages received by the 25
workers recorded mm Table 200 (the ungrouped data) and (6 for the grouped data of these
wages given in Tahle 212,

p_ DX _SLAS4SITS4SIE5 4. 45405 59565
]

25 25

= 5506 or 5395

fa)

Median = 5392 [the valoe of the (& + 1172 = {254+ 1) = 13th fem in the data array in Table 2.11])
Mode = £3.95 and 54,03, since there are three of sach of these wages, Thus the distribution is Sieode!
., ot has two modies),

(%F We can find the sample mean for the grouped data in Table 212 with the ad of Tahle 2.14:
T b - 98,73
n 15

Mote that in this case 3 0% = 8875 # 5 X = 598,65 (found in part &) since the average of the
observations in each class is nod squal 10 the class mudpoint for all classes [as m Prob, 2308

= 5305
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Thus ¥ calenlated from the grouped data is onby a very good approximation for the true vahie of ©
caleulated For the engrovped data.  Inothe real world, we often have only the growped data, or il we

have a very large body of ungrouped data, i1 wall save on cabeulations 1o exiimate the men by fisst
grouping the data.

n2=F 252 =9

Med = L+ o= BRI G (0L N0] = S300 4 80.07 = 53.97

as comipared with the true median of $3.98 fourd from the wngrouped data (see part a).

i |
Mode = £ + —— = 5.0 + (L 10} = 500 + SO0.025 = 54025 or 3403
d'| +||:I'_| 1+3

as compared with the frue modes of 5398 and 34.0F found from the wngrouped data {see part @k
Sometimes the mode s simply green as the midpoant of the madal class,

Tahble 204  Caleulation of the Samphe Mean for the Grouped Dats in

Twhle 212

Hourly Class

Wage, & Midpaint ¥, & Frequency i I¥
350559 355 | 335
60369 1ES 2 7.0
A3 178 2 1.5
380389 385 4 15,40
Ra0-189 Las 5 19.75
400409 #1005 i 14,30
4.00-4.19 4.15 3 1245
4. 00-4.29 §.25 i .45

T i=a=25 | AN =59305

Compare the advantages and disadvantages of (@) the mean, (B} the median, and  {c) the
mode as measures of central tendency,

ik

]

Ich

The ndvantages of the mean are  (1F it is familear and understood by virbually evervone,  [2) all the
abhzervations in the dota are taken mto account, and (3] & used in performing many other
statistical procedures and tests.  The disndvantages of the mean are (13 it i5 affected by extreme
values, (20 i s time-consuming 1o oompuie lora large bady of ungrouped data, and {31 1l cannol
e caleulated when the last class of grouped data s open-endéd (Le, 1 mehides the bower it of the
last class “and aver™ L

The advantages of the median are  (1b it is not affected by extreme values, {20 it is easily understoond
(i, half the data are smalker than the median and half are greatery, and (3} it can be caleulated even
when the lasi class s open-ended and when the dota are qualitative miher than gquantitative, The
disadvantages of the mean are (1} it does net wse muech of the information availablz, and (2} it
meuires that observations be arrangsd into an armay, which is time-consaming for a large body of
ungroupied data.

The advantages of the mods ane the same as those for the median The disadvantages of the
made are (1) as for the medion, the mode does not wse much of the information available,
and (2} semetimes ne valoe of the data s repeated more than once, so that there is no made, whils
at other times there may be many modes.  In general, the mean is the most frequently wsed measure of
central tendency and the mode i the kst wsed,
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Find the mean for the grouped data in Tabke 212 by coding (6., by assigning the value of w = 0
tir the dth or 5th classes and p= -1, p = =2, ete, to each lower class and p= 1, p = 2, ¢ic. fo
gach larger class and then wsing the formula

 SYRPLY (2.16)

where X is the madpoint of the class assigned g = 0 and ¢ is the width of the class intervals), See
Tahle X 15,

Table 315 Calcubation of the Sample Mean by Coding for the Grouged Data in Table 2,12

Houwrdy Wape, & Class Medpoint X, 5 Cade Freguency F S
350359 355 =3 1 -1
360369 165 -1 . —
300309 175 -1 Z -
iE0-3R9 185 i 4 1
3.90-3.09 195 | L] 5
400409 405 ) i 12
4,00 4,19 4,15 % 1 4
4. 10429 4.25 4 . ]

Lf=n=215 | T jp=2%

— ' 25
=X+ E:‘”c= 53,85 +32(50.10] = 5385 + 50.10 = §3.95

X Tor ile grouped data formed by coding is identical to that found in Prob. 245 without coding.
Coding eliminates the problem of having to deal with possikly large and inconvenient class
midpaints; thus ot may simphiy the calculations.

A firm pays a wage of 54 per hour to its 25 unskilled workers, 56 to its 15 semiskilled workers, and
58 toits 10 skilled workers, What is the weighted average, or weighted mrean, wage paid by this firm?

In find the weighted mean, or weighted average, of a population, g, or sample, ¥, the weights, w,
have the same function as the frequeency m linding the mean [or the grouped dada.  Thus

St

X, o u,= " [FAE)]
P
Faor this prokdem, the weights are the nomber of workers employed o1 each wapge, and E w equeals the sum of

all the workers:
_ (S4)(25) + (S6)(15) + (S)(10) _ S100 + 590+ 580 _ 20 _ .
e = %4 154 10 - 50 T

This weighted average compares with the simple average of 56 [(54 + 56 + 52)/3 = 56] and is a better
mensure of the average wages,

A nation Faces a rate of inflation of 2% 0 ome year, 5% i the séeond year, and 12,5% i the third
vear. Find the geometric mean of the inflation rates (the geomerric mean, pg or X, of a set ol v
positive numbers is the mth root of their product and is used mainly to average rates of change
and index numbers )

jg or Xg=4X X X, (2.18)
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Ll

where Xy, Xy, ..., X, refer to the m (o &) observations.

=125 =%

s = 25H12.5]

This comparcs with p = {2+ 5+ 12.5)/3 = 19.5/3 = 6.5%. When all the mumbers are equal, wy cquals u;
otherwise ji: & smaller than g In practice, p is caloulated by logarnithms:

_Flopx
N

log ey, [&1%)

The geometrsc menn is wsed primarily in the mathematics of fnance and fnancial management,

A commuter drives 10mi on the highway at $0mi'h and 10mi on local streets at [3mih.  Find
the harmonic mean,  The hormonie mean gy s used primarly fe average ratios:

N
(o _WLE-W]
2 )
T+ (1/15) {1+ 4760
2 o 120 .,
_ﬁ_ EF—T—HH'"_,'“

as compared with g =5 VN = (00 + 15)/2 =952 =37 5mi'l. Mote that of the commuoter had avesaged
7. Emih, it woald have taken her (20mi 375 middmin = 32min to drive the 20mi,  Instead she drives
fimin on the highweay (10mi at S0 mi/k) and 40 min on kel streets [10mi at 15 mijh) for & total of 30min,
und thes is the [correct) answer we gt by using gy = 24dmifh. That is, (I mi' 24 mi/h) = 60min = 30min.

(at For the ungrouped data in Table 2.7, find the first, second. and third quartiles and the third
deciles and sianeth percentiles, (5 D the same for the grouwped data m Takle 202, (Quarnifes
divide the data into 4 parts, deciles into 10 parts, and percenriles into 100 parts.)
Lo} Oy dfirst quartibe) = 4 [the averape of the th and 11th walees in Tahle 2.8)

0y (second quartiby) = & = the valae of the 20 5th item = the median

£ ftherd quartile ) = 7.5 = the value ol the 305k dem

I+ (third decibep = 5 = the value of the 12 5th item

Py (sintieth percentile) = 7 = the value of the 24.%5th item

nid— F

fi

354 - 5
4

(h) =L

= 5180 4 [S0.10) = 5380 4 3003125 o= 8583 [22F)

15/1 -9

5
Inid — F:
K

TE4 14
= 5400 4 T[Sl'.'l.]ﬂ_l = B A 50005 = 5408 [2.Z3)

= 53190+

(S0 10) = 5390 + S0.07 = 53,97 = median [2.22)

@=L+
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Py=L+ w:
= §3.80 + w ($0.10) = $3.80 + $0.0625 = $3.86 (2.24)
Py 14 S100—F
o
— 5400 4+ 120000 - 180 10 = S4.00 4+ SO016T 2= S4.02 [2.29)

MEASLURES OF DISPFERSIOMN

rn

112

13

(a} Find the range for the ungrouped data in Table 2.7, (&) Find the range for the ungrowped
data in Table 2.10 and for the grouped data in Table 212, (¢} What are the advantages and
dispdvantages of the range?

(e} The range for ungrouped data is equal to the value of the largest observation minns the value of the
smallest observation in the data st The range for the ungrouped data m Tabde 2.7 is (rom 200 10, or 8
poinls

it The range for the ungrouped data s Table 200008 from 53,55 10 54,26, or 3071, For groapad data, the

range extends from the lower limit of the smallest <lass 1o the upgper limit of the largest dlass,  For the
groupsd data in Table 2,12, the range extends from 53250 40 54,29,

(e The advantages of the range are that it is easy to find and understand.,  Ies disadvaniages are that i
conskders only the lowest and highsst values of a distribubion, i s greatly influeneed by extreme values,
and il cannol be fpund for open-emdad distribubions.  Because of thes: dissdvantages, the range is of
limited wsefulness (except in quality contrel),

Find the interquartile range and the quartile deviation (@) fer the ungrouped data in Table 2.7
and (&) Tor the grouped data in Takle 2,12,

(e} The interguartile range is equal to the difference between the third and first quartibes:
R =0 — 0, (2.26)

For the ungronped data in Takle 2.7, IR = 7.8 — 4 = 3.5 points [utilizing the valoes of &4 and £ found
in Prob, L1 (@], ™ote that the imterquartile range is not affecied by extreme values becanse it utilizes
anly the middle half of the data.  [vis thus better than the range, bud it is nat as wadely wsed as the other
meanres of disperson.  For the quartibe deviation,

oy — i
Q‘D-T

| 2IT)
Therefore, QI = (7.5 = 4]/ = 3.5/ = 1.75 pomts.  Cruartibe deviation messures the average range of
one-fourth of the data.

(hh TR = 3y — @ = 5408 - 5383 = 8025 Jutilizing the values of (f: and & found in Prob, 2, 100#]

- S4.08 - 53.83
p=2_G_ i = 50125

Q

Find the average deviation for ) the ungrouped data i Table 2.7 and (8} for the grouped
data in Table 29

(o} Soce p==ah [Eatl: [ 2.3{:1!].

E Y—p=14+1+0+44+241+0+1+3+34+4+24+014+1+2 4041 +2+2+4
+3+1+0+1+3+24+4 4241 4+3 42401 +2+34+0401+34+4+1

=72

N . 3
AD = I";r s _:T;_ 1.8 points
]
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L4

=]

Maote that the averaps deviation takes every observation info aceount, 1t measures the average of the
absolute deviation of swh obiervation From the mern. 10 takes the absolate valie {mdicuted by the
v vertical bars) because 50X — @) =40 (300 Example 5

i} We can find the avernge deviation For the same grouped data with the asd of Tahle 2216

AN —pl 72

Al = m .ﬂ; = 1.5 points

the same as we Found For the ungrouped data,

Tabde 216 Calewlations for the Average Deviation for the Grouped Diata in Table 2.9

Class Mudpoint
Cirade ¥ Freguency /| Mean p| X —p X = NX =yl

1.5-24
2,334
L5 4.4
4554
5564
6514
1.5-d.4
BE04
95104

|

¥
b s Es
o

L L
=

-
|- - - I

(=T = e I
P o B G LA LR I L
hoOh OhoOh O O Ok O R
R .

f=N=40 T X = =72

Find the average deviation for the grouped data in Table 2,12

W can find the average deviation for the grouped data of hously wages m Table 212 with the aid of

Tahle 217 [T = £3.95 see Prob. 24(5)):

AD = Y =T _ S.:.ﬁ'l.l _ 80144
i 25

Mote that the average deviation found for the grovped data i\ an estmate of the “tree™ average devation
thsat could be fourd for the ungrouped data. 1t osoally differs slightly from the troe average deveation
because we use the estimate of the mean for the grouped data in our calealations [compare the values of ¥
found in Proh. 2.d{a) and (5)].

Table 217  Calculations for the Average Desation For the Grouped Dida in Table 2,12

Hourly Wage, |Class Midpoint|  Freguency  |Mean X, ¥ = X, |[¥ = X, Ay =¥,
3 X, 5 f 3 i 5 3
3503549 355 1 1495 1.3 {40 e
3.60-3.69 3ad 2 EL 030 | 030 L
3.70-3.79 375 2 103 020 | 020 .41y
3B0-1EY ] 4 195 {1 14 {10 L
300300 3.08 L £ LULITUI B (.0
4.00-4.0% 4.05 6 1495 .11 10 LEL
A 10-4.1% 4.15 3 195 U2 (.20 LE
4,10-429 4,25 F) 193 050 [ 30 (60
T =25 TN - T = 53.60
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L15  Find the varance and the standard deviation Tor (@) the ungrouped data in Table 2.7 and
(b the grouped data in Table 2.9, (¢) What s the advantage of the standard deviation over
the varignce?

;_'!"I;.T—:LI:
w

TN g = L I 4041644414021 69494165941 401444041 4444416

ek | L o R o I o B | R o AL | O o [ |

[} I and ji= {se2 Prob, 2.3a)

= |9
ol ™
s _Er—pf 192 :
o ¥ T 4.8 points squarsd
f 2 —
P ST L I - .
o= IIT= IIW = 4.8 = .’.‘.IS'p{'nlnt“s
(% We can find the variance and the standard deviation for the grouped data of grades with the aid of
Tablz 2.15:;
TN - uf 192 .
I
o ==y = 4.8 points squarsd
wndd T - '..-'; - 1.--*1_3 = 2 19points

the syme as W lound For the ungroaped data,

Table X218 (Calcwlations for the YVariance and Standard Deviation for the [ata in Tahle 2.9

Chass Midpoints
Grade ¥ Frequency £ | Mean g | ¥ — i (X — uf FiX — )
1.5-24 2 3 i -4 13 48
2534 3 L] [} -3 o a7
1544 4 5 [} -2 4 M
4554 5 5 f -1 1 b
5.5-6.4 fi 4] [ 1] 0 1]
6574 ! = [} 1 1 .8
7584 f 4 i 2 4 16
g504 q 4 [ 1 o k[
951004 L] X [} 4 & ix
Tf=N=40 T X — ) =192

() The advantage of the standand deviatien over the vanancs 15 that the standard deviation is expressad in
the same wnts as the data rather than in “the wideh squared,” which is how the variance is expressad.
The standard deviation is by far the most widely wsed measure of (absolute) dispersion.

L% Find the variance and the standard deviation for the grouped data in Table 2.10.

W can find the variance and the standard deviation for the grouped data of hourly wages with the aid
of Table 2,19 [X = $3.95; sec Prob, Z4(H1]

TAY T a2
F - ":LJ | J_g-_fmmd: dollars squared

| ¥ - T
and r= \'IE% = 0.0343 = 50.18
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7

L8

Tahle 119 Calcularlens for the Varlance amd Standard Doviathon for tve Data in Takble 2,02

Hourly Class Mean ¥,[ ¥ - T,
Wage, 5 | Midpoint X, §| Freguency © 5 5 |lv-Xf Fix-X)
35035 153 1 193 —01.48 1 016
360369 165 2 195 030 | 0ue nls
137 173 3 3193 —0.20 LIS R
B350 iRE 4 193 =010 1l RIS
3.90-3.99 395 5 1.95 (0 T .40
4,004,000 405 s 3.95 oo | Gl 0.4
410409 415 3 393 0.0 LIS 01z
420-4.2 4.5 2 195 030 | 0ug 0l
T f=n=15 TAY-FF =082

Miotbe that m the formula For 5: and 5,/ — | rather than ® 5 used m the denominntor.  The reason for this
is that if we take many samples from o population, the avernge of the sample vanances does not tend to
equal population variance, o, unless we use § — | in the denominator of the formula for ¥ (more will he
muid on this m Chap. 5. Furthermore, 5 and 5 for the grouped data are estimases for the true 5° and s
that cowld be found for the ungrouped data because we use the estomate of X from the grouped «fata in
our ciloulations.

Starting with the formula for o’ and 5 given in Sec, 2.3, prove that

(@l KR - Ne' g Al "': ‘]”T: (2 2%a, b)
el T ¥ b 2 _ =il
ib) o = EMTM and Fet 0L (2.9, b)

i oo ZIX - ul _ TN — 2+ i) _E ¥ o2aT X+ N
. m i

N
K NS > X% — Nyl

- 2y d
il C

We can pet © by simply replacing @ with ¥ and N with # in the numerator and N with o — 1 in the
denominator of the formula for o=,

) _m iy uf _ DX -2 ) T - 3T A N
N N N
_EA e BN
== WA= v

Wi can get 7 i the same way s we did m part o The preceding formulas wall simplal’y the caleulatsons
for o and & for a large body of data, Coding also helps (see Prob, 261,

Find the variance and the standard deviation for @) the ungrouped data in Table 2.7 and
() the grouped data in Table 2.9, anng the simpler comrpacrariong! forsadas e Prod, 207,
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fa) DN <925 3646494 36 5 29 405 B 100 4 164 25 4 25

+16+3+d9+ 18 +6d = + 9+ 25+ 30+ 49+ Bl + 64 54 + 16+ 4%
+ Bl # 16 -+ 36 + 49 + &4 & 9 + 36 + 4% + Bl + 100 = 15

- |, 532
X _ M0
B=Sr=F=
X - Np' o 1632 (40)(36) 1,632 - 1,440 192 -
|;|'J— 7 - ﬁ - 0 —ﬁ—:‘lﬁ points squared

F= .,r.-'; = A8 =219 points

the same as in Prob. 2,130
ik} We can find o and o lor the grouped data in Table 29 with the aid of Tabke 2.30;

R a0
P 00
s Taxt o NGt 1632 (0){36) 1632 — 1440 192 .
ot = = = 0 = i =30 = 4.8 points squarsd

7= e = 3R & 219 paints
the same as in part @ and Prob, 113

Table 2,20 Calcobations for the YVarkance amd Stamdand Devkation for the Grouped [afa

in Tabd: 29
Cirade Clazss Midpoint ¥ Frequensey fx ¥ iyt
1.3-2.4 2 3 L 4 12
13354 3 ] 9 a a7
1544 4 5 1| I B
4554 5 5 I5 I5 125
55404 ] L] M 3G 6
I | 7 H 6 44 Wz
TREd H 4 L G54 156
BE04 ] 4 2] 1 34
9.5 104 1] ) k|| 1 0] Hi
T Nmd | T =240 VT = 1632

219 Find the variance and the standard deviation for the grouped data in Table 2.1 using the simpler
computational formula given in Prob. 21708,

We can find & and 5 for the grouped data in Table 2,12 wath the aid of Table 2.21;

— TY TS
.t. = & = ? = E’I';lj

;T aT 008828 — [25)(15.6025) 300825 — 3000625 082
S EX - pY ] 3

20342 dollars squarsd

amnid 7 00342 = 50,18

the same as we found in Prob, 116
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.20

Table 221 Cobowlations Tor the ¥Vorinnce and Standard Deviotion for the Growped Datn in

Table 2.12

Houwrly Cliss

Wage, 3 | Midpoist ¥, 5 | Frequency / i, 1 X’

A50-3.50 158 1 3.5% 12,5025 126025
40560 1463 r) 150 13,5225 266450
373,79 175 2 7.50 14.0625 28125
3.80-3.50 185 4 15.40 148235 5 200
1903584 19% 5 105 156025 TRAO125
404,00 405 & 2430 16,4025 g 415
4.10-4.19 415 3 12.45 172225 51,6673
420420 425 2 f.50 18.0625 361250

T =r=25 [T X = 98.75 T = 3005824

Find the cocflicient of waration P for the data in (@) Takle 2.7 amd (&) Table
2120 () What 15 the usefulnes of the coellicent of variation?

Ged with =& and o = 2.1% {see Probh, 2,19)

. .
p=0 2 9P0Et 635 or 6.35%
i fi points

(k) With ¥ = 5395 and 5 = 818 {see Prob. 2.19)

0.1
3395

o

{| =

Vo=

=0.0ME, or 46%

-

(e The cocfficient of variation measures the redaiéive dispersion in the data and is expressed s o pure
namber withaaf any wmats,  Thas a3 10 be contrasted with standard deveabion and othes measures ol
abralfuse dispersion, which are expressed m the umts of the problem.  Thus the coefllesent of varsation
can ke used to compare the relative dispersion of twa or more distiibutions expressed in different anits,
a% well ms when the true mean whees differ,  For example, we can say that the dispersion of the data in
Tabde 2.7 18 greater than that m Table 2,12, The coeflicient of variation alio can be used 1o compare the
redative dispersion of the same type of data over different time periods (when @ or X and & or 5 changeh

SHAPE OF FREQUENCY DISTRIBUTIONS

e |

Find the Pearson cocfficient of skewness for the {grouped) data in  (a) Table 29 and (&) Table

212
Gk With p =6, med = 617 [see Prob. 2300, and o= 219 s Prob. 20158

Al — med | . il — If--l']']ﬁ 3117}

5 @ e LY 219

= —23  (a purs numberk

Tiode that median s greater than mean and that the distribution is slightly negatively skewed (see Fig
2500

(¥ With ¥ = 3395, med = §1.97 [see Prob, 24(#H, and 5 2 20,18 (see Proh, 2.16)

~ X — med) L M85 -387)  3(-0.02)
5 008 018

ik = =033

sz Fig, -6}
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222 Using the formula for skewness based on the third moment, lnd the coellicient of skewness Tor
the data in (a) Table 29 and (&) Takle 212,

(o} We can find the cocflicient of skewness for the data in Table 2.% using the ormula based an the theed
maament with the aid of Table 2,22

_Ef(X - w42 —42

- |
& T T 1050

5k

This indicates that this distribution is negotively skewed, but the degree of skewness 15 measared
differently than in Froh, 2.21.

Tahle 332 Calcolations for Skewness for the Diata in Table 3,9

Class
Girade Midpaint ¥ | Frequency [ Mean p| X —p [(X — r.ul'L iy - .-.|I1
1.5-2.4 ) i b -4 -4 -9z
1534 3 3 i -1 -27 -1
1544 i 5 i -2 -k —4i
4554 5 b B -1 -1 -5
5564 [ L1 i 0 1 0
6574 T B i 1 1 B
1584 i 4 6 . B iz
594 b 4 ] 3 .y LIL
B 514 f1] 2 e 4 [:E! 128
= N=d0 A - ) =42

(#h See Tahle 223,

AX X —00sd —0u5d
gk = SV 2 X 00N = -0
5 .18 0.006

Mote that regardless of the measure of skewness nsed, the distributions of the data in Tabkles 2.9 and
2,12 are negatively skewed, with the latter more negatively skewed than the former,

Table 223  Calculations For Skewness for the Data in Table 2032

Hauardy {lass Wean | ¥ =X,
Wages, 3 |Midpoint ¥, 8| Frequency f | T, 5 g Jx -1 Fix -1
3.50-3.59 1.55 1 3.95 0.0 | -006d 0,064
3opl-3.80 165 2 3595 —{.30) | -0z —0.054
303,70 175 2 ERE =020 | -0 —0.00 g
180389 185 4 395 | —0.10 | —0.00] —0.004
303,99 1045 k] KR i i i
ER N 4005 L ER 0,10 000 IRLI
410419 418 3 305 0.20 | ooos 0.024
4 204,20 4,25 2 ERR 0,30 0z? 00454
T AN - T = —0034
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223 Fand the coeMeient of kartosis Gor the data in fay Tabbe 2% and  (8) Takle 2032,
ied We can find the coefficient of kurtosis for the data in Tahle 29 with the aid of Table 2,24:

ALY =t 200 2004
o T T 1Em

Kurtosis = =E&7N13 (a purg number)

Thus the distribation of grades B very peaked (leptokartics see Fig, 2-fc),

Table 124  Calcubavions for Kurtesis for ihe Data in Table 39

Class
Cirade Mlsd pcint X Frogoency f (Mean p | V—p J{Y - ;.:::lJ FIx =)
1.5-2.4 2 i b —d 256 T
1534 5 i 3 -3 il 243
1544 4 L ik 2 I Al
4554 5 5 & -1 i b
2564 & 3 3 0 ] 0
B5-T4 7 B f 1 1 =
T5-54 -] | f £ 16 5
8594 4 4 i 3 8l i
S 5-10.4 1] 2 f i 256 512
= N=d0 A = p) =200
() Tabke 2.25 will aid ns here:
-1 |
. TAixX =X 06T
= T3
kouriouns 3 Elll.ﬂ[ll =1

Thus the distribation of wages is also leptokurtic (see Fig, 2-6c, buat less than the distribution of

gradis.
Tabde 2,25 Calculathons for Kurtosts for the Diata in Table 2,12
Hourly Class Mean | ¥ - ¥,

Wages, 5 [ Medpoint X, 5| Frequensy © | X, 5 £ iy -1 My -xr
350-3.50 355 I 1985 | -0 | 0025 00256
Fo0-3,60 365 2 ies | -0 | 008 0,00 62
L3170 375 2 193 0.2 | (L& 03z
JH0-3.50 388 4 195 | =i | ouied 0, Dubik
101,90 305 i 198 0 1] ]

A Hp-4.04 405 fi R ol | (L .G
Aok 0% a15 i 195 0oy | D] [ERIIE R
420420 415 2 ins 030 | s 0,00 62

AN X = 00670
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12 Find the covamance between hourly wage X and education ¥, measered in vears of schooling in
the data in Takle 2_36.

Table 226 Employes Hourly Wages and Years of Schoaling

Employes Houarly Years al
Mummiber Wage X, 5 Sehoading

.

I &.50 12

2 12400 14

i QM) 1

4 1, 500 12

5 1140 16

& 15.41) 16

) 2540 I8

& 12400 18

W ] i

1] 25 (L]

From the calculations in Table 2.7, cov X, ¥ = (10355 1)) = 10,355, When ¥ and ¥ are both above or
bilow their mens, covatanc: & increasad.  When ¥ and ¥ omove mopposite dirsctions relative to their
means {emploves 51, covarance is decreased.  Since in this case cov( X, ¥} = 0 X and ¥ mowve together
relative to their means.

Tuble .27  Calculations for Covariamce

Employes Hourly Years of . o o .
Mumber | Wage ¥, 5 [Schooling ¥ (¥ =% | (¥ =TF) (¥ -Tuy-T
1 &.50 12 1275 1LE 5895
2 1 2.AHD 14 0.2235 0.2 0.043
3 00 10 -2775 -38 110,543
4 10,50 12 1.275 18 2,295
5 1 A L& ~0.775 22 ~1.703
& .04 L 3.2z8 22 T4
) 2500 13 13.225 4.1 53.545
& 2 1% .22 42 0,943
9 .50 12 - 5.0 -18 9.495
1o B.25 1 —3.525 —38 13.345

X = 11775 =138 Z¥Y=XHF - ¥)= 10155
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115 Compule the covariancs from Table 2,36 wsing the allemate Tormula
Compulabions ane given e Table 2228, v X, ¥ = [IT2ES M} = (117050 15.8) = 171 KE
162 405 = 10355,

Takle 2.IH  Caboalatbons for Cevarfance with Alvernate Forniula

Employes Hourly Wage Years of
Mumber L Schooling ¥ Yy
1 B.5) 12 123
2 12,00 14 1&H
3 4,00 [} ik
1 10,50 12 126
3 11.00) 16 17
fi 15,00 13 240
7 25,00 18 4500
] 12,00 & 216
4 6,50 12 74
1l 825 L] K15
Y=11.75 F=118 I:.'fr_L..'-:n.s

Supplementary Problems
FREQUEMCY DISTRIELITIOMNS

22  Tahle 2,29 gives the frequency For gasoline prices at 48 stations in a town.  Present the dataan the Form of a
histogram, a relatve-freguency histogram, a fregquency palvgon, and an agive.

Takde 2,20 Frequency Distribalion of

asobine Prices
Frice, § Freguency
10K 1 0 4
1.05-1.04 i
L0114 10
1.15-1.19 15
1.30-1.24 B
1.25-1.29 ]

217 Table 2.30 gives the frequency distribution of family meomes for a sample of 100 familses oo city.  Graph
the data into & histogram, a relative-frequency histogram, a frequency polygon, and an ogive,
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Tabdi: 2.3 Frequency Distribation of

Family Incomes
Farmily Income, & Frequency

DO 11,5 12
12 00013 599 14
1, 004015, 50% 24
L 0017 50 [
18000 19,5999 13
202 S T
2000 23,509 il
24025 9499 4
2600027, 904 i
2R 00020 50 2

L1

MEASURES OF CEMTHAL TENDENCY

L

1.19

L.3m

3

133

Find {a) the mean, ¢y the median, and () the mode for the grouped data in Tabde 2,29,
dms, ) i =5115 (B Median = 5106 (o} Mode = £1.17

Find  {a) the meun, (b)) the madsan, and  (ch the mode for thi ruquurjt!.' distribibion of ieomes m
Table 230,
dws. (o) X = 517,000, (% Median = 316000 {0} Mode = 5150353

Find the mean for the growped data m (o) Table 2229 and €5 Table 250 by coding.
Ars. foh g =5L15 {0 ¥ =3517000

A firm rays 3002 of s labor force an hourly wage of 85, 1/3 of the labor force & wage of 56, and 14 o wage
af §T. What is the weighted average pad by this firm?
Ams. g, = 5583

For the some amount of capital myvested ineach of 3 years, an mvstor camed a mde of retern of 1% dunng
ths firsd year, 4% dosing the secomd year, and 16% darng the thisd.  (ab Find pg. &9 Find o (e Which
is appropriate?

Ars. (o) pg =d4% (B p=T4% (o) ug

A planc travebed 30mi at &M miloand 00me at S0 mih. What was its average spoed?
Ams. gy = 5623 mith

A drver pirchases $10 worth of gasoding at 20.%0) a gallon and 510 at £1.10 a gallon.  What 15 the average

prec por gallon®
Ars. g 2= 509 per gallon

For the grouped data of Table 2.2, find (o} the first quartile,  (5) the second quartibe, () the thord
queartie, ey the fowrth decile, and e the seventicth percentile.
dms. e @y =510 (8 @ =50L06 () @5 =51.21 () Dy =35L0146 (e} Py =501195

For the grouped data in Table 2,30, find (@) the first quartide,  {6) the therd quartibe, {c} the third decile,

and a7 the sistieth peremntike,
dms. (a) @) = 513,857 (F @y =5019.538 (¢} £y =514.333 id) Py =3517,333
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MEASURES OF DISPERSTOMN

L37

243

What is the range of the distribution of  (ab gaseline pross in Table 2,29 and (8] famaly ineoomes m Table
23
Ans. (@) S02% (8] S10.000 10 32090, or S30,000

Find the interquartle range and gquartile deviaton for the data in du) Table 220 and () Table 230,
Ars. (@) IR = 5000 and QD = 5005 (&) [R = 2476 and QD = 5238

Find the average deviation for the data m (g) Table 220 and by Table 230
Ars. (e S0OETE (b 83530

Fird (@) the vanance and (&) the standard devation for the frequency distnibution of gaseling prioss in
Tahlz 2.2%
Ams. (@) o = 00048 dodlars squared  (B) o = S00693

Find (@) the warance and (6 the standand deviatson lor the fregquency disiribubion ol Gamaly meomes in
Table 230,
Ars. (@) & = 19760000 dollars squared (6] ¢ 2 5444520

Using the easier computationa formmdes, ind  {g) the varianee and (&) the standard deviation for the
distribution of gasoline prices in Tabd: 2,29,
Ars. (@) o = (LNAE dodlars squared (&) o 2 5000693

Using the easber comprtatioral formmlas, find  {a) the varance and (&) the standard dewviation for the
family incames in Tabl: 2,30,
Ars. (@) = 19, TR0 dollars squared  (6) 522 5444517

Find the coefficient of wvarintsom 1V for (@b the data in Table 229 and (&) the data in Tahle
250 ()l Which data have the greater dispersion?
Ars. (w) 006D, or 6%  {8) 0261, or 26.01%  {ch The data of Table 2300

SHAFE OF FREQUENLDY DISTHRIBUTIOMNS

2AS

Find the Pearson cocflicent of skewness for the data m (o) Table 229 and (&) Table 230
Ars. () — 043 {&) 067

Find the coeflicasnt of skiwness using the formula based on the thind moment for the data in (e Table 2,29
and  {h) Table 2300
Ars, (@) =188 (&} T35

Firsd the cosfleent of kurtoss for the data in {a) Table 229 and (&) Takle 230,
Ars. (@) IT? (&) 300

For covanance, {al m whal range shoald the covanana: for directly related data &lF (8) For mversely

related data? ob For unrclated data®
Ars, (@) cov =0 (i cov <l [e] cowe=(
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Probability and
Probability
Distributions

A1 PROBABILITY OF A SINGLE EVENT

Il event 4 can ocour in fy ways oulb of a tofal of N possible and equally likely outcomes, the
probability that cvent A will oceur 18 given by
] i

MA
| A

a0}

where PlA) = probability that event A will occur
m; = aumber of ways that event A can occur
N = odtal numiber ol |.'|.|||;|II:|.' r-._'-:.-.'l:ll,: ElCOmes
Probability can be visualized with o Penn dizgrane. In Fig 3-1, the circle represents event A, and the

dfefal ares of the rectanghe represents all possble oulcomes,
Fid) ranges between O and 1

\__

Fig. 31

IF P A =0, évEnt A cininl occid I ™Al 1. eveit 4 wall occud with -::-I:'lril.inr_l.'

A

Copyright 2002 The MoGrws-Hill Companies, Ine,  Click Here for Tenms of Use
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CHAR. 3] PROBABILITY AND PROBABILITY DISTRIBUTIONS ET)

If P{A") represents the probability of renocawrrence of event A, then
Pidy+FA =1 (3.4

EXAMPLE 1. A head (H)and a tail (T)are the oo equally possible suteomes in fossing a balanced coin,  Thus

=1

==z

L

P =5=3

and AH)+PT)=1

EXAMPLE 2. [In rolling a fair dic once, there are six possible and equallby likely outcomess: 1, 2, 3, 4. 5, and &
Thus

Al = .F'I:E.I = .FI'.:|_|-= d = F'-:SII = P} =£
The probakility of not rolling a | is

1 5
Pl =1=-PFll=1-===<
('} M=l-g==

and .F'I:'I]—PI'I':l—1+'—{—E—I

ECRCECE

EXAMPLE 3. A card deck has 52 cards divided into 4 suats (diamonds, hearts, dubs, and spades) with 13 cands in
cach soit (1, 2, 3, .., M, jack, queen, king), If the deck is well-shuffled, cach of the 32 cards is egually likely to be
picked.  Sinee there are 4 jucks, the probability of picking o jack, I, on a single peck =

jom_ 21
TNTETI
Since there are 13 diamonds, [
13 I 1
r . L v
PID)=1=PD} =1 -g5=1-3=3
' I 3
and P{IJ_|+P|].'rr—4+4_|

EXAMPLE 4. Suppose that in 100 tesses of a balancad coin, we get 53 heads and 47 tails.  The relative fraquency
of heads is 33100, or (L33, This is the relative frequency o erpirien! probatdline, which is to be distingnished from
the @ privel ar clessical probhability of AH) = 0.5, As the number of fomes increases and approaches infindty in the
I, the relative Freguency or emprrical probability approaches the a prion or dassical probability.  For example,
the relative Frequency or empinsal probabilicy might be 0507 or 1000 tosses, 0508 for 10,000 tosses, and so o,

32 PROBABILITY OF MULTIFLE EVENTS

1. Rule of addivion for nonnicually exclusive everts, Two events, 4 and B, are nod mutealy
exchusive i the oceurrence of A does not preclude the occurrence of 8, or vice versa,  Then

P{d or B) = P(4) + P{B) — P{4 and B) (3.4)

PrA o 85 18 subtracied o avosd dowble counting,  This can be seen with the Venn diagram in
Fig. 3.2

2. Rule of addition for mutually exclusive evenss, Two events, A and 8, are muinally exclusive i the
oecurrenee of A prechedes the scourrence of B, or vice wersa P[4 and 8) = 0], Then

Fi4 and B) = P(4) + P(B) (1.5)
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Fig. 32

i Rude of mudniplicarion for dependent everiz. Two cvents are dependens if the occurrence of one is
connected in some way with the occurrence of the other.  Then the joins probabilicy of A and B is

PiA and ) = P[4} P{BSA) (3.6

Thiz reads: “The probability that borh events 4 and B will take place equals the probabality of
evinl A times the probability of event B, given that event A has already occurred,™

PR/ A) = conditional probability of B, given that 4 has already occurred (1.7)
and  PA and B) = PH and A) (3.4

See Prob. 3.15(c) and (4.
4. Rule u,l'-mhip.i'érarilhu II':.l.r J'm.ﬁ'lrm:.ﬁ'm evprts. Two gvenis, A amd B, are é.luﬁ'pt'.rr.'jc'nr il the
occurrence of A 15 not connected in any way o the occurrence of B, [P B 4) = P(B]]. Then

P(A and B) = P(4) - P(B) (1.9)

EXAMPLE 5. ©Ona single toss of a die, we can gel only one of six possible outcomes: 1, 2, 5, 4, 5, or 6. These are
rintrally exclsive cvents, I the die is fair, A1) = P2} = M3) = Pd) = P[3 = Fla) = 16 The probability of
getting & 2 or & 3 on a singl 10s3 of the die is

+

1
——
6

L=l B
bd |

1
G 6

PiZor3) = P2+ PiY) = !
Similarly Pi2ordord)= P2+ P33+ PA) =

bt e

1.2
5 &

EXAMPLE 6. Picking at random a spade or a king on a single pick rom a wellshuflled card deck does moi
constitute two mially exclusive cvents because we could pick the king of spades.  Thus
13 4 1 15 4

P& or K) = PI5) + PIK] = P[5 and K:I—Fis—., S i)

Using ser dheery, the preceding stalement can be rewnilen in an equivalent way as
4 1 16 4

TTRTRTE

where the symbaol U {read “onion"y replaces or and M (read “intersection'") replass avd,

L]
PISUK) = P(S)+ PIK) — PISNK) =+

EXAMPLE 7, The outcomes of two sesessive tosscs of a balanced coin are imdependenr events,  The suscoms of
thee first toss in mo way affects the ocome on the second foss.  Thos

P{H and H) = AHMH) = PH) - P{H) =33 =, or 025
Similarly, PUH and H and Hi = PH N H M H) = PH) - F:Hyﬁ_H]:l-L-L:%, or 10,125
EXAMPLE 8. The probability that on the first pick from a deck we get the king of diamonds s
. 1
FlKp) =3
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I vhe fivsr card ploked was tndeed rhe Sl of divescndy and (7 tle sy card was aod repleced, the probability of getting
amother King on the second pick is deperaen? on the lrsd peck becans: there are now only 3 kmgs and 51 creds ket in
the diock.  The conditiomal profubility of prcking another kmg, givin that the king of dimaonds was alrsady pieked
and rot replacad, is

¢ y=3
PIK_-"E'..D:I = n
Thus the probability of picking the king of damonds on the first pick and, withowt replacement, packing anothes

king on the sacomd pick s

13 3
51 51 2652

or about 1in 1K,  Related to conditional probability s Bayes™ theorem (see Prob, 317, Problem 318 reviews
combarations and permutations, or “countng lechrgoes.”

PiKpand Kj = MK PK/Kg) =

33 DISCRETE PROBABILITY IMSTRIBUTIONS: THE BINOMIAL IMSTRIBUTION

A random variable 15 o variable whose values are associaled with some probability of being observed,
A dfserere (a3 opposed (o comtimame) random vamable 15 one that can assume caly fnite and distinet
values,  The set of all possible values of a random variable and its associated probabilities is called a
profbability diseribution.  The sum of all probabilitics cquals 1 (see Example 9.

One diserete probahility distribution is the birebeial dizeeibuedon. This is used o find the prokability
of X number of ocourrences or successes of an event, PLY), in & trials of the same cxperiment when (1)
there are only fwo possible and mutually exclusive surcomes, (23 the o trials are irdeperdent, and (31 the
probability of occurrence or suecess, p, remains constand in each toal,  Then

PiX) = ﬁpfu — ¥ (3.10)
where r! (read “a factorial”)y =r (o= 1] (r—=3. .. 3. 2.1, and 0! = 1 by definition (see Prob. 3.18).
The mean of the binomial distribution is
= Rp (.11
The atandard deviation is
o = /npll = p) (3.12)

If p =1 — p =035 the binomial distnbution = symmetrical; 17 p < 005, 1015 skewed to the nght; and if
fo=0A i s skewed to the left,

EXAMPLE 9. The possihle outcomes in 2 tosses of a balanced codn are TT, TH, HT, and HH. Thus

.F'H}Hr—i POH) =

The number of heads is therefore a discrete random vaniable, and the se1 of all possible ouicomes with their
associnfed probabilises is a discrefe probability distribution dsee Table 101 and Fig. 3-3)

and PIH) —;

Pkl =

Tahle L1  Probability Distribution of Heads im Twe Tesses of 3 Balanced Coin

Mumber of Heads Pevasabsbe Ohatcoames Probability
0 T 025
1 TH, HT 0.50
2 HH .25
1.0
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%‘
L

]

' I 2
Mumber of heads

Fig. 3-3  Probability Distribution of Heads in
Two Tosses of a Bablameed Coln

EXAMPLE 10. Using the binemial distribution, we can find the probabality of 4 beads m 6 Qips of a balansed cmn

as fiollows:
_ o — p _G-5.4.3.2.1 _ _ 13
Hd) _.1—![.5_.“!""'” (/3 = T I'I..]ErH'l_."lj = Ii[lfﬁdj —EEU.H

When moand X are large numbers, leagthy cabenlations to find probabilities can be avoided by using App. 1. The
expecied mumber of heads in & flips = = ap = [6)(1/2] = 3 heads,  The standard desuation of the probabality
distribution of & fips s

o= ympil - p) = TEINTZ) = /64 = V1.5 = 1.22 heads

Because p = 0.5, this probability distribation is symmetrical.  IF we were not dealing with a coin and the frials were
nol dependent (as in sampling without replacement), we would have had to use the hypergeometric distribwrion (see
Prob. 3.27).

34 THE POISSON DISTRIBLTION

The Poiszmr diviribution 12 another discrete pn:}hil.ljth'!}' desteibution. Tt i wsesd o determine the
probahility of a designated number of successes per ald of fee, when the ovents oF sucoesses arc
independent and the average number of successes per unit of time remains constant,  Then

A =t

where U = designated number of successes
PILY) = probability of X number of sucossses
A = (Greek letter lambda} = average number of successes per unit of time
¢ = base of the nataral logarithmic svstern, or 2 T1528

Criven the value of A (the expocted value or mean and variance of the Poisson distribution), we can
find ¢~ from App. 2, substitute in Eq. (.09, and find FY).

EXAMPLE 11. A police department recevis an average of 5 calls per hour. The probalality of recaving 2 calls in
a randomly scheeted hour B

s¥ert 25 asy(000674)
) =2 =T =" NOD0ETH) _ g 0wazs

F

The Poisson distribation can be wsed as an approximeation oo the binomial dissiibution when rois large and porl = p
is small [say, n = 3and mp < Sor ol —pl < 5. Sez Prob, 3.3
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A5 CONTINUOUS PROBABILITY IMSTRIBUTIONS: THE NORMAL DISTRIBUTION

A conslnnmes ratdorm variable X is ome that can assume an infinite numbser of values within any given
interval.  The probability that X falls within any interval is given by the arca under the probability
distribution {or density function) within that interval. The total area (probability) under the curve is |
(sece Prob. 3,300

The rorssa disteifrrion 15 a continuous prokability distribution and the most commonly wsed dis-
tribution in statistical analysis (s Prob, 3.32). The normal curve is bell-shaped and symmetrical about
its mecan. Tt extends indefinitely in both directions, but most of the area {probability)y is clustered arcund
the mean (see Fig. 3=45; 68.26% of the arca (probabahty b under the normal curve 15 included withim one
standard deviation of the mean (e, within g £ 1), 95.44% within g £ Jer, and 99,74% within g £ 3o

e y;:.: PIE™ ool cerve
1 1 1 i i T meal
¥ Y _r r S ry ¥ Standerd normal curve
- [T =
25 4%
T4
Fig. 34

The standard rormal disteibarion is 3 normal distribution with & mean of 0 and a standard deviation
of 1 i, =0 and o= 1) Any normal distribution (X scale in Fig. 34) can be converted into a
standard normal distribution by lettiing g = 0 and expressing deviations from g in standard deviation
units {z scale).

To find probabilities (wreas) for problems invelving the normal distribution, we first convert the X
value into its corresponding = value, as follows:

(3.14)

Then we look up the = value m App. 3. This gives the proportion of the area (probability) included
uider the curve between the mean and that = valwe.

EXAMPLE 12, The arca (probability) under the standard normal curve between 2 = 0 and 2 = 1.9 is obiained by
laoking up the value of 1.96in App. 3. We move down the = column in the table 1o 1.9 and then aoross unil we ane
bielow the column headed 006, The value that we get s 04750 This means that 47, 50% of the total arca {of 1, or
L0 under the curve bies between 2 =0 amd 2 = 1.% {the shadad arsa in the figare above the tableh,  Becauss of
symmetry, the area between = 0 and z = =196 (not given in the tahle) is aleo LATH), or 47 50%.

EXAMPLE 13. Suppose that Y is a normally distribated random ssanable with g = 10 and |::r‘ = 4 and we want to
findd the probabality of ¥ assuming a value between B and 122 We first calculate the = values correspondimg to the ¥V
values of § and 12 and then kook up these £ values in App. 3

_'f'__':"_u_ 1 and o - = 4]
r 2 o 2
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Forz = 1, we get (034035 from App. 2. Then, 2 = +1 equals X0.3413, or 0683,  This means that the probabilidy
of ¥ assuming a valpe between 8 and 12, or P8 < ¥ < 12], is 68 36% (sce Fig, 3-4)

EXAMPLE 14. Suppose again that X is a normally distributed random variable with p= 10 and o® =4, The
prohability that X will assame a vahes between 7 and 14 can be found as follows;

Yi—p 7-10 - 4-100
=IT= 3 =-1.5 and :;='=T= 5

N
=

For zp = —1.5, we look up 1.50 in App. 3 and get 04322 For z; =2, we get 0L.4TTL Therefore,
PT e X oo 14) = 04352 £ 04772 = 09104, or 91.04% (see Fig. 35, Therefore, the probability of ¥ assaming
a value smaller than T or ferger than 14 (the unshaded tail areas in Fig, 3-55 i 1| — 09104 = 0080, 8.96%, The
normal distribution approgimates the himomial distribution ahen o = 30 and both ap > 5 and ail — ph > 5, and it
approzimates the Poisson distribotion when A = 10 {see Probs, 3,37 and 3.38),  Another continuons probability
distribution is the expaneniial distribuiton (see Prob. 1390 Chebysiiev’s ifeorem, or mequaliy, states that regardless
of the shape of a distribtion, the proportion of the observations or arca falling within & standard deviations of the
mean s at least 1 — !I.-'.ﬁ:':'. for K = | (5o Probs, 3400 and 3.72)

04132 : 042
15 r A racals
] 0 H X acele
Fig. 35
Solved Problems

FROBABILITY OF A SINGLE EVENT

LN | (o} Distinguish among classical or a prior probabality, relative frequency or empinical probakbal-
itv, und subjective or personalistic probability. (b1 What is the dispdvantage of cach? (o)} Why
do we study prohahbility theory?

(o} According to clersice! profbobiity, the probability of an event A is given by

Pid) =2

where P 4| = probability that event 4 will sccur
iy = number of wavs event A can occur
N = tedal mumber of equally possible ouleomes

By the classical approach, we can make probability stasements abont balanced coins, fair dice, and
standard curd decks a pron, or without tossing a coan, tolling & die, or dravwang o card.  Belative
frequoercy or eoirical probatilin s given by the ratse of the number of times an evenl secars 1o the
1otal mamber of actual eutcomes or observations,  As the mumber of experiments or trials (such as the
1ossing of a coin) increases, the relatiee frequency or empirical probahility approaches the classical ora
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prioni probability.  Swehjeciive or perseaatisie peabahiliiy refers to the degeee of Sellel of an individaal
1hat the event wall occur, hased on whatever evidence o5 avallable to the imdivadical.

(b The classical or a prion approach te probabality can only be applead 1o games of chance (such as tossing
a balanced coin, rodling & fair die, or picking cards from a standard deck of cardsh where we can
determine a proci, or withoul expermméntation, the probability that an event waill oocur. In rneal-
world problens of econemics and business, e offen camndt assagn probabilities 3 pnosi and the
classical approach cannaod be used,  The relative-frequency or empirical approach evercomes the
diadvaniages of the casical appreach by wang the relebive Frequencies ol past occumonces as
probabilites,  The dalliculty with the relative-frequency or empincal approach s that we get dalferent
probabilities (relative frequencies) for different numbers of trials or experiments.  These probabilities
stahilize, or approach a limit, as the namber of trinks or expenments increases.  Becanse this may he
capensn amd tme-consummg, peopke may end up wsing it without a “‘sufficsent”™ aumber of trals o
caperiments.  The dissdvantage of the sabjective or personalistic approach e probability is that
different people faed with the same sinzation may come up with completely diffzrent probahbilities,

(ch Most of the docisions we face in cconomics, business, scienee, and everyday life involve risks and
prohabilities, These probahilities are casier 10 understand and illustrate for games of choice becauss
ahjective prababilities con easzily be asmpned 1o variows events,  However, the prmary reazon for
studving probabality theory 18 o elp ws make intelligent decisions in economics, business, scence, and
cveryday life when sisk and uncertainty ans mvabied,

What 15 the probability of da) A bead moone toss of a balanced com? A til? A head or a tail?
(B A 2in one rolling of a fair die? Mot a 2? A 2 or not a 27

L] |
i —— =
) FiH) N3
s |
PT) “¥~3
1 1
PIH) + PIT) _;-.-;_]

i Simce each of the 6 sides of a fair die is equally likely to come wp and a 2 is onz of the possibilities

w1
Pll=—=-
12) N &

The probability of mot rolling 8 2 [that is, P{2'}] is given by

| 5
M=1-P2=1l--==
M2 P2] EE
.Fr":n+P1f“"’J—l—E—E—I or certainty
B e o8 &

What is the probability that by picking one card from a well-shulfled deck, the card is (@) o king.
(b aspade, (o) the king of spades, (d) not the King of spades, or (¢} the king of spades or no
the king of spades?
Gwh Since there are 4 kings K in the 52 cards of the standard deck
s _4_1

PK) = N 52713
i Smce there are 13 spades § in the 52 cards, P8} = 13/52 = 174
(ed There is only one king of spades in the deck, therefore MKy ) = 1/52
(a] The probabiliy of not picking the king of spades s PIKg) = 1 — 152 = 5152
e) PiKs)+ PRI = 1/52 4+ 51751 = 51/32 = 1, or ceriainty
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Ao urn ivased contains 10 balls that are exactly ahke except that 5 are red, 3are blee, and 2 are
green.  What is the probability that, 6 picking up a single ball, the ball s (2) Red? (&) Blue?
() Green? (@) Nonblue? (e) Nongreen? () Green or nongreen?  {g) What are the odds of
picking a blue ball?  (hy What are the odds of not picking a Blue ball?

Ng 5

la) HRJ—F—E—UE
_Mme_ 3

ih) MEl = =T 0.3

N 2
(el P(G) = =% = = 0.2
{d) PIB')=1—P[B)=1-0.3 =17
iel PG =1=PGl=1-02=08
o PG+ PG ) =02 408 = |

(g} The ndds of picking a blue ball are given by the ratio of the number of ways of picking o bhee ball 1o the
niambir of ways o nod peckmg a blue ball.  Smee there are 3 Blue balls and 7 nanbloe balls, the adds in
favor of picking a bloe ball are 3 to 7, or 3: 0

(kh The odds of not (agamsth prcking a blue ball are T to 3, or 7: 3,

Suppose that a X comes up 106 times in 800 tosses of a die.  (a) What is the relative frequency of
the 37 How does this differ from classical or a prior probabality™ (5) What would vou expect 1o
be the relative Mreguency or empirical probabiliny iof you increased the number of tmes the die s
rolled?

fep  The relative Fequency or cmpingal probability of the 3 65 given by the mte of the number of tmes 3
comes wp (10 out of the total namber of tmes the die is solled (6001, Thos the relative frequency o
empitical probability of the ¥ s 1065600 = 0177 i &0 rolls,  According to the classical or a prion
approach fand wathout rolling the dee at ally, P{3] = 156 = 0.167. 11 the die s fair, we expect the 3 1o
come ap L domes m 80 rolls of the die as comparal wath the actul, observed, or empircal 106 tmes.

itrh I the naimber of tmes the saome die s rolled B imersased from S0, we expoct the relative fregquency of
cnpirical probability o approach (e, to bazome les wnequal with) the classical or a presi probabiliny.

The production process results in 27 defective itemns Tor each 1000 items produced.  (a) What is
the relative frequency or empirical probability of a defiective tlem? (5 How many defective items
do you eapect out of the Va0 items produced cach day?

(ad  The relative Frequency or empincal probabidity of a defectinee item s 27,/ 1000 = 0027,

(¥ By multiplying the number of iems produced cach day (16005 by the relative frequency or empirical
probabality of a defectve eam (00271 we et the number of defestive ems we expect oul of sach day's
antput.  This is (1600§(0.027) = 43, o the nearest item.

FROBABILITY OF MULTIPLE EVENTS

ki)

Define and give some examples of events that are (o) mutually exclusive, (&) not muisally
exclusive, [¢) independent, and (&) dependent.

(o} Two or maore events are mfaly exclisive, or dgaier, iF the ococurmence of one of them precludes or
provents the oceurrence of the other(z).  When one ovent takes place, the other(sh will mot. For
example, in a single flip of 8 coin, we get gither o head or a tail, but not both,  Heads and tails are
therefore mutually exchisive events.  In a simple toss of a dee, we get one amd only ome of six posable
aateemes; 1,2, 3 4, 5 or 6, The owlcames are therefore muteally exclusive. A card pecked o randem
can be of only one swit: dinmonds, hearts, clubs, or spades, A child is bom cither a boy or a gid,.  An
bz produced on an assembly lins is either good or defective,
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() T or more events are sor rudeelly exchaaie if they may occor ot the same time,  The ocourrencs of
ane does nol preclude the occurrence of the other(s).  For example, a card picked a1 random from a
deck of cards can be both an ace and & club,  Therefore, aocs and clubs are ol mntually exelasve
events, becanse we coubd pick the ace of clubs.  Becanse we could have inflation and recession at the
same time, inflation and recession are ot mutnally exclusive events.

(ed  Two or more events are imdeperdenr if the oconrmeance of one of them in no way alfects the scearmenes of
the other(s).  For example, in two successive flips of a balanced coin, the owtcome of the second flip in
no way depends on the owtcome of the first Qip.  The same & troe for two succsssve tosses of a pair of
dige or picks of two cards from a deck with replacement,

) Two or more eveirts are dependent if the cccurrence of one of them affects the probability of the
agecurrenes of the othen(s),  For example, if we pick o card from o deck and do not replace it, the
prohabality of peckmg the same cand on the secomd pick s 0, All other probabibitics also arg affected,
sinee there are now only 51 cards an the deck.  Swmlarly, of the proportion of defective ibems 15 greater
fiar the evening than for the moming shift, the probability that an Hem picked at random from the
eveming output i defective is greater than for the moming output.

Divaw a Venn diagram For (a) muteally exclugive events and () not moteally exclusive evenis.
it} Are mutually exclusive events dependent or independent?  Why?

{a)  Frgure 3-6 illustrates the Venn dagram for events 4 and & which are mutually exclusve,
iy Frgure 3-7 illustrates the Venn diagram for events A and & which are not mutually exclusive.

Flg. 3-6 Fig. 37

(ed  MWhatually exclesive events ane dependent events.  When one event ocours, the probabality of the other
oocurning i 0. This the occurrence of the first alfects (precudes) the socurrence of the other.

What is the probability of getting (o) Less than 3 on a single roll of a Fair die? (&) Hearts or
clubs on a singke pick from a well-shuffled standard deck of cards? (¢} A red or a blue ball from
un urn contaiming 5 red balls, 3 blue balls, and 2 green balls® (&) More than 3 on o single roll of
a fair dig?

{a)  Chetting bess than 3 ona singhe roll of & far die means getting a 1 of a X These are mutoally exclasve
events.  Applying the rule of addition For mutually exclusive svents, we get
Pilor 2l =Pl + |"'[31|=]—+!=g=L
' B T T
Lsing set theory, (1 or 21 can be rewritien in an equivalent way as 10 2), where U is read “onion™
and stands for ar
(h] WGedting @ heart or a club on & single pick from a well-chuffled deck of cards also constitutes two
mutaally exclusive events.  Applying the rule of addition, we get

Piii’n‘r'l'.'.]—Pllll.J'l'.'.]—;—iiI—;_;—g_%
P _ . _F 3 8 4
{eh f"l:llurB]_P[RLB_l_m+ﬁ_m_3_u_a
1) Pldor Sor6) = P4U50U6) = Pld)+ M5+ P-:EJ-!;+%1 :i_%_%
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(o) What 15 the probability of gettng an ace or a club on a singhe prck Trom o well-shuMed
standard deck of cards? (In all remaining problems, it will be impleitly assomed that coins ang
balanced, die are fuir, and decks of cards are standard and well shuffled and cords are picked at
random without replacement.) (8] What = the Tunction of the negative term in the rube of
addition for events that are not mutually exclusive?

fa)] Cetting an ace or o dub does nad constihute Pao moutuadly exclusive events hecanse we could pet the sce

of elobs.  Applying the role of addition for events that are not mutaally esclusive, we get
o4 13 1 15 4
PiAorC)=PA}+ PIC) - PA A C) = m4 - ==

The preceding probabality statement can be rewritlen in an eguivalent way using sel theory as
PiALIC)= PIA) 4 PIC) - PIANC)

where M is read “intersection™ and stands for aed,

(th  The functien of the negative term in the rule of addition for events that are not mutaally sxchasive is to
avoid double counting,  For example, in caleulating A or C) in part @, the ace of chibs is counied
vk, once a5 an ace and omee as a dub. Therefiore, we subtract the probability of getting the aoe of
chubs in order 10 avoid this doable counting. [ the events are mutually exclusive, the probability that
koth events will occur simultaneously is 0, and no double counting is involved,  This is why the ruks of
addition for mutnally exclusive events doss nof comfain & megative lerm,

What 15 the probabality of (o) Infaton T or recessaion Bl the probakdlity of inflagon 0.3, the
probability of recession @2 0.2, and the probakility of inflation and recession is 0,067
(hy Drawing an sce, o club, or o diwmond on o single pick from a deck?

(wh Simce the probability of inflatien awd recession is nat O, inflation and recession are not mortually
cachusive evemts.  Applying the ke of addition, we ged

Pl or B) = M) 4 P(R) - P{T and B}
or PITUR) = FI] 4+ PIR) - PINR)
and FiTor B)= BTUR) =03 £ 0.2 = 006 = idd
(t}  Cretfing an ace, a clob, or a diamoend does not constitete mutnally exclusive svents becanss we could pet
the ace of elubs or the ace of diamonds.  Applying the rale of addition for events that are nol motealy
cuclusive, we pet
A or Cor D= MAK+ MO+ AD - PLA and Cp — MA and D)
13 13 1 1 28 T

4
PAorCor D =gt atg o o "0

What is the probabality of  (a) Two 65 on 2 rolls of o die™ (6} A 6 on each die in rolling 2 dice
omge?  ied Two blue balls m 2 seecessive picks with replacement from the urn in Prob, 3,47
() Three girls in a family with 3 children?
(o} Ceetting a 6 on each of I rolls of o die constitules mdependent evients. Applymg the nale of muki-
plication for independent events, we gei
11 1
Sand 6] = PI6MNG] = P& - Pléj=-—=—
ﬁ:ajlj[:l['ﬁ.ﬁ-,'-if.
() Ceetting a 6 on cach die in redling 2 dece onoe also constitules independant events,  Therddore

L.
66 36

() Simce we replace the first ball picked, the probability of peiting a Bue ball on the seeond pick is the same
as on the first pick,  The events arg independent,  Therefore

6 and &) = PIENG) = PlG) - Plé) =
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X4

B amd B) = O N B I
MEBand B) =SB B) = PB) - PIB) = 010 100 = 0,1
11 The probability of a girl, G, on each birth constitutes independent events, cach with a probakbility of 0,3

Therefore
PG and G and G} = PG NG NG) = PIG) - PIG) - PIG) = [0.5] - [1.5) - {0.5) = 0,128

or 1 chanee inm 8.

(a) List all possible outcomes in rolling 2 dice simultaneously. () What is the probahility of
getting a total of 5 in rolling 2 dice simultancously? (¢} What is the probability of getting a total
of 4 or kess in rolling 2 dice simuliancously”  More than 47

trh  Each die has 6 possable and oqually likely cuteomss, and the outcome o cach dee is mdependent.  Since
each of the & ouicomes on the first die can be associated with cach of the & outcomes on the seeond die,
there are a todal of 3 posable owlcomes that s, the comple spoce Vs 35, (In Takle 3.2, the first
number refiers o the oatesme on the st dee, and the second number refers we the seeond dee.  The dice
can b distingwished by different colors.) The total of the 3 possible ontesmes also can be shown by a
fraw (ow sequen tialy divgrem,, a5 in Fig. 3-8.

Tabe 3.2 Owmtconies in Rolling Two Dice Simul canecasly

i, 1
&, 2
6. 3
f, 4
B, 5
6, &

-

2 o b e BE =

B b 1

- e o o o
el ek Tl e Lk
-

I ol ol e PR =

o s e s PE =
Bt bbbk

LA B s RE —
o LA e d By —
el I R
Sh LA e Sh LW g

i) Chat of the 36 possible and equally hkely outcomes, 4 of them give a toial of 5, Theseare 1,4, 2, 3,3, 2
and 4, 1. Thus the probahility of a total of 5 (fevent A) in rolling 2 dice simultanesusly is piven by

Sha 4
FA) v

!
9

(e Rolling a total of 4 or less invobves rolling a total of 2, 3, or 4 There are & possible and equally likely
wiys of rolling a total of 4 or kse. Theseare |0 L2 L5 L L L 2 and 3,1, Thus if event A is
defined as rolling a total of 4 or less, P{4) = 636 = | /4, The probability of getting a total of mors
than 4 equals 1 minus the probability of getting a total of 4 or less, This is 1 = 1/6 = 3/,

What is the probability of (@) Picking a second red ball from the wem in Prob, 3.4 when a red hall
wis already obtained on the first pick and not replaced? (&) A red ball on the secomd pick when
the first ball picked was not red and was not replaced? () A red ball on the third pick when a
ried and a nonred ball were obtained on the first two picks and were not replaced?

(e} Picking & second red hall from the urn when a red ball was already picked on the first pick and was not
replaced = a dependenr event, since there are now only 4 red balls and 5 nonred balls remainmg in the
urn.  The conditioral profebifiiy of picking a second red ball when a red ball was already obtained on
the first pick and was mot replaced is MR/R) = 44

iy The conditicnal probakbility of obtaining a red ball on the second pick when the first ball picked was not
red (R) and was not replaced in the um before the second ball is picked is MR/R'}) = 579,
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Fig. 38  Tree Diagram for Rolling Tro Dice Shml tameeusly

[CHAP. 1

(ed Sence 2 balls, one of which was red, were already picked and not replaced, there remains a total of 2

balls, of which 4 are red, in the urn.
PIRR and R') = P{R/R' and R) = 4/8 = | /2,

What is the probability of obtaining

The [conditbonal) probability of picking ansther red ball is

a1 Two red balls from the urn in Prob, 3.4 in * picks
] I

without replacement? () Two aces from a deck in 2 picks without replacement? (¢] The ace of
clubs and a spade in shat order in 2 picks Irom a deck without replacement™ (@] A spade and the
ace of clubs i shay order in 2 pecks from a deck without replacement? (¢} Three red balls from
the wrn of Prob. 3.4 in 2 picks without replacement? () Threee red balls from the same urn in 3

picks with replacement!
(wr Applying the rube of muliplication for dependsnt events, we ge

54 m 2
P(R and R} = P(RAR) = P(R) FIR/R} = oo g=fn=3
. . 4 3 12 1
(b FiAand A) = PANA) = PA) - PAJA) =5 r =3 =57
. 1 13 13
fe) P(Ag and §) = PIACOIS) = PlAc) PIS/AC) = 50 or = e
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le

L )

_ _ 13113

(d) PiS and Ac) = PISN Ach = PISH PIACSS) = 55 57 = 55e

(e} PR and R and R} = PRORNOR) = PR} PIR/R) - PR/R and R)
5 4 3 1

= PMA- and 5)

LF) With replacement, picking three balls From an um constitutes three independent events.  Therefores

PR and R and ) = PIR) - PR)- PR) = — —.— =222 _

—_— = 14
LV O I 1 bz

Past expericnce has shown that for every 100000 items produced in a plant by the mosning shift,
200 wre defective, and for every 1,000 ilems produced by the evening shaft, 300 are defzctive.
Dawring a 2M=h period, 1000 items are produced by the morning shift and 600 by the evening shift,
What is the probahbility that an item picked at random from the total of 1600 items prodsced
during the 24-h pericd (g} Was produced by the moming shift and s defective (] Was
pro<duced by the evening shift wnd s defective’ (o) Was produced by the evening shaft and is rer
defective? ()} Ts defective, whether produced by the morning of the evening shifi?

i} The probabilises of peckimg an item produced by the moming shalft M oand evermng E are

L oy S0
PiM) = T 0eXd  and PE)= T 0374
The probabilies of pecking a delective fem I Irom the morming and evening outpuds separately are
1l 500
‘M= = 2 'E| = = £
DM T Ay and PDVE) 100,000 A1 H)

The prohakdlity that an item picked at random from the todal of 1&0) Hems produoced during the 24-h
persid was produced by the mornmg shift and is defsctve is

P and D) = P8 - FDM) = (0625500002 ) = 000125

(k) P(E and D) = P(E) - P{D/E) = {0.375){0.005) = 0001875
— y e W0
e} P(E and D'} = F{E) - P(D'E} = (0.375) fe = 0373128

(d] The expected number of defective ifems from the moming shift s equal to the probhability of a defective
item from the morning enfput e the nomber of items producsd by the moeming shift; that s,
(002 000y = 2, From the evening shift we expect (0000506005 = 3 defective items. Thus we
capect § defective items from the 1600 items produced doring the 24-h perind.  IF there are indeed 5
difectve tbams, the probabality of psckmg al random any of the 5 defective sbems oot of a total ol 1600
items s 51600 or 1330 or 03125

(a)} From the rule of multiphcation for dependent events Band A, derive the formula lor PA S H)
in terms of &8 A and PLE). Thisis known as Saves' sheorest and is wsod to revise probabilitics
when additional relevant information becomes available. (B Using Baves' theorem, find the
probubility that a defective tem picked at random from the 24=h output of 1600 tlems i Prob.
316 was produced by the morning shift; by the evening shift

{al FBand A} = M8 - PASH)
By dividing both sides by PO} amd searranging, we get
M amd A)
i Bl eeicalii!
P{ASE) LA

However, P& and 4] = P4 and #); sz¢ Prob, 3,15c) and (4. Therefore
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Pl A and RB)
P E)

PUA) - PRI A)
FE|
Applying Bayes” thearem 1o the statamant m Prob, 306, kttng 4 saignify the morning shaft M and &

slgnify defective D, and utiizing the resalis of Prob. 306, we get

PM) - PID/M)  (0G625)(0.002) Q00125
P 13125 L] 25

FlAB) = and  PAJR) = Baves” thearen (305}

PIM/TY) = 0.4

That 1s, the probabiliny that a defeceiee dem pecked at random (rom the toal 24-h owpat of 1600 dems
was produssd by the moming shift is 40%.  Similarly

(0.375)(0.005) 0001875

0003125 0003135 0.6, or 60%

PE/D) = PIE) . P{D/E) =

Bayes” thearein can be genesalieed, for example, to find the probability that a defective itom 8 picked at
random was producsd by any of r plants (4,0 =1,2,. .., %), as follows:

PIA) - PLBSA)

P B = = e P B A

|d.1a)

where % refers to the sammation over the » plants {the anly ones producing the ouipat),  Bayes®
theorem is applied in husiness decision theory, bt is sebdom wsed in the feld of cconomics, [However,
bayesian ceonomeirics (s bavoming incrssingly mmportant.)

18 A club has 8 members.  (ab How many different committees of 3 members each can be formed
from ihe club?  (Two commitiees are different even when only one member is different.)
if) How many committees of 3 members cach can be formed from the club if cach committos
s to have a president, a trepsurer, and a secredary?

lah

(fa]]

We are mtercsted here in finding the aamber of conbinatives of % people taken 3 at a tme witheut
comcers o the order

Bl 8 8
WC 13

T
TTIWE—3 W% 3.2 5 =

bt | ==l

6 336
1T

Fki| Bt

%.4-3.
In gemerad, the number of armngements of 1 things taken X at a time without conemn for the order is a
covmbimation given by

[ m!
y = — T
Lx [v] Ve - X! =17
where & (read m factorialp = w - (e — 1) - (a—2)---3- 2.1 and ¥ = 1 by definition,
Smee cach commitiee al 3 has 10 have a president, a ireasurer, and a secrelary, we are now inderestbed in
finding the number of peraarions of 8 people taken 3 at a time, when the arder & fmiporiead:
! B! H-7.6-5.4-3.-2-1

'P:':iz—l:.!:ﬁ_ i o Te=d

[ gemeral, the number of arrangements, (7 a defuite arder, of A things taken Y at a time is a permuta-
tion given by

— HI
Tm =X

. (4.18)

Permutations and combinations (oflen referred 10 a5 comntimg techmigues) are helpful in counting the
niambir of equally lkely ways svent A can oocur in relation to the otal of all possible amd cqually Likely
oatcomes,  Combinations and permutations were not wsed in previons problems because those pro-
blems were smple enough withowt them,
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DMSCRETE PROBARILITY DISTRIRUTIONS: THE BINOMIAL DISTRIBUTION

319 Diefine what is meant by and give an example of (@) a random variablbe, (&) a diserete randoem
virable, and  (cb a discrete probabahty distribution,  (af What s the distinetion between a
probabiliny distribution and a relanve-freguency ditnbation?

(7]}

()

(ch

(]

A randore varialle is a variable whose values are associated with some probability of being observed.
For example, on 1 roll o a farr die, we have & mutually ecclosive outcomes (1, 2, 3, 4, 5, or 6), cach
ansociated with a probability ecourrence of /6 Thus the owtcome From the roll of & dee B & random
variahle,

A discrete rendom variatle 15 one that cin assiome only Gnite or distmet values.  For example, the
caateomes from rolling a die constitute diserete random varables because they are limited 1o the values
1,2 34, 5 and &, This is to be contrasted with consinous variphies, which can nssume an infinite
number of values within any given intervad [see Probe 3.310a0]

A diserete probabiliny disteibirion refers 1o the set of all passible values of & (discretz)h rand om variable
and thesr asspciated probabilitiecs. The set of the 6 outcomes in rolling o die and their associated
probabilities is an example of a discrete probabality distribution.  The sum of the probabilities asso-
ciated with all the vahes that the discrefe random variable can assume always cguals 1,

A p.rm'ul'r.l'.l'i.r_v distribuntion refers o the classical or o priari pru.ﬁu':ll'n'irl':': amsacialbed with all the values that
a rardom vanable can assume.  Becanse those probabilitis are assipned a prion and without any
caperimentation, a probability distribotion s often referred o as a Seoeenical (relative) frequency
distribution.  Thas dubers from an emepicica’ (relative) Frequency distnbation, whech relers 1o the
ratio of the number of tines cach outcome actoally oceurs to the total mumber of actual tmals or
abservations.  For cxample, in actoally relling a die a number of times, we are not likely oo get
ciach oulcome exacily 1/6 of the fimes,  However, as the number of rolls increases, the empinical
(relative) frequency dstnbution stabelizes a1 the (umform) probability or theerenical rdative-frequency
distribation of 16,

320 Demve the formula for e the mean g oor expected valee ECYT and (8 the variance for a
dbsereie _;.lrﬂ._i?ubi.l'a'i ' i .

L}

[t}

The fermula for the anthmete mean for grouped population data [Eq. 2.241] &

=X
N

=

where % X is the sum of the frequency of each class f times the class midpoint ¥ and & = 57 7, which
15 the number of all ohservations or frequencies.  In dealing with probability dstnbutions, the mean
s often referred to as the “expected value™ ELV). The formula for o or ELX] for a discrete probakalidy
distribation can be derived by starting with Eq. (2.2a) and ktting = P(X]. which is the probability of
cach of the possible outcomes ¥, Then, %7 /% = % ¥PLY), which is the sum of the value of each
sratcome times s probabality of eccurrence, and N =37 F = % P, which i the sum of the prob-
abilities of cach outeome, which is 1. Ths

E(X)=u=7 XPX) [3.0%)
The fermula for the varianee of growped population data [BEg. 12.9%0] is

- * _ yd
b LK )

5 [£.20)

Ot again, ketting ' = MY | = probabality of sach outcome and N =5 =% ALY ) = 1, we can got
the formmala for the variance of a diserete probability distribution:

Var ¥ = o} = E [¥ = E(X)'PiX) = E.ir’Pr_.n [E{X)]* = E(X) = o (3.2}
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321 Table 3.3 gives the number of job applications processed at a small employment agency during
the past W00-dav period. Determing the expected number of applications processed and the
vitranee and standard deviation.

Take 3.3 Mumber of Job Applications Processed during ihe Fast

1Dy Perkod
Mumber of lob Applesanis Mumbir al’ Davs Achieved
T L]
] L]
1 20
11
1z 20
14 10
1M

To the extent that we beliove that the experience of the past 1060 days is typical, we can find the relative-
frequency distribution and equats its probabilicy distibution,  This and the other calewlations to And E{Y)
and Var X are shown in Table 3.4;

Var ¥ = oy =3 XX - [EXPY)) = 116 — (10.6)° = 116 — 11236 = 3.64 applications squared
SD X = oy = /o) = 364 = 191 applications

Tahle 34 Caleculavions to Find ithe Expected Vabue and Variamee

Mumber, ¥ Days, [ LX) YPiX) vt XPiY
7 1 0.l .7 44 4.9
] 10 0,1 18] 44 .4
10 m 02 20 100} 204
1 o 0.3 13 121 36,3
12 20 0.zl X4 144 288
14 10 .l 1.4 196 196
NaT f=l0d | DAY =10 | TYPX) =106 T XTPY) = 1164
EiX)=p=1XPX) =106 applications

222 (a) State the conditions regquired to apply the Binomial distribution.  (h) What is the probability
of 3 hewds in 5 flips of o balanced com? (0} What is the probability of less than 3 heads in 5 fips
of a balanced coin?

(e} The hinomial dstnbution is used to find the probability of X number of occurrences or suooesses of an
cvent, PLY), in m trals of the seme experiment ahen (1) there are only 2 mutually exclusve sulcomes,
{21 the m trials are independent, and {33 the probability of cocurrence or sucesss, p, remains constant
in ench traal
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1
(8] AX) = g (1= pp Y = () 00— = e -

Sece Eqga, (3000 and (317 In some books, | — p{the probability of failure) is defined as 4. Herer = 5,
Y=3p=1/2 and 1 —p=1/2 Suobstivating these values inte the preceding equation, we gt

PU3) = g P = S0Pt =522 L = 1032) = 03123
el PLX < 3)=F0)+ Pll+AZ)
Py = ﬂmnm'rm ?—UMI“"S
Pil)= ],(: ",u.ﬁl (yay ——Z—DIFE-JF
ﬁ:;-ﬁ(t;:ﬁ(]gly'-%-n.ms
Thus PIXY < 3= P0) 4 PIp4 P20 = 003125 4 005625 4 0.3125 = L5

323 ia) Suppose thal the probability of porents hoving a child wath Blond hoor s 174, 15 there are &
chibdren in the family, what is the probability that hall’ of them will have Blond haie?  (b) 17 the
probability of hitting a target on a single shot is 003, what is the probahbility that in 4 shots the
target will be hit at least 3 times?

wh Herem=6 X =3 p=1/ and | —p=3/4 Substituting these valoes into the binomial formuka, we

Bl
. ' R T I% LF- LT 25 P
ﬂl]-wumﬁm Fum][: 84) = 35— 5y 127/4096)
i

it} Herem=4d, ¥ =3, p=103 and | — p=107T,

P =3 =P34+ M4

P{3 ¥ st =232 U 00ni07 = (4h0.0189) = 00758
)= g e 03 03)! = 2 (0027)0.7) = (440.0189) = 0.
d i —
Pid) = men 307" = 0.3 = o0
This PIXY 2 3) = P[3} + P(4) = 0.0756 + 00081 = 0.0537

324 (g A quality inspector picks a sample of 10 tubes at random from o very large shipment of tubes
known to coantain 2% defective tubes,  Whiat is the probability that ne more than 2 of the tulbes
picked are defective? (b An inspection engincer picks a sample of 15 items at random from a

munufacturing process known to produce 83% acceptable items.  What 15 the probakility that 10
of the items picked are acceprable?

i} Herewm= 0. XN <2 p=02 and | —p=15
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PLY = 2) = P+ PULY & P2)
1!

—— L] i
= a0 — oyl [0.2)7 0]

PO

= 0.1074 {looking up r = 10, X =i, and p= 0.2 in App. 1)
1) = 0.2684 (looking up r = 10, Y =1, and p = 0.2 in App. 1}
A2 =0320 {lookmg upr =10, =2, and p=10.2n App. 1)
Thus PIY = 2) = PUO} & PO P2) = 00007 & 0. 35684 4 (L300 = (.67T8

(4} Heren = 15, ¥V = 10, p =085 and | — p=10.15 Since App, | only gives binomial probabslitess for ap
1o LS, we should transform the problem.  The probability of X = 10 acceplable items wath p = 085
equals the proballity of X = 5 delecuve ttems with p =0015 Using m = 15, Y = § defecuve, p (ol
objective) = 0.1 5, we get 0.0449 (from App. 1)

3235 fa) I 4 balaneed coima are tossed simultanecusly (or 1 balaneed coan is tossed 4 tmes), compuis
the entire probability distnbution and plot it. (&) Compute and plot the probability distribution
for a sample of 5 flems taken af random from a production process known o produce 30%
defective ilems.

(b Lsing n=4; Y=0H, 1H, 2H, iH, or 4H; FP=1/2; and App. 1, we get P} = K25,
FTH) = 0250, F2H ) = 0.53750, MAH) = 02500, MaH) = 0625, and

thus PIOH} 4+ MIH) 4 PI2ZH) + MO3H) + Pl4H)
= QL0625 + 02500 + 0C3TH0 -+ 02500 4 062E = |

See Fig. 39 Mote that p = 0.5 and the probabality distribution in Fig. 329 bs symmetrical,

s [ R

A 03402
0. BET
=™ 0:24 .24 & 03
0g E
é 02 - 01681 1323
ol 00625 00625 i
| | 1033 gpoge
' I!"'ﬂﬂ-;l': hl-#: * . 1] I 3 ] : ;
o Kumber of dafiecove |iems
Fig. 3% Probability Distribution of Heads in o .
Tassing Four Balanced Coins Fig. 310 Prohability Distribation of Defective 1tems

{#1 Usingw=25 X=40,12 21 4 or 5 defioc-
trvi; and p= 0.3, we get pi0) = 01681, P{1) = 03602, P12 = 03087, Pi3) = 0.1323, Pl4) = D024,
P 5) = 00024, Therefore

G+ P+ PU2 A+ PO 4 P4+ PS5
= 01681 4+ 03602 + 03087 + 01323 4+ )28 4 00024 = |

See Fig. 5-10.  Mode that p o« 0.5 and the probability distribution i Fig, 310 is skewed to the night.

326 Caoleulite the expected value and standard deviation and determing the symmetry or asyvmmetry
of the probabality disirbution of (@) Prob, 3,23(ah, (&) Prob, 3236, (o) Prob, 3,240}, and
() Prob. 3.24(h).

{a] E(X) = o= mp = {6){1,4) = 32 = 15 blond children
BDnY = o/ mpil — pho= o 61034 = 5/ 18716 = /1,125 = 106 blond children
Becanse p < L5, the probabaliy disimbution of blond children is skewed 1o the right,

WWW. LisAri.com



CHAR. 3] PROBABILITY AND PROBABILITY DISTRIBUTIONS 55

ih) E(X] = fi = np = [43(0.3} = |.2hits
SDX = /el — pl = T 4{0.3)(0.7) = 084 = 0,92 hits
Becanse p < 0.5, the probability distribution is skewad 1o the righe.
i) EiX) =g =np = {10}[0.2] = 2 defective iubes
SDX = 3/npil — pf = o/ TIHO0.ZH0E) = 1.6 = 1.26 defective tubes

Becanse g« 0.5, the probakaliy distnbution is skewed 1o the night.
el ElLX) =p=ap= 15085 = 1 LT75acoeptabe sboms
BOY = ap] = p) = I5(0B5)(0.15) = +1.9125 2 1,38 acceptnble items

Becanse p = 0.5, the probability distnbution is skewed 1o the lkeft.

127 When sampling is done from a finite population withous seplacemsery, the hinomial distribution
cannot be used because the events are not independent.  Then the fypergeomierric distribution is

msed,  This s given by
{N’ - ."|".-) {L}
a—x X
Py = T
()
Tt measures the number of successes X in a sample size & taken at random and without replace-
ment from a population of size N, of which X, items have the characteristic denoting success.
() Usimg the formula, determme the probability of picking 2 men in a sample of 6 selected o

random without replacement from a group of 10 people. 3 of which are men. (5 What would
the result have been i we had (incorrectly) used the binomial distribution?

hypergeometric distribution [1.22)

(b Here ¥ =2 men, r=06, ¥ =10, and ¥, = %

[:m—s}(&) {5){5) g &
he-2)\a) N\ ammm isng
Py=2rn oy = T =g =0
(%) (%) =
nl 5!
Yin - xp’ RIET

; 15
27002 = = =02
(L2F (Y = =02

ih) P(2) = =Y -
[t showdd be naoded that when the sampbe is very small an relation to the population (=ay, kess than 5% of
the population), sampling without replacement has little effect on the probability of suecess in each irial
and the binomaal distribution fahich s casier 10 wsed 15 a pood approximation for the hypergeometnic
distribation.  This s the reason the binomial distrbuteen was wsed in Prob, 3.244a),

THE POISS0MN IMSTRIBUTTOM

1A (o) Whar is the difference between the binomial and the Poisson distrbutions? (&) Give some
cxamples of when we can apply the Poisson distribution.  {¢) Give the formula for the Poisson
distribution and the meaning of the various symbols. (@) Under what conditions can the
Powsson dastnibution be wsed as an approsimation to the binomial distnbution? Why can this
h: |..|$-|:l'l|.|.|'§I

(e} Whereas the binomial distribution can be wsed to find the probahkaliy of a designated number of
siceesses mon inals, the Poison distribution 15 wsed to fimd the probability of a designated sumber
of successes per i of vhee, The other conditions required 1o apply the kinemial distribetion also are
repuired 1o apply the Posson distribution; that is (13 there must ke only two mutaally exchisive ont-
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comes, [2) the events must be independent, and (30 the average number of successes per wnit of time
sl remam constant,

(5} The Padszon distnbution is ofen used in operations research in solving management problems. Somie
cxamples are the number of telephone calls to the palsce per hour, the member of costomers arriving a1 a
gazohis: pamp per boor, and the sumber of traflic scadonis at an intersection per weck,

(ch The probablity of a desagnated number of socossses per amit of tme, PLY), can be found by

. Ave™?
.Pl_..t.| =T

where & = designated number of sucesses
A= the average number of successes over a specific time period
e = the base of the satural logarithm system, or 271828

Civer the value af A, we can find e lrom App. 2, substitute ot nto the formula, and find PV Mote
that A is the mean and varance of the Poisson distribation,

() We can use the Poisson distribution as an approximation io the binomial distribution when s, the
namber of frials, is laree and p o1 | = @ is small (rare events). A good mbke of thumb s to use the
Poisson distribution when w 2> 30 and ap or o[l = pj«< 5. When o is large, i can be very fimes
consuming 1o uss the binomial distribution and tables for Binemial probabilities, for wery small values
of pooay not ke available, I el — pp = & swecess and failure should be redefined so that bp < 3 to

make the approximation accuraie,

Past experience indicates that an average number of 6 customers per hour stop for gasoling at a
gasoling pump. (2] What is the probability of 3 customers stoppang in any hour? (&) What is
the probability of 3 customers or less in any hour? (¢ What is the expected value, or mean, and
standard deviation fior this distribution”

_ et (216)(0.00248) 053568

el #3) 1 .20 & 0.08928
ihj PIY < 3) = PO+ &1+ P2+ P13
P 5
)= g E:, = cucu.rlm_u:] = {1248
ik -
Py =2 ';I - r-f']':ﬂ"l:"]"q'm — 001488
et (3600248
P2) = = = ! o 004464
P 3] = (L0928 (From part a)
Thus PIY < 3] = 000248 4 0.01458 & 004464 5 008828 = 0.15128

(cd The expected vahie, or mean, of this Poisson distribution is A = 6 customers, and the standard devia-
o 8wk = 8 =245 customers.

Past expericince shows that 1% of the lightbulbs produced in a plant are defective.  Find the
probability that more than | bulb s defective in a random sample of 30 bulbs, using (@) the
binomial distribution and (&) the Poison distribution.

(@ Hers w = M), p =000, and we are asked to find PLY = 1), Using App. 1, we get
P2+ P+ P+ - = 0328 + 0.0031 + 00002 = 000361, or 3.60%

ith Smee m= 30 and mp= {30501} = 0.3, we can use the Posson approsmation of the banemaal
distribution, Letting A = ap = 0.3, we have to find MY = 1)1 = | = PV < 1), where X is the membser
of defective bulbs,  Using BEq, (3.13), we get
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1 -1

Plli= M+ = (0.3)(0.74082) = 0.222244
u ni
Pl = bAe ;, = " = 0, T8
POY < 1) = PO+ PU0J = 0223246 + 079082 = 0.963065
Thias PY=1=1-AX<1)=1-093066 = DU3GUM, ar 3.69%

Az w beeoimes larges, the approximation beoomes even closer,

CONTINUGUS PROBABILITY MSTRIBUTTIONS: THE NORMAL DISTRIBUTION

331 (@) Define what is meant by a continuous variable and give some examples. (5 Define what is
meant by o continuows probabality distribution,  (c) Denve the formula for the expected value
and varnance of a continuous probability distribution,

(@l A confiwons veriahle iz one that can assume amy valoe within any given interval, A contimsons
vamahle can be measured with any degree of accuracy simply by using smaller and smaller units of
mmuremnent.  For example, of we say that a production proceis takes 10k, this means anywhere
berween ®.5 and 104 h (10h rounded to the nearest hourh,  IF we used minates as the unit of measure-
memt, we could have sasd that the production process takes [0k and Xlmin.  This means anywhere
hitwieen 1 h ard 19 5man and 10h and 2003 man, and 0 om, Time s thus a conbimeoas varmable, and so
are weight, distance, and temperature,

i A condtrmiony prohatality divfribriior refers Lo the mnge of all posible values that o contmuows randeoam
value can assnme, together with the assoctabed probablites.  The probability distrbation of a con-
tinuoas random variable is often called a profpbhilicy denaty fimerior, or simply a peabalilicy furecrion,
It & given by a smooth curve such that the total area (probability) under the curve 15 1. Since a
conlinwous random variable can assume an mfinile number of values within any given inderval, the
probhability of a specific valoe is 0. However, we can measurs the probakbility that a continuous random
variahle X azsumes any valne within a given interval (say, between X, and X0 by the area under the
curve within that imterval:

T
M =X=<X;)= Sy [F.20)
X

where (X} is the equation of the probability density Function, and the integration sign, [, is analogous
1o the summation sign E for discrete vanables,  Probabilidy tables for some of the most nsed con-
tnuous profabilicy destnbotsons are given in the appendizes, thos climinating the noed o perform the
ivtegration oursches,

(ch  The expected value, or mean, and vananee for contmuows probabiliny dstributons can be desved by
substitwting [ for 3 and F(X) for MY} it the formala for the expocted value and vanance for
discrete probability distribotiens [Eqs. (3 0% and {3.20):

E(X) == J XFX) Y (2.24)

Var¥ =o' = [|.f - E[IXIPFiX) dY (1.2)

332 (@) What is a normal distribotion” (5} What 15 115 usefulness? (c) What s the standard normal
distribution” What is its usefulmess?

(o} The mormel dicfeibution 5 a contimeous probability function that s bell-shaped, symmetncal abowt the
mean, and mesokarde {definsd in Sec. 24). As we move lurther away (rom the mean n bath
directions, the normal curve approaches the horizontal axis (but never guite touches it),  The cquation
of the normal probambility funciion s given by
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PROBABILITY AND PROBABILITY DISTRIBUTIONS [CHAP. 3
f1X] ;ﬂ l[.'t"—,u:]e (2.26)
BRI I

where (LX) = haght of the normal curve
exp = conslant 27183
T =gonstant L1416
fi = mican of the distribation
o = standard deviation of the distribation

- 1 LY =yt {the tedal area under the normal curve
vl L
o - -

from munus infinity fo ples infinity)

The normal distmbution is the most commonly nsed of all probability distributions i statistical
analysis,  Many distabutons actoally fownd inonatere and industry are normal.  Some camples
are the 1= (intellgenea: quotients), weights, and heights of a large rumber of people and the variatsens
in dimensions of a large number of parts producsd by a machine, The normal distribution often can be
used to approximate other distributions, such as the hinomial and the Poisson distribations (see Probs.
337 and 338} Dustnbutons of samphe means and propariions are often ponmal, segandbes of the
distribation of the parcnt popalation (soe Sec. 4.2),

The standard nosmal distribution i & normal distdbation with p=0 and o’ = 1. Any sormal
distribation (defined by a particubar value for g and o) can be transformed into a standard normal
distribmntion by letting g = 0 and expressing deviations from g in standard devaation units,  We often
can find areas {prohabilitics) by comverting Y walues into corresponding = wvalues [that s,
z= (X — u)fo] amd koking up thise  values m App. 3.

Find the area under the standard normal curve  {a) between z £ 1 222 and 2 £ 3, (&) from
r=01toz =088 i} fromz=-1.60toz =255 (d) totheleftolz=—160 (e tothe right

ol
Lidh

el

)

(eh
L

o= 255 00 e the kel of 2= — 1,60 and o the nght of 7 = 235,

The arca (probabilityd inclodad under the standard normal corve between 2 = 0 and 2 = 1 is obtained
by bk up the valee of 1.0 an App. 3. Thas s accamphishied by movang doswn the = column i the
Tabde to 1.0 and then across ambl we ans below the colomn headed (00, The valwe that we Ly 03413,
This means that 3.03% of the wotal arca {of 1. or 100%) under the curve lies between 2 = 0 and
o= |LHL Becauze of symmetry, the nrea between 2 =0 and 2 = =1 iz alse 0.34135, or 34.13%.
Therelore, the arca between z = —1 and 7 =1 B 68.26% (so0 Fig. 3=4).  Simlarly, the arca between
z=Mrand z =2 15 04772, or 47.72% (by looking up z = 2.00 m the table), 30 that the arca between
7o 2 i 95, 44% (s2e Fig, 3-4h  The area between 24+ 3 = 00,745 (e Fig, 3-4).  MNote that the table
anly gives detailed z wlwes for ap to 299 hecansse the area under the curve outside 2 £+ 3 15 negligihle

The arca between 7= 0and 7 = 088 is obtained by looking up 085 in the tahle,  This ks 0031046,

The arca between 2 = 0 and 7 = — 160 15 obtamad by kooking up 2 = 1.60 in the table.  This s 04452
The area between £ =0 ard 2= 2.55 is obtained by looking up 2 = 2,25 in the table.  This is 04946
Thus the area ander the standard normal corve from 2 = — .60 and » = 2,535 equals 04452 phes 04546
This i 09308, or 93.98% {see Fig. 311 In all problems of this sanere o s helplel 1o skelch a figuse

We know that the fotal area under the mermal curve is equal to 1. Becavuse of symmetry, 0.5 of the arca
lies an eather side of g =0, Sisce 04452 extends from 2 =0 to 2 = =160, 0.5 — 04452 = 00548, or
S.48%, s the arca i the left wil, o the left of — 160 (see Fig. 3-110

0.5 — (A%85 = .0054, or 0.54%, is the aree in the nght tail, ke the nght of z = 2.55 {se¢ Fig. 3=11).

The area o the beft of 2 = =160 and to the night of 2 = 2,35 is cqual 10 1 — 0,958 {see part ¢). This is
00602, or 6.02% of the todal,
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T el

Fig. 311

The lifetime of lightbulbs = known to be normally distributed with g = 100 hand # = 8h.  What
is the probabality that a bulb picked at random will have a lifetime between 110 and 120 burning
hours?

We are asked here to find PLLIO < X < 1230, where X refers to time messured in hours of burning time.
Ciiven g = 100h and &= &h, and letting Xy = 110k and 15 = | 30h, we get

¥o—u 110- 100 Noep 120 - 100
[l . =125 and p=oto¥o = 2.50

e B £ i B

o=

Thus we want the area {probabality) between 2 = 1.25 and zp = 2.50 (the dshaded area in Fig. 3120
Locking up z; = 230 in App. 5, we pet 04%38,  This is the area from z =0 to z; = 2530, Looking up

oy = L2325, we get (L3344, This is the area from z =010 7, = 1,25, Subtracting 0, 3984 from 04938, we pet
0099, ar 9.94%, for the shaded arca that gives P10 X < 120),

([0 113 128 Xocale
R T TR "
Fig. 312

Assume that family imcomes are normally distributed with g = 316,000, and o = F2000. What 15
the probability that a family picked at random will have an income: (g Between 5135000 and
SI8.0007 (5 Below S15,0007 () Above SIRO000T (@) Above 5200007

Grk W want PIELSO0ME < & < $18,000), where X w5 Camily meome:

X, - F15,000 — S16,000 X, — $15, 000 — $16,000
! ll'I= = —L5 anad 5= : |I'I= =

¥ F20) " H20H) !

I =
Thus we want the arca (probability) between 2 = 0.5 and 2; = 1 {the shaded area in Fig. 3-13)
Lookiag up 2 =05 in App. 3, we get 019125 for the arca from 2 =010 :=-0% Looking up
= |, we get 0.3413 for the area from z= 0 to ze= |, Thus, MBS0 < X < F1I8,00 | = 01915+
03413 = 0.5328 or 53.28%,.

L0 1A DLDSE X weale
e - rxake
08 o 1
Fig. 313
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(hp LY = E150000 = 0.5 — 01915 = 03085, or 30.85% (the unshaded area in the left tail of Fig, 3-130,
(ch  PLY = E1E000) = 0.5 — 03413 = 01587, or 15.87% {the unshaded anca in the right cail of Fig. 3-13)0

() X = $20,00 corresponds (o z = (3200000 — $16,000) /F20000 = 2. Therelfore, MY > $20,000] = 05—
0.47TTE = LOX2E, or 2. X8%.

The grades on the midterm examination n a large statistes section ane normally distributed with
a mean of T8 and a standard deviation of 8. The professor wants 1o give the grade of A 1o 10%
of the students.  What is the bowest grade point that can b designated an A on the midterm?

In thas problem we are asked 1o find the pomnt grade such that 10% of the students wall hase higher
grades.  This involves Anding the grade point X ssch that 109% of the area under the normal carve will be Lo
the right of X (the shaded arca in Fig, 3-14).  Since the total aren under the curve tos the right of 78 is 4.5, the
resfraded area in Fige 3=14 to the might of 78 muast be (4, We must look feto ohe body of App. 3 for the value
closest to 04, This s 0,397, which corresponds o the = valse of 128, The X valee (the grade paant)h that
correspomds 1o the r valee of 128 is obtained by substituting the known values into 2 = (X — wife and
solving for X

X =17
128 = 8

This gives 10.24 =X — 78, Therefore X = T8 + 10,24 = 8524, or 85 1o the nearest whole number.

1, 11K

— - (irnde poind
Fig. 3-14

Experience indicates that 30% of the people entering a store make a purchase.  Using  (a) the
binomial distribution and (&5 the normal approsimation (o the binomal, fnd the probability
that out of 30 people entering the store, 10 or more will make a purchase.
fab Herew =30, p =03, and | — p =107 and we are asked 10 lind B = 10). Usiag App. 1 {the tablke off

binomial probabilities),

(X = MW= P00+ PO+ P2+ -+ P30 = 00416 + 001103 + 00749 + Qi + 000231

+ (0TS A 0.0 - 15 4 0,005 + 00l
=04112

(b} po=rp = {30)(03) =% persons, and o= fup(l - p)= JTINOIN0T) = vEI 2 251 persons.
Simce n= M and both ap and all = p) > 5, we can approzimate the binomial probability with the
nommal.  However, the number of peeple is a decrew variabde.  In order to nse the sormal distributicn,
we must treat the mumber of people as if it were a continnous variable and find ALY = 951, Thus

X-p 95-9 0.5

o 151 251

From z = 0.3, we get 00795 (from App, 3k This means that 000793 of the area ander the standard
narmal curve bies from z = 0o z = 0.2, Therefore, PIY > 9.5) = 0.5 = 00793 = 0.4207 (the mormal
approcimation).  As o becomes even larger, the appromimation becomes even closer, [IF we had not
treated the number of people as 8 contimsous vaniable, we would have found that PLY = 10) = 34,
and the approximation would nof have besn as closeg,]

= 020
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338 A production process produces 10 defective stems per hour. Find the probability that 4 or less
itemis are defective out of the cutput of & randomly chosen hour using (g the Poisson distribu-
tion and  (H} the normal approximation of the Poisson.

b Here A = 10 and we are askad 1o find 21X < 4), where X s the number of defactive items from the
output of a randomly chosen hour,  The value of ¢ ™ from App. 2 s 0.00005, Therefore

.-!'.uli' L1}

POy === e = 000008

P —’*I‘I‘. - Q) — s
i3 - A-‘:‘ " mi[n.flmm s
) = "“‘;_, . 1"J[°':“m = 00083335
i) = "‘4;_ - ”""D;‘:mﬂ = 0208335

PIX < d) = Pily+ M)+ P2+ PO+ P
= (L0 + 00005 + 0.002% + DU0NE3335 + 0.0208335
= LIAZ21T, or abomet 3,22%

it} Treating the ibams as conbimaous [see Prob, 33706, we ane asked o Gnd B < 4.5), where X s the
muamber of defective ems, p=A =10, and o = vA =102 3116, Thus
Y—p 45-10 =55
P B U A N T
For z = .74 in App. 3, we gei 0,45%], This means that 0.5 — (045391 = (L.0$05 of the area {probability)
under the standard nosmal curve bos to the keft of 2 = 1.7 Thus PLY = 4.5 = 00009, ar 409%.

As A becomes larger, we get & better approsimation. [IF we had not treatsd the samber of defectivg
items as & continnous varinkds, we woukld have found that AV < 4) = I:I.ZE:'.'.J

I= 1.74

339 W events or sucoesses Tollow a Posson distnbution, we can determime the probability that the Grst
event oecurs within a designated period of tme, PIT <), by ihe exporential probabilicy
disrribaeiion,  Bocawse we are dealing with time, the cxponential is a continuous probability
distribution.  This is given by

PIT<f=1-—¢" (3.27)
where A is the mean number of cccurrences for the inrerval of interest and ¢* can be obtained
from App. X The expected value and variance are

1
ETI== FIx
T i | I

1
1|I'H.1'.T=F | 3.29)

(al For the staterment of Prob. 329 find the probability that starting at a random point in time,
the first customer stops at the gasoline pump within o half hour. (&) What is the probability that
no customer stops at the gasoline pump within a hall hour? () What is the expected value and
variance of the exponential distribution, where the continucus variable is time 7

Grh  Smee an average of 6 customers stop at the pump per hous, A = average of 3 enstomers per half hoar.
The probability that the first eastomer will stop within the first half howr is

T=¢ =1 =¢ " =100 [from App. 2) = 09502, or 95.02%
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(&} The probability that no customer etops At the pomp within a half® hour is
p =t = 0T

e E[Ti=1/A=1/6=01Th per car, and var T = 137 = 1 /3 = 0.03 h per cor squared.  The expo-
nential distrbutsen also can be used e cakoulane the tme Borwesn Ao STCCEISVE SIS,

The mean level of schooling for a population = § vears and the standard deviation is | year.
What 15 the probability that o randomiby selected individual from the population will have had
between 6 and 10 vears of schooling? Less than & years or more than 1) years?

Bmce we have not been told the form of the distribution, we can wse Chebyshey's theorem, which applies
to any distribution. With @ = 8 years and o = 1 year, & years of schooling is 2 standard deviations below w
and |0 vears of schooling is 2 standard deviations above g Using Chevyshev's theorem or ineguality we
abilain

PIIX —p < Koy = 1 - E]f (3.30)

The probability of an individeal picked at rasdom from the population will be sathin 2 sandard deviatsons
from the mean is
1 1 3
1 F-] E—E.ﬂlr TE%

Therefore, the prohabality that the individuwal will have had either less than & or more than 10 vears of
schooling i 25%.

Supplementary Problems

FPROBABILITY ©OF A SINGLE EVENT

341

143

144

What approach 1o probabaliny is myvelved m the followimg statements?  (a) The probabilicy of a head in the
toss of a balanced coin is 112 (8 The relative frequency of a head in 100 tosses of a coin is 033, (2 The
probahility of min tomarrow is 20%,

Arx. {a) The classical or a pron approach. (&) The relative frequeney of empanical approach. () The
subjective or personalistsc approach.

What 1x the probability that i tossing & balanced coan we et (@b & tasl, (b a head, (o} nod @ tal, orid) a
tail or met a tail?
Ars. i PTi=1/2 b PIH =172 (el BT =172 id) AT+ AT =1

What is the probabality that in ome roll of a fadr die we ger (ap a1, 8 ad, (ch modal,or @) alornot
n 1?7

Ans. (@) P{1)=1/6 (b} P61 =1/6 [c) PV =5/6 (d) P(1}+ P17 =1

What is the probability that in a single pack from a standard deck of cards we pick (@) a clob, (b)) an ace,
(e the aoe of ¢lubs, (@) not o b, or  (e) @ cleb or not a clob?

Amr. (@) PIC)=13/52=1/4 (b) PIA)=4/52=1/13 {c) PiAc)=1/52 () PiC")=1/4

) MO+ MC =1

An urn containg 12 balls that are exactly alike excepl that 4 are blae, 3 are red, 3 are green, and 2 are ahite.
What is the probability that by picking a single hall we pack (@) A blog ball? (5 A& red ball? {cb A green
ball? (a7 A white tall? (¢} A nonred ball? (17 A nonwhite ball?  [g] A white or nonwhite ball? Also
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147

i%F What are the cdds of picking a gresn ball? () What are the odds of picking a nongrezn ball?
Ars. {a) FBl = 1/30r 033 () AR =100 025 (e PIG) =140 025 () PW) =100 08 0167
fe] PR =075 (f] PIW' ) =0833 (g) PIWI+PIWI=1 (k) 3:9 (i) 9:3

Suppose that n card is picked from a well-shuffled standard deck,  The card is then replaced, the deck
reshuffled, and another card ds peked.  As this process B repeated 5200 times, we obtain 136 spades
Gk What is the relative frequency or empincal probability of petting a spade? {5 What is the Jdassical
or a prieti probability of getting a spade? (o) What wonld you expeet the relative frequency or empirical
probability of pething a spade 1o be ol the prooess s repeaded many maore omes?

Ars. (w) 136520 = 0,25 (b PSl=1/4 {e) Toapproach 14 or 0,25

An insurance company Found that from a sample of 100000 men betwcen the ages of 30 and #0, 87 becom
seriously ill duning a l-vear pericd, (@) What is the relative frequency or empirical probability of men
between 30 and 40 becoming seriously ill during a l-year period?  (h) Why is the insurince company
micrested mo these resulis?  do) Suppose thar the company subsequently sclls health insuranes o
1387684 men in the 30 to 40 age group.  How many claims can the company expect during a I-year period?
Aws, (@ The relative frequency or empincal probability is 87/ 10,000 = 0087, (¥ The insarance com-
pany & iaterested an the relative frequency or empizical probabality in order o debermine it mswrancs
promems.  deh 12073, o the nearest person

FROBABILITY OF MULTIPFLE EVENTS

148

150

352

What types of cvents are the following? (@b Picking hearts or clobs on a simghe peck from a deck.
(th Picking diamorads or a queen on a single pick from a deck, (o) Two swecessive flips of a balanced
coin, () Two soooessive fosses of a Fair dee. (@) Picking two cards from a deck with replacement
L) Picking two cards from a deck withount replacement.  (g) Picking twao balls from an urn withowt
replacement,

Aws. (@) Mutnally exclusive (5 Mot mrduall esclasive (o) Independent () Independent  (e)
Independent () Dependent (g Diependent

Whast s the probabality of getting  (a) Four or more on @ simghe 1o of a Gae die? (6 Ace or king on &
angle pick from a swell-shufled standard deck of cards? (o) A green or white ball from the urm of Prob
345

Ars. (@ /2 (0 52 or 13 (e} 512

What is the probability of getting (o) A diamord or a gqueen on a single pick from a deck of cards? (8 A
diomond, a quesn, or a king® (7} An African-&meTican or a woman pressdent of the United States if the
probability of an AfrcansAmencan president is 0,25, of a woman s 015, and of an Afrcan-Amercan
woaiman = (L07?

Ars. (el D652 or 413 (Bp 1952 (b 033

Whint 15 the probabality o {a) Two ones in 2 rolls of a dwe? (81 Three tals i 3 fps of @ oo (o) A fodad
af & im rolling 2 diee simultaneoushy?  {ay A total of less than 5 in rolling 2 dsce simultancously? (e A
total of [0 or more in rolling 2 dice simulianeonshy?
Ans () 136 (5 108 b 5736 () /6 {2} 16

What is the probability of obtaining the following from a deck of cards: 1@ A deamond on the second pick
whien the first card picked and not replaced was a diamond? (5 A dismond on the second pick when the
first curd picked and ot replesed was nola dismend?  (c) A& King on the thied pack when aoqueen and 2 gack
were already obtained on the first and second pick ard not replaced?®

Ans. Ll 12/ED (b 1351 dch 450

What is the probability of peckng  (a) the kmg ol clubs and a dsamond i thar ovder in 2 picks from a deck
without replacement™ (& A white ball and a green ball i thar order in 2 picks withont replacement from the
urn of Frob, 245 (ch A green hall and a whide ball v ¢her erder in 2 picks without replacement from the
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urm of Prob, 3457 ()} A green and a white ball (s shar order in 2 picks withour replacement from the same
am? () Three gresn balls in 3 pcks withowt seplacement from the wm?
Amx, b 1302652 o 17200 (b) B/132 ar 1722 dob 122 ddh 111 de) 71300 o 17220

Suppose that the probability of min on a gven day is 0.1 and the probahility of my having a car accident is
008 an any day and 00012 on a rainy day.  |a) What cule should [ use to cabaulate the probability that on a
gven day it will rain and [ will have a car aceident? (&) State the ruks asked for in part , kdting A signify
accident and R signify raim, (&) Caboulate the probahility asked for in part @,

Ars. (o) The male of multiplcabion for dependent evends (8 AR and A) = FR}- PIASR)] (o) 0012

(i} What rele or theorem shoald T wse to caboulate For the statement in Prob, 3,54 the probability that it was
raining when [ had o car soadant? (b Stade the rube or theorem applhcable o parl a. (c) Answer the
question im part c.

Ams. (o) Bayes” theorem (5] P(RSA) = PIR) - MASRPAY () 0.24

In how many different says can & gualified mdmiduals be asagned o fa) Three irmeee positions available
if the positions ang identical? {61 Thres traines positicns eventzally if the positions differ? ¢ Sia fraines
positiens availablz o the positions difler?

Ars, o) 200 (B) 1200 [c) T2

DISCHETE PEREOBABILITY DISTHRIBLUTHONS: THE BINOMIAL DMSTRIBLUTIOMN

357

.58

The probabality dastinbutson ol lunch customers at a restaurant s given in Table 3,50 Cakulale  {a) the

capocted pumber of hunch costomers, (&) the vaniance, and  {cb the standard deviation,

Takle 3.5 FProbability Disiribation of Lanch Castomers at

a Bstamraml
Mumber of Customers, ¥ Frohahility, PlY)

10H] 0l
114 0.3
LI 0.2
[ | [N
125 0.1

1.0

Ars. (o) 1131 customers  (F) $369 customers squared (2] 810 customers

What is the probability of (@) Getting exactly 4 heads and 2 tails in & tosses of a bakaneod com?
(b Cretting 3 sines in 4 rodls of a fair die?
Ars. [} 023 (b) 00154321

fah IF 20% of the stadents entermng college deap out belose recerving their diplomas, find the probabality that
ot of 20 stndents picked at random from the very large number of stndents entering college, less than 3 drop
ok, (A) I 0% of the bulbs produced in a plant are acceptahle, what is the probabdlity that ot of 10 bolbks
picked a1 random from the very large cutput of the plant, B are acceptable?

Ans. ) 0306 (4 01937

Caleulate the expected valoe and standard devintion and determing the symmetry or asymmetry of the
probabibity distribution of (g} Prob. 3.58(@k, (b)) Prob. 3.53%a), and (¢} Prob. 3.5%h).

Ars. Lol E[X]) = 1 heads, SD X = 1.22 heads, and the distmbiison s symmetncal. (5 E( X} = 4 students,
DX = 1.7 students, and the distribution is skewed oo the nght,  (e) E0Y) = 9 bulbs, S0 Y = 0,95 bulbs,
and the distribation is skewed to the left,
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Lad

What is the probability of picking (4] Two women in 8 sample of § drawn at random and withouwt
replacement From & group of 9 people, 4 of whom are women? (8 Eight men am a sample of 1 drown
at random and wathout replacement from a popalation of 1000, half of which are men.

Ars. {a) About 071 (using the hypergeometric distribution) {5 About 00043% {using the binomial
apprasimation to the hypergeometric probhahility)

THE POISSON DISTRIBUTION

L6X

Past experience shows that there are two traffic accidents af an infersection per weck,  What is the prob-
ability oft (@) Four accidents durmg a rasdomly selected week? (0 Mo acoidents? (o What s the
cxpected vahse and standard deviation of the distribuation?

Ars, (@) About 0,36 (b)) Abont 014 o KXY ) = A =2 accidents, and 50 ¥ = -.-"I. = |. 4] pcowdents

Past experience shows that 002005 of the national labor Foree get seriomsly ill during a year,  IF MK persons
are mndomly selected from the national labor force: (@) What is the expected number of workers that will
et sk during & year? (b What s the probabality that 5 workers wall get sick during the wear?

Ars. (w3 workers (kb Abowt 0.1 (osing the Posson approsimation te the binomial distribution)

COMTINUOLUS PFROBABILITY DISTRIBUTIONS: THE NORMAL DMSTRIBLTION

Lo

167

A

Give the formulas: (@) the probability that confinnous variable X falls between X, and X5, (5 the normal
distribution, (¢} the expecied valoe and vanamoe of the normal distributson, and (@) the standand mormal
distribution, deh what is the mean and variance of the standard normal distrbution?

Avs. (@b PIY, < X < Xy) =j¢l’ FixidX (b} £1X) =01/ Ine? _|~.~:/EL—il.fEJI[.r —ulfel’} i) EiX)=
[ XFiX)dY and o = [ [¥ = EQY)) FIX)aY (d) £X) = {1/42x ) exp (127 (e} E(X) =p=0

and &% = |

Find the arca under the standard normal curve (@b within 2 = 1.64, (&) within z = £1.96,  (¢) within
=225 ) between 2=090and 2 = 210, {e) to the beft of 2 =09, {F) to the right of 2 =210,
(e} 1o the beft of 2 = 090 and 10 the right of = 2140,

Ars. (@) 0,899, or S0.M0% (B 095 () BOSID () RIES2 (¢} 0.E159 () 0017% (@) 08338

A random variable i normally dissributed with @ = &7 and & = 5. What is the probakility that this random
wiriable will assume a value  {a) Betwesn 67 and 700 () Between &0 and 70 (o) Between 60 and 657
Gl Below 607 {e) Above 657

Aws. Ll 03413, o 313% (8 Q8334 () 040E ) D0DGD feh 07488

The mcan weght of & barge groap of people is 180 16 amd the standard deviation s 150k, 1F the weights are
normally distributed, find the probability that o person picked at random from the group will weigh
(o} between 160 and 1200h, (& above 2000b, (¢} below 15016

Ars. (w) O0RZ, or JLEZ% (&) Q0918 (o) 0212

The s of army volunteers in o given year are normally distributed with go= 110 and o = 1. The army
wanis to give advanesd traiming to the 25% of those recraits with the highest 10 scores,  What i the koaest
1 seore aeceptable for the advanced training?

Ars, 117, 10 the nearest whole number

Fast experience mdicades that &0%% of the students endening college get thar degrees. Using  (a) the
binomial destibution and  {#) the nomal approcimation 1o the bmomsal, find the probability thal ot
af 3 students picked at random from the entemng olass, mose than 200 will recave ther degrees.

Ars, (@) 00762 (8 0.0762

An average of 10 cars per minute pass through a vodl kooth during resh hour,  Using (@) the Poisson
distribution and  (#) the normal approximation to the Poisson, find the probakbality that less than & cars pass
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thronagh the toll kooth during & randomly chosen minare,
Ars. (o) 00749, or T4 (b1 DATTE, or 7.78%

A manulacturing process produces on the averee 1wo defective dems per houar. What s the probabaliy
that after a defective item:  {a) Owe howr willl pass before the next defostrve aem? (&) Ome-hall hour will
pass? () Fiftecn mirutes will pass®™ ) What is the expected value ard standard deviation of this
distribution”

Ars. [a) 01353, or 13.53% (b 0.36TSE (o) EDG53  (d) BT ) =o=1/A=05h por defective ilem

I a student has a grade poant average 3 standard desaations above the mean g her school, what proportion
af the other students in the school have:  (ay A higher grade point average? (&) A lower grade point
avernge?

Ars. [l < 011, ar 11% {(usang Chevyshev's theorem)  €h) al least 080, or 89%%

Agccording to Chebyshey™s theorem, at least whid proporion of the observations fall within (@) 1.5
standard dewiations from the mean, (5 2.2 standard deviations from the mean?
Ars, tal 0.5, or 35% (b 054, or B4%
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Statistical Inference:
Estimation

4.1 SAMPLIMNG

Statiatical inference 15 one of the most mportant and criscial aspects of the decsion making process
in economics, business, and science.  Startsncal tference refers to estimation and hypothesis testing
(Chap, 5).  Estimation is the process of inferming or estimating o population perameter (such us its mean
of standard deviation) from the corresponding srarisic of a sample drawn Mrom the population

To be valid, estimation (und hypothesis testing) must be based on o represeniative sample.  This can
be obtamed by randsm sampiing, whereby cach member of the population has an equal chance of being
included in the sample

EXAMPLE 1. A random SOk il 5 omr of the 1N ampdoes of o plant can be obtaned by '.'{'u'l.'lldlﬂg the niaime of
each employee on o separate slip of paper, mixing the slips of paper thoroughly, and then picking & a1 mndom. A
less cumbersome methiod is to gse a table of mndom maombers {App. 41 To do this, we first nssign each emploses a
bt frosms 1 to 20, Thes starting at random (say, from the thisd colamn and cleventh row) in App. 4, we can
read 3 mumbers (as pairs) either horizsontally or vertacally (eliminating all sumbers exceading 803, For example,
readeng verticnlly we get 13, 54, 19, 39, and 71

42 SAMPLIMNG DISTRIBUTION OF THE MEAN

If we take repeated random samples from a population and messure the mean of cach sample, we
find that most of these sample means, Us, differ from each other.  The probability distribution of these
samplhe means & called the sampling divribunon of the mean.  However, the sampling distnbutien of the
miean isell has a meun, given by the symbol gy, and a standoard devintion or siarderd error, @y,

Twn :in'lpl:n'lmll 1|h,:||n.:7r|=: :';,:|:|I1.: Ilu.: H.illT‘-FIII1I.|:[ dl:—.lrll"-u:[mn 41r 1|p;.: mean o l|'||: p:l.r\-.:ni |'||1p|||.|li|::-||

I. I we take repeated random samples of siee n from a populiton

Wy = 1.0}
T r (N—-n

and Ty =— O Ty =—1l— (. 2a, )
Wit W N 1|. N—1

wiliere F|.| 14, 3y s wsed for finite ;'-|IL'|||'|i|.I|||||'. ol gige & wlhen i = s N |_'u:¢ Pioh, 4 ""II"II

a7

Copyright 2002 The MoGrow-Hill Companies, Ine,  Click Here for Tenms of Lse
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i STATISTICAL INFEREMCE: ESTIMATION [CHAF. 4

2 As the samples” sise s increased (e, as o — o0), the sampling distribution of the mean
approaches the normal distnbution regardless of the shape of the parent population.  The
approximation & sulliciently good for v = 30, This is the central-fimir theoren,

Wi can find the probability that a random sample has 8 mean X in a given interval by first
cakculating the = values for the imterval, where
¥ -y

P el L 4 (4.3)
oy

and then lookimg up these values m App. 3, as explamed 0 Sec, 3.5,

EXAMPLE 2. [n Fip 4-1, the mean of the sampling distribution of the mean g s equal 1o the mean of the parent
population g regardless of the samples’ sise i However, the greater is 4, the smalber is the spread or standand craor
of the mean, a4, IF the parent popalation is rormal, the sampling distribetions of the mean are also mormally
distributed, even in small simples.  According o the central-limid theorem, even if the parent population i not
aormally dstibuted, the sampling distrbutions of the mean are approsimately normal for m = 300

ah
r

17

[
il ':llr___,ﬂﬂ'ﬁmﬂ-d.lltlbwmn[lllmn-ll}
T

- )

-,“_d_,-r!lmp{-pﬂm'ihuunnnrlhen:-,uvj

)
=|

Fig. 4-1

EXAMPLE 3. Assume that a population iz composed of 900 clements with o mesn of 20 wits and & standard
deviation of 12 The mean and standard eeror of the sampling destribution of the mean for a sample saee of 36 s
pj = =20 units

o 12 _,

ALY

If = had been 64 instead of 36 (s0 that & = WOEN, then

o N-m 12 R — 0

eV N T T VR Y

insiead of op = 1.3, withowt the finire correcrion facror,

oy =

LN I
_Thﬁ—l{].-]l_u.ﬂﬁ]—'l.ﬂ

EXAMFPLE 4. The probability that the mean of a mndom sample ¥ of 3 elements from the popalation in
Example 3 falls between 18 and 24 unats is computed as follows;

Br-pp M-
| = — —

=M=E=_l and [
b 2 ! oy F

o
=

Licking up z; and 2; in App. 3, we get
PUIE o X o2 2d) = 03413 04772 = Q.E1RS, or B1L.ES
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Sez Fig, 42,

= ; : X wcala
racale

=
B
[ S

Fig. 42

4.3 ESTIMATION USING THE NORMAL DISTRIBLTION

We can get a poant of an interval estimate of a population parameler. A poir exiimaie is a single
number.  Such a point estimate is anbdaced iF in repeated random samplings from the population, the
expected or mean value of the corrgsponding statste B equal to the population parameter,  For
example, X is an unbiased (point) cstimate of p because py = u, where py is the expected valee of
X. The sample standard deviation s [as defined in Eqs. (2.204) and (2.1 15)] is an unbiased estimate of o
[sez Prob. 4.13b1), and the sample proportion § is an unbiased estimate of p (the proportion of the
population with a given charactensiic).

An inferval extimate relers to a range of values together with the probakdlity, or corfidenee fevel, that
the interval includes the unknown population parameter. Given the population standard deviation or
its estimate, and given that the population is normal or that a random sample 15 equal to or larger than
30, we can find the 95% confidence inferval for the unknown population mean as

.P'{.f — 1 Bfry < o= ¥+ 1. 96ap) = 0.95 (4]

This states that in repeated random sampling, we expect that 95 out of 100 intervals such as Eq. (4.4)
include the unknown population mean and that cur confidence interval (bassd on a single random
sample) i one of these,

A comlidence interval can be comstrucied similarly for the populaiion proporiion (see Example T)
where

jig = :Tr =p {the proportion of successes i the population) (4.5

fp(1 = p)

o5 = V " {the standard error of the proporiion) (4.4]

EXAMPLE 5. A random sampd: of 14 with a mean of 100 and a standard deviation of &0 is taken from a
population of 100, The 5% confidence interval for the unkncwn population mean s

po=X % 10y simce 8 > 30
o (N—w .

=.\':|:l.1irE-:|”| - s o= 005N
Wb =1

= 100 & |96 il I]{l:h'.l—liﬁ using £ &8 an ¢stmmate of o
J183 V1000 — 1

= 100 £ 1.%6] 5093y

=l +911

Thus g s betwesn W89 and 109,11 with a 93% degree of confidence.  Crther irequently used confidencs intervals arg
the ) and 99% levels, comesponding 1o the 7 values of 1,64 and 258, respectively (sez App. 30,
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mn STATISTICAL INFEREMCE: ESTIMATION [CHAF. 4

EXAMPLE 6. A manapger wishes to estimate the mean number of minotes that workers take to complete a
particular manufacturing process with £3 min and with 9% confidence,  From pasl experience, the manager
krows that the standard deviaton o 05 15min, The minnmum reguired samphe siee (n = 30) s found as follows;

_ X—-u
oy
p=X —p
]'H.,-i"i =X-p ansnimmg b < 005N
13 . . . . .
1-!5-43 =3 singe the otal confidence interval, X — g, is 3 min
15
LMT=¢E

m= 6724, or 68 [rounded b the next higher integer)

EXAMPLE 7. A state education department finds that in a random sample of 100 persons who attendod college,
4 received a college degree.  To find the 9% confidence interval for the proportion of college gradwates out of all
the persons who attended college, e proceed as folloss,  First, we note that thes problem myvadves the Bnomdal
distribuation {see Soc. 330 Smee n = 30and both mp = 5 and w1 — p) = 5, the binomial distribation approaches the
niormal distribution (which is simpler to use; sae Sec. 3.5). Then

o=t o,
Il ] =
ind p=pk :1;"": - rl assuming m =< O0EY

—
PLUE N LN . .

=04 £2 5E1i."L using fas an estimate of p

10
== . & 2 3E(005)
=04 +013

Thus pis between 0.27 and 0.53 with a 99% level of confidence.

44 CONMFIDEMCE INTERVALS FOR THE MEAM USIMG THE ¢ IMSTRIBUTTOMN

When the population is normally distributed but o is not known and & < 30, we cannot wse the
normal distribution for determining confidence intervals for the vnknown population mean, but we can
use the § distribution.  This is symumnetrical about its zere mean but is flatter than the standard aecrmal
distribution, so that more of its arca falls within the tails,  While there is a singhe standard normal
distribution, there is a different 5 digtribution for each sample siez, v, However, as n becomes larger, the
¢ distribution approaches the standard normal distribution {sec Fig. 4-3) until, when s = 3, they arc
approxmately equal.

."Lp'p.-.nl;li:l. 5 Ei"":" the vihwes of ¢ fo the rr'gﬁ.! of which we find 10, 5, 2.5, 1, and 0.5% of the total aren
uider the curve for various degrees of freedom.  Degrees of Freedom (d are defined in this case as o — |

Sinndard normal distribution
rélimtribation, = 15
I distribution, s =5
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(o the sample gee minus 1 for the singhe parameler powe wish 1o estimate).  The 95% confidence interval
for the unknown population mean when the ¢ distnbubion 15 used 15 given by

= 2= 7
F(Jt' I-.‘."'_H{F{.T-Fryﬁ) 0.3 (4.7

where ¢ refers to the § values such that 2.5% of the total arca under the curve falls within cach tail (for the
degress of freedom invelved) and 5/ /5 is used instead of oy = o/ R

EXAMPLE 8 A random sample of m = 10 fashlght batveries with a mean operatmg e ¥ = 5h and a sample
standard deviation 5 = | h s picked from a production line krown 1o prodisce batternes with normally detibated
operating lives.  To find the 93% confidence interval for the unknown mean of the working life of the entire
population of batterses, we first find the valoe of i e 50 that 2,5% of the area is within each tml for m = 1 = 9di.
This is obtaimed from App. 5 by mosving down the column beaded 00025 10 9df  The valoe we gat s 2262, Thus

5 1
= V2 e S 2D e i 5 £ 222G LEIE = S EMT]
a o T 4

and i s berween 4.29 and 5,71 h with 93% confidence (see Fip 445 When & < 30 @d the population is not
normilly distributed, we must wse Chebyslber's thearem (sez Proh, 427,

m= 10
=9

41% _f_ 5§ i

Tfm-1262 | p=1262

Fig. 4-4

Solved Problems

SAMPLING

4.1 (g} What is meant by statistical inference?  What is its function and importance? (5} What is
micant by amd what 15 the relationship between a parameter and a statistic?  (c) What 13 meant by
estimation? Hypothesis testing?

(o} Sratisfical imference 15 the process of making iferences ahout populations from information provided
by samples, A popadetion i the collection ol all the elements (people, parts prodeced by 4 machine,
cars passing through a checkpaint, e that we are desenbing. A sample 15 a portion chasm (rom the
population.  Analyzing an entise population may be impossible {of the population is mfinie), it may
destroy all the oulpul (such as m ftestmg all the Aashbulbs produced), amd o may be profubstvely
capensive,  These problems can be overcome by taking a {representative) sample from a population
and making infercicrs about the populatson from the samplhe.

¥ A parometer 15 o descnptive charactersiic (such as the mean and the standard deviation) ol
population. A siatistic is a descriptive characteristic of a sample,  In statistical inference, we make
inferences about parameters from ther corresponding statestics.
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(ch  Seatistical inference is of two kinds: estimation and hypothesis testing. Expivagtion is the process of
ifierring or atimating a parameter from the correspording statistic.  For example, we may estimate the
nsan and the standard devsation of a popualatien from the mean and standard destation of a sample
drawn from the population. S ypeikesis fesrg is the proess of determining, on the basis of sample
infarmation, whether 1o accept or reject a hypothesis or assemption with regard to the valie of o
parameter.  We deal with estimation in thes chapler amd with hypaothisss psting m Chag. 5.

What 15 meoant by random ampling?  What 15 s mporiance?

Random sampling 15 a samphing procedure by shich cach member of a population has an equal chane: of
being meluded in the sample. Random sampling ensunes a represeniative sample.  There are several types off
random sampling.  In simple random sampling, not onky each irem in the population but each semple has an
equal prohahility of being pecked.  [n sysiemadic sempling, thems are selectad from the population at wniform
micrvals of tme, order, or space (as m picking every one-hundredth mame from a ekephone directory)
Systematic sampling can be biased casaly, such as, for cxample, when the amount of houschold parkage is
measured on Maondays (which includes the weskend garbagel, In sirarified and olusrer sanmpling, the popula-
tion is divided into strata (such as ape groups) and clusters (such as hlocks of a city) and then a proportionate
rikimbser of clemsents is picked at randoim from sach stratam and chustes. Stratified sampling is used when the
vanations within each stratum are small in relation (o the varations betaeen sirata.  Cluster sampling is wsed
whien the opposite is the case,  Inwhat Follows, we nssame simple random sampling.  Sampling can be from .
fimiee population (as in peckmg cards from a deck without replacement) or from an infinte popelatsn jas in
picking parts producsd by a contineeus process or cards from a deck with replacesent ).

(a} How can a random sample be obtained? (&) Using a table of random numbers, obtain a
random sample of 10 from the 95 emplovees of a plant that were out sick during a particular day.
(¢) Obtain a ramdom sample of 12 0wt of the 240 parts produwced by a machine during 13 first
howr of operaticin.

fah A random sample can be obtamed (1) by a computer programmed 10 assomble numbers,  (2) from a
tabde of random nombers, and (3 by assigring a mumber 10 cach mem i a population, recordmg cach
namber on a separate slip of paper, mixing the slips of paper thoroughly, and then picking as many slips
of paper and numbers as we want in the sample.  The last method of obaining @ mndom sample is very
cumbersome with large populations and may not give a representative sample becanse of the difficaliy
of thoroughly scrambling the picces of paper,

() Toobtain a randem sampls of 10 from the 95 emplovess, we assign each employes a number from 1w
93 and then consult App, 4 (the table of mndom members of digits),  Appendix 4 lists VA0 digits in sets
of 5 diprs penerated by o completely random process and such that each dig and sequenace of digits has
the same proballiy of cocurring as every other digit and sequence of digite,  Starting at an arbitrary
point in App. 4 (say, the fourteenth column and fifth row) and reading [0 numbers in pairs (say,
vertically and omitting all rumbers above 955, we ges the following random sample: &0, 39, 4, 34,
b, 43, 52, 14, B, and 95

(cd  Starting, say, [rom the thard row and aghth line in App. 4 and readimg $ numbers horsontally (three
digita at & time and eliminating nombers exceeding 2405, we pet the following random sample: 215, 182,
S0 127177, 53, and 186 (the last foar numbers wers obtained from the ninth line after reaching the
end of the sighth line),

SAMPLING DISTRIBUTION OF THE MEAM

d.4

(i) What does sampling distribution mean and how is a sampling distrbution of the mean
chtained? (&) What is meant by the mean and standard error of the sampling distribution of
the mean?

Gih TP we take repeated (or all possibde) random samples, each of size 5, from a population of vahies of the
varahle ¥ and find the mewn of cach of these samples ¥, woe find that most of the somiple means differ
from each ather.  The probabilty distnbutien of these aimple means s called the theoresical sampling
aizfeibaiion of e e, Similarly, we could get the theoretical sampling distribution of a proportion,
of the difference between bwo means, and of the difference between fwo proportions,  For example, we
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d.6

coild have found the proportion of defective items in each samiple and obtained the theoretical sam-
plang dustrbutson of the proportion of defective lems,  For simphicity, this section deals only with the
sampling distrbution of the mean.

(&) Jusd as inedher probability distribotions (see Secs. 3.3 10 305 the theoretical sampling distribution of the
mbzsan can b described by its mean and standard devieation,  The mesan of the sampling distobation of the
mean is gven by the symbol we (read “mu sub X bBar™). This is the mean of the Xe and is to be
distinguished from @ (the mean of the parent population).  The standard deviation of the sampling
distibation of the mean 15 given by the symbol op (read “sagma sub ¥ bar™) This is the standard
deveation of the Ys and & o b dearly distinguished from o fahich 5 the standard deviation of the
pirrent population).  The smaller is oy, the more accurate is a sample mean X as an estimale of the
{unknown} population mean g. For this reason, o4 is asnally referned to as the sfandand error of the
b

How can we find (@) The mean of the sampling distribution of the mean gp? (0 The standard
deviation of the sampling distribution of the mean or standard error =57

(o} Thi mean of the theoretscal sumpling destnbution of the mean gy is equal 10 the mean of the parent
population u that is, py = g Mote that for this to be troe, either we st take of the different samples
of size # possible from the finite population or, if we are dealing with an infinite popualation (o a finite
populaton with replscament], we must contimse Lo take repeated random samples off size w indefriely.
Muareovir, uf 1% als gl o E(X ) fsoe Probs, 3,20 and 33100

it The standard error of the mean o s given by the standard deviatson of the parent population o dvided
by the square root of the samples’ ame o ; that is, op = of i, For fimte popualations of swe v, a faite
correciion factor must be added, and o = (a/ YT AN — wi (N — 10 However, if the sample size is
very small in relation to the population soe, (N = ) /(Y = 1]isclose to 1 and can be dropped from the
formula. By convention, this s dome whenever o < 05N, Independently of this findte correction
factor, ep i directly related to o and dnversely selated to ¥ [see Eq. (4.2a.8).  Thus increasing the
samples size 4 times increases the accumcy of X a5 an estimate of u by catting o ¢ in half, Wote also that
g s abways smaller than o, The reason for this is that the sample means, as @wrages of the sample
abservations, exhibil kess vatabality o spread thas the popalation values,  Furthennone, the Brger an
the samphe sizes, the more the values of o ¢ are averngad down with respect to the valee of o (se: Fig, 4-1)

For a population composed of the following 5 numbers: 1, 3, 5, 7, and 9, find (@) g and #,
() the theoretical sampling distnbution of the mean for the sample size of 2, and (¢} gy and op.

_EX_ 14345474925 _

fa) =N 5 =5 =1
(i = _ =5+ (3= 5 4 (5 57 +(7- 5" + (9 - 5)°

TEVTN \ 5

f 4+ {30
_1I|.I6+4+g+ Iﬁ-w?-ﬁ#lﬁ]

i} The theoretical sampling distribution of the sampls mean for the sample sk of 2 from the given finite
population & is given by the mean of aff ohe possfile diferens sarples that can be obtained From this
population.  The namber of corbinations of 5 numbers taken 280 a time wivkow! cowcern foe the order is
203 = 10 (see Prob, 3.18), These W0 samples are 1,3 0,5 1,7 1L,% 3,5 3 1 5.9 57, 5,9 and 7%
The mean, X, of the Fu'i:cuding 1 bmph.': w234 5 4 5 6 6 7 B The thearetical nrnph:ng
distribation of the mean is given in Table 4.1, MNote that the variability or spread of the sample means
ifrem 2 t0 &) is less than the variability or spread of the values in the parent popalation (From | to %),
conlirming the stalement made at the end of Prob. 4.50).

(cd By applying theorem 1 (Sec. 4.2), pg = p= 5 Since the sample size of 2 is greater than 5% of the
poplation see (that s, n o= 0058,

_r New B 5.2
AV T AV

4

I.‘a .
_-.-"i.llli_-.-sel.:rs
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Tabdi: 4.1 Thesretical Sanepling Disiribarion of the AMean

Values off the Mean Possible Outcomis Probability af Oecurnenee

2 2 11
3 i i
4 4.4 0.2
3 35 12
L bod 02
T 1 11
8 : 0.1

Total 1.

For the theoretical sampling distribution of the sampls mean found in Prok, 4.6(8)  (a) find the
migan and the stamdard error of the mean wing the formdas for the popalation mean and standard
devigiton given i Secs. 2.2 gnd 2.3 [h) What do the answers to part @ show?

X 2+3+d+5+d+5+06+06+T+H 50
() pyp = ==
N 11 11k

X |I|.1l-'|:
| 4
eV

J 25t 3-8+ (A-5 (85— 5+ (45

HE AR B— S+ b5 + (T8 45
I

_ IO 41041414440 @: ST 173
V I V1o

(¥ The answers to part @ confirm the results obtained in Prob, 4,500 by the application of fheorem T (Sec.
4.3, namely, thal pp=p and 75 = [0/ R (N —m)/iNV — 1) lor the fimte populaton where
o= 00SN, Mote that we took el phe possitde differenr samples of size 2 that we cowld take from owr
Sirite popaiation o 5 aurmbers,  Sampling from an infinite parent population (or from a finite parent
ropulation with replecement) would have required takimg an infimite number of Tandom samples of size
o from the parent population (an obviowsly miposible task) By takmg only a lmated sumber of
random samples, theorem 1 would hold onby approximately (2., pgp == g and op = o/, with the
approcimation becoming better ns the mumber of random samples taken is increased.  In this cose, the
sampling dstnbution of the sample miean penerated 15 refermed 1o as the empirical saorpiing divieiba tice
af” the wie,

A population of 12000 clements has a mean of 100 and a standard deviation of 0. Find the
mean and standard error of the sampling distribution of the mean lor sample sizes of (g} 100
and (& 900,

ful pg =g = 1K
Tp = o =
T Ve
ih g = u = 1

Since a sample of 90 B more than 3% of the population size, the finite comrection factor mnst be wsed
in the formula for the sandard error;
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o Now 60 12000900 60 1L000_ o .
7 VN1 o0 | 100 -1 30 o~ 2YO9E H20562) 192

Without the correction factor, 7 would have bezn equal to 2 instead of 1,92,

(i) What is the shape of the theorztical sampling distribution of the mean if the parent popula-
tion is mormal? I the parent population is not mormal? (&) What is the importance of the answer
o part af

Gk IF the parent popualation is normally distribated, the theeretical sampling distribngtions of the mean are
alzo normally distributed, regerdless of sample size,  According to the cearral nir theorens, even if the
parent population is not normal, the theoretical sampling distributions of the sample mean approach
normality as sample size increases (o2, as ® = o0), This approximation is sufficiently good for samples
off al least 3,

it The central-limit theorem is perhaps the mest important theorem in all of statistecal inference. Tt

allows us to use sample statistics 10 make inferences about popalation parameters withoud knowing
anything about the shape of the parent population,  This will be done i this chapter and in Chap, 5.

(a} How can we calculate the probability that a random sample has a mean that falls within a
given interval i the theoretical sampling distnibution of the mean 15 normal or approximately
normal? How is this different from the process of inding the probahbility that a normally dis-
tributed random variable assumes a value within a given interval? () Draw a normal curve in
the X and 7 scales and show the percentage ol the area under the curve within 1, 2, and 3 standard
deviation units of 18 mean.

teh I the theoretical sampling distribution of the mean is nommal or approgimately narmal, we can find the
probability that o random sample has a mean Y that falls within a given interval by calculating the
comesponding z values in App, 3. This is analogous fo what was done in Sec, 3.5, where the normal
and the standard pormal curves were miroduced.  The only difference i that new we are dealing sith
the distributon o' the Vs rather than with the distmbation of the Y In addiion, belore
=X — p)fo, while now 2 = (X — pgl/op = (X — plfop, s gy = o

i In Fig. 4-5, we have a normal curve in the X scale and @ standard normal curve in the z scale.  The arca
uader the curve within 1, 2, and 3 standard deviation wnits from the mean s 6826, 9544, and 99.74%.,
respectively.  Mode the great ssmilardy and important difference between Frgee 4-5 and 3=4.

i X scale |
TR ] Ay My iyt Mg o
| i i 1 1 I ok
. s A F q : 3 Siznderd nomal curve
=-— RIS —=
- 5 445 -
- 9. T -
Fig, 4-8
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Find the probabality that the mean of a random sample of 25 elements from a normally dis-
tributed population with a mean M and a standard deviation of &0 is Brger than 1000,

Smee the parent population & nermally distmbuted, the theoretial samphing distnbution ol the mean 15
alio normally distributed and ¢ = o/ becanse v < 0058, For X = 100

¥=—pp ¥Y-p 1M0O-20 10

= = = — = (LK}
o afym ey 12

I==

Losckmg ug this valoe in App. 3, we get

PY = 100) = 1 — (05000 + 0.2967) = 1 — 0.7967 = 0.2033, or 20033%

Soe Frg. d-6.
0. 29&7
05000 ' 02013 andts / 6.ask: | 63000
g X meale e - X acale
L LLE E] . If:r! 1] £
Fig. 4-h Fig, 4-7

A small local bank has 1450 individeal savings accounts with an average balamce of 53000 and a
standard deviation of 31200, 17 the bank takes a random sample of 100 accounts, what s the
probahbility that the average savings for these 100 accounts will be below 528007

Simce m = 10}, the theoretical sampling destnbotion of the mean is approximately normal, but since
e = SN, the finite correction factor must be wsed to find of. For X = $2800

N Kow 0000 - -0
T e o N-n 1200 TE50—1o0 (1350 1200.965)
=2 ! 120,
YN=T Y a0 - Viass
Looking up 2 = 1.73 in App. 3, we pet
P = B2B00) = 1 — (5000 + 04582 = 1 — 00582 = 0418, or 4.18%

Bee Fig, 47,

ESTIMATION USING THE MORMAL DMSTRIBUTIOMN
413 What s meant by @) A point estimate? (b)) Unbipsed estimator? (o} An interval estimate?

(b Becanse of cost, time, amd feasibility, population paramsters are frequently estimated from sample
statistics. A sample statsstic used 1o estimate a populatson parameter is calbsd an esfbmaror, and a
specilic ohaerved walue 15 called an estimate.  When the sstimate of an unknown population paremeter
a5 piven by a saingle nomber, it 8 called & podne estimare,  For example, the sample mean Y s an
estimator of the population mean g, and a single valoe of X is & point estimate of g Similarly, the
sample standard deviation 5 can be used as an sstimator of the populatsen standard deviation = and o

simghe valise of 5 1% a poant estimate of =, The sample proportion pcan be used as an estmmator far the
population proporisen p, and a single value of o is 8 point cstimate of p (e, the proportion of the
ropulation with a given charcienistic),
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4.14

415

(bl An estimator iz wibiessd if in repented random sampling from the population the corresponding
statistic from the theonstscal sampling distributaen 5 egual o the population pammeter,  Another
way of stating this i that an estimator 15 unbiased iF s expocted value (e Probe 3220 annd 3.37) is
eiual to the population parameter being estimated.  For example, X, 5 [defined in Eqs. (2008) and
{2 1 IRI], and p are unhinsed estimators of g, o, and p, respectively,  Other important criteria for o good
exlimator are discussd in Sec. 6.4,

(ch An fererval estimgse refers 10 the tange of vahies used to stimate an unknown population parameter
together with the probabulity, or confadence fevel, that the interval does inchude the unkaown population
parameter.  This is known &5 a confdence dterun and B wsually centered arcund the unbiased point
estimnte,  For example, the 5% confidence interval for u is given by

PIX = 1.90p < g < X+ 1.960;) = 095

The two numbers defining o confidence interval are called comfidenee fimits Beconse an interval
catimate also expresses the degree of accuracy of confidencs we have in the cstimate, it is supemer (o
A point estimsate,

A random sample of 64 with a mean of 50 and & standard deviation of 20 is taken from a
population of 5, (o) Find an interval estimate for the population mean such thal we are
Q3% conflident that the interval includes the population mean. (&) What does the result of part o
tell us?

i Simee w > 30, we can use the 2 valae of 1.9 from the standard normal distribution to construct the 5%
confidence interval for the unknown popolation and we con vse 5 05 an sstimate for the unknown o

=3 (4.5
where the “hat™ (71 indicates an estimate, and
a (N—-n s [N-n

when r = 03N {490, )

bp = =2 by = 2oa_ 2
aF = N or a5 -_-"Eu.l'l-'— 1 .,‘.-'Elll' w1
[ this problem

. % ) —a ull IIm—ﬁ-’l mﬂ%ﬁ:"ﬂ

S e B T
Then = ¥V £ oop == S0+ 196{2.4) = S0 4. M. Thus s betwesn the lower conllences lmat of 45,3
and the upper confideno: lmit of 34.7 with a 95% level of confidence,

itrh The result of part o bells us that of we take from the population repesstad random samples, cach ol siee

a =64, and construed the ®5% confidence interval for cach of the sample means, 953% of these con-
fidence intervals will contaim the trae unknown popolation mean, By assuming that our confidencs
inderval {based on the single rundom sample that we have actually taken) is one of these 95% conldence
atervals that inclodes u, we take the caboulabed sisk of bemng wrong 2% of the tme.

A randorm sample of 23 with a mean 80 is taken from a population of 1000 that is noreally
distributed with a standard deviation of 30, Find (o) the 90%, (&) the 3%, and (¢} the 99%

confidence intervals lor the unknown population mean. (&) What doees the difference in the
results to parts @, &, and ¢ indicate?

{al p=X % lLdoy sifce the populaton & normally distributed
[ ) .
=K+ 164 singe & = 0EN and @ is knoamn
[ E
1
= B0 4= .60 ﬁ
= R0 4 L6 &)

= R0+ 5.54
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Thuae jis between Y006 and 89,94 with W% confidenes

A foo= 80+ LG = 30+ 1176
Thuas v is between 68,24 and 91,76 with $5% kevel of confidencs.
i< feo= 8 4 258(6) = 30 4 15.48

Thias j is between 64,57 and 95,48 with #9% kevel of confidenes,

() Thi resules of parts a, b, and ¢ indicate than as we inencase the degree of confldenee regquired, the size of
the confidence interval inereases and the interval estimate becomes more vagne (i, kss precissh
Haowever, the depree of confidence associated with a very narrow confidence interval may be o low

a8 1o hawe little meanimg. By convention, the mest froguently wsed conlbdence interval is %5% . lollowed
by S and 9%,

A random sample of 36 students is taken out of the 500 students from a high school taking the
college entrance examintion.  The mean test score for the sample 15 330, and the standard
deviation Tor the entire population of 500 stedents s 40, Find the 95% confidence interval
fizr the unknown population mean score.

Semee m = 30, the theoretical sampling distribution of the mean i approximately normal.  Also, since
f = N

i
e (N-n 40 30036 _ 40
S ey s - T B

Them p=Xdrop =804+ 1.96(6.4) = 380 £ 1254
Thus 4 is between 36746 and 392,54 with a 95% level of confidence.

A researcher wishes o estimate the mean weekly wage of the several thousands of workers
cmployed in a plant within plus or minus 83 and with a 99% degree of confidence.  From
past expenience, the rescarcher kmows that the weekly wages of these workers are normally
distributed with a standard deviation of 340, What 35 the mimmum sample sio: regquared?
j. - _[.l
g
g =X o=

- @ (presumably, g o< 005N

W'
2.5 *l = H]
' N
q0 —
E.SEE =N

w= 516" = 2663, or 27 {rounded to the nearest higher integer

(a} Solve Prob. 4.17 by first getting an cxpression for s and then substituting the values from the
problem into the expression obtuined. (5} Why is the question of sample size important?
(i) What s the size of the total confidence interval in Prob. 4177 (a) What would have to b
the sample size in Prob. 417 iF we had not been told that the population was mormally
distributed? (e} What would have happened i we hsd not been told the population standard
deviation?

b Starting with zo/% = X — g (see Prob, 4170, we get z0/(¥ — ) = 0. Thus
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Suabstitating the vahes from Prob, 4007, we get

i 3
[ [_[_."'.E_l“-:i"}:l] = J4.63, or 27 {the same s in Prob. 4,17)

The question of sample size is important becouse if the mmple is too small, we fuil to acheve the
ofjectives of the analvsis, and if the sampds is too karge, we wasie resources becanse it is more gapensive
1o gollect ard evalnate a barger sampde,

Thi suee of the total confidencs interval in Prob, 407 B S8, or twice X — w. Sonce we are wsing 2 as an
eatimate of g, X — g is sometimes referred 10 a8 the error of e esnimiare.  Becanse in Prob, 417 we
want the error of the estimate to be “within plus or minos S350, we pet ¥ — @ = 2EX, o7 a range of 540
far the tetal confidence interval

[ we haed ot been 1ol that the population was normally distrbuted, we would have had 1o merease
the samphe 10 at bexst 30 m Prob, 417 moorder 2o jostdly the wse of the sormal destobation,

IF we had not been told the value of o, we could not have solved the problem. (Since we were deciding
on what sample sige 10 fake in Prob, 4,17, we could not possibly have known the 510 use as an estimate
of @b The only way we could estimate o (and thus approsimate s} would be if we knew the range of
wages Irom the highest to the lowest,  Smce =3e inchudes 99,7% of all the arca under the normal carve,
we could have equated G wiath the ranges of wapes and thus estimate o (and soboe the prohlem]

With reference to a binomial distribution, indicate the relationship betwesn (@) g and fig, (b) p
and F, and {c) o, @, and d.

|:-|rf

[}

(eh

s = pp = incan ater of sucessies in o trials, whese pis the probabilicy of sneeess in amy of the trals
isex See. 3,31 g = p/w = p o= the proportion of successes of the sampling distribution of the propor-
i,

g = the proportion of sioosssces i e paprelation, and § = the proportion of successces & the sanple (and
an unbiased estimatar of p).

o g ] = p) = srandard devidtion of the number of successes in the popalation, and

11—
=N = stividard eveor of g {405 )
pil=p) (¥ —n
ar g = .uu' =\ when m = 005N [dAb)

. 1- . Ml —p) (W —n
ﬂp"y-'lrﬁi Pl e g =g

= when o o 005N (4. T, )
n # " N1 '

4.20  For a random sample of 100 workers in a plant employing 1200, 70 prefer providing for their own
retirement benefits over belongng 1o o company-sponsored plan,  Find the 95% confidence
mterval Tor the proporiion of all the workers in the plant who prefer therr own retiremant plans.
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. R
‘I = m — ll} [}
P =k ey since n =3 and mp = 5 and w(l —p) = 5
| — A
= paay BB R since i = 003N
f il | —
071 ‘-"51,."[0'1[33 3 / ";’:],'Sﬂ _”;"] using # as an estimate for p
=07+ L96(0.05)(0.96)
=074 0.09

Thus p {the proportion of all the woerkers in the plant who prefer their own retirement plans) is hetwsen 061
and 0,79 with 95% degres of confidence,

A polling agency wanls o estimate with 90% level of confdence the proportion of volers whao
worild viote For a particular candidate within 0,06 of the true population) proportion of voters.
What is the minimum sample size required i other polls indicate that the proportion voting for
this candidate g5 0,307

F=p
Ty
IMy = =

"H'IIF[_I - El_p-p  peesumably n < 005N

|.a-1.,ru"w — 006

2ARGG[0 30T
M = L3 by squaring hoth sidis

(2689600 3H0.T)
e = 156,89, or 157

fa} Solve Prob, 4.21 by first getting an éxpression lor o and then substituting the values from the
problem into the expression obtained. (b How could we still have solved Prob. 4.21 if we had
not been tokd that the proportion voting for the candidate was 0307

[ab Starbing wath =4/ pll — plfe = p — p (e Prob, 4.21]), we et

Il - p _Zpll —p)

1 .
= [ = p§ and n [4.02)
" -t
Substituting the valwss from Prob, 420, we get
i 2 i a
- (164" (0.3000.T) _ {2.6B06)(0.21) = 196.89, or 157

0.06° 0,034

{the same a5 10 Prob, 4.21).

(&b IF we had not been wold that the proportion voting for the candidare was 0,30, we could estimate the
largest valoe of o to achieve the precsion required mo matter what She actief volue of pis. This s done
by letting p = 005 (5o dhat 1 — p = 0.5 alsa). Smee p{l — p) appears in the numerator of the formala for
# (see part 41 and this product s greatest when g and 1 — p both equal 9.5, the value of 4 is greatest
Thus
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Copll-p)  L6805){0.5)  {16896){0.25)
B T ™ Y TTET

= |Bh.E, or 157

finstead of ® = |57 when we were told that @ = 0300 In this and similar casss, trying to get an actoal
estimate of p docs not greathy reduce the size of the raquited sample,  When pis 1aken o be (L5, the
formula for m can be simpliliad 1o

. 2
H= [ﬁl [4.403)
Lising this, we get

]

S S
n= IZ'ISTEHE-] - {ﬂ.l:] = 186.8, or 187 (the same as above)

CONFIDENCE INTERVALS FOR THE MEAN USING THE ¢ IMSTRIBLTTTONM

4.23

4.24

(a) Under what comditions can we ot use the normal distribution bt can use the ¢ distribution
te find confidence intervals for the unknown population mean® (b)) What is the relationship
between the ¢ distribution and the standard normal distribution’™ (¢} What 15 the relationship
between the z and s statistics for the theoretical sampling distribution of the mean® () What s
mcant by degrees af freedom?

fad  When the population s normally distnbuded bt the popalation standard deviation o s not known and
the samphe see m s smalker than 30, we cannot use the nommal distnbution Fer determining confidencs
intervals for the unknown popalation mean bat we can use the Student 1 (or simpdy, the (b distribution

(th  Like the standard normal distribution, the ¢ distribution is bell-shaped and symmetrical about its zero
mean, bt if is platylourtic (see See, 2,45 or flatter than the standard normal distribution so that moers of
its area falls within the tails, While there is only one standard normal distribution, there is a different ¢
distribation for sach sample soe m. However, a3 m becomes larger, the ¢ distrbutson approaches the
stamdard normal distribution antil, when 5 = 30, they are approsmately equal,

X = X =
ic] r=C_BF - 4
g UPRRL

and is found in App. 3,

Y-u

5ln

and is found in App. 5 for the degrees of freedom involved,

Gl Pregrees of freedor {df) refer o the mumber of valoes we can choose freely,  For example, of we deal
with a sample of 2 and we Enow that the sample mean for these fwo valoes is 10, we can freely assign the
value b only one of these tas numbers. [T one nomber is B, the other number muost ke 12 (1o get the
mcan of 103, Thein we say that 9w have n — 1 =2 — 1 = LA Similarly, if & = 10, this means that we
can frezly assign a valae o only @ of the 10 vakues if we want 10 estimate the popalation mean, and s
we have n = 1 = 1 = 1 = 9 df.

Y]

(i) How can vou find the ¢ value for 10% of the area in exch tail for 2407 (8 ITn what way are 1
values interpreted differently from z values? (¢} Find the r value for 5, 2.5, and 0.5% of the area
within cach tail for 24 () Find the ¢ valdue for 5, 2.5, and 0,5% of the anea within each tuil for
a sample size, n, that is very large of infinite.  How do these ¢ values compare with their
corresponding r walues?

Grh  The £ value for 10% of the area withim each fai! is obfaned by moving down the colamn beaded 010 in
App, Stodi. This gives the fvalue of 1,383, By symmetry, 10% of the area nnder the ¢ distribuation
with 9 41 also hies within dhe left tail, 1o the left of § = —1,383,
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The r values given in App, 5 refer to the areas (probabilitiesh withie she ralffs) of the ¢ distribation
anlacated by the degrees of freedom, However, £ valies given in App. 3 reffer 1o the areas {probabalites)
under the standard Aormal corve from e mean o the specifed @ vanlses (eompare Example 4 with
Example &)

Moving dowm the columins beadod 0005, 00025, and 0005 in App. 5 te 9 dF, we pet @ valees of 1,833,

2262, and 325, respectively.  Becanse of ssmmetry, 5, 2.5, and 0.5% of the area within the keft tail of
the ¢ dastrbuteon for % di lee 1o the keft of f = = 1833, f = =2.262, and r = —3.250, respectively,

For sample sizes (and dF) that are very large or infinite, fues = L84S, bues = 1000, and fypq = 2576
{froam the last row of App. 5. These coincide with the corresponding z values in App. 3. Specifically,
fpgos = 1060 means that 2.5% of the arca under the @ dscnbation with o df lies within the nght tail, to
the right of r = 196, Similarly, 2 = 1.9 gives (From App. 33 04750 of the area under the standard
nommal curve From =010 7= 1.3, Thus, for df = 8 = 1 = oo, the ¢ distribution is identical to the
stamdard normal curve.

A ramdom sample of 25 with a mean of 80 and a standard deviation of 30 15 taken from a
population of 1000 that & normally disteibuted,  Find (g the 0%, (&) the 95%, and {c] the
Q2% confidence intervals for the unknown population mean. (&) How do these results compan:
with those in Prob. 4.157

u)

i

el

(]

tpgs = L7110 for 24 AF

5 E 1]
=¥+ = B £ 1.7 ] === = 80 + 1266
we AR VI8
Thus uis between 69,734 and 90266 with a 90% level of confidence,

fpees = S0 for 24 dF

G Nt D 206 B4 12,354
W R w23

Thus uis between 67.616 and 92384 with a 95% lewel of conlidence.

fups = 2797 For 24 df

E kL]
=& f—=B042 79— = B0 £ 16752
" Jn N

Thus s between 63,213 and 965,782 with 99% degree of confidence.

The 90, 5 and 9% confidence mfervals, as anticipated, are krger in this problem, when: the ¢
distribation was used, than in Prob, 4,15, where the standasd nosmal distributsen was used.  However,
the diflfzrences are not great becanse when = 25, the r distribution and the standard normal distribo-
1 are Farrly similar,  Mote that in this problem ae had 10 use the f distribution because 5 was given
{url.d fol o, a% mn Prob. 4.15)

A random sample of & = 9 lightbulbs with o mean operating life of 300 h and a standard deviation
sof &3k is picked from a large shipment of lightbulbs known to have a normally distribured
aperating life. () Find the 90% confidence interval for the unknown mean operating life of the
entire shipment. (&1 Sketch a Agure for the results of part a.

)

Iyas = 1860 for 8 df

oL - .1r+:ﬁ- 3081 + |.am%- 30+ 279
"y

Thus i is approximately betwesn 272 and 328 h wath & 9% level of confidence,
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Sce Fip 4-8,

ey

f==0L86" t=L.E6

Fig. 48

427 A random sample of m =25 with X = 80 is taken from a population of 1000 with o= 30.
Suppose that we know that the population from which the sample 5 taken 15 not normally
distribuned. () Find the 95% confidence interval for the unkeown population mean.
it} How does this result compare with the results of Probs, 4.15(8) and 4.25(5)!

4.8

iap

i)

Smee we know that the population from which the sample i taken B not nomally distributed and
o < M), we can use neither the normal nor the ¢ distributions.  We can apply Chebpaber's theone,
which states that regardless of the shape of the distribution, the proporisen of observations (or arca
falling within K standard deviations of the mean) s at least 1 — (1K), for K 2 1 (see Prob. 1,400
Serting 1 — (1/K%) = 0.9% and solving for K, we get

1

e 1 - 0.8s
1 = .05K°
h"z = M
K =447
Then p=X +.i.'i-=ﬂl]:4.-ﬂ i = {4 3o 832
Wi F:_ﬁ.

Thuss u b approximately berween 53 and 107 with a 95% leve of conlidence.

The 95% confidence interval using Chebyshev's theorem s much wider than that foand when we could
use the normal distribution [Prob. 4.15000) or the ¢ distribution [Prob. 42500 For this reason,
Chehyshev's theorem is seldom wsed to find confidence intervals for the unknown population mean
Haomever, it reprsents the only possbaliy short of mercasing the samiple siee Lo at least 30 (g0 that the
normmal distribution can be used).

Under what comditions can we construct confidence intervals for the unknown population mean
from a random sample draown from a population using (g} The normal distribution? (8) The
distribution” (¢} Chebyshev’s theorem?

[}

]

ich

We con use the normal distribution (1) if the parent populatien is normal, & = 3, and o or 5 are
knowr; (21 i m > 30 (hy invoking the central-limit thearem) and using 5 a5 an estimate For o or (330F
w3 bt o ds given and the popuolation from which the random sample 5 taken s known w0 be
normally distributed,

W can use the ¢ distribation (For the given degress of freedom) when e < 30 bat o is not given amd the
population from which the sample is taken is known to b2 normally distibuted.

I m = 30 but the population from which the random sample s taken 15 nel knoem to be normally
distribated, theoretically we shoubd nse neither the normal distribution nor the 1 distribation, In such
casgs, gither we should wse Chebyshev's theorem or we should increase the size of the mndom saample to
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M = M) {sooas 1o be able to nse the normal distribationd,  In reality, however, the ¢ distribution is wsed
even i [hése cases

Supplementary Problems
SAMPLING
.29 (o) What dois stadivfical’ iferemer refer 10 (0) ‘What are the names of the desnptive charsclenstics ol
popubations and samples? () How can reprosentative samples be oblained?
Aws. (il Estimation and hypothesis testing (b Parameters and statistics () By random sampling
4. My fap Starting from the thrd column and tenth rovw ol App, 4 amd readme horcontally, oblam a sample ol 5

from 90 elements. (b Starting from the seventh column and first row of App. 4 and reading vertically,
obtain a sample of 10 from 400 glements,
Ams. [k 31,13, 33, 67, 68 [h) 24, M, M), 18, 385, 130, 24, T2, 313, 187

SAMPLIMNG IMSTRIBUTION OF THE MEAN

4.M

4.32

d. 3

4.35

4.3

4.37

Howw can we obtain the theoretical sampling distribution of the mean from a population which is (g Finite?
(teh [infimite?

Ars. (b By taking all possble different camples of size w from the pepokation and then Gnding the mean of
gach sample (%1 By (hypothetically) taking an infinite number of samples of size o from the infinite
population amd then findmg the mean of cach sample

What is  (w} the mean and (&) the standard error for a theoretical sompling distribution of the mean?
Ars. (a) g = p where g 5 the mean of the parent population (5 op = o/ /®, where @ i the standard
deviation of the parent popilateen and o 15 the sample sie; for finibe popalatsns of see ¥ where v = 003N,
ag = (o Valy (N —m)IN = 1)

For a popalation of 1000 iters, g = 50 and o = 10, What is the msn and standand ercor of the theoretical
sampling detriibution of the mean For sample sizes of (@) 25 and (&) 817
Ars. (@) pep = 50 nnits and gp =2 (B gy = 5 units and gy = 1.07

What s the shape of the theorctical sampling distbution of the mesan for samples of  fa) 100F the parcit
popukation is normal? (8) 300 the parent popokation is not nommal? () On what was the ansaer (o part b
bhased?

Ars. (ol Momal (&) Approsimacely normal  {ch The central-himit theerein

What is the statisbic for (g Random vanahle X7 (&} The theoretical sampling distribubion of X7
Ars. @) z =X — p)fa (b)) z=(X —pljoy

What is the probahility of ¥ |ying betaeen 49 and 50 for & madom sample of 36 from a pepualation with
=4 and = = 127
Ars. IU1A9E, oF 14.98%

What is the probabilaty that the mean for & random sample of 144 sccounts receivable draam from a
population of 200 accounts with & mean of SH0,000 and a standard deviation of 54000 willl be between
EQE00 ard 510,307

dms. DLBRID, or BRI 1%
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ESTIMATION USING THE MORMAL DISTRIBUTION

438

What are unhiazed point estimators of ju, o, and p, respectively?
Ars. X, 5 [as defined m Egs. (2.008) and {2018, and p

Usirg the standardized normsal dstnbuton, state for o (e the S,  (8) the 95%, and  {c) the %9%
confidence infervals,

Ars, (o) PIY = Lbdop < u < X 4 1L64rp = 0000 [5) PIY = L% < < X & 195} =095 (c)
PIX = 2.5B0p < < X+ 25Bay) = 0.9

A ramdom sample aff 144 with a mean o 20 and a standard divaation of B0 s taken from a popalabon off
000 Find an imferval estimate for w such that we are #0%% confident that the interval inchudes s
Ars, 286,34 to 51366

For Prob. 4,40, find (@) the 95% and (&) the 9% confidence intervals. (¢} What do the answers @0 parts
w and & mdezane?

Aws. fa) 3BI6T 0 306353 (b 2TE A e 32049 (&) The greater is the degres of confidence, the larger i the
confidence interval

A random sample of 400 & taken out of the mone than 100, 000 army recroits ino particalar year, The averge
wiight for the semple of army reeruits is 1700, and the stasdand deviation of the entire population of army
recrnns i @b, Fisd the %0% confldesos interval for the mean weight of the population of army recrite
Ars, 1667 10 173,31k

A irm wishes Lo estimade the mean number of operating howrs of a particular type of hightbulb within 10
operating hours (plus or minus) and with %5% confidence. On the basis of provious knowledge wath his
oype of lightblb, the firm knows o = 30k, How large a sample would the firm take?

Aws, 35

Lo} Write down the expression for @ to solve Prab, 4,43, (A What is the size of the total confidence interval
m Prob 4437 (e Whatl would have happenad m Proh, 4,43 il w307

Ams. (@) v =[zo/(¥ — w)]* () 20 operating hours {c} a would have had to be increased 10 30 to justify
the nse of the normal disiribution

For the hinomial distribution, write the forpula for (@b poand &, (5 o5 and & when s < 005N, and
(ch &g when n = 005N,
Ars. lal p=wpand o = gl —p) (B op = 4 @l — plfnand &5 = 4B - phin

(€] dp = o1 — P o (N - mpIN - 1)

For a random sample of 36 praduate stodents m economes i a grsduate coonomcs prograim with S80
stadents, & stndents have an wndergraduate degres in mathematics.  Find the proportion of all graduats
students at this university with an undergraduste major in mathematics at the 90% confidence kevel.

Ars. D11 10 9.33

A manufacturer of lghtbulbs wants e stimate the proportion of defective lightbelbs within £40.1 with a
5% degree of confidence.  What is the minimum sample sise requinad if previous expericnce indicates that
the proportion of defective lightbulbs produced is 0.2

Ars. B2

rh Wrke dowm the exprission for o to salve Prob, 447, (k) How sould we still have solved Prob, 4.47 if the
manufaciarer did not know thatjrr = .2}
Ams, @ m= " pll = pifip—pl thj By lebling p o= 0.5 and m = 97
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CONFIDENCE INTERVALS FOR THE MEAN USING THE ¢ DMSTRIBUTIOMN

449

4.50

4.5

Find the ¢ vahee for 29 df for the fallowing areas Falling within the {right} twil of the ¢ distribution: (@) 10%,
() %, o 2.5%, and  (d) 005%.
Arx. L) fjin = 1.311 i !I'_I fpas = 164 [l’._l Tpwns = Tids [l ) e = .75

Find the = valee for the Following arcas falling from the mean te the £ value nnder the standard normal
curve: (@ = 40%, (B) 7 = 45%, {eh 7=4T.5%, and [} z=495% {#) How dio these =
wialaes compan: wilh the corresponding £ values found m Prob. 4.497

Ars. a) z = 1.IH 4h) z= 1635 fel 2= 196 ld)] z=2.58 te) Corresponding z and ¢ values
arg very similar (compare 2 = 1.2 to ¢ = 13112 = 165 to ¢ = 1699, 7 = 196G to ¢ = 2045, and = = 2.55 to
§= 2756

A random sample of 7 = 16 wath X = 3 and 5 = 10 15 taken from a very karnge population that is normally
distributed.  {a) Find the 95% confidense interval for the unknewn population mean. (5 How would the
answer have differed if @ = 107

dms, (@) #4067 to 55,33 (using the r distribation with 15 df) (80 451 to 54.9 [using the stardard normal
distnbibon)

On & parbeular 1est For a very large statisies class, a random sample of n =4 sudents kas & mean grade
X ="5amd s =8 The grades for the entire class are known to be normally distribated.  For the unknown
popabation mean of the grades, find (@} the 93% confidence interval and () the 99%, confidence inferval
Ars. (o) Approsmately from 62 to B8 (5 Approsmately from 52 1o 08

A random sample of o= 16 with ¥ = 50 and 5= 10 is taken from a very large popualation that is not
normally distrriboted. (@b Find the 95% confidence interval for the unknown population mean.
(& How is the answer in part o different From those of Prob, 4,517

Awms. (@ 3% 10 61 {using Cheboyshey™s theorem and s as a rough estimate of a3 (5) The 5% confidence
micrval biere 15 much wider than these foand in Prob, 4.51

Indicate whech dstnibation (o use in onder 1o ind confidencs intervals for the mknown popalation mean
from a random sampls taken from the popubation in the following cases: da) w= 3band 5 = 10, (&) 7= 20

and £ = |0 and the population is normally distiiboted, and (¢} 5 = 20and 5 = 10and the popalation is not
normilly destrvbuted.

Ars. {2 Mosmal dstnbation (inveking the central lmdt theosem amd wsing = as an estomsate of of {6 The ¢
distribution with 1% dF  {ob Chebyshev's theorem
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Statistical Inference:
Testing Hypotheses

50 TESTING HYPOTHESES

Testing kypotheses aboul population chancienistics (such as pand =) 5 another Tundamental aspect
of statistical inference and statistical analysis, In testing a hypothesis, we start by making an assumption
with regard 1o an unknown population charsctenstic,  We then take o rundom sample from the
population, and on the basis of the cormesponding sample characteristic, we cither acoeplt or reject the
hypothesis with a particular degree of confidence

We can make fwo types of ermoms in testing o hypothesis Ferst, on the basis of the sample
informiation, we could reject a hvpothesss thatl is in Gaet tree. This is called o fipe Foorrer. Second,
we could accept a false hypothesis and make a nipe I error.

We can ponirol or determine the probobility of making & type [ error, &, However, by reducing a.
we will hawe 1o accept a greater probability of making a type 11 error, f, unless the sample siee s
increased, w65 called the fevel of sgnifcance, and | — o is the level of confidernce of the test,

EXAMPLE 1. Suppose that a firm producing Bghtbudbs wants o know if it can claim thae its lighthalbe last 1000
burmimg botirs, g, To do this the firm can ke a rmandom sample of, sey, [0 bulbs and find their overnge lifcinme
X, The smaller the ddlerenee i between X and u, the more hkely s acogptance of the hypothesis that g = 1000
buarming oo ol a specified level of sgnificance, o, By setting o at £%, the frm scceprs the calenlated risk o
repecting & true hypothesis 5% of the time. By setting o af 1%, the firm woubd face a greater probability of accepting
a false kypothess, 2

1 TESTING HYPOTHESES ARODUT THE POPULATION MEAN AND PROPORTION
The Formal Eleps 0 'h:%liug |!:-.|“h.‘:-||"||.".~\.|.'h abaul the |'||||‘\-|||.'|1ur|l. fmgan {of proporiion) are as lorlbows:
I, Assume that o cguals some hypothetscal value . This is represented by By o= ey and is
called the sad! |rl_l'lrl-l-'l'llal.'.'|'l.'\-. The altermsifve .|'|_|._|-|._|.'.|j._-_-.“ are them .H'_: i 2 i (read i is aot L‘qu;:i
b g 1 My fo= g, of By uo= gy, depending on the proklem

2 Dexide on the kevel of sgnifleance of the test (ousually 5%, but sometimes 19%) and deline the
accepiance region and refection region for the test using the appropriate distribution

1. Takea mandom sample from the population and compute X, 1FY (in standard deviation units)
fa]l-!. iII I|||,.' e plancg |'-,."ﬂi-:'-n_ e H,._ |'|1|i|.:l".'|.ih|.'_ Fepsct H., imn Gvwor of H:

)

Copyright 2002 The MoGrow-Hill Companies, Ine,  Click Here for Terms of Lse
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T STATIETICAL INFEREMCE: TESTIMG HYPOTHESES [CHAP. 5

EXAMPLE 2. Suppose that the firm in Example | wants to fest whether it can claim that the lightbulbs it produces
kst 100 burnang hours,  The finm takes a random sample of o= 100 of vs heghtbalbs and finds that the sample
mcan X = 980 b and the sample standard deviation s = 300 I the firm wants o conduct the st al the 5% level of
significance, it should procesd as follows,  Since u coubd be egual to, larger than, or smaller than 1000, the firm
should set the nuall and altermative hypotheses as

Hy: o= 1000 s s 1000

Since v = 30, the sampling distribution of the mean B approcimately normal (and we can use 5 a5 an estimate of o
The acceptance regson off the vest at the 5% level of signaficance is withim 196 under the standard nosmal curve and
the rejection region s outside (s Fig 510 Sines the rejection region is in bath fails, we have a rve-nalf fest. The
third step is to find the = vahie corresponding to X

Ny Ne=py Vo= 9S0=1000 =3

- - - - -— =23
SR iy s R0 T 3
0axs 1.8% L1
7 sialn
[ 1] 1.5

Reéjmshion regiom Accopiancs ragin Repection, regron
Fig. 51

Since the calculated z value falls in the rejection region, the firm shoubd reject M, that @ = 100 and acoept &, that
g 7= 10MED, at the 5% level of signaficence,

EXAMPLE 3. A jirm wants to know with 8 %5% level of confidence if it can claim that the boses of detergent it
sells oomtain more than 500 g fabout 1.1 1) of detergent.  From past experiendes the [k knows that the amoent off
detergent in the boxes is pormally distribited.  The firm takes a random sample of o = 25 and finds that ¥ = 530g
and s =T%g  Since the finm is interested in testing if g = 500 g, we have

Hy: i = 50 Hy: o= 500

Since the populaton distrbution s normal bat v < 30 and o 5 nol known, we most wse the ¢ distributon Jaith
r=| = 24 degrees of freedom) to define the critical, or rejection, region of the test at the 5% level of significance.
This s found From App. 5 {see Sec. 4.4) and is given in Fig. 5-2.  This is a right-rai! fesr.  Fmally, snce
Aok S-S0 N, .
slum TAS2S O 1F T
and i Falls wathin the aoceptance reglon, we accept My, that o= 500 g, at the 5% level of significance (or with a 95%
lewed of confidernce).

n— =24 d0

I scale
[ [E;T
Arcrptance regoon for fi -ithmmiu‘h'q
Fig. 52

EXAMPLE 4, [Inthe past, 80% of the students entering a specializsed college program received their degroes within
4 years.  For the 1980 entering class of 34, onky 13 received their degrees by 1984, To test if the 1980 class
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performed worse than previous classes, we first note that this problem invelves the binomial distribution,  However,
ance w2 30 ard ap and ] = pi = 5 we can use the nommal distrbubien (see Sec, 1.5), with p (the proportion of
gneccasesh = OLB0.  For the 1980 class, the propertion of socossses §=15/36 =042 and the standard error
oy = pil = pifie = (0000436 = 008, Since we would like to fest if the 1980 class performed worse, we have

Hy: p=1060 My = 060

F=p 042 =040
P T

Since this is a frrad rest and 5% of the area under the standard normal corve lies 1o the left of =164 [(see App. 1k
we rgject My and conclude, at the 5% level ol @gmificance, that the 1980 clas did perdform worse than previous
classes,  Howewver, f = 1%, the emtical segion would be o the left of 2 = —2.33 and we would aceept Hy.
Froblem 5.5 shows how to define the acceptance and rejection regions in the units of the problem instead of in
standard deviation units,  Problems 5010 and 511 show how 10 fnd the aperarng-characferistic curne (O curvel,
which gives the waloe of 8 for variows valoes of g = . Froblem 512 then shows how 1o find the power cwree,
which prves the value of (1 — & for varions valoes of g = gy,

Then I=

=225

53 TESTIMNG HYPOTHESES FOR DMFFEREMCES BETWEEM TWO MEANS
OR PROPORTIONS

In many decisicnmaking situations, it is important o determine whether the means oF proporticns
of two populations are the same or different.  To do this, we take a random sample from esach
population and only if the difference i the sample means or proporiions can be attributed 1o chanee
do we accept the hypothesis that the two populations have equal means or proportions.

If the two populations are normally distributed (or if both &y and ;= 305 and independent, then the
sampling distribution of the difference between the sample means or propertions is also normal or
approsimately normal with standard error given by

fof o
- = | —— tov test ol = AN
Ly 1|||"|+N3 o beshal gy = g (310

(Al =n_ pl-p

and 5 _f, = m n fo test il py =y (e
where i= % (a weighted average of By and J) (5.3)
|+ A

EXAMPLE 5. A manaper wanis o determine at the 5% level of significance if the hoordy wages for semdskilled
workers are the same in fwo eities,  In order to do this, she takes a mndom sample of hourly wages in both cities and
fincls that Xj = 56,00, ¥y = 5540, 5 = 5200, amd 5z = 51,50 for ny = 40 and »; = 54, The hypotheses 1o be tested

are

Hy: =g o Hy: py— gy =0
Hy: ay =g o Hy: pyg— oy

This 15 a two-tanl test and the eccepiance region for By bes within £1.% ander the standand aormal comve (s6e Fig
L

ot o R 2 e 1
Y I O P SR U SR 7 TR R T
U R el el b T+ 006 = ~0.16 = 0.4
_[-El—Tei—[ﬂ-l—HJ|_':P|—T1:I—|:|_DI5_

1.5
7,7, 77,-T, 04

I
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Since the calewlated r wvalue falls within the accepiance region, we aceept My, that w, = gi:, 8t the 3% level of
agnificance,  Hewever, il the two populations were knosm 1o be nomally distributed but bsth o aned ng were les
than 30 and it were assumed that of = of {but unknown), then the sampling distribution of the difference between
the mezans would have a ¢ distribution with #, 4 5; — 2 degress of freedom (see Prob, 215

EXAMPLE 6. A firm wants to determine at the 1% level of significance if the proportion of aceepratde glectronic
components of o foreign suppleer, py, is greaber than for a domestic supplicr, po.  The firm takes o mndom sample
fraem the shipmint of ach supplies and fnds that 5, = 0.9 and 5, = 0.7 for oy = 100 and o3 = 80, The inm sels ap
the following hypotheses:
Hy: =g H p=p
This s a sght-tail test and thi refectivr region for By les o the rght of 2,33 under the standand nonmal curve.
o gl (L0 4 (ROW0.TY 146

= am 130 =1m = 08
[ -
o il =pm  pll—p NOENOZ)  (0.END.2) _ _ _
= 3, = |.| P + - = |'I 100 =0 = 00016 + 002 = 00036 = 06
: _';P|—;ﬂ“_||—|,|ﬂ‘|—|!"zf_ '['.:_..i -
Sinee = o, ot T 53

we refecd My and accept the hypothesis that gy = ps at the 1% level of significance.

54 CHI-=QUARE TEST OF GOODNESS OF FIT AND INDEFENDENCE

The ¥ (chi-square) distribution is used 1o test whether (1) the observed frequencies differ “signifi-
cantly” from expected frequencies when miore than beg outcomes are possible; (2) the sampled distribu-
tiom is binomial, normal, or other; and (3} two variables are independent.

The 3° statistic cakeulated from the sample data is given by

where [ denotes the frequencies and [, the expected Trn:-qum-:_:'i.:s.

If the calculated ¥° is grearer than the tabular value of ¥ at the specified kevel of significance and
depress of frecdom (from App. 6], the null hypothesis Hy, is refecied in Tavor of the alternotive hypothesis
H.

The degrees of freedom for tesis of goodress of fAr (1 and 2) are given by
df = ¢ —m — | (550
where ¢ represents the categories and ., the number of population parameters estimated from sampls

stufistics.
The degrees of freedorm Tor tests of independence, or contimgency-table teses (3), are given by

df =ir=1)c=1) [5.40

where rindicates the number of rows of the contingency table and ¢, the number of columns,
The expected frequency for cach cell of a contingency table is

. /i i

£ = Lehdte 5.7
"

where ¥ and 3 indicate sum over row and column, respectively, of the observed cell and & represents

the overall sample size.

EXAMPLE 7. [n the past, 30% of the TVs wold by o store were small-seroem, #0%% were medium, and 3% were
large.  In order to determine the inveniory to maintain of each type of TY sei, the manager takes a random sample
of 11 recent purchases and finds that 20 were small-sereen, 40 were medium, and $0 were large.  To test af the 5%
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level of significanes the hypothesic that the past patbern of sales My still prevaile, the manaper progesds as follows
(e Tahle 5.1

LA 3
4 M) k1] 4

: o= (20—30F (80 —40 (40 -30  —10°
i=3 TS TTw YTam Tm
MHf=¢—m-l=3-0-1=2

Because no population parameter was estimated, me= 00 df = 2 means that if we know the valee of 2 of the 3 classes
rand the total), the third clads & sol “Froe™ 1o vary, Since the caleulated value of ° = 583 15 smaller than the tabulas
value of y° = 5.9 with o = 0,05 and df = 2 {see App. 6), we cannot reject M, that the past sales pattern still prevails.
When the cxpected frequency of a category is less than 3, the category should be combined with an adjacent one (see
Prob. 5180 For testimg of the sampled detrnbation s lsemial or normal, see Probs, 5.1% and 5,20,

Table 5,1  Observid amd Expicted Purchases of TV Sets by Screen Slee

Screen Size
Small hedium Largs Tatal
Observed pattern 20 H) & 10K
Pasr pattern £ (] £ | M 11K

EXAMPLE 8. A car dealber has collected the data shown in Table 5.2 on the number of foreign and domestic cars
purchased by customers wnder 30 years ofd and 30 and above, To test at the 1% level of significanes if the type of
car Bonght (forcign o domestch 15 mdependent of the age of the buyer, the Sealer constrocts a table of opected
frequencies { Tabbe 5.3k For the fisse cdl in row 1 and colomn 1, we obtain

H 170

The other thres expected frequenciss can be obtained by subtraction from row and column tofals,  Thus

Table 5.2 Caontimgency Table for Car Buyers

Type of Car
Hge Foreign Dramiest: Taal
= M) | el Gl
= M il 1] L]l
Tutal Rl 120 1]

Tabe 5,3 Table of Expected Froguemches for the Obsirvid
Frequencies im Tahle 5.2

Type of Car
Agpe Farcign Tromestic Total
= Ji 2 49 T
= 30 m T 10}
Total H 120 170
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df =(F=lHe=11=(2=1HZ=1}=1

5 Wi =0 (=217 A0 =49 (M -=29 Bl — Y
I.=Ltruj.m _ S0 20— 297 (50 -71)

3] I pT] TR

Since the caleulated value of 3* excosds the tabular valoe of ¢ with o = 0.01 and df = 1 {soc App. 6, we rckoct By,
that age is not a factor in the type of car bought {and conclude that younger people seem more likely to buy foreign
carsl, When df = 1 but w = 50, & eorrection far comtinaidy 5 made by using (06 = £ = 0.5 in the numerator of Eq.
(5.4) [s0¢ Prob, 523)

55 ANALYSIS OF YARIANCE

The aralyveis o variaace 15 used o (st the null bypothesis that the means of fwe or more populations
are equal versus the alternative that at kast one of the means is different.  The populations are assumed
1o be imdependently normally distriboted, and of egual vamanee,  The steps are as follows:

. Estimate the population varance from the varance befween the sample means (MSA i Table
34
2. Estimate the population variance rom the varance wighin the samples (MSE in Table 5.4
Compute the & rati (MSAMSE in Table 5.45
Fe variance between the sample means
- varance within the samples

Tahle 54  Analysis of Variance Tahle

Dheprees
Souree of Yariation Sam of Squares of Mean Square | F Ratio

Freedam

Between the menns 554 MEA

{explained by m-;EqTJ -TF e=1 | MiAw— MSE

factor A)

Within the samphs SO = 7, T (r= 1 | MSE = SSE

{error or unexplaimed] - E Z" o ) {r—1k

Total SST=% %X, -T¥ =SSA+88E | re=]

4. Il the calculated F ratio is grearer than the tabular value of F at the specified level of significancs
and degrees of Mmeedom (from App. 71, the null hypothesis, &, of equal population mcans 1s
refected in favor of the aliemative hypothesis, H,, The preceding steps are formalized in Tahle

G4,
where ¥; = mean of sample J composed of ¢ ohservations = (Er.'l:’d]_.l'r [ 5.8)
¥ = grand mean of all ¢ samples = {E. E.r J:',J-};'r.- (5.9
35A = sum of sguares explained by factor 4 = rzrj; — ?'z (5.0
B5E = sum of squares of error unexplamed by Tactor 4 = E E{.'f._r - X" (50
SST = total sum of squarcs = 58A + 85E =% % (¥, — X’ (512

Appendin T gives F ovalues for o = 0,03 (the top number) and o = 001 (the botlom or boldiace
nuither) fof each pair of degrees of Mreadom:
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where ¢ 18 the number of samples and

where ris the number of ohservations in each sample,

EXAMPLE 9. A company sells adentesal soap m thros dilferent srappings al the same price.

df of nuemerator = ¢ = |

dil of densminator = {r = 1k

o3

(501

(5140

The sales lor 5

months are given m Table 5.5, Sakes data are sonmally distributed sith egusl vasance,  To test at the 5% level of

Tuble 5.5  Five-Momth Sales of Soap in Wrappings 1, 2, and 3

Wrapping 1 Wrapping 2 Wrapping 3
&7 78 o)
i Rl 91
T 4 |
&l B2 &2
| [ |
400 A0 435

sanificanes whether the mean soap sales for esch wrapping is aqual or not (i.e., By i = i = iy versus By gy, g,
amd gy are net egual), the company proceeds as follows:

_il['_ 3
:F|—T—3...

40

T, =— =80,

]

4355
T1 = T

ESA = S[(BZ — B3 4 (B0 — BIY + (87 — R1)"] = 130

SSE = (£7 — 821 4 (B3 — 820" 4 (79 — B2F + {81 — BZF + {80 — 82 + (T8 — 800" + (&1 — 80)° + (79 — 80)y°

=§7.

_ 4104 400 4 435 _

(M3

= &3

o (B2 = B0 e (B = RO o (90 = BT (9] = 8TF 4 (84 = 87 o (82 = 87" + (B8 = &7)°

= 111k

B8T = (87 = 835 4 (83 = 835 4 .. 4 (B8 = B3F = 584 + 55F = 240

The preceding dota are used 10 constract Tabkde 5.6 for the analysis of varance (AMOYA),

Takle 5.6 AMOVA Table for Seap Wrappings
Sum off [egrees of
Warialion S Freodom Mean Squars F Ratio

Explamed by

Wrappings 584 =13 c=1=2 MEA = 130/2 = 63
|ihetween columnsk MSA/MSE — 65/9.17
Error ar =T.19
unexsplained ERE =110 [r=1k=12 BMSE = 110/12 =017
Jiwithkin oolumms)

Total 55T = 240 e—1=14

Since the calealated vahue of F =700 (from Table 5.6) exceeds the tabokar value of F = 388 for o = 0005 apd 2 and
12 degrees of ireedom (see App, T), we rgject By, that the mean soap sales for cach wrapping is the same, and accept
My, that it is pot the same,  The preceding procsdare is referred 1o as ane-way, or one-facior, analvels of wrimee

For owo-way analysis of vamance, see Probs, 226 and 527,
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546 NONPARAMETRIC TESTING

Nomperramereie testdng is used when one or more of the assumptions of the previous tests have not
boon met,  Usually the assumption in question is the normality of the distribution (distribution of the
data s unknown or the sample se is small),  Monparametre tests are oflen based on counting
techniques that are easier to cakulate and may be wsed for ordinal as well as quantitative dara.
These tests are inefficient if the distribution is known or the sample is large enough for a parametric test.

To test a hypothesis about the median of a population (analogous to test of population mean), the
Wilcoxen sigmed rank test may be used:

For cach observation, caleulate the difference between the value and the hypothesized median.
Rank valucs according to the distance from the median, dropping zero differences.

'.-JI_I—

The fest statistic, W = the sum of the ranks of the positive differences,  This is compared to the
eritical values in App. 9,

The signed rank test can be adjusted shightly o test equaklity of medians of more than two samples
(analogous to AMNOVA, but no assumption of normality) in the Krskel Wallis test:

I. Rank all data as if from a single sample.
2 Add ranks of cach sample, ¥ R,
3. The test statistic

1 ([ER-|]+fEREI+”._|_';-Ei)_3.;q+lj
aln+ 1\ m "1 M

I all sample sizes are at least 5, chi-square tables (App. 6) can be used with df = ¢ — 1.

For a nonparametric test of goodness of fit, the Kolmegorov-Soirnov 151 compares cumulative
probabilities of the data to a hypothesized distribution.

. Arrange data from smallest value to largest value.

2. The proportion of data below cach value is compared with cumulative probability below that
value Treorm the hypothesined distribution,

3. The test statistic is the maximum difference found in step 2, which can be compared to the
critical value in App. 10,

EXAMPLE 10. A corporation has & subsidiories with profits of 200 35, 10, =5 =50, 50, 13, respectively {in
M5), and wants 10 know with 95% confidence if the median fiom is making profit of 3 M5, Sinoz we have o
amall symple (=305 and no assumplsen ol msrrmalily, a & sl cannol be maed,  We sel the null and altematree
hypotheses as

My Med=35 o Med # 5

The steps for the signed rank test are listed in Tahle 3.7,

Singe 4 <= W = 32 we accept Hy: Med = 5 at the 5% significance kevel,

EXAMPLE 11, A stors ownsr wants 1o determine at the 3% significancs level whether sales are nommally dis-
trnbuded wrth mean of 10 amits and standard deviation of 3 unis,  Sales For o week are ohserved of 2, 4, 18 911,
and 13 units.

The small sampde precludes the wse of the chi-square poodness-of-fit bt bat the nonparametne Kolmaganov-
Smirnov fest may be vsed 10 test My normally distnibofed g = 10, o = 32 &) not normally distiibuted = 10,
F=3
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Table 5.7 Signed Rank Test

Rank lor Positive
Y=35 Crrdered Rank Drifferences
15 il MN/A
) 5 1.3 (tie) 1.5
5 -5 1.5 (niey
=10 & 3 3
=35 -1 4
i [ § E
-3 30 Ll it
B =55 7
H =153
Cirdered data values 3 4 E o 11 11 15
Froporion helow, %a 14,29 18,57 41 86 57.14 71.43 25,71 (1]
Marmal cumulative probabaliny, % 0,35 227 2524 b9 6305 HA I3 U Bl
Difference, % 130 26,3 17.82 2.2 #.38 1.58 0 3%

Thee mascmmem diflerencs s 26.340% {0.26 30}, which is less than the entsal value of 0,410 therefore we aocepl the null
bypothesis that sales are nosmally distributed with a mean of 10 and stasdard deviation of 3.

Solved Problems

TESTIMNG HYPFOTHESES

51

() What i3 meant by festing a Ayporkesis?  What 1s the general procedure? (5} What is meant
by rype oand rype I erroes? (0] What i meant by the fevel of sipmificamee”  The Jeved of
confidence?

[qu-

()

ich

Testing a hpperkesiz refers to the acceptance or rejection of an assumption made about an unknown
characteristic of a population, such as a parameter or the shaps or form of the pogalation distribution
The first step m teshing a bhypothesis 5 10 make an asumplion aboul an anknown population
characteristie. A random sample 5 then taken from the population, and on the bass of the
corrspending sample charactenistic, we acept or rgject the hypothesis with a particubar degree of
conlidencs,

Type §owror refers to the rejection of a frue hypothesis,  Tepe i ervar refiers 4o the ncoeptance of a False
hypothesis.  In statisbical analysss, we con control or determane the probabilaty of type [ or type 11
ertors.  The probability of type | error i wually given by the Greek letier alpha {o), while the
probability of type 11 error is represented by a befa (FL By specifying a smaller type 1 emor, we
incrense the probability of o type [l error. The only way 40 redoce both o and 8 is 1o increase the
sample sioz

The feved of sigaiftcamee refers to the probahility of rejecting a troe hypothess or committing type [ error
twl. The fevel of confadence (grven by | — @) refers 1o the probability of acocpling a true hypothssis. In
statistical work, the kevel of significance, o, is wsnally set o1 3%, &0 that the level of confidence, | =, is
5%, Bometimes ¢ = |% (s0 that | = o =59%)
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) How can we test (he hypothesis that a particular coin is balaneed? (&) What 1% the meaning
of tvpe [ and type TT error in this case?

Geh T vest the hypothesis that a particular eodn 5 babanead, we can 105 the coin a member of times and
racofd the number of heads and tails.  For example, we might toss the coin 30 times and pet 9 heads
instepd of the expected 10, This, however, does not necsssarily mean that the coin is wnhalanesd
Inadeed, since % is “so close™ 1o M, we ane “lkely™ to be dealing with a balanced coin.  IF however, we
gt only 4 lsads o 20 times, we ane likely to be dealing with an unbalanced com Beeanse the probatdling
of getting 4 heads {and 16 tails) in 20 times with a balanced coin is very small indead (soe See. 330

(th Ewven though % hesds in 20 fosses indicates inall likelihood a Balanced eoin, there is always a small
probabality that the coin is wnkalanced. By accepting the hypothesis that the coin is balanced, we could
thus be making a type [ermor, However, 4 heads in 20 tosses is very likely to mean an unbalanced coin.
But by cocepting the hypothesis that the coin 15 webalanced, we must face the amall probability that the
coin is instead balanced, which would mean that we made a type 1T error,  In testing a hypothesis, the
investigator can se1 the probability of rejecting a tnae hypothesis, o, as small as desired,  However, by
imcriasing the “regeon of aceplance™ of the hypothesis, the investegator woukl mecessanly mersase the
probability of accepting a false hypothesss or of making a type 11 ereos, 8.

How can a producer of steel cables test that the breaking strength of the cables produced is
(g} S0ILY (&) Greater than 300167 () Less than 500 b7

Geh  The producer can fest if the breaking strength of the steel cables producad is 2001k by faking a random
sample of the cables and finding their mean breaking strempth Y. Theclaser X is to the hypothesizoed
g o= 5000 b, the more likely the producer is Lo acospt the hypothess for the speailbed kevel ol signifi-
CINCT &,

(b} The prodocer may msteed by mterested in testing if the breaking strength of the cabide exceeds $000 1
i, o = 50000k, To do this, ones again, the producer takes a ramdom sample of the cable produced
and tests the mean breaking strength ¥, The more ¥ excesds the hypothesized j¢ = 50000h, the more
likely the prodbucer is 1o pocepl the hypothesas at the specfied level of sagnificance, o

{ed  To test dhat the bhreaking strengith of the cable dioes not ewceed S, the producer finds the mean
breaking strenpth of a random sample of the steel cables,  The more X fally shars of 50001k, the more
likzly the produces is 10 aceept the hypothesis that the breaking strength of the steed cables is kess than
the J00006 {i.e., g = 300 k], with a particalar degree of confidenes | —

TESTING HYPFOTHESES ABOUT THE POPULATION MEAN AND PROPORTION

5.4

A producer of steel cables wants to et if the steel cables it produces have a breaking strength of
S0, A breaking strength of less than 5000 b would not be adequate, and o prodece steel
cables with breaking strengths of more than 36001k would unnecessarily increase production
costs,  The producer lakes a random sample of 64 pieces and inds that the average breaking
strengih is 5100k and the sample standard deviation is 4800k, Should the producer accept the
hypothesis that its stegl cable has a breaking strength of 5000100 at the %% level of significance?

Smev pocould e cgual 1o, greater than, or smaller than 500000, we set up the null and altematve
hypotheses as follows;

Hy = 5001k Hyro e # 5000k

Sinee s = 3, the sampling distribution of the mean is approximately normal fand we can wse 5 as an cstomsate
of ol The accepiance region of the fest at the 5% level of significance is within +1.% under the standard
normmal curve and the rejection or criical region is ontside (see Fig, 5-3). Smce the rejection region s i both
taals, wi have a dwo-tail tese.  The third step = fo fad dhe 2 valee corresponding o 1

X -y ¥ =y X — oy 5100 — 5000 100 L&7
L T T I

Singe the cakulated wakue of z falls within the acceptanes region, the producer should accept the mall
hypothesis My and reject By ot the 5% kevel of significance (o1 with g 95% level of confidencz).  Mote
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Q025 095 D025
£ acale

Eajeotion region ACCEPANDS MEgn Hepsctwon region
m- H

that this docs not “prove’ that g is isdesd equal to 20000k, It only “proves™ that shere i mo stansiicr!
ewlderce thar g s nor egeal o 000 B at the 5% bevel of significance.

55  Define the rejection and acceptance regons for Prob, 5.4 in terms of pounds, the wnits of the
prohlem,

To fimd the acceptance region (af the 5% keve of sgnificance) in ferms of pounds, we procesd as i Sec.
4.4 by finding the 25% conbfidence interval about g

fhl+:1r=p‘+2%=J:u+:-—jrr=‘iM}+ |.q5%=m+ 7.6
& L]

Thus, to accept Hy ot the 5% kvel of significance, ¥ must have a valae greater than 4552.41b and smaller
than 511760k, The relationship between this and the result obtained in Prob. 5.4 is shown in Fig. 3-4.

=L 395 025
i atale
—19 ] 1.8
, , , X acale
ARREA ey TS

Hegection rrg;:u AcoepiEnce pegion -I.:jmljnu region
Fig. 54

56 An army recruiling cenier knows from past experience thal the weight of army recruils 5 nor-
mially distributed with & mean . of 30 kg (about 1761k) and a standard deviation = ol 10kg. The
recTuiting center wants to test, at the 1% level of significance, il the average weight of this year's
recruits 16 above B0 kg, To do this, it mkes a random sample of 25 recrois and finds that the
average weight for this sample is 85 kg, How can this test be performed?

Simce the cemler is micrested in besting that g = 80 kg, it 5215 up the following hypotheses:
My p=Hlkg Hy: e = Slkg

(Some books state the null hypothesis as Hy g = 80kg, but the result is the same) Since the parent
population is normally distribated and « is known, the standard nommal distribation can be used o define
thee critical region, or rejection region, of the test.  With Hy: e = B0kg, we have o right-taif dest with the
critial region 1o the right of 2 = 233 at the 1% level of significane: (sa: App. 3 and Fig. 5-5). Then

 KN—py ¥ -y BE—8D

= 18

I I T A

I
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e oLl
I scale
[ FET]
Apcepilancs region Rjetion rogion
Fig, &8

Singe the calculated value of = falls within the rejecbion regeon, we reject My and accept &) {that jp = B0kg)
This means that if @ = Bikg. the probability of getting a random sample from this populatsen that gives
¥ =85 kg is less than 1%, That would be an unusaal sample indeed.  Thus we reject By at the 1% level of
agnificance (1e,, we are 99% confident of making the mght decision),

A povernment agency receives many consumer complaints that the boxes of detergent sold by a
company contain less than the 2oz of detergent advertised.  To chock the consumers” com-
plaints, the agency purchases 9 boxes of the detergent and finds that X = 180z and 5 = 3oz
How can the agency conduct the test at the 5% level of significance if it knows that the amount of
detergent in the boxes s normally distnbuted?

The agency can set up Ky and Hy as follows:
Hy pw=22oz Hy =200z

(Some books set up the null hypothesis a5 Sy o = 20, bar the resuln is the same.)  Since the parent
population 5 normal, o 15 od known, and n o= 30, the ¢ distnbabion (with 8 dF and o = 5) must be wsed
to define the repection regeon for this fff-sedl ese at the 5% kvel of significance {see Fig. 561, Then

I=T—HU=P—H0=T—H'= IE—H= =10

oy L T TN T T -
Since the calonlated ¢ valoe falls wathin the rejectson region, the agency should repect My and accept the
consumers’ complaints, My, Mote that if o kad been set at 1%, the rejection region would bk to the kf of

= =LB%, leading to the acceptance of By, Thus it & important 1o specfy the level of significance before
the fesl

m—1=8df

.05 .95

Fig. 56

A hospital wants o test that W% of the desages of a drug it purchases contaon D00 mg (11000 )

of the drug. To do this, the hospital takes a sample of 5 = 100 dosages and finds that only 85 of

them contain the appropriate amount. How can the hospital test this at  (a) & = 1%%7

by o= 5%T (o) o= 10%?

(@} This problam invedves the binomeal distribetion. However, sinee & > 30 and sp and ] = pi = 5, we
can nse the normal distribation with p =090, For the sample
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8 ] — gy D)
—_—— ‘; —J — i
Foqg =088 and o= BT = T — A

Simce we are interested in finding if p20.90, we have Sy p= 090 and Hy: p# 09, The accptancs
region for Hy at the 1% level of significance lies within 42,38 standard deviation units {(see App, 3k
Simoe

_Fop 085080
==, -

r

the haspital should accept Hy, that p e 0090, at the % kvl of agnificance,

At the 2% kevel of significance, the acceptance region for Hy lies within £1.96 standard deviation anits,
and thus the hospital should accept My and reject By ot the 95% level of confidence as well.

At the 10% kevel of significance, the soceptance region for My lics within £1.64 standard deviation units
(s App, 3, and thus the hospital should regece i and accept H), that p# 090, Mode that barger
values ol o imcrease the regection regeon o By e, merease the probabalily of acceplance of ML
Furthiermare, the graater i the salue of o {ue., the greater 15 the probability of rejecting My when triseh,
the smaller is @ (the probahility of sccepting a false hypothesis),

The government antipollution spokesperaon asserts that more than 80% of the plants in the
region maet the antipollution standards.  An antipollution advocate does not believe the govern-
ment claim.  5he takes a random sample of published data on pollution emission for 64 planis in
the area and finds that 56 plants meet the pollution standards.  (2) Do the sample data support
the government claim at the 3% level of significance? (&) Would the comclusion change il the
sample had been 124, but with the sample proportion of the firms mezting the pollution standards
the same as before?

]

()

Here Hy: p=08kand Hy:p = 0B The repction region for Sy lies to the right |5 standard normal
deviation wnits for @ = 5% . For the sample

6 ol =y 02
== = = ./ = ]
F=g=088  and  m= BT E- FET o 0

. _F—p _ DER—0ED
Singe I= P TTES = 1.4

it falls within the acceptanos region for By, Thas meais that there 8 no statisteal support for the
sovernment claim that g = 0.8 ai the 5% kevel of significance,

II thie sample s had been 124 imstead ol &4, bot pe= 0088 as before,

LU 3 e LS — 0 HO
= % = (L4 ard f=— =1

and woukd fall in the rejection region For Ay (5o that there wonld be no evidence agrinst the government
claim that p = 08} Mede thad merecasing o (and holding everythmg else the same) mereases the
probability of accepting the governiment claim.

Find the probabiliy of accepting My for Prob, 56 if (@) = py =380kg, (&) p=81kg
(o) =B kg, (db p=8kg, o) p=8ke and () u=9kg

i}

IF jt = iy —BI:Ilrg_.'.'l'."— BE 7= kg, and o = 25, then

_E—.I:Ju_-.f—.:l._ﬁﬁ—ﬂ'i]_i
. aF N _1|}_|'\-'E_:

=25
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The probability of gecepring Hy when i = pig = Bl kg is 0,958 (hy looking ap the value of 7 = 2.5 in
App. 3 and adding 0.5 10it),  Thersfore, the probability ol rejecting My when B s e G trse equals
1 — 09938, o G2,

ik} If = 82kg instead, then

o ¥=p_B5-82_3
om0y 2

Therefore, the probabillity of accepiing Hy; when Ky is false equals 009332 (by looking up the vahe of
r= .5 App. 3 and sdding 0.5 1o n)

{ch TF g =B4kg, z = (85— B4)/2 = 1/2 and f = 0.6915,

Gl If e =85kp s=0and =05

(e) IMpe=Bikg, z=(B5—R6)/2=—=1/2 and A = 0.5 =0.1915 = 0.I085.

(Fy I =8Tkg z=—1 and # =05 — 03413 = 01387,

=15

() Diraw a figuree for the answers to Prob, 510 showing on the verfical axis the probahility of
accepting My when o =80kg, f4kg. 85kg. S6kg. and BEkg (& What does this show?
(el What is the importance of knowing the value of FF

(@} See Fig. 5-7,

(b} The aperating-characferistic (O0) cweve in Fig. 57 shows the values of § for vatiows valies of @ = g
Mote that the more the actoal vahoe of g execeads jig. the smaller is @ {or the probability of accepting H,,
when fabsch,

(¢ Knowing the vahue of § i impostant if accepting a false hypothisia (type [ error) beads to very
damaging resulis, such as, for cxample, when a drog is accepted as effective when it is not.  In sach

casgs, we want o keep £ low, even if we have fo accept a higher @ {ivpe [ errorh,  The onby way to avoad
the and reduce both o and 8 B Lo increase the sample sse, o,

1 —az=0,993%

(a} Draw a figure for the answers 10 Prob. 510 showing on the vertical axis the probability of
refecnng Hy For various values of g = . What does this show? (81 How would the OC curve
Tound in Prob, 5.000a) and m part & of this problem look if the alternative hypothesis had been
o= gyt

(e  Forcach value of g > g, the probability of rejecting Hy when By is fabse is given by 1 = 8, where A was
fonnd in Prob, 5, 000%) to part . Joining these | = # points (starting with the vahee of o), we gzt the
pwrer carve (s0e Fig, 5-8), The power curve shows the probability of rejeacting My, for varsons vahees of
Bo= g Mote that the more @ exceeds jg, the greater is the power of the best (i.c., the greater is the
prohability of rejecting a False hypothesish,
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a3

P {rejuct Hygl

i¥h For My g < ey, the O curve (for an actual value of ¥ and for various alternative values of g = iy
woukd look like the powser corve in Fig. 3-8, However, the power curve would resemble the OC curve
in Fig. 57,

TESTING HYPOTHESES FOR IMFFERENCES BETWEEN TWO MEANS OR PROPORTIONS
503 A large buver of lightbulbs wants o decide, at the 5% level of signiftcance, which of two equally
priced brands to purchase. To do this, he takes a random sample of 100 bulbs of each brand and
fimdds that brand 1 kasis 980 h on the average X, with o samphe standard deviation s, of 80h,  For
brand 2, ;= 10100 and 5, = 120h. Which brand should the buver purchase to reach a
decision at the significance level of (@) 3%7 (b)) 1947
(] Mg = s ar My oy =ps=10
My oy 9 s ar My =0

T, =980k = H80h = 100
=10k s5=13h & =10

This i a two-tanl 1es1 with an acceptance regsen withdn £1.96 order the standard normsal corve {see Fig

510, Therefore
) i |
N R N T
— o b et ol TR e e e B 4 144 =
A +”2_1’|'“|+H: Vig + e = YEFIH = 140
I=|T|—T;f—||ﬂ| — M3l =‘E| —T;]—U=gm—“:|]ﬂ= =3 = —7 0k
e P EXFR T i

Hmee the calculated valoe ol = falls wathin the rejechion regon For My, the buyver should secept H), that
g 7 g, 0t the 5% bevel of significance (and presumably decide to purchase brand 2),

(b ALthi 1% kevel of significance, the calculated = would fall within the acceptanes regeon for By {see Fig
5, This would indicate that there is no significant difference betwesn gy and g at the 1% lewel, so0

{1005 o 3,115
-1.58 [ 248
Rajection :rlpm-- Acoepianoe region -H.:jr-:hn-u. region
rtl 5"’!
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the buver couald buy cither brand,  Wode that even though brand 2 lasts longer than brand |, brand 2
also has a greader standard devetion than bramd 1,

5.4 The 65 students who apply for admission into a master's program in 1981 have average Graduaie
Record Examination (GRE) scores of 640 with o standard deviation of 20, In 1982, the 81
students who apply have average GRE scores of 50 with a standard deviation of 40, (a) A
the 1981 applicants inferior to the 1982 applicants at the 1% level of significance? (8 What is
the acceplance region for the test i ferms of GRE seores!

Lah Hy:  dig = g and Hy: o pyp = s
X, = 540 & =M m = b4
X; =450 5y = ) my; = Hl

This 15 a lefi-tail vest with accepiance region for By te the nght of =233 under the standard mormal
carve.  Therefore

- -
- e S I ol i Ly - =
R A e ol VB35 4 19.75 = /26 = 5.10
podi=¥y _ed0-650_ -10_ .
¥, T, 5.10 s10

S the calenlated value of 2 Falls within the acceptance region, s accepted.  Thas means that there
is no statistical evidence at the | % kevel of significance indicating that the applicants in the two years are
off diffisrent qualiy,

(%% Since the hypothesized difference between the two populerior means m My is 0, we can find the accep-
tance region for the test in ferms of GRE scores as follows;

(g — puzly — 2o g, =0 —(233)(5.10) = —11.58

Bince Xy — X3 = =1, it Falls within the acceptance region For My, (see Fig, 5-10),

Gl LiL
r szls
in =y _
X, — X scale
-1LEE
Regection region ACCepinnee region
Fig. 510

505 The American Dental Association wants to test which of two toothpaste brands s better for
fighting tooth decay. A random sample is taken of 21 persons using each woothpaste,  The
awerage number of cawvities for the first group over a [0eyear period 15 25 with a standard
deviation of 5. In the second group, the average number of cavities 5 23 with a standard
deviation of 4, Amlmini; that the distribution of cavities 15 normal For all the wsers of (ooths
pastes | and 2 and that o7 = o2, determine if g, = 2 at the 5% level of significance.

flg: o=y and  f g v g
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T|=:j' :-|=_'; H) |
Y, =1 ap=4 iy = 21

Simce the two populations are nommally dstibuted but both oy and oy = 30 wnd it is asswmed that
ot = af (but unknown), the sampling distribution of the difference between the means kas a ¢ distribu-
tion with #y + m: — 2 degroes of freedom.  Since it is assamed that of = of (and we can use 5 as an
estimate of o) and 5 & an estimate of 11, we get

e

7 &
l‘?. T; = Ii|M—I = l'l'_; (5. fal
y Ay =1 iy = 1l
where ¥ o= ‘ £.5
Hy * iy = 2 L

where # is a weighted averape of 5] and i, The weights are my — 1 and a; — 1, a5 in Eq. (2.55) for 5
and %, in order to pet “unbiased” estimates for &) and of (see Prob, 216}, This is & two-tail test with
the acceptance regwn for N withim £2.021 under the ¢ distnbuotion with @ = 5% and
wy +n;— =214+ 21 — 3 = ap A

s MSY 420y 500+ 320
5 - -
il FTi)
. In'm.5.+:n.5 In'.u
Y2 ET T
¥,.-7, 135-13

7, T, 1.41

= 25

oY,

=22 141

o .42

T =

Simee the cabonlated vakue of 2 falls within the acceptance region, we caniod reject My, that gy = jog (s0¢
Fig. 5=11).

) =g = 2= 40 df

o8 002s

- L A=y i

Rejection reghon Accrpians fegim Repection region
Fip. 3-11

516 Suppose that 50% of the &0 plants in region 1 abide by the antipollution standards but only 40%;
of the 40 plants in region 2 do so,  Is the percentage of plants abiding by the anfipollution
standards significantly greater in region | as opposed to region 2 at:  {a@) the 3% bevel of sig-
mificance? (b the 10% kevel of sigmificance?

Lo} Hy po=p  and  Hp o pp>p
F=08  and a =00
P 0.0 and ny =40

This is o mght-tail test, and the ncceptance regson for My with o = 0,05 hies to the left of 1,64 under the
standard mormal curve:

iy b G005+ ANDA) W04+ 16
Pt - i@ - w0

WWW. LisAri.com



104 STATIETICAL INFEREMCE: TESTIMG HYPOTHESES [CHAP. 5

W1 -p i - In'[[r.dﬁrqu.jdr_'_m.im(n.i-ir

™ i".-=1||| — PR (7 m
= (LM 400621 = 001035 = 010

Since z = (F — Fa)ioz, g, = (0.3 = 0.4R01 = 0.00/0.10 = |, we accept Ay, that p, = p;, with & = k05

(% With o = 0,10, the acceptance region for My es to the left of 1,28 under the standard nommal curve.
Senee the caleulated = falls within the acceptance region, we aceepd My, at o = 010 as well,

CHISDUARE TEST OF GOODNESS OF FIT AND INDEPENDENCE

547 A plant manager takes a random sample of 100 sick days and finds that 3% of the plant labor
fizrce in the 20 to 2% age group took 26 of the 100 sick days, that 40% of the labor ferce in the 30
i 39 age group ook 37 sick days, that 20% in the 40 fo 49 age group ook 24 sick days, and that
0% of the 30-and-over age group took 13 sick dayvs. How can the manager test at the 5% level
of significance the hypothesis that age is mef a factor in taking sick days?

I age is mat a factor in taking sck days, then the expecied number of sick days taken by cach age group
should b the same as the proportion of the age group m the plant's labor fores (see Table S8)
p el (26=307 (3T =40y (24 =200 (13 =10
£=) = w T w Tom T
6 9 16

J— — — — %
=ntatatn s

Tuble 5.8 ¥heerved and Expected Sick Days

Age Group -39 -3 M) A0 = 5 Tatal
fn 2 ir 24 i3 10
. 1] il i 10 10
wheredf =c=m=1=4=0=1=13 Bxause no population parameter was estimated, s =10, df =3

means that il we know the valoe of 3 of the 4 classes, the fourth class is sl “Tree™ 1o vary,  Smee the
caboulated value of .::" = 146 15 smalker than the tabular value of ;:" = TE] with o = 0005 and df = 3 [sce
App. 6 and Fig. 5125, we canmd rejeet Hy, that age s not a factor in laking sick days.  Mote that asan the
case of the ¢ digtribuison, there s a y” distribution for cach depree of Treedom.  However, the x° test is msed
birre as a right-tanl test onldy.

o xi="1.81

Acceplasce feghin hid Rejection rEyhim fur

Fig. 5-12

5.8 Table 5.9 indicates the observed and expected frequency of 4 fare diseases (A, B, C, and D) in a
city, s the difference between the observed and the expected frequency of the discases significant
at the 10% level?

Since For £, = 5, diseases © and D, we combing these two classes (see Tahle 3100k
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519

Takle 59 Ohsgrved and Expectod Frequencles of Rare Diseases A, B, C, [

Twpe of Dhiscase
A B [ I Tatal
s E 5 & 3 17
i 6 & 3 , 17

Table 510 Observed and Expected Frequemcies of Rare DHseases A, B, C, and T

Twpe of Discase
A B i oand T Taal
i 3 5 a 17
i £ é 5 17

1 Is
=== — = BT
B & 3

U —LF {d-ay {S—aF 9-5"°
f'zu_.-; "% T T3

Since the calculated value of ¥° exceeds the tabular value of x° = 4.61 for o = 0,10 and df = 2, we reject Hy
and accept the allemative hypothesis &, that there is a significant difference between the nl:'rscr\'ev;l and
cupected frequencess of oocurrence of these rare discases inthis city. Node thataf =4, »* =10. The
preater is the dilferenos between fy and £, the larger is the caleulated valie of x° and the more Bkely il is that
Hy would be rejected.  Note also that becanse of the squaring, ¥° can never be negative,

Table 5.11 gives the distribution of the number of acceptances of 100 students into 3 colleges.

Test at the 5% level of significance that the distribution of acceptances is approsimately binomial
il the probability of a student’s being accepted into college is 0,40,

Table 501 Diseributbon of Acceptamoes of 1060 Studemis

into 3 Colleges
Mumsber of Acceptances BMumber of S1adents
LU 15
1 34
2 1
3 _to
1]

The hinomial probahilitics given in Table 5,12 Far 4, 1, 2, or 3 acoceptances by any one student with
p="04 are abtained froom App. 1. Therefore

p_woba—fr (252 (M43 (G129 (0-6" 9 81 4 16
=l m tta vt e cntmrteteo

Since dhe coloulated value of _:::' = 510 s smaller than the tabular valoe of ,::'1 = 78] with & = 005
and df = 3, we connot reject &y, that the dstnbution of acceptances follows a binomial distribution,
with pe=i.#. Not that the ¥ distdbution is a continseus distribution (a5 are the normal and ¢
distnbieluensl,
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Tabde 5,12  Odhsgrved Froquemcies, Bleomial Probabhiliches, and
Expecied Fregquencies of Acceplances

Expectad
Fuamber of Dhserved Binominl Mumiber of | Frequency of
Acoeplances Frequency | Probabalises Apphicants Agceptanoe
0 25 0204 s T L
1 3 0432 ® T 43
2 £ 0,258 ® L] X
% 11¥ 0064 " 1410 ]
IR S [LLA]

5.2 Table 513 gives the distribution of Scholastic Aptitude Test (SAT) scores for a random sample of
100 college students.  Test at the 5% bevel of significance that the SAT scores are normally

distributed.
Table 5,153  Freqeency Disiribation of SAT
Scores
SAT Scorc Mumber of Students

251350 i
151 430 25
451550 1]
2451620 el
G730 2

101

To conduct this test, we mast first caleulate ¥ and s for this distribution, as shown in Takle 3.04

LAY _ 49,300

=4
" T #

[ — 1
A —aX 249500000 — (1003493
ami 5= Iil P = '||| 7

= Rz

If the SAT seores are normally distribuated, then s estimated as shown m Table 515

Tabde 514  Calewlation of ¥ amd + for SAT Scores

Chass [aterval Frequency f Midpaiat ¥ I X fie
251-3%0) 3 211 L] Sl M 270, e
if-450 25 M) 0, (K] 10000 A, (W0
A51-EH) 1) L1 25, 2500 12, 50000
351-65 il ixlMk 12, il WD 7, 200NN
651-T50 2 T{H} 14K S 000 R0,

101 49 300 T4, 950,000
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Table 5.1%  Expected Frequencles for SAT Scores Using ¥ = 403 aml + = 2072

521

fcidfmc—m=-]1=5=2=1=1

SAT Seore, ¥ — 493 Area al
% = Upper Class == - Arca 1o Class Expected
Limit 80.72 Left of ¥ Interval Frequency £
= 350 =1.M .0554 00354 = 1) = 384 5 41
450 —0.53 02081 02597 « 100 = 2597 |
550 L {612 AB3] = 1) = 431 46,31
650 1.94 09718 D226 100 = 2126) ;4
=750 3.18 1 .MM 00262 = 100= 2,62 |
1 A0 100, ()
(fp=fF (B=2981y (50-4631F (222388
e 3631 T o

Miote that the first two and the st fwo classes of ohserved and expected frequencies were combined because
Becanse two population parameters werne estimatbed (2 and o with
¥ and s, respectively), m = 2. The tabubar value of x° withe = 0005 and df = 2 {5 5.9, Since the caleulated
vahae of x* is smaller than the tabular vahse, we cannot reject Hy.  That is, we cannot reject the hypothesis
that the random sample of SAT scores comes from a normal distribution with je = 493 and o = 80,72,

The number of heart attacks suilfered by males and females of variows age groups ina ¢ty s given
by contingency Table 516, Test at the [% level of significance the hypothesis that age and sex
arc independent in the occurrence of heart attacks.

Takle 5.146  MNumber of Heart Artscks of Males amd
Females i Varivas Age Groups in a City

Ape Group Male Female Toal
= 3 10 I . |
-0 | an B
- 60 £ b E
o) 0 1 54}

Tia vest thas hypotheas, expected requendes  must be estimated (s0e Table 517

Tabde 5,17  Expected Froguemcies of Heart Atacks

Mg Growp Mlake Female Tl

o= 5l 11 -1 20

A0 4y iz U

=60 30 20 3

b1 1] 150

A 4

fe= E'fuhz'"“ = ['I'::;ﬂwl =12 for the cell in row 1, column |
= L quL: fo = :3'1 Ijlzﬁll =48 for the cell in row 2, column |
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All other expected Frequencies can be obtained by subtraction from the appropriate row or eolamn todals
Therelare

2 Uy =LF (M0 =12¢ (10 =87 (50 =45
C=LT5 =T vty

(0—-32F (30— (20 - 200
T3 TT@m T

= Lis

where df = (r = 1e— 1h=1{3 =212 — 11 =2 {corresponding 10 the two expected frequenciss we had w
cakoulale by formula).  From App. §, :u;"z wm O T] with ooss (LO] and odf = 2, Sance thi caboulated f 15 smaller
than the tabular *, we accept the null hypothesds, H,. that age is mdependent of wex in the oocurrence of
heart attacks.  To be sure. males seem more likely to suifer heart attacks, but this endency docs ot differ
significantly with age nt the 1% level of significance,

A random sample of 37 workers above the age of 65 in a town gives the resulis indicated by
contingency Table 5.18,  Test at the 10% level of significance the hypothesis that the number of
mile and female workers in the 66 to T0and 71-plus age groups in the town is independent of sex.

Table 5.8 Male amd Female Workers over 65 in a Town

Ape Group Rlal: Female Todal
G T 17 o '
=11 3 & u
| ) kTS

Takbd: 5,19 gives the expectad frequencies,  For the first cell

fmEblfe G000,

[

Table 519  Expected Mabe and Female Workers over 65

Ape Group % FUS Femile Tatal
G- 14 1 26
=11 8 K n
20 17 17

For the other cells, £ & found by subtraction from the row and colamin todals.  df =(r=1jie =11 =
(2=102Z=11= 1, Simoedl = 1 and n = H), a correction for continuity must be made to culealate 3, as
mdiited i By (5.da):

. =] = 0.5
J.=Ztli'i IIrI 1
AT = -0 (9 — 12— 057 (3 - 6 — 0.5 | (k- §| — 05
X = 14 12 - i * 5

a8 gt agl oag
I — —_— —_— —_— ._5
ATttt

(3.4a)

Thus

Since the cakenbated f ia larger than the tabular vahee of ,-.:3 with o = 010 and df = |, we reject By, that
males and Females over 65 continue 1o work in this town independently of whether they are above or below
T years of age.  The proportion of workers is significanily higher for maks in the 66 10 T age group and for
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femabes in the Tl-plus age gromp,  Wode that the same adiustment indicated by Eq. (5.44) i= also made for
tssts off the goodness off i1 when dF = 1 and o < 500

ANALYSIS OF VARIANCE

523 Table 520 gives the output for & years of an experimental farm that used each of 4 fertilizers.
Assume that the owiputs with each fertilizer are normally distributed with equal varance,
(a) Find the mess cutput for each fertilizer and the geard mean for all the vears and for all
fowr fertilizers. (b)) Estimate the population variance from the varance berwees the means or
columns, (¢ Estimate the population variance from the variance within the samples or
columns, (@) Test the hvpothesia that the population means are the same at the 3% level of

significance.
Tahle 5200 Eight-Year Chutpwis with 4 Different Fertilizers:
Fertilizer | Fertilizer 2 Fertilizer 3 Fertilizer 4
5 47 " i
a7 Sl 45 |
Sk 58 52 57
51 al L] &5
57 5] il 55
1 48 57 53
it i A i
D 50 4 39
440 424 432 ETE
LY Na
[} T—a———ss T~—E——E—51
’ - r B T r -] '
X, X,
——E": e, T—E*: g
A T T T o8 7
pIpIR
ST M e e
T m [EFIET o
-I'l"l TH - 3 -
() o= LA T: fm =1} rrom Eqs. (4,70, (4.9, and (256]
Here 4'r!-41:-'!'7«1-"'2["'."-'II:_.Fz
n e=1

where '.'l'."_,a i5 a sample or column mean, ? iz the grand mean, ris the numhber of ohservations in each

sample, and ¢ is the number of samples.  Then

BT, - FF = (55— 850 4 (53— 507 4 (54 - 55 4 (58— 55 = 14

B SE /At LI

=1 :

whach 15 an estimabe of population vanance Irom the vanance besween the means or columns,

(ed  An estimate of the population varkanes from the vanane: withis the samples or columns is obtained by
averaging the four sample varmances:
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. _ LAY -xXr _ 51— E5N 4 {47 — 55K + .. + (B0 — 55§ _las

5 —— = H].57
r—1 H—1 T
r A A ¢ — 8- —am 2
BE=D‘E_1I']=” 137+ (%0 ejir|+ + (40 5”:%“319.11
K =T (5T=34 (i =5 . (=54 2
ﬁ=D:'r:_l ]={ B 4 (48 E_rl-l-- + 146 ﬁ’:##.’ﬂ].ﬁﬁ
5 - E“‘;" —IL]' _ 150 — SE) + (6] —Bsur”l +:0 (59— 5B ﬁ w3257
n:g.ﬁf+5“_§-|—.':?;‘i+.S.f=2[!.5'.’+2':‘.?]+J-I:I.E-ﬁ+22.5'.f=__rjig‘3
4 4
A more concse way of expressing the above s
oo LS _ S48+
¢ ¢
TN, =X Fi¥e-TF TN, =T P - T
+ + +
— =] Fo= | ro= 1 Fo= |
L
=,':-_:l:[.'l:’.,.—T;]’=IH+EM+!]E+I53=E=HM
fr= I [RNTE] ]
wvarance belween sample means  37.33
) = varianee withen samples “3aT Lad

The value of F from App. 7 fof o = 005 and ¢ — 1= 3dF i the numeratos and §r — e = 2847 i the
denominntor is 2,95, Since the calenlated valae of Fis smaller than the tabular vales, we accept B,
thad the populition means are the same,

(a} From the results obtained in Prob. 323, find the value of S5A, 558E, and S5T: the degrees of
frecdom for 884, 35E, and 85T; and MSA, M3E, and the F ratio. (5} From the results in part
a, construct an ANOYA table similar 1o Table 5.4, (o} Conduct the analyses of vananes and
draw a figure showing the acceptance and rejection regions for &y,

[} S84 =r DT =T =112 [from Prob, 5.2305)]
SSE =TTV, — ¥, =7  [from Prob. $.23()
ST = T Wi, — X = (51 — 357 + (47— $5F 4. £ (90— 85 =838
= 554 &+ B5F = 112 4 726 = HiK

The di of S5A me— |l = d— 1 = 3: dI of 55E mfr—1jcm B —1Hdpm= 28 and df ol 55T mre— 1 =
32— 1 =31, which is the same as the df of 554 plus the df of S5E.

MESA — 88A 12 _ 3731
c=1 3
SSE T2
&EE -m - 15491
,_ MSA 5733
T MEE T 2595 .44

(b} See Table 5.21.
(cd  The hypotheses 1o be tested ane
Flyz gy = g = ey =y Wems WG g, g g, gy are a0l egial

Bmce the calculated value of F = 144 i smaller than the tabular vialae of F = 295 with o = .05 amd
df = 3 amd I8, we aceept My (se Fig. 5130 that s, we scompt the null hypothesis, My, that
By = iy = = ey, Bineg we wers told Gn Prob, 5251 that the populations were normal with
crpual vamanes, we could view the foar samples as coming from the seme population,  Mole that the
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Tahle 220 Ome-Way AMNOVA Table for Fertilizer Experiment

Varation Suwm of Squares Dhegrecs of Freedom | Mean Square F Ratio
Explainid by 54 =112 c=—1m=3 M3A = 1733
fertilizer
(hetween
columns)
MESAMSE = 1L
Errisr i SHE = 716 fr—1km=3I% MESE = 25493
nnexplainead
{within
columnsg)
Total BET = 818 rwe—=1=11
dai'=3.2R
F el
Lot
Apesance fegiem Rejectian fefian
Fig, 513

MSE is a pood estimate of o° whether H,, is roe.  However, MSA is about equal to MSE only if Hy is
true (50 that £ = 1), Mote that the F distribution s contmuows and is used here for o night-tail test
anly,

5.25 Table 522 gives the outputs of an experimiental farm that wsed each of Tour fertilizers and thres
pesticides such that cach plot of land had an equal probakility of recciving cach fertilizer-pesticide
combination {completely randomized designh. (@) Find the average output for each fertilizer X,
for cach pesticide X, and for the sample as a whole ¥, (%) Find the total sum of squares, S5T.
the surn of squares for fertilizer or factor A, S5A, For pesticides of factor B, 858, and for the error
or uncxplained residual, 55E. (¢} Find the degrees of freedom for 554, 358, 55E, and 55T.
(@) Find MEA, M5B, MSE, M5A/MSE, and M5B/ MSE,

Table 5.2 Output with 4 Fertilizers aml 3 Pesticides

Fertilizer 1 Fertilizer X Ferilizer 3 Fentilizer 4

Pesticide | | 12 9 &
Pestacude 2 13 1 . 3
Pestuide 3 b3 .3 7 1

tal  Thi cofumn mean for each feruluer 5 given by

T, {5.5a)

The row mean For each pesicide s piven by
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E ""-r.l'
= T
¥, = (5.8
The grand mean s given by
Y= % = E% {5.9a)

The subscripted dots signify that more than one factor is being conssdered,
Table 523,

The resulis are shiown in

Tabde 5,25  Chutput whth 4 Fertillzers and 3 Pesticides (wlilh Bow, ol and Gramd Meams)

Fertilezer 1 Fertilizer 2 Fertilizer 3 Fertilizer 4 Sample Mean
Pesticide 1 3| 12 @ & ¥, =12
Pesticide 2 13 i & 5 X =
Pesticide 3 # # 7 | Yy =1
Sample mean| T, =14 | Ta:=10 Ta=4% Fu=4 T=4
(b 88T =% % v, - T
M= =144 (12=9= 0 [@=0"=0 HE=9"= 9
(3-9¥= 16 (W-9=1 E-9=1 [(5-9=15
- =_1 -0 =_1 (T-W=4 (1-W=p
161 1 [ 209

S8T =16l + 11 + 54 89 = 206

S5A=r) (K. - TP (between-column variations)
= 3[(14 = 95 4 (10 = 97" & (8 = 9F & (4 = ]
=254 141425 =15%

SSB =3 (¥, - bl
=d[{12 - 9F + {9 — 97 + {6 — 9]
=40 40+ D) = T2

55E = 587 = 55A = 550 = M = 156 = T2 = 3§

{hetween-Tow varinisens)

[eh df of S8A =r—1=3 [ E]]
dif of S5B=r—=1=12 [ L]
df of SSE = r=1}c= 1) = 6 (5. 4a)
df of S55T=re=1=11 5,05

i HS&:%:HT&=5—? 3.0

MSE = —Sfﬁl = -"_,—3 =3} (5.17)
MEE =5k =—=10133 §15.18)
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MSs A2 n . . .
— T — fi @
MSE — 553 f.21 F ratie for factor A (feriilizer) iF00
&SH 4 . ..
H_F:E - ﬁ_ 5,60 F ratex for factor B {pesticide) (520
(a1} From the results of Prob. 5.25, construect an AMOYA table similar to Table 5.4, (B Test at

the 1% level of significance the hiypothesis that the means for factor A populations (fertilizers) are

wdentical,

(ch Test at the 1% Jevel of significance the hypothesis that the means for faclor B

populations (pesticides) are identical.
fa} Jec Tahle 5.24.

Tabbe 5,24 Two-Factor ANOVA Table for Effect of Fertilizers and Pesticldes om hwiput

Varintion Sum of Sguares | Degrees of Freedom | Mean Square F
Explunad by fertdizer »EA
{betwieen columns) S84 = 156 c—1=3 MSA =52 | gEE = &
Explainad by pesticide MEE
[ Isetween rows) S5B =11 r—1=2 MSB =36 | wjeg ="
Error or unexplained S8E =34 (r=1Me=11=4 MEE = 6.3%

Taal 55T = 266 e—1=11
(b The hypotheses 1o be tested ane
My iy = o3 = iy = iy VErslS i g it ea, plg e nof all equal

Leh

where porefers 1o the vaneus means for Factor A (Fertilizen) populations.  For facter A, F = %78 {from
App. 71 for degress of freedom 3 (numeratork and & {denominatorhand o = 0.01,  Sinee the caleulased
value of F = §.21 (fraom Tabkle 5.24) is less than the tabuelor valee of F, we socept M, that the means for
factor A (Fertilizer) populations are equal.

The second sei of hypotheses to be tested consists of

My By = By = py VETSIE Hyoo gy, g, iy ane not all egoal

bt now je redfers to the variows means for facior B (pesticide) populations,  For factor B, F = 10,92
ifrom App, T) for degrees of Frecdom 2 and 6 and o= 001,  Since the calculuted value of F = 569
ifroam Table 5.24) is less than the tabular value of F, we acoept My, that the means for facter B
ipesticide) populations are alse equal.  Mote that in fwe-factor analysis of vanance (with an
AMOYA table similar to Tahle 5,240 we can test two null hypotheses, one for factor & and one for
factor B.

5.27  Table 525 gives the first-vear carnings (in thousands of dollars) of students with master’s degrees

from 5 schook and For 3 class rankings at graduation.  Test an the 5% level of significance that
the means are identical

(i} For school populations and () for class-ranking popalations.

tae} The hypotheses 10 be tested are

Mo g = Hy = 3 = My = Bs VErEns Myt gy diz . ia jie are mot cqual

where i refiers 19 the vanous means for Factor & (schoaly populations

ssT =% ¥ v, - TF
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Takle 5,25  Firsi-Year Earnings of MA Gradeates of £ Sehools and 3 Class Banks
(im Thousands of Dollars)
Clazss Ranks | Schoo | School 2 | School 3 | Scheol 4 | School 2 | Sampl: Mean
Top 13 ) 1% 16 4 1z ¥.=1I6
Mliddle 13 19 16 13 12 10 Y. =14
Bottom 1/3 i% i4 il il & X, =12
Samphemean | Xy=1% [ ¥o=16 | ¥3=13 | ¥ =12 [ T:=10 Y=14
20— 147 =36 (-4 =16 (6-14F= 4 (H4-1%=10 (12-14'= 4
MF=147 =25 (l6=14= 4 (B=-14"=1 (12-14=4 (-1 =14
-1 =16 (Md—14=_0 (I0-14F=16 (I0—14'=18 (& — 14 = 36
” 20 21 2 it
BST =0T+ + 21+ 2+ 6= 194
SEA - rE[T._.- —?r‘z (bitween-column viaralsns)
= 310 = 14 (06— 14+ (13— 147 012 = 14+ {10 = 14 = 325+ 44+ 1+ 4+ 18)
=15
5B =cy (¥, —TF = il6— 147 {14 — 147 (12— 14 = S+ 0+ 41 = 40
BSE =585T —55A - 55B =14 - 150 - 40 =4
These results are summarnzed in Table 5.26. From App. 7, F = 184 for degrees of freedom 4 and & and
a =005 Since the caleulated F = 10, we reject My and acespt &y, that the population means of first-
wvear carnings for the 5 schools ane different.
Table 526 Two-Fatter AMOYA Table for Firsi-Year Earmings
Variation Sum of Squares | Degress of Freedom Mean Square r
Explained by 150 M5A 315
schoals (A} S5A = 150 e=1m=4 MBEA = === 37.5 WeE- o -
{between columns)
Explamied by 4
ranking (B) 558 =40 r=1=2 MSB = — =20
{between rows) MSE 20 "
Error ar - o MeE =t s MSE 0.5
unespleined SSE = 4 (r=1e=1)=8 8 R 0
Tadal 55T = 194 re—1 =14

(kp  The hypotheses 1o be tested arne
My 1y = iy = iy VTSNS 5 T T T B aJ'-tl'll:l[l.‘qI:Ia.l

whers j refers te the variows means for factor B (elass-ranking) populations.  From Table 524, we pet
that the calculated value of F = MSB/MSE = #1.  Smce this is larger than the tabular value of
Fomd A6 for df 2 and B and o = 005, we rgect My and aceepd M), that the population means of
first-year camings for the ¥ class rankings are different.  Thus the sype of school and class ranking
are hoth stafistically significend at the 3% level in explaining differences in firsi-year earnings.  The
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preceding analysis implicithy assumes that the effects of the two factors are adaiiive (ie. thers is no
imteraciion belwesn them),

NONPARAMETRIC TESTING

5.18

5.19

(o) What are nonparametne tesis?  (5) When would one want [0 use a nonparametric lest?
() What are the advantages and disadvantages of nonparametric tests?

far}h

()

feh

Monparametric fests requaire fewer assumplions to establish the valididy of their results,  Parmmetric
1esls involve asumplsens aboul the spacifie distribuation thar the data follows, as wdll as the strociure of
data-penerating proesss.  Monparametric fests allow the researcher to rebax the assumpiions regarding
the distribution of the data and /or the functional form of the undedying processes,

Monparametric tests should be wsed only when one is oneertain about the assumplions belind the
parametne fest. The usual situation for using a nonparametric test m statistics s a small sample see.
IF the wirlues are nol normally distributed, a small sample would mvalsdate the asumplion that the
sample mean is normally distributed with a mean of ¢ and a varianee of o /o

A nonparametnc test B advantageous because of ds case of caloulation and its flexibality,  There are
nonparameiric wests appropriate for moest scales of measurement. and for nonstandard functional forms
and distributions.  Also, the nonparametric goodness-of-fit test does not have the researcher choose
class intervals to compare ohzerved and expected valuees,  The chi-sguare gaodness-of-fit test is often
mot robust b changes in class specifications.  The dissdvantages of a nonparametric test foens around
the loss of infermation.  MNonparametnic tests are based on counting ks, such as ranking, and
therefore summanze magnitiwdes inbe & mnk statistic. This only nses the relative postion of values
[ the standard assumpions badd, a paramitre s will be more eflficient. and therelore mare powerful,
fior & given data set.

A marketing firm s decicding whether food additive B s better tasting than food additive A, A
focus group of 10 individuals rate the taste on a scale of 1 o 10, Results of the focus group ane
listed in Table 5.27. Test at the 3% signilicance kevel the null hypothesis that focd additive B is no
better tasting than food additive A,

Table 5.27  Food Additive Taspe Comparisan

Individual [T Addditive A Additive B
M, Rating Rating
I 55 fi
2 7 B
3 9 b
4 3 fi
3 & B
6 L f
T B 4
g 0.5 B
L 7 B

n ] "

This i= a small sample with ratings rather than quantitative variables; therefore the nsnal assumptions

i mal hald. 'We proceesd with the nonparametne pest. Since we have 1o somples with data that ane pasred
(W ralings per persond, we first take the differenc: of the teo ratings for ssch person o test the hypotheses

H.:.: M':d.r = Hﬂﬂﬂ = i H|: “':d.i - H':L'Ia- = 0

The steps are shown in Table 538, Since B < 11, we reject My Med; = Medy = 0 and accept H:
Med ; = Medg = 0 ad the 5% significance level,
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Tahle 538  Ratings Signed Rank Test

Fank lar Posalive
Vi—Xa Ordered Rank Daferences
=5 ] MA
=1 ] MiA
il —0.% 1
=3 -1 25
=2 -1 25
0 -1.5 4
4 -2 i
=1.5 =1 5
-1 -3 6.5
=3 4 ] ]
W =8

[CHAP. §

Duata from the Workd Bank™s World Development Indicators reports that for % Latin American
countries, male illiteracy 15 as follows (in percent):

Argentina 3, Baolivia 8, Brazil, 15, Chile 4, Colombia 9, Ecuador 7, Peru 6, Uruguay 3,

Venezucly T

(a) Test the null hypothesis that the median illiteracy rate is 8% at the 10% significance level.
(f) Test the null hypothess that the median (bteracy rate 15 greater than or equal to 5% al the

0% significance level,

(wh Calenlations for the signed rank fest are given in Tahle 5,29 to test By Med = & versus H; Med 2 8
The critical values for the signed mank test (App, 95 For a two-tail test at the 10% significance level and
mom Soane and 360 Smee B oo B 36, we aecepd the null hypothesas that the median iliterasy rbe Lor
South Amercan countries 15 equal o &,

(5 Totest Ay Med = 8 versus By Med = 8, we would expect a higher value of B for a higher population
awedian,  Thercfore this is a one-tail test with the sejection region in the left taill.  The eritical valee from
App, ®is 11, Sieee B < |1, we reject the null hypothesis at the 10% significance level and concluds
that the median illiterncy mite for males iz less than 5, MNote accepting the mull in part @ just means that
we conbd med male out a median of 8, bt not thar there was proof that the median was &, As with any

Tahle .29  Tliteracy Sigmed Rank Tes

WWW. LisAri.com
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Rates (X} | X — Med, Crrdered Rank Differences
i =5 0 MiA
8 i | 2 2
15 7 —1 P
4 - -1 ]
¥ | =1 4
7 -1 —d 5
] -2 -5 6.5
3 -5 =5 6.5
7 =1 T = ]
W =10
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1est, the one-tail test with the sipned rank statietc has a larger rejection region in the wil tested since the
significance percentage is not split between fwo tails

23 Continuing with the analysis from Prob. 5.29, the following is male illiteracy data from two other
regions:

Asta: China %, Hong Kong 4, Indonesin 9, Korea, Republic 1, Malaysia 9, Philippines 5,
Bingapore 4

Africa:  Chad 50, Tvory Coast 46, Egypd, Aral RBepublic 34, Ethiopia 57, Morooco 39,
Miger 77, Migeria 2%, Rwanda 27

(o) Perform a nenparamatric test of equality of the median male ilheracy rate for South Amer-
bea, Asia, and Alrica at the 1% significance kewel. (b)) Test the eguality of the median iliteracy
rate for South America and Asia at the 3% significance kevel.

(b Simce we are festing mare than ene groap, the Krmskal-Wallis rank test should be used.  Caleulations
are listed m Tabkle 230, SA indicates South America, As indicates Asia, and AF indicates Africa

Tabde 530 Rreskal-Yallis Bank Test

Miteracy
Rates (X Orpdered Hank Totals

Ji5A) 1 {As) 1 For 5otk América: Efgy = ThS
250 ERLTY] 2.5

15 (5A) T {5A) 25

Y] 4 (54%) &

T (5A0 4 | Ash 4

Ti5A) 4 (As) 4

B (RA) S {As) T
FSAN & {54 S
T(5AD T (54A] 9.5
T As) T (54 a5 For Asin; TR, — 56.5
4 [ As) {54 11
b As) 9154 135
I (As) 9 {As) 13,5
WA 9 {Ag) 135
(A5 S {As) 135
4 [ As] 15 {54) 6

ATy 17 (A 17 For MAfrica: Z8,; = 16410

A6 (Al 19 (AN 1%

34 (AL 34 (AN 19

5T (AR 39 (Af) i

AN 46 (Al . |

T AR AN I

20 ATy 3T (AN pc

27 (Al 7 AN 4
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=
i 1] ' M Mg

1z fiesy :H.5F+11n4f
CMiM+D, 97 &

12 f{ERLY (TR [(ERyF
( Sk +1. An +[ .ﬂr)_x“_k”

}—J-I_.Ed+|r='ll1-.36

The critical valae for the chi-square distribution with 3 degrees of frecdom at the 1% significanc: kvel is
1154, Simce M = 1436 = 11,34, we reject the null hypothesis that the median male alliteracy rates of all
three groups are oqual.

Far testing tao symphes, one sen use the same ranking methad, but Sen compare the sum ol ranks ol
the smallest of the two groups with the entical valees in the two-sample section of the Wilcoxon
statistics in App. 9. Since all Afvican rankings fell above the rankings of South Amesican and
Agian countress, the rankings from Table 5,12 may he ased,

H =} Ra =505

From the table in App. 9, the crtical values at the 5% significance bevel are 41 and TH,  Since
4] = W = TH, we acoept the null hypothesis that the median male illiteracy mies in South Amercn
ar odquial.

Using the African male illiteracy rates from Prob. 530, test the null hypothesis at the 10%
significance level that the illiteracy rates in Africa follow the continucus uniform distribu-

o

()

(i}

() betwesn 25 and 80 (&) berween 25 and 100,

The cortimens uniform distrifngion has equal valoe of the density function at cach poant between 25 and
#1. To cabeulate the protability of being Between valoes a and b, one can take the area under the
density function: Pla = X = b= (& — a0 /B0 = 25, where the denominator is the difference betwesn
the upper and kower hound,  Since we have a small sample sine, we will use the Kolmogorov-Smirnoyv
pivdneas-of-Gl besd.

Urrdersd data values 27 20 i H 46 i 7 17

Proportion below, %% 125 | 250 | 375 | 300 | 423 | 750 | 87.5 | 1000

L malerm commlatme is 11 16.4 15% w2 455 SH.2 45
probability, %

Drifference, %% B9 INT | M| M3 4.3 | 205 | 203 55

The masimum difference is 235% (0,285), which is less than the eritical value of 0411 {App, 10k
therefore we acoopd the null hypothesis that dlileracy rates in Afnca follow the continuows uneonm
distnibation betacen 25 and 80,

This continwaus umlorm distributen has equal valwe of the densiy function al sach poinl between 25
and VN upder the mull: Ma < X < 8= (b — ap (100 — 251 The calenlations are as follows

Ordered data values 27 20 it | 4 5] 50 57 T

Praportion behva, %% 12.5 50 7.5 S0 4.5 7540 BT | 1000

Uniform cumulative 27 53| 120 | 18T | 280 | 333 | 427 643
probability, e

Difference, % as 19,7 158 3.3 14,5 41.7 448 w7

The maximum differenoe is 44.8%% [(1L445), which s greater than the crbical valus of 0.411; therelore we
rijeet the mull bypothesis that dineracy sates in Africa follow the contmuoons umfonn distribation
between 23 and 100,

Rapeat the test from Prob, 5.0% with the Kolmogorov-Smirnoy goodness-of=08 test 1o test the HO:
data are from the binomial distribution with probability of acceptance equal 1o 0.4
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Calenlations are given in Table 5,30, The largest difference is 0,058 in abeolute wahez,  The critical
wilue from the table for o = T is 0,134 a1 the 5% level of significonee,  Since 0058 = 0,136, we accept the
mll hypothesis that the distibation of college acceptaness Follows the binomial distibution with a prob-
ability of acceptance of 4,

Tabd: 5,31  Kolmegorov-Smlmoy Goodness-af-Fir Test

Cumilanive
Relative | Cumulative
Mumber of Relative Binomial Fregquency | Probahility
Acceptances | Frequency | Frequency | Probakilies | (Observed)y | (Expected) | Difference
] 5 0,25 0216 0,15 0216 0034
1 EE 0.34 0432 0.9 0Lk — 058
2 3l 0.31 0.288 0,50 0,936 =026
1 1 0.10 0064 1.0 1.0 LRI

Supplementary Problems

TESTIMNG HYPOTHESIS

£33

G What do we call the error of accepting a false hypothesis?  Of rejecting a true hypothesis? (5 What
symbad is usually wsed for the probahbility of type T error?  What is another name for this? (¢ What is the
symbad comventimally used for the probabalny of type [ ermar! () What s the level of conlidence? () 1T
o is riduced from 5 to 1%, what kappens {0 g7

Ars, (@) Type IT error; type error (8] o kevel of significance ([} | =

[eh ieh fincreases

Having set « = 5%, when is a gradoate school more lkely to accept the hypothesis that the avernge
Cirsduate Record Exammatien (GRE} scores of ats enferng class (@) Bgual &S00 (&) Are Lerger than
BT (e) Are smaller than 6007

Aws. Ll The closer the mean sample, T, s to 600 (5) The more ¥ = 600 {1 The more ¥ < &M

TESTIMG HYPOTHESES ABOUT THE POFPULATION MEAN AND PROPORTION

535

An wirernft manufacturer needs to buy aluminum sheets of 0005 in theckness.  Thinner sheets would not be
appropriate, and thicker sheets would be too heavy.  The aireraft manufssturer fakes a random sample of
10 sheets from a sapplier of aluminam sheets and finds that their avernge thickness is 0,048 in and their
standard deviation is 000 in,  Should the aircraft manufacturer buy the aluminum sheets from this supplier
in order fo make the decsion at the 3% kvel of significance?

Ams. Mo

Drefing the acceptance region fior Prok, 5,35 in inches,
Ars,  DEEN 4o 05196 in

A vy recraiting centir Enows from past expienence that the height of recruits i\ normally distnbuted with a
encan goof L8lem {1em = 1/ 100m) and a standard deviation o of Mo, The recnaiting conter wants to st
at the 1% level of significanes the hypothesis that the average height of this years recruits is above |80 cm
Ta do this, the recruiting officer takes a mendom sample of &4 recruits and finds that the average haght for
this sample & 182em.  {a) Should the reerurting offseer accepd the hypothesas? (5 What s the rejection
region for the test in centimesers?

Ans,  (a) Mo (&) Greater than 182,9125
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A purchaser of glecivonic components wanis to 1esf the hypothesis that they kast less than 1006, To do this
she takes a random sample ol 16 sisch componenis amnd finds Lhat, on average, they Last 94 h, wath a standard
diviation of 8 b I the purchaser knows that the lfetime of the components B nommally distributed, showld
she accept the hypothesis that they Bast less than 100 h at (@) & 953% level of confidence® (A1 A %9% level
of confidence?

Ars. [a) Yes (5 Mo

In the past, 20% of applicants for admission mto o master’s program had GRE scores above 650, OF the BE
students applying 10 be sdmitted o the program m 1961, 21 had GRE scores above 6§30, Da the 1981
applicants have greater GRE scores than previows applicants at the 2% level of sipnificanes?

Ans. Mo

Find the probabilicy of accepting My, (that g = 6301 for Prob. 530 if op = 0043 and  fa) p =020,
Cep p=022 ieh p=024, ) p=025 (¢ p=026 and (f} p=02%
Ars. (o DEYT (6 OTSR Ged 0591 (@ 05 fed AR ) 0,242

twh What is the value of o when g = 0.3 in Prob, 539 (4 How can the OC curve be derived for Prob, 539
Arms, () 0,123 (8 By joining the value of 1 = o for p = 0,30 wath the valoes of f§ found in Prob, 5400 to
() for vanous valwes of p = 00220

Find the probability of rejecting My (that g = 6500 for Prob, 5.5 if a; = 003 amd  {a) p = 020,
ity p=022 (ch p=0.24, () p=025 (e} p=026 and () p=02%
Arse fah 0023 (8 0242 fed 0809 ) 05 fed 0SB () 0758

How can we get the power curve for Prob, 5397
Aws. By joining the values found in Prob, 542040 te {F) for various alternative valaes of g = 0.2,

TESTIMNG HYPOTHESES FOR DIFFERENCES BETWEEN TWO MEANS OR PROPORTIONS

244

A consulting firm wants to decide at the 3% level of sgnificancs if the salaries of construction workers differ
betwomn Mew York and Chicago. A random sample of 1M construction workers in Mew York has an
average weekly salary of 5400 with a standard deveation af 5100, In Checago, a random sample of 75
warkers has an avernge weekly salary of 53575 with o standard deviation of 520, Ts there n significant
difference hetween the salaries of constraction workers in Mew York and Chicago at @) The 5% level?
i&F The 10% level?

Arns, (ol Mo (b Yes

A random sample of 21 AFC fosdball players has a mean waght of 2651k with a standard desaation of 300k,
whille a random sample of 11 MFC players has a mean weight of 2400k with a standard deviation of 200k s
ths mean weight of all AFC feothall players greater than that for the NFC players at the 1% level of
significance?

Ary. YWes

A random sample of 100 soldwers indicates that 20% are marmed 10 vear 1, whale 30%% are marned m year 2
Derermine whether o aceepl the hypothesis that the proportsen of marmed soldiers in vear 1 is less than that
in year 2 (a0 at the % level of significance and (8 at the 1% level of significance.

Ams, (@) Accepd the hypathesis () Reject the hypothesis

CHISQUARE TEST OF GOODMNESS OF FIT AND INDEPENDERCE

547

A die i rolled &0 times with the following resalis a 1 came wp 12 times, a 2 came up % times, & } came up 13
Limes, a 4 came up 12 Limmes, @ 5 cam up 7 lmes, and a & came up B tmes.  [s the die balansed at the 5%
level of sgnificance?

Ams, Yes

An um contains halls of 4 colors; green, white, red, and blue, A ball is picked from the wrn and its color is
recorded,  The ball is then replaced in the urn, the balls are thoroughly mixed, and ancther ball is picked
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The process is repeated 18 times, and the result is that a preen ball is picked & times, 5 white hall & picked 7
times, & red ball is picked once, and a bloe ball & peked taace,  Does the wm contam an equal number of
groen, whate, red, or bloe balls?  Test the hypothess at thi 5% level of signilbsanc,

Ars.  The hypothesis should be aocepted at the 3% kvel of significance that the urn contains an equoal
rumber of halls of all four calors,

549 A random sample of &4 citics in the Linided States indicates the oumber of muiny days duning the month of
June given in Table 532, Do rainy days in LS, citees follow a normal destrbution with gos 3 and o= 2 al
thee 10% level af significans:?

Ars, Mo

Takde 532 NMamber of Koiny Doyvs derimg June for

o4 LS, Chiles
Mumber of Rainy Days Mumber of Citics
0 n
1 1z
2 n
3 13
4 G
3 1
fed

80 Contingency Tabk: 5,33 gives the mumber of acceptable and nonacceptable electronic camponents prodoced
il varnous hours of the mornang in a random sampde from the outpuat of a plant.  Shouwld the hypothesis be
accepted o rejectad at the 5% level of significance that the production of acceptable ftems s independent of
the hiour of the moming in which they are produced?

Ars,  Accept Hy

Tabde 5,33 Accepiable amd Monsccepiable Compomems Prodeced Esch Howr of

ihii Mloming
B9 am D10 am. | 10-11 s | UI-12 A, | Total
Acceplahle ] 1% #i ik} 20
Monaceeptable n 23 _3o 35 120
o) 101k 1100 1104 AW

£81  The number of people voting Diemocrat or Republican below the age of 40 and 440 plos in a random sample
of 3 voders in a aly is given in contingency Table 5,34, 15 voting Demecrat or Republcan independent of
thee voler being below the age of 4 or #0 plas in chis ey an the 5% kewel of significance?
Aws. Mo

Tabde 5.6 Democrats and Bepoblicans bebow and above Age &0

Age Group Ciemoerats Repablicans Toal
= 4} & 3 1]
=4 1o 2 15

16 14 an
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AMALYRIS OF VARIANCE

552  Tahle 5,35 gives the miles per gallon for 4 different octanes of gazolice for 5 doys.  Assame that the miles per
gallon for cach octane 5 normally distributad with equal variance.  Shoald the hypothesis of equal popula-
tion means b accpiod of rojectad at the 3% kvel of signifbsane:?
drs,  Rejocted

Table 535 Mikes per Gallon with 4 Types of Gasoline

for & Drays
Type 1 Type 2 Type 3 Type 4
12 12 16 17
1 14 14 15
12 13 15 17
13 15 13 I
11 14 14 ]

253  Tahle 536 gives the miles per gallon for each of 4 different octanes of gasoline and 3 types of car (heavy,
medium,, and light)in o completely randomized design. Should the hypothess be accepted at the 1% kevel of
sgnificance thal the population means are the same for cach (e Octane of gasoling? (8 Type of car?
dres,  Ioh Yes (&) Mo

Table 556 PMiles per Gallom for Each of 4 Octames and 3 Types of Car

Type of Car Chetanae 1 Oetane X (hetane 3 Olians 4

Heavy # 4 9 10
Medinm 14 15 18 17
Light 4 26 b 30

554 Table 537 prves sales data for soap with cach of 3 diferent wrappmgs and 4 dilferent fermulas n a
completely randomized design,  Should the hypothesis be accepted at the 5% level of significance that
the populateon means are the same for each (o) Wrappings? (&) Formula?

Anx. (ol Moo (B Yes

Takle 537 Soap Sales for Exch of 3 Wrappimgs aml 4 Formulas

Wrapping | Wrapping 2 Wrapping

Formula | BT 8 G0
Formula 2 79 i LE ]
Farmula 3 G fil |
Formula 4 RS B3 BQ

MONFARANIETRIC TESTING

555  Using the data from Tabde 535 would the Wileoxon signed rank test reject at the 100% significance bevel the
mll bypothesis that the median miks per gallon for type | gasoline i o) 12 06 15
Ans. Grh Mo (H =2 (#F Yes (B =0}
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L%  Repeat the test from Prob, 552 nsing the Kruskal-Wallis rank test,  [= the nmll hypothesis of equality of
medians accepted at the 5% level of spnificance!
Ars. Mo, io6 repected (F = 14.25)

557 Repeat the gest from Prob. 549 gsang the Kolmogorov-Saamov goodneis-of-0t st A the data normally
distributed with & = 3 and o = 2 at the 10% level of significance?
Ars, Mo [maximum difference = 0,391}

WWW. LisAri.com



e

Statistics Examination

Table 1 gives the frequency distribution of the rate of unemployment in a sample of 20 large 1.5
citwes in 1980, (ab Find the mean, median, and mode of the unemploviment rate, (& Find the
variance, standard deviation, and cocflickent of variation. (¢} Find the Pearson's cocMeient of
skewness and sketch the relative frequency histogram

Tahle | Frequency Distribotion of Linemployment Bate

Unemployment Rate, % Frequeny

T0-TA
1519
B84
B580
B094
9559

pd tad L LA ods B

=2

The lifetirne of an electronic component is known 1o be normally distributed witl a mean of 1000 h
and a standard deviation of 80 h.  What is the probability that a component picked at random
from the production line will have a Bfgtime (g} Between 1120 and 1180 BT {5 Bedween 955 and
975 h? (o) Below 955 WY (d) Above 973 WY (e) Sketch the normal and the standard normal
distribution for this problem and shade the area corresponding to part o,

The sverage 10 of a random sample of 25 students ot a college 15 110, T the distribution of the 10
at the college is known to be normal with & standard deviation of 10 () Find the 93% confidence
interval for the unknown mean TC for the entire student body at the college. (81 Answer the same
question i the population standard deviation had not been known, but the sample standard
deviation was caleulated to be 5. () Specily all possible cases when the normal distribation,
the ¢ distribution, or Chebyshev's ineguality can b used.

A firm sells detergent packed i two plants. From past expenence, the firm knows that the amount
of detergent in the boxes packed in the two plants @5 normally disteibuted.  The firm takes a
random sample of 25 boxes from the output of cach plant and linds that the mean weight and
stundard deviation of the detergent in the boxes from plant 1 = 1064 g (2,34 Th) and 100 g,
respectively,  For the sample in plant 2, the mean = 1034 g and the standard deviation s 60 g
(a} Can the firm claim with a 95% level of confidence that the boxes of detergent from plant |
contaim more than 100 g (5 Test at the 93% bkevel of confidence that the amount of detergent in
the boxes of both planis is the same,

Amnwers

[a) See Tahle 2

b DL L

g e
1'-w-.1=1+”“f‘|r Fc=a.n+w‘5 604 = 8.32%
Mode = £ 4+ = ¢ = 804+ —— 0.4 = §.2%
Tt d =8,
ihh  See Tabke 3.
124

Copyright 2002 The MoGrws-Hill Companies, Ine,  Click Here for Terms of Use,
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Tabde 2 Caleuslarbons 1o Find Sample Mean, Median, and Aade

LInemployment Class
Rale, % Msdpaoint X Frequency f Frd
TO-1.4 2 14.4
1519 .7 4 KR
B4 .2 3 410
B389 .7 4 KL R
QA-9.4 2 3 T4
9.3-99 .7 2 19.4
T fmnm2 T = 1680

Tukle 3 Coloulatioss to Fimd the Variance, Stamdwrd Devintion, and Coeflicient of Varintion

[nemployimeent Chass ) i
Bote, % Widpmint ¥ Frequency § Bean ¥ (¥ =X | i¥=0y Fiy =%y
Ta-7.4 1.2 2 g4 =12 1,44 T ER
T.-19 ) 4 Hd =7 .44 1.9
a5 22 i 4 —L2 .04 0.3
B389 87 4 84 0.3 0.0 0,34
Si-9.4 9.x ] B4 g .64 1,92
G595 9.7 2 Hd 1.3 1.64 ]

Yi=n=20 YAX =F¥ =107

_T 1
ALY XV 0.7, sesi squared

w1 19
5= 7 o 0,75%
5075
o pm—— i
T 84 0.09
Y—med | 840-5%132 ,
| k=3 =3 =032 see Fig 1
e r L teee Fig. 1)
Lol
o -
Bl |- —
.24
5 5] a0 020
| 015
; L ain 14
¥ =74 119 LE-Ra LB N -4 LIE L]
Uinesploymen mwis
Fig. 1

L fay  The problem asks to find P20 = X < LU80), where ¥ refers 1o time measuared in hours of lifetime for
clectromic component.  Given @ = W b and # = ®0 h and leting Y, = 11200k and X, = 1180 b, we got

Xp=p 1120 = 1000 1180 = 1000
= 1S and n e -

L
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Subtracting the value of z; = L4878 from the value of 7y = L4332 (obiained from the fabd: of the
slandard normal dstnbulion), we et

PR = X = 11800 = 006, or 5.40%

0S5 — 1000 975 — 1000 e
! _T_-u.ms and -— " =031

Looking wp z; =056 in the table, we get 02125 For z; =051, we get 01217 Thus
AP = X <975 =0.2125 = 0,121 7 = 005, or 9.06%.

PLY < 955) m 0,5 = 0.2123 m 02877, or 28.77%.
PLY = 975) = 01217 4+ 0.5 = 0.6217 or 62.17%.
See Fig. 2

] ] Xuzalo
W Me wp hme om oW 14
m
1 1 11 1 1 ragale
[ T 1 ba 1 ] 1
a1
Fig- X

Since the population is normally distribated and o is known, the normal distribufion can be sed;
a ]
=¥dtrp=Ydr—==110+1% = |10+ 3,92
" i o 25

Thus poas between 10608 and 115,92 with 95% conlidence.

Sinee the distnbuton s normal, w0 < 30, and & 15 not known, the ¢ rather than the normal distribation
st be used, with 5 a8 an estimate of o

M —T+:,,.,.Lﬁ tugas With 25df = 2,064

1
= 10 e 2064 ——
15

= |10 % 334

Thus i is berween 106,70 and 113350 with 95% confidence.

The morme! divirthurion can be ased (1) if the parent population s nommal, 5 = ¥, and & or 5 are
knevwm; (2106 m = W0 (by invoking the cemtrallimit theorem) and using 5 a5 an estimate for o or (300
w3 bul o B opiven and the population from which the random sampls 18 taken s known 1o be
normally distribted.  The ¢ disreitation can be used (for the given degrees of freedomp when 7 < 30
but o is not given and the population from which the sample is taken is known to be normally
distnbuted,  [F r = 30 but erther & 15 not given or the populateon from which the random sample 15
taken i not known (o be pormally distributed, we shonbd use Chelbwshev's inequality or increass the sige
of the random sample to & = 30 (fo enakle 15 to use the normal distribution).  In reality, howeyer, the ¢
distribution is used even when m = 30 and o iz not known, as long as the population is normally
dustributed.

Since the firm is interested m festimg if @o=> 1OMY g in plant 1, we have a night-1aal test;
H.: j:-l|='||:':":I ansd Hy: :h?lm

Since the population distribution is mormal, bur & < 30 and @ is et known, we most use the ¢
distribution with m = | = 24 degrees of freedom:
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X =y 1064 = 10

= - g
21/ R, 100y 25

=33

The caleuluted value of ¢ excesds the tabular valee of 1y e = 171 with 24 degrees of Mresdom.  Thus i,
15 regeeiod and By is accepled, so that the lirm can elaim at the %5% kel of confidence that the booes of
dietergent Irom plant | contuin more than W00 g ol detergent.

it

My iy =y o Hy: gy —pp=14u
Hy: sy o My pp—pp#d

f_':-FI_-F!]_[i“-I —pgh_ X =X -0 _ II}H—HE-i:‘]?.,
7, 7. oY, FEET I

Thiz i a two-tail test with s+ — | =49 deprees of freedom. Since the tabular valoe of
fpngs = 00 with 40 dF, the firm can accept at the 95% bevel of confidence the hypothesis that
there is ni dilferencs i the amount of detergent in the boxes from both plants
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CHAPTER 6

Simple Regression
Analysis

6.1 THE TWO-VARIABLE LINEAR MODEL

The two-variabbe lincar model, or simple regresson aaalvsis, 15 used Tor testing hypotheses aboul the
relatiomship between a dependent variable ¥ and an independent or explanatory variable X and for
prediction, Simple bnear regression analysis usually begins by plotting the st of X'V values on o searrer
digrgram and cetermining by inspection if there exists an approximabe linear relatiomhip:

Y= by + By X (640
Since the poimts are unhkely 1o fall precisely on the line, the exact lingar relationship in Eq. (6,71 must be
modified to include a rardown disnorbarce, error, or stochasiic ferm, b (sec Sec. 1.2 and Prob. 18]

YVisby+ 00X + 5 (.25
The error icrm 13 assumed to be (1) normally distributed, with (2} &ero eapected value or mean,
and (3} copstant variance, and it is (urther assumed (40 that the error terms are uncorrelated or

unrclated fo gach other, and (50 that the explanatory variable assumes fined values i repented
sampling (50 that X, and &, are also wncorrelated).

EXAMPLE 1. Table 6.0 gives the bushels of com per acre, ¥, msulting from the use of various amoants of
fertilizer o pouinds per acre, ¥, produced on a farm m cach of W) years from 1971 o 1960, These are piotied
in the scatter diagram of Fig. 1. The relationship betaeen YV and ¥ in Fig 4-1 is approximately lincar (iz,, the
points would Bl on or near & strnight linei

6.2 THE ORDINARY LEAST-SQUARES METHOD

The srdfaary lecsi-squares method (OLS) is a technique for fitting the “best™ straight line to the
sample of XY observations. It involves minimizing the sum of the squared (vertical]l deviations of
points from the lme:

Min E: ¥, - ¥y (6.

where ¥y melers to the actunl observations, and ¥, refers 10 the corresponding fitded values, =0 thal
l"', - l",- = ¢, the resichi!,  This ;.::il.l."'. thi |'|'|1|L't-wi:||_|.'_ tain daereld R e Prosh, 6.6)

128

Copyright 2002 The MoGrow-Hill Companies, Ine,  Click Here for Tenms of Lse

WWW. LisAri.com



CHARE. &) SIMPLE REGEESSION AMALYSIS 129
Tabbe 6.1 Corn Prodiuced with Fertilizer Used
Year ] ¥, X,
1971 1 £l &
1972 2 # 0
1973 3 L) 12
L5974 4 4] 14
1975 5 52 16
1976 fi k] 15
1977 7 &l n
1978 8 8 M
1975 q T b
| sy ] =) iz
11 L ]
]
nk
B
£
= B L
E W
. .
in
-
-
]
dfi- &
n w E III:I I:l |II ~r ]:i 11
Fertilizer X
Fig. f-i
B ¥ mnby by 3K, i65.4)
YNV =D X +h Y X (6.5)

where / is the number of observations and .fn-u anad E_r| arg estimators of the true parameters by and b,
Solving simultaneously Egs. (6.4) and {6.5), we et [see Prob, 6.7(a)]

- VXY -Y XY

b = (1) (65.6)
The value of .!:,1 is then given by [see Prob, 6.7(8]]
by=F-HT (6.7)
It is often useful 1o use an equivabent formula for estimating &, [see Prob, 6. 10(a)]:
B = EEJ;;. _ mﬂ::r. ¥y 6.5

where v, = X, =Y. and y, = ¥, =T, The estimated keast-squares regression (OLS) equation is then
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(6.5

EXAMPLE 2. Tahl: .2 shows the calculations to estimate the regression equation for the corn-fertilizer problem

in Table &.1.

b o i 956
S 2F R T

fiyg = F = 5, ¥ 2= 57 = {1 66N 18] & 57 = 2088 = 27,12
¥, = 2712 & LB&Y,

Thus, when ¥, =4, ¥ = 2712 = &,
regresson line passes through point X1 {see Fig, 620

Using Eg. [4.5),

Tabke .2 Corn Prosduced with Fertiliver Used: Calculations

I

- Sh A A el B3 —

E2EZaaii s

—
=

136

%9

dos

144

i

i3

16

3y

L3

E-4

I
=
-1
-
o
=3

-0 L

-
i

N

oxgy =15

ar =576

(the ¥ infercepth

6.1 TESTS OF SIGHNIFICANCE OF PARAMETER ESTIMATES

(Ehe slope of the estmmated regression ling)

(fhe estimoted regression equation)

When X, =18=X, F=27124 L6018 = 57 = T.

Ay a resull, the

In order to test Tor the statistical signifcance of the parameter estimates of the regression, the

variance of by and &) is required {sec Probs. 6.14 and 6.15%

Since o

where & represents the number of paramater estimales,

LA )

Unbiased estimates of the variance of B and & are then given by

2 is unknown, the residial variance 5 is used as an (unbiased) estimate of a2
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= ¥y = 2712 + 166X,

Bushels of com

Fig. &-1
e X ]
'Ff'f-_:r—-tnE a (6.09)
 _Zed
5 == 3T (6.14)

g0 that 55 amd £, an the srendard errors of the estmares.  Since & is nosmally distributed, ¥, and

therefore &, and &, are also normally distributed, so that we can use the ¢ distribution with n = &
degress of frecdom, to test hypotheses about amd construct confidence intervals for by and &) (s0e Sees.
4.4 and 3.21.

EXAMPLE 3. Tabl: 6.3 (an exiension of Table 6.2 shows the caleulations requined to fest the statistical signifi-
cance of By amd &), The valees of ¥, m Table 6.3 are obtained by substituting the valoes of X, into the estrmated
regression equation found in Example 2. (The values of y7 are obtained by squaring v, from Table 6.2 and are 10 be
used in Sec. 6,40

e TN 47305 %16
& =L-E—'a——33.ﬂl pud = 392 = 108
B m—kav o  10-2I 1N576) * *h
" 47,3056
o e - B = 0l and 5 o= A TOT =00
B om—kYx (10=257 i
 — by 27.02-10 by —by 166
Therelone :L.-"’” L =137 and = —lm a6
5 .90 5 .1

By by
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Table 6.3 Corn-Fertilizer Calculations to Test Signilicance of Farameters

Year | ¥, | X ¥, & o i i I
I |40 | 6| 3708 282 R, 5264 i |44 259
z & | 10 43,72 .28 .0784 1N} el &4
3 40 | 12 47.04 —1.04 10816 14 k] 131
4 |48 14| 5036 | =236 5, 5496 196 It &l
5 51| 1a 5368 —1.48 2.B2M 56 4 I5
6 |5 |18 | 5700 100 1 (a0} ERr il |
7|60 | 22| 6364 | —ind 13,2496 484 16 4
® 68 | 24 Gl S 1.04 108 1& 56 16 121
o |74 26| Tozs R 13,8384 B76 &4 250
o |[s0 |32 8024 [ 024 00576 1024 | 529

w=10 Ve=0| Yol =473056 | ©X/ =316 | ©xl =576 | Ty =16M

Sinee bodh ¢ and 1) excesd r = 2306 with 8 df at the 3% level of significance (From App. 51, we conclads that bath &y,
and & are statistically significant at the 5% level.

6.4 TEST OF GOODNESS OF FIT AMD CORRELATION
The closer the observations Fall to the regression line (i.c., the smaller the residwals), the greater is the

variation in P “explained” by the estimated regression equation,  The total vanation i Vs equal to the
explammed ples the residunl varation:

V=T = Tif-FF¥ + %Tur-fy

Total waration in Faplained vanation Rimideal variation

T o pistal simii oF i F i rigrekaain iV [od ermi siim tf_‘f_;j:
ESTITET smn ol squares of wquarss
(T55)] = {RESH L d |

Diading both sides by TS5 jves
k35  E55
~Tss T TSS
The coefficlent of determination, or RS, is then defined as the proportion of the total variation in ¥
“gxplamed” by the regression of ¥ on X

RS, ESS

e e
TS5 TSS (@-4)
R can be caleulated by
3 E-l‘:
Rord _ _La (6.7
¥ vy

whizre E,‘r’z = E[fn -TF

B ranges in value from 0 (when the estimated regression equation explains none of the variation in ¥)
to 1 (when all points lic on the regression line),
The correlanion coefficient r is given by (sce Prob. 6.22)

———

.-r. ¥ ] ' ¥
N~ B L TR S DT (615}
ayry Y LK
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roratgges i value from =1 (for perfect negative hinear correlation) 1o +1 (Tor perfect positive linear
corfelationp and does not imply causality or dependence.  With qualitative data, the renk or {the
Epearman) correlarion cogfficienr r* (see Prob, 6.25) can be used.

EXAMPLE 4. The coefficient of determmation for the corn-fertilizer example can be found from Table 6.3;

, i 4731
R=1= L_. W] = | = {0250 2 OATI, or 97, 10%
3 1634

Thus the regression equation explains about 97% of the total variation in com output.  The remaining 3% is

:|11:r.ih|.|.1|:-|:_l to Fuctors incleded in the error term. Then r= 'R = 09710 e V9R5, or 9E5,54%, and is positive
bemuse by i positive.  Figore 63 shows the fotal, the explained, and the residual vanation of ¥

o Fi=27.12 + LG&Y,

§T=F

Brushels of com ¥
]

L]

Fig. 6-3

6.5 PROPERTIES OF ORDIMNARY LEAST-SQUARES ESTIMATORS

Ordinary least-squares (OLS) estimators are best fnear unbiased extimaiors (BLUE).  Lack of bas
mins

Eib) = b
s0 That Baas = -'.'.'l:!;!l -

Fesr unbiazed or efficiens means smallest variance. Thus QLS estimators are the best among all unbiased
linear estimators [see Probs, 6.0480a) and 60135681 This is known as the Gawss-Markev fheorem and
represciits the most important justification for using OLS,
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Sometimes, a researcher may want (o trade off some bias for a possably smaller vamanee and
miimize the mean squarz ervor, MSE (see Prob. 6.29):

MSE(S) = E(h = b = var ib) + (bias b)*

An estimator is consiztend i, as the sample size approaches infinity in the limit, its valwe approaches
the frue parameier (e, 1t s asvmpiotically unbiased) and s distribution collapses on the true parameter
(see Prob. 63500

EXAMPLE 5. (LS estimators hl.u and E‘l, found in Example 2 are unhiased lincar estimators of by and b because
Eibyi=ty and  Eib)=#

Wai by and var &, found in Example 3 are alse lower than for any other lincar unbiased estimators, Therefore &y, and
&, are BLUE,

Solved Problems

THE TWO-VARIABLE LINEAR MODEL

bl What = meant by and what is the function of (@) Simple regression analysis? (& Lincar
regression analysis? (o) A scatter diagram? (¢} An error term?

(id  Kimple repressbon is used for testing hypodheses about the relationship betwesn a dependent variahle 1
and an mdependent or explanaiory variahle ¥ and for predection.  This 5 t0 he contrasted with
amliiple regression analyias, in which there are st one, but twe of more indipendent of explanatory
variables,  Multiphe regression analysis is discussed in Chap, T

(b Linear regression eanlpsds assumes that there 1s an approsamate hnsar relationshig between 4 and Y

fic., the set of random sampls values of ¥ and ¥ fall on or near a straight linsh. This s to be
contrasted with romfimeer regressian eaa'psis (discussed in Sec. 8,010

(ed A sewner alggeam is a fgare in which each pair of independent-dependent observations is plotted as a
pomian the YF plane.  Its purposs is o determine (by mspection) o thene exisls an approcimaale linear
relationship between the depesdent vadable ¥ amd the independent or explanatory varsable V.

() The ereor term (also known as the divrurbance of stochartic fermr) measwres the deviation of cach
abserved ¥ owalee from the troe (but unobserved) regression e, These ereor terms, designated by
uy wnd ¢y, arse becase of (1} numerous explanatory variables with only shight and irregular «ffects on
Y that are omitted from the exaect lingar relatsonship green by BEg. (6001, (2) possible errors of
memnrement in ¥, and {3 random human behavior (see Prob. 1.8

6.2  The data in Table 6.4 reports the aggregate consumption (., in billions of 1S, dollars) and
disposable income (X, also in bllions of ULS. dollars) for o developing economy for the 12 years
from 1985 to 1999, Draw a scatter diagram for the data and determine by inspection iff there
exists an approsimate linear relationship between ¥ and X

From Fig &4 ot can be seen that the selationship Between comsumption espenditures ¥ oand dispozable
ingome X is approximately linear, as required by the linear regression modsd,

6.3 State the general relationship between consumption ¥ and disposable income X in {a) exact
linear form and (&) stochastic ferm. (¢} Why would you expect most observed valwes of F oot
te fall exactly on a straight line?

(wp The exact or deterministic general relationship betwesn aggrepate consumption expenditures ¥ oard
apgregaie disposable income X can be writien as

WWW. LisAri.com



CHAP. 6)

()

[ch

SIMPLE REGRESSIOM AMALYSIS 135

Tahle 6.4  Apgregate Consamprion {5 ) amid

Dispasable Incoms (1)
Year it i X
1588 | 102 114
| SR 2 10 118
| Sy 3 I0H 126
15491 4 110 1 30
15402 5 122 | 35
1993 6 124 141
1 Ged 7 128 |48
| 9Q% g 15} | 5&
| 9 4 143 1 61
1547 [} 148 164
| 5498 11 150 170
| Sty 12 154 17%
%
.
L ]
TS -
.
L#d -
B [F ]
[ ]
o
a4 -
L ]
]
]
L]
bl - -
L
&
]
a IIII.;I:l I.;I- IIH L;-i I1I.1. I!I-I'l 118 {5 ] I';1
[rispesahile mopme X
Fig. &4
Y=y (6.4

whene § refers to each year in time-setics analysis {as with the data in Table 6.4) or to csch economic unit
isuch as a Family) in crose-sectional anabysis,  In Bg, (6,18 by and & are unknown constants called
parareters,  Faraméter by 6 the constanl or ¥ oanlercept, while &) measures AY AN, whch, in the
context of Prob. 6.2, refers 10 the margmal propensity to consume (MPCh (see Sec. 1.2, The specific
limezar relationship corresponding to the gencral lincar relationship in Eq. 48, F) is obtained by estimating
the values of fy; and by (represented by by and by and read as 6 suh aero hat™ and “f sub one hat™ )
The exact linear relationship in Bg. (6./) can be made stochastic by adding a random disturbanes or
ErToT berm, &, giving

o= by + X+ (.21

Mot observed values of 1 are not expecied o fall precisely on a straight line (1) becanse even though
corsumption ¥ s postulated fo depend pnimanly on disposable income X, it also may depend on
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numerons other omitted variabdes with only slight and irregular effect on ¥ (if some of these other
varahles had mstead a significant and regular @fliecs on ¥, then they should be meluded s additional
caplanatory varsables, as m a maltiple regresson model); (21 bocans: of possable crrors in mesasanng
1oamd (34 becanse of inkberent random human behavior, which nsnally leads to different vahees of ¥
far the same valoe of X onder identical circumstances (soz Prob. 1.5),

State each of the five assumptions of the classical regression model (OLE) and give an intuitive
cxplanation of the meaning and nesd for each of them.

l.

f-4

The first assamption of the classical lingar regression madel (OLS) i that the random error term i is
nommally distribnted,  Ac a resul, ¥ oand the sampling distribution of the parameters of the regression
are alse normally distribubed, 50 that tests can be conducted on the significance of the parameters (see
Sees. 4.1, 5.2, and 6.3).

The second assumplion i that the expectad valoe of the error lem ar s mean equals sero;
L'[u.[ = ] {ﬁll'g]
Becanse of this assumption, Eq. (6. /) gives the average valoe of ¥V, Speafically, since X s assumed

fimad, the value of ¥ m Eq. {6.2) varics abowve amd bebow its mean as u exceeds or i sanaller than
Since the averags vabue of w is assumed to be 0, Eq. (&, 7} gives the average value of V.

The thind assumption is that the varamscs of the error term B constant s cach period amd for all valwes
of X
Elu ¥ = oy 6.2

This assumplion ensures that cach observation 5 equally relable, s that sstimates ol the regression
coellicients are ellicient and tests of hypotheses aboul them ane nod blased.  These fisst theee assamp-
tions about the error term can be summarizad as

i~ WL el 6.2

The foarth assumpdien is that the valuee which the error term assumes in one period is uncorrelated or
unrelated fo its value in any other period;

E[u.u'l-: =1 for 0 9 J; Li=11....m .22

This enswres that the average value of ¥ depends only on Y and not on &, and i is, onoe again, required
i order b have efficient estimates of the regression coeflficients and unbiased tests of their significaro:.

The lifth assumptien 15 that the explanatory varmable assumes fined valses thal can be obtamed in
repeated samples, so that the explanatory variable is alse uncorrebated with the ervor ferm:

Bl =0 16.22)

This assumptien s made b simplify the analysis

THE ORIMMNARY LEAST-SQUARES METHOL

fad What 15 meant by the ordimory leasi=sguares (OLS) method of estimating the “best™ straight
line that fits the sample of XY observations? (&) Why do we take vertical deviations? (¢} Why
do we not simply take the sum of the deviations wirhour sguaring them? (@) Why do we not take
the sum of the absolute devintions?

6.5

Lk

)]

(ch

The QLS method gives the best straight line that fits the sampls of VY observations in the sense that it
mdidmneees the sum of the squared (vertical) deviations of sech observed point on the graph from the

atradght line,

We lake vertical devaations bacuse we are trymg 10 explivin or predect movements m ¥, whch i
mesasared along the vertical axis.

We canmd fake the sum af the devaations of cach of the observed pomnts rom the OLS ling because
deviations that are equal in size but opposite in sign cancel out, so the sum of the deviations equals 0
sz Tahle 6.2).
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1) Taking the sam of the whselire deviations avoids the problem of having the sum of the deviations squal
1ol However, the sum of the squered deviations is preferred s as 10 penalize larger deviatsons

relatvely mone than smaller deviations.

6.6  Starting from Eq. (4.7) calling lor the minimization of the sum of the squared deviations or
residuals, derive  (a) normal Eq. (6.4 and (5} normal Eq, (6.51.  (The reader without knowl-
edge of calcules can skip this problem.)

) Yl =3 - vy =3y b by
Marmal B, (6,41 is derived by minimizing ¥ ¢} with respect to &y
DI DS Pt it J0. 4
ity iy
23w -y - b i-n=0
Y b -bx)=0

b+ 3N, i#.4)

iy Mormal Eq. (6.5 is derived by minimizing Etf with respect to |'5|:
av el ATAF, = by =B b
i, fifr, .
2 E[FI _r;I.I - II:'ql"‘-.l;‘._'."..l:I =0
VX, = baX =B Xy =1

Yr=hY N+h YN i6