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Preface

Feedback processes abound in nature and, over the last few decades, the word feedback, like
computer, has found its way into our language far more pervasively than most others of technological
origin. The conceptual framework for the theory of feedback and that of the discipline in which it is
embedded—control systems engineering-have developed only since World War I1. When our first
edition was published, in 1967, the subject of linear continuous-time (or analog) control systems had
already attained a high level of maturity, and it was (and remains) often designated classical control by
the conoscienti. This was also the early development period for the digital computer and discrete-time
data control processes and applications, during which courses and books in “sampled-data” control
systems became more prevalent. Computer-controlled and digital control systems are now the terminol-
ogy of choice for control systems that include digital computers or microprocessors.

In this second edition, as in the first, we present a concise, yet quite comprehensive, treatment of
the fundamentals of feedback and control system theory and applications, for engineers, physical,
biological and behavioral scientists, economists, mathematicians and students of these disciplines.
Knowledge of basic calculus, and some physics are the only prerequisites. The necessary mathematical
tools beyond calculus, and the physical and nonphysical principles and models used in applications, are
developed throughout the text and in the numerous solved problems.

We have modernized the material in several significant ways in this new edition. We have first of all
included discrete-time (digital) data signals, elements and control systems throughout the book,
primarily in conjunction with treatments of their continuous-time (analog) counterparts, rather than in
separate chapters or sections. In contrast, these subjects have for the most part been maintained
pedagogically distinct in most other textbooks. Wherever possible, we have integrated these subjects, at
the introductory level, in a unified exposition of continuous-time and discrete-time control system
concepts. The emphasis remains on continuous-time and linear control systems, particularly in the
solved problems, but we believe our approach takes much of the mystique out of the methodologic
differences between the analog and digital control system worlds. In addition, we have updated and
modernized the nomenclature, introduced state variable representations (models) and used them in a
strengthened chapter introducing nonlinear control systems, as well as in a substantially modernized
chapter introducing advanced control systems concepts. We have also solved numerous analog and
digital control system analysis and design problems using special purpose computer software, illustrat-
ing the power and facility of these new tools.

The book is designed for use as a text in a formal course, as a supplement to other textbooks, as a
reference or as a self-study manual. The quite comprehensive index and highly structured format should
facilitate use by any type of readership. Each new topic is introduced either by section or by chapter,
and each chapter concludes with numerous solved problems consisting of extensions and proofs of the
theory, and applications from various fields.

Los Angeles, Irvine and JosePH J. DiSTEFANO, 111
Redondo Beach, California ALLEN R. STUBBERUD
March, 1990 IvaN J. WILLIAMS
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Chapter 1

Introduction

1.1 CONTROL SYSTEMS: WHAT THEY ARE

In modern usage the word system has many meanings. So let us begin by defining what we mean
when we use this word in this book, first abstractly then slightly more specifically in relation to scientific
literature.

Definition 1.1a: A system is an arrangement, set, or collection of things connected or related in such
a manner as to form an entirety or whole.

Definition 1.1b: A system is an arrangement of physical components connected or related in such a
manner as to form and /or act as an entire unit.

The word control is usually taken to mean regulate, direct, or command. Combining the above
definitions, we have

Definition 1.2: A control system is an arrangement of physical components connected or related in
such a manner as to command, direct, or regulate itself or another system.

In the most abstract sense it is possible to consider every physical object a control system.
Everything alters its environment in some manner, if not actively then passively—like a mirror directing
a beam of light shining on it at some acute angle. The mirror (Fig. 1-1) may be considered an
elementary control system, controlling the beam of light according to the simple equation “the angle of
reflection & equals the angle of incidence a.”

Reflected

Bean -~ J'lr
. Reflected cam ‘\
Incident Beam —___
Beam ——
[ / V-
' A Light
Source
1 -~ - -kl 'j Adjustable
Light ~ { - s Screw
Source - -~
n} ~ o ,{u Mirror 7 -1_ ez /
7 Re |.':r\'11('|-//.

Fig. 1-1

In engineering and science we usually restrict the meaning of control systems to apply to those
systems whose major function is to dynamically or actively command, direct, or regulate. The system
shown in Fig. 1-2, consisting of a mirror pivoted at one end and adjusted up and down with a screw at
the other end, is properly termed a control system. The angle of reflected light is regulated by means of
the screw.

It is important to note, however, that control systems of interest for analysis or design purposes
include not only those manufactured by humans, but those that normally exist in nature, and control
systems with both manufactured and natural components.

1



2 INTRODUCTION [CHAP. 1

1.2 EXAMPLES OF CONTROL SYSTEMS

Control systems abound in our environment. But before exemplifying this, we define two terms:
input and output, which help in identifying, delineating, or defining a control system.

Definition 1.3: The input is the stimulus, excitation or command applied fo a control system,
typically from an external energy source, usually in order to produce a specified
response from the control system.

Definition 1.4: The output is the actual response obtained from a control system. It may or may not
be equal to the specified response implied by the input.

Inputs and outputs can have many different forms. Inputs, for example, may be physical variables,
or more abstract quantities such as reference, setpoint, or desired values for the output of the control
system.

The purpose of the control system usually identifies or defines the output and input. If the output
and input are given, it is possible to identify, delineate, or define the nature of the system components.

Control systems may have more than one input or output. Often all inputs and outputs are well
defined by the system description. But sometimes they are not. For example, an atmospheric electrical
storm may intermittently interfere with radio reception, producing an unwanted output from a
loudspeaker in the form of static. This “noise” output is part of the total output as defined above, but
for the purpose of simply identifying a system, spurious inputs producing undesirable outputs are not
normally considered as inputs and outputs in the system description. However, it is usually necessary to
carefully consider these extra inputs and outputs when the system is examined in detail.

The terms input and output also may be used in the description of any type of system, whether or
not it is a control system, and a control system may be part of a larger system, in which case it is called
a subsystem or control subsystem, and its inputs and outputs may then be internal variables of the larger
system.

EXAMPLE 1.1. An electric switch is a manufactured control system, controlling the flow of electricity. By
definition, the apparatus or person flipping the switch is not a part of this control system.

Flipping the switch on or off may be considered as the input. That is, the input can be in one of two states, on
or off. The output is the flow or nonflow (two states) of electricity.

The electric switch is one of the most rudimentary control systems.

EXAMPLE 1.2. A thermostatically controlled heater or furnace automatically regulating the temperature of a room or
enclosure is a control system. The input to this system is a reference temperature, usually specified by appropriately
setting a thermostat. The output is the actual temperature of the room or enclosure.

When the thermostat detects that the output is less than the input, the furnace provides heat until the
temperature of the enclosure becomes equal to the reference input. Then the furnace is automatically turned off.
When the temperature falls somewhat below the reference temperature, the furnace is turned on again.

EXAMPLE 1.3. The seemingly simple act of pointing at an object with a finger requires a biological control system
consisting chiefly of the eyes, the arm, hand and finger, and the brain. The input is the precise direction of the
object (moving or not) with respect to some reference, and the output is the actual pointed direction with respect to
the same reference.

EXAMPLE 1.4. A part of the human temperature control system is the perspiration system. When the temperature
of the air exterior to the skin becomes too high the sweat glands secrete heavily, inducing cooling of the skin by
evaporation. Secretions are reduced when the desired cooling effect is achieved, or when the air temperature falls
sufficiently.

The input to this system may be “normal” or comfortable skin temperature, a “setpoint,” or the air
temperature, a physical variable. The output is the actual skin temperature.
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EXAMPLE 1.5. The control system consisting of a person driving an automobile has components which are clearly
both manufactured and biological. The driver wants to keep the automobile in the appropriate lane of the roadway.
He or she accomplishes this by constantly watching the direction of the automobile with respect to the direction of
the road. In this case, the direction or heading of the road, represented by the painted guide line or lines on either
side of the lane may be considered as the input. The heading of the automobile is the output of the system. The
driver controls this output by constantly measuring it with his or her eyes and brain, and correcting it with his or
her hands on the steering wheel. The major components of this control system are the driver's hands, eyes and
brain, and the vehicle.

1.3 OPEN-LOOP AND CLOSED-LOOP CONTROL SYSTEMS

Control systems are classified into two general categories: open-loop and closed-loop systems. The
distinction is determined by the control action, that quantity responsible for activating the system to
produce the output.

The term control action is classical in the control systems literature, but the word action in this
expression does not always directly imply change, motion, or activity. For example, the control action in
a system designed to have an object hit a target is usually the distance between the object and the target.
Distance, as such, is not an action, but action (motion) is implied here, because the goal of such a
control system is to reduce this distance to zero.

Definition 1.5: An open-loop control system is one in which the control action is independent of the
output.
Definition 1.6: A closed-loop control system is one in which the control action is somehow

dependent on the output.

Two outstanding features of open-loop control systems are:

1. Their ability to perform accurately is determined by their calibration. To calibrate means to
establish or reestablish the input-output relation to obtain a desired system accuracy.

2. They are not usually troubled with problems of instability, a concept to be subsequently
discussed in detail.

Closed-loop control systems are more commonly called feedback control systems, and are consid-
ered in more detail beginning in the next section.

To classify a control system as open-loop or closed-loop, we must distinguish clearly the compo-
nents of the system from components that interact with but are not part of the system. For example, the
driver in Example 1.5 was defined as part of that control system, but a human operator may or may not
be a component of a system.

EXAMPLE 1.6. Most automatic toasters are open-loop systems because they are controlied by a timer. The time
required to make “good toast” must be estimated by the user, who is not part of the system. Control over the
quality of toast (the output) is removed once the time, which is both the input and the control action, has been set.
The time is typically set by means of a calibrated dial or switch.

EXAMPLE 1.7. An autopilot mechanism and the airplane it controls is a closed-loop (feedback) control system. Its
purpose is to maintain a specified airplane heading, despite atmospheric changes. It performs this task by
continuously measuring the actual airplane heading, and automatically adjusting the airplane control surfaces
(rudder, ailerons, etc.) so as to bring the actual airplane heading into correspondence with the specified heading.
The human pilot or operator who presets the autopilot is not part of the control system.
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1.4 FEEDBACK

Feedback is that characteristic of closed-loop control systems which distinguishes them from
open-loop systems.

Definition 1.7: Feedback is that property of a closed-loop system which permits the output (or
some other controlled variable) to be compared with the input to the system (or an
input to some other internally situated component or subsystem) so that the
appropriate control action may be formed as some function of the output and input.

More generally, feedback is said to exist in a system when a closed sequence of cause-and-effect
relations exists between system variables.

EXAMPLE 1.8. The concept of feedback is clearly illustrated by the autopilot mechanism of Example 1.7. The
input is the specified heading, which may be set on a dial or other instrument of the airplane control panel, and the
output is the actual heading, as determined by automatic navigation instruments. A comparison device continu-
ously monitors the input and output. When the two are in correspondence, control action is not required. When a
difference exists between the input and output, the comparison device delivers a control action signal to the
controller, the autopilot mechanism. The controller provides the appropriate signals to the control surfaces of the
airplane to reduce the input-output difference. Feedback may be effected by mechanical or electrical connections
from the navigation instruments, measuring the heading, to the comparison device. In practice, the comparison
device may be integrated within the autopilot mechanism.

1.5 CHARACTERISTICS OF FEEDBACK
The presence of feedback typically imparts the following properties to a system.
1. Increased accuracy. For example, the ability to faithfully reproduce the input. This property is
illustrated throughout the text.

2. Tendency toward oscillation or instability. This all-important characteristic is considered in
detail in Chapters 5 and 9 through 19.

3. Reduced sensitivity of the ratio of output to input to variations in system parameters and other
characteristics (Chapter 9).

4. Reduced effects of nonlinearities (Chapters 3 and 19).

5. Reduced effects of external disturbances or noise (Chapters 7, 9, and 10).

6. Increased bandwidth. The bandwidth of a system is a frequency response measure of how well

the system responds to (or filters) vanations (or frequencies) in the input signal (Chapters 6, 10,
12, and 15 through 18).

1.6 ANALOG AND DIGITAL CONTROL SYSTEMS

The signals in a control system, for example, the input and the output waveforms, are typically
functions of some independent variable, usually time, denoted .

Definition 1.8: A signal dependent on a continuum of values of the independent variable 1 is called
a continuous-time signal or, more generally, a continuous-data signal or (less fre-
quently) an analog signal.

Definition 1.9: A signal defined at, or of interest at, only discrete (distinct) instants of the
independent variable ¢ (upon which it depends) is called a discrete-time, a discrete-
data, a sampled-data, or a digital signal.
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We remark that digital is a somewhat more specialized term, particularly in other contexts. We use
it as a synonym here because it is the convention in the control systems literature.

EXAMPLE 1.9. The continuous, sinusoidally varying voltage v(¢) or alternating current i(z) available from an
ordinary household electrical receptable is a continuous-time (analog) signal, because it is defined at each and every
instant of time ¢ electrical power is available from that outlet.

EXAMPLE 1.10. If a lamp is connected to the receptacle in Example 1.9, and it is switched on and then
immediately off every minute, the light from the lamp is a discrete-time signal, on only for an instant every minute.

EXAMPLE 1.11. The mean temperature T in a room at precisely 8 A.M. (08 hours) each day is a discrete-time
signal. This signal may be denoted in several ways, depending on the application; for example T(8) for the
temperature at 8 o’clock—rather than another time; T(1), T(2),... for the temperature at 8 o'clock on day 1, day 2,
etc., or, equivalently, using a subscript notation, 7;, T,, etc. Note that these discrete-time signals are sampled values
of a continuous-time signal, the mean temperature of the room at all times, denoted T(¢).

EXAMPLE 1.12. The signals inside digital computers and microprocessors are inherently discrete-time, or
discrete-data, or digital (or digitally coded) signals. At their most basic level, they are typically in the form of
sequences of voltages, currents, light intensities, or other physical variables, at either of two constant levels, for
example, +15 V; light-on, light-off; etc. These binary signals are usually represented in alphanumeric form
(numbers, letters, or other characters) at the inputs and outputs of such digital devices. On the other hand, the
signals of analog computers and other analog devices are continuous-time.

Control systems can be classified according to the types of signals they process: continuous-time
(analog), discrete-time (digital), or a combination of both (hybrid).

Definition 1,100  Continuous-time control systems, also called continuous-data control systems, or
analog control systems, contain or process only continuous-time (analog) signals and
components.

Definition 1.11: Discrete-time control systems, also called discrete-data control systems, or sampled-
data control systems, have discrete-time signals or components at one or more points
in the system.

We note that discrete-time control systems can have continuous-time as well as discrete-time
signals; that is, they can be hybrid. The distinguishing factor is that a discrete-time or digital control
system must include at least one discrete-data signal. Also, digital control systems, particularly of
sampled-data type, often have both open-loop and closed-loop modes of operation.

EXAMPLE 1.13. A target tracking and following system, such as the one described in Example 1.3 (tracking and
pointing at an object with a finger), is usually considered an analog or continuous-time control system, because the
distance between the “tracker” (finger) and the target is a continuous function of time, and the objective of such a
control system is to continuously follow the target. The system consisting of a person driving an automobile
(Example 1.5) falls in the same category. Strictly speaking, however, tracking systems, both natural and manufac-
tured, can have digital signals or components. For example, control signals from the brain are often treated as
“pulsed” or discrete-time data in more detailed models which include the brain, and digital computers or
microprocessors have replaced many analog components in vehicle control systems and tracking mechanisms.

EXAMPLE 1.14. A closer look at the thermostatically controlled heating system of Example 1.2 indicates that it
is actually a sampled-data control system, with both digital and analog components and signals. If the desired room
temperature is, say, 68°F (22°C) on the thermostat and the room temperature falls below, say, 66°F, the thermostat
switching system closes the circuit to the furnace (an analog device), turning it on until the temperature of the room
reaches, say, 70°F. Then the switching system automatically turns the furnace off until the room temperature again
falls below 66°F. This control system is actually operating open-loop between switching instants, when the
thermostat turns the furnace on or off, but overall operation is considered closed-loop. The thermostat receives a
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continuous-time signal at its input, the actual room temperature, and it delivers a discrete-time (binary) switching
signal at its output, turning the furnace on or off. Actual room temperature thus varies continuously between 66°
and 70°F, and mean temperature is controlled at about 68°F, the setpoint of the thermostat.

The terms discrete-time and discrete-data, sampled-data, and continuous-time and continuous-data
are often abbreviated as discrete, sampled, and continuous in the remainder of the book, wherever the
meaning is unambiguous. Digital or analog is also used in place of discrete (sampled) or continuous
where appropriate and when the meaning is clear from the context.

1.7 THE CONTROL SYSTEMS ENGINEERING PROBLEM

Control systems engineering consists of analysis and design of control systems configurations.

Analysis is the investigation of the properties of an existing system. The design problem is the
choice and arrangement of system components to perform a specific task.

Two methods exist for design:

1. Design by analysis
2. Design by synthesis

Design by analysis is accomplished by modifying the characteristics of an existing or standard
system configuration, and design by synthesis by defining the form of the system directly from its
specifications.

1.8 CONTROL SYSTEM MODELS OR REPRESENTATIONS

To solve a control systems problem, we must put the specifications or description of the system
configuration and its components into a form amenable to analysis or design.

Three basic representations (models) of components and systems are used extensively in the study
of control systems:

1. Mathematical models, in the form of differential equations, difference equations, and /or other
mathematical relations, for example, Laplace- and :z-transforms

2. Block diagrams
3. Signal flow graphs

Mathematical models of control systems are developed in Chapters 3 and 4. Block diagrams and
signal flow graphs are shorthand, graphical representations of either the schematic diagram of a system,
or the set of mathématical equations characterizing its parts. Block diagrams are considered in detail in
Chapters 2 and 7, and signal flow graphs in Chapter 8.

Mathematical models are needed when quantitative relationships are required, for example, to
represent the detailed behavior of the output of a feedback system to a given input. Development of
mathematical models is usually based on principles from the physical, biological, social, or information
sciences, depending on the control system application area, and the complexity of such models varies
widely. One class of models, commonly called linear systems, has found very broad application in
control system science. Techniques for solving linear system models are well established and docu-
mented in the literature of applied mathematics and engineering, and the major focus of this book is
linear feedback control systems, their analysis and their design. Continuous-time (continuous, analog)
systems are emphasized, but discrete-time (discrete, digital) systems techniques are also developed
throughout the text, in a unifying but not exhaustive manner. Techniques for analysis and design of
nonlinear control systems are the subject of Chapter 19, by way of introduction to this more complex
subject.
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In order to communicate with as many readers as possible, the material in this book is developed
from basic principles in the sciences and applied mathematics, and specific applications in various
engineering and other disciplines are presented in the examples and in the solved problems at the end of
each chapter.

Solved Problems

INPUT AND OUTPUT

1.1

1.3.

14.

Identify the input and output for the pivoted, adjustable mirror of Fig. 1-2.

The input is the angle of inclination of the mirror #, varied by turning the screw. The output is the
angular position of the reflected beam 6 + « from the reference surface.

Identify a possible input and a possible output for a rotational generator of electricity.

The input may be the rotational speed of the prime mover (e.g., a steam turbine), in revolutions per
minute. Assuming the generator has no load attached to its output terminals, the output may be the
induced voltage at the output terminals.

Alternatively, the input can be expressed as angular momentum of the prime mover shaft, and the
output in units of electrical power (watts) with a load attached to the generator.

Identify the input and output for an automatic washing machine.

Many washing machines operate in the following manner. After the clothes have been put into the
machine, the soap or detergent, bleach, and water are entered in the proper amounts. The wash and spin
cycle-time is then set on a timer and the washer is energized. When the cycle is completed, the machine
shuts itself off.

If the proper amounts of detergent, bleach, and water, and the appropriate temperature of the water
are predetermined or specified by the machine manufacturer, or automatically entered by the machine
itself, then the input is the time (in minutes) for the wash and spin cycle. The timer is usually set by a
human operator.

The output of a washing machine is more difficult to identify. Let us define clean as the absence of
foreign substances from the items to be washed. Then we can identify the output as the percentage of
cleanliness. At the start of a cycle the output is less than 100%, and at the end of a cycle the output is
ideally equal to 100% (clean clothes are not always obtained).

For most coin-operated machines the cycle-time is preset, and the machine begins operating when the
coin is entered. In this case, the percentage of cleanliness can be controlled by adjusting the amounts of
detergent, bleach, water, and the temperature of the water. We may consider all of these quantities as
inputs.

Other combinations of inputs and outputs are also possible.

Identify the organ-system components, and the input and output, and describe the operation of
the biological control system consisting of a human being reaching for an object.

The basic components of this intentionally oversimplified control system description are the brain, arm
and hand, and eyes.

The brain sends the required nervous system signal to the arm and hand to reach for the object. This
signal is amplified in the muscles of the arm and hand, which serve as power actuators for the system. The
eyes are employed as a sensing device, continuously “feeding back™ the position of the hand to the brain.

Hand position is the output for the system. The input is object position.



INTRODUCTION [CHAP. 1

The objective of the control system is to reduce the distance between hand position and object position
to zero. Figure 1-3 is a schematic diagram. The dashed lines and arrows represent the direction of
information flow.
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Fig. 1-3

OPEN-LOOP AND CLOSED-LOOP SYSTEMS

15.

1.6.

1.7.

rit

Mathcad

Explain how a closed-loop automatic washing machine might operate.

Assume all quantities described as possible inputs in Problem 1.3, namely cycle-time, water volume,
water temperature, amount of detergent, and amount of bleach, can be adjusted by devices such as valves
and heaters.

A closed-loop automatic washer might continuously or periodically measure the percentage of
cleanliness (output) of the items being washing, adjust the input quantities accordingly, and turn itself off
when 100% cleanliness has been achieved.

How are the following open-loop systems calibrated: (a) automatic washing machine,
(b) automatic toaster, (¢) voltmeter?

(a) Automatic washing machines are calibrated by estimating any combination of the following input
quantities: (1) amount of detergent, (2) amount of bleach or other additives, (3) amount of water,
(4) temperature of the water, (5) cycle-time.

On some washing machines one or more of these inputs is (are) predetermined. The remaining
quantities must be estimated by the user and depend upon factors such as degree of hardness of the
water, type of detergent, and type or strength of the bleach or other additives. Once this calibration
has been determined for a specific type of wash (e.g., all white clothes, very dirty clothes), it does not
normally have to be redetermined during the lifetime of the machine. If the machine breaks down and
replacement parts are installed, recalibration may be necessary.

(b) Although the timer dial for most automatic toasters is calibrated by the manufacturer (e.g., light-
medium-dark), the amount of heat produced by the heating element may vary over a wide range. In
addition, the efficiency of the heating element normally deteriorates with age. Hence the amount of
time required for “good toast” must be estimated by the user, and this setting usually must be
periodically readjusted. At first, the toast is usually too light or too dark. After several successively
different estimates, the required toasting time for a desired quality of toast is obtained.

(c) In general, a voltmeter is calibrated by comparing it with a known-voltage standard source, and
appropriately marking the reading scale at specified intervals.

Identify the control action in the systems of Problems 1.1, 1.2, and 1.4.

For the mirror system of Problem 1.1 the control action is equal to the input, that is, the angle of
inclination of the mirror 8. For the generator of Problem 1.2 the control action is equal to the input, the
rotational speed or angular momentum of the prime mover shaft. The control action of the human reaching
system of Problem 1.4 is equal to the distance between hand and object position.
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1.9.

1.10.

Which of the control systems in Problems 1.1, 1.2, and 1.4 are open-loop? Closed-loop?

Since the control action is equal to the input for the systems of Problems 1.1 and 1.2, no feedback
exists and the systems are open-loop. The human reaching system of Problem 1.4 is closed-loop because the
contro! action is dependent upon the output, hand position.

Identify the control action in Examples 1.1 through 1.5.

The control action for the electric switch of Example 1.1 is equal to the input, the on or ofl command.
The control action for the heating system of Example 1.2 is equal to the difference between the reference
and actual room temperatures. For the finger pointing system of Fxample 1.3, the control action is equal to
the difference between the actual and pointed direction of the object. The perspiration system of Example
1.4 has its control action equal to the difference between the “normal” and actual skin surface temperature.
The difference between the direction of the road and the heading of the automobile is the control action for
the human driver and automobile system of Example 1.5.

Which of the control systems in Examples 1.1 through 1.5 are open-loop? Closed-loop?

The electric switch of Example 1.1 is open-loop because the control action is equal to the input, and
therefore independent of the output. For the remaining Examples 1.2 through 1.5 the control action is
clearly a function of the output. Hence they are closed-loop systems.

FEEDBACK

1.11.

it

'iathc.d

Consider the voltage divider network of Fig. 1-4. The output is v, and the input is v,.

Rl

WA —
+

P I N

Voltage

Source v, ) ? R, v
°

Fig. 1-4

(a) Write an equation for v, as a function of v,, R|, and R,. That is, write an equation for v,
which yields an open-loop system.

(b) Write an equation for v, in closed-loop form, that is, v, as a function of v,, v,, R,, and
R,.
This problem illustrates how a passive network can be characterized as either an open-loop
or a closed-loop system.

(@) From Ohm’s law and Kirchhofl’s voltage and current laws we have

R.i . U
R ‘TR +R,
R,
Therefore v, - v, =f(v,, R, R
2 (R1+R2)l 1 Ry, Ry)

(b) Writing the current i in a slightly different form, we have i = (v, — v;)/R,. Hence

L) R, R,
v, =R, R, = F U — R v, =f(v;, 05, Ry, Ry)
1 1
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Explain how the classical economic concept known as the Law of Supply and Demand can be
interpreted as a feedback control system. Choose the market price (selling price) of a particular
item as the output of the system, and assume the objective of the system is to maintain price
stability.

The Law can be stated in the following manner. The market demand for the item decreases as its price
increases. The market supply usually increases as its price increases. The Law of Supply and Demand says
that a stable market price is achieved if and only if the supply is equal to the demand.

The manner in which the price is regulated by the supply and the demand can be described with
feedback control concepts. Let us choose the following four basic elements for our system: the Supplier, the
Demander, the Pricer, and the Market where the item is bought and sold. (In reality, these elements
generally represent very complicated processes.)

The input to our idealized economic system is price stability the “desired” output. A more convenient
way to describe this input is zero price fluctuation. The output is the actual market price.

The system operates as follows: The Pricer receives a command (zero) for price stability. It estimates a
price for the Market transaction with the help of information from its memory or records of past
transactions. This price causes the Supplier to produce or supply a certain number of items, and the
Demander to demand a number of items. The difference between the supply and the demand is the control
action for this system. If the control action is nonzero, that is, if the supply is not equal to the demand, the
Pricer initiates a change in the market price in a direction which makes the supply eventually equal to the
demand. Hence both the Supplier and the Demander may be considered the feedback, since they determine
the control action.

MISCELLANEOUS PROBLEMS

1.13.

1.14.

(a) Explain the operation of ordinary traffic signals which control automobile traffic at roadway
intersections. (b) Why are they open-loop control systems? (¢) How can traffic be controlled
more efficiently? (d) Why is the system of (¢) closed-loop?

(a) Traffic lights control the flow of traffic by successively confronting the traffic in a particular direction
(e.g., north-south) with a red (stop) and then a green (go) light. When one direction has the green
signal, the cross traffic in the other direction (east-west) has the red. Most traffic signal red and green
light intervals are predetermined by a calibrated timing mechanism.

(b) Control systems operated by preset timing mechanisms are open-loop. The control action is equal to
the input, the red and green intervals.

(¢) Besides preventing collisions, it is a function of traffic signals to generally control the volume of
traffic. For the open-loop system described above, the volume of traffic does not influence the preset
red and green timing intervals. In order to make traffic flow more smoothly, the green light timing
interval must be made longer than the red in the direction containing the greater traffic volume. Often
a traffic officer performs this task.

The ideal system would automatically measure the volume of traffic in all directions, using
appropriate sensing devices, compare them, and use the difference to control the red and green time
intervals, an ideal task for a computer.

(d) The system of (c¢) is closed-loop because the control action (the difference between the volume of
traffic in each direction) is a function of the output (actual traffic volume flowing past the intersection
in each direction).

(a) Describe, in a simplified way, the components and variables of the biological control system
involved in walking in a prescribed direction. (b) Why is walking a closed-loop operation?
(¢) Under what conditions would the human walking apparatus become an open-loop system? A
sampled-data system? Assume the person has normal vision.

(a) The major components involved in walking are the brain, eyes, and legs and feet. The input may be
chosen as the desired walk direction, and the output the actual walk direction. The control action is
determined by the eyes, which detect the difference between the input and output and send this
information to the brain. The brain commands the legs and feet to walk in the prescribed direction.

(b) Walking is a closed-loop operation because the control action is a function of the output.
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(c) If the eyes are closed, the feedback loop is broken and the system becomes open-loop. If the eyes are
opened and closed periodically, the system becomes a sampled-data one, and walking is usually more
accurately controlled than with the eyes always closed.

1.15. Devise a control system to fill a container with water after it is emptied through a stopcock at the
bottom. The system must automatically shut off the water when the container is filled.

The simplified schematic diagram (Fig. 1-5) illustrates the principle of the ordinary toilet tank filling

system.
2 s
L b
—— Pulleys—
|o«— Cord
— Stopper
é) Water ~
\
I 1 Ball
Float | .—— Container

_— Stopeock

£

The ball floats on the water. As the ball gets closer to the top of the container, the stopper decreases
the flow of water. When the container becomes full, the stopper shuts off the flow of water.

Fig. 1-5

1.16. Devise a simple control system which automatically turns on a room lamp at dusk, and turns it
off in daylight.

A simple system that accomplishes this task is shown in Fig. 1-6.

At dusk, the photocell, which functions as a light-sensitive switch, closes the lamp circuit, thereby
lighting the room. The lamp stays lighted until daylight, at which time the photocell detects the bright
outdoor light and opens the lamp circuit.

»

Fig. 1-6 Fig. 1-7

1.17. Devise a closed-loop automatic toaster.

Assume each heating element supplies the same amount of heat to both sides of the bread, and toast
quality can be determined by its color. A simplified schematic diagram of one possible way to apply the
feedback principle to a toaster is shown in Fig. 1-7. Only one side of the toaster is illustrated.
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1.18.

1.19.

1.20.

1.21.

1.22.

1.23.
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The toaster is initially calibrated for a desired toast quality by means of the color adjustment knob.
This setting never needs readjustment unless the toast quality criterion changes. When the switch is closed,
the bread is toasted until the color detector “sees” the desired color. Then the switch is automatically
opened by means of the feedback linkage, which may be electrical or mechanical.

Is the voltage divider network in Problem 1.11 an analog or digital device? Also, are the input
and output analog or digital signals?

It is clearly an analog device, as are all electrical networks consisting only of passive elements such as
resistors, capacitors, and inductors. The voltage source v, is considered an external input to this network. If
it produces a continuous signal, for example, from a battery or alternating power source, the output is a
continuous or analog signal. However, if the voltage source v, is a discrete-time or digital signal, then so is
the output ¢, =v,R,/(R, + R,). Also, if a switch were included in the circuit, in series with an analog
voltage source, intermittent opening and closing of the switch would generate a sampled waveform of the
voltage source v, and therefore a sampled or discrete-time output from this analog network.

Is the system that controls the total cash value of a bank account a continuous or a discrete-time
system? Why? Assume a deposit is made only once, and no withdrawals are made.

If the bank pays no interest and extracts no fees for maintaining the account (like putting your money
“under the mattress™), the system controlling the total cash value of the account can be considered
continuous, because the value is always the same. Most banks, however, pay interest periodically, for
example, daily, monthly, or yearly, and the value of the account therefore changes periodically, at discrete
times. In this case, the system controlling the cash value of the account is a discrete system. Assuming no
withdrawals, the interest is added to the principle each time the account earns interest, called compounding,

and the account value continues to grow without bound (the “greatest invention of mankind,” a comment
attributed to Einstein).

What nype of control system, open-loop or closed-loop, continuous or discrete, is used by an
ordinary stock market investor, whose objective is to profit from his or her investment.

Stock market investors typically follow the progress of their stocks, for example, their prices,
periodically. They might check the bid and ask prices daily, with their broker or the daily newspaper, or
more or less often, depending upon individual circumstances. In any case, they periodically sample the
pricing signals and therefore the system is sampled-data, or discrete-time. However, stock prices normally
rise and fall between sampling times and therefore the system operates open-loop during these periods. The
feedback loop is closed only when the investor makes his or her periodic observations and acts upon the
information received, which may be to buy, sell, or do nothing. Thus overall control is closed-loop. The
measurement (sampling) process could, of course, be handled more efficiently using a computer, which also
can be programed to make decisions based on the information it receives. In this case the control system
remains discrete-time, but not only because there is a digital computer in the control loop. Bid and ask
prices do not change continuously but are inherently discrete-time signals.

Supplementary Problems
Identify the input and output for an automatic temperature-regulating oven.
Identify the input and output for an automatic refrigerator.

Identify an input and an output for an electric automatic coffeemaker. Is this system open-loop or
closed-loop?
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1.24.

1.28.

1.26.

1.27.

1.28.

1.29.

130.

131

1.32.

1.33.

1.34.

1.35.

Devise a control system to automatically raise and lower a lift-bridge to permit ships to pass. No
continuous human operator is permissible. The system must function entirely automatically.

Explain the operation and identify the pertinent quantities and components of an automatic, radar-con-
trolled antiaircraft gun. Assume that no operator is required except to initially put the system into an
operational mode.

How can the electrical network of Fig. 1-8 be given a feedback control system interpretation? Is this system
analog or digital?

+

Voltage
Source v, C) R V2

Fig. 1-8

b1

Devise a control system for positioning the rudder of a ship from a control room located far from the
rudder. The objective of the control system is to steer the ship in a desired heading,

What inputs in addition to the command for a desired heading would you expect to find acting on the
system of Problem 1.27?

Can the application of “laissez faire capitalism” to an economic system be interpreted as a feedback control
system? Why? How about “socialism” in its purest form? Why?

Does the operation of a stock exchange, for example, buying and selling equities, fit the model of the Law
of Supply and Demand described in Problem 1.12? How?

Does a purely socialistic economic system fit the model of the Law of Supply and Demand described in
Problem 1.12? Why (or why not)?

Which control systems in Problems 1.1 through 1.4 and 1.12 through 1.17 are digital or sampled-data and
which are continuous or analog? Define the continuous signals and the discrete signals in each system.

Explain why economic control systems based on data obtained from typical accounting procedures are
sampled-data control systems? Are they open-loop or closed-loop?

Is a rotating antenna radar system, which normally receives range and directional data once each
revolution, an analog or a digital system?

What type of control system is involved in the treatment of a patient by a doctor, based on data obtained
from laboratory analysis of a sample of the patient’s blood?
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Answers to Some Supplementary Problems
1.21. The input is the reference temperature. The output is the actual oven temperature.
1.22. The input is the reference temperature. The output is the actual refrigerator temperature.

1.23. One possible input for the automatic electric coffeemaker is the amount of coffee used. In addition, most
coffeemakers have a dial which can be set for weak, medium, or strong coffee. This setting usually regulates
a timing mechanism. The brewing time is therefore another possible input. The output of any coffeemaker
can be chosen as coffee strength. The coffeemakers described above are open-loop.



Chapter 2

Control Systems Terminology

2.1 BLOCK DIAGRAMS: FUNDAMENTALS

A block diagram is a shorthand, pictorial representation of the cause-and-effect relationship
between the input and output of a physical system. It provides a convenient and useful method for
characterizing the functional relationships among the various components of a control system. System
components are alternatively called elements of the system. The simplest form of the block diagram is
the single block, with one input and one output, as shown in Fig, 2-1.

Block

Input Output

Fig. 2-1

The interior of the rectangle representing the block usually contains a description of or the name of
the element, or the symbol for the mathematical operation to be performed on the input to yield the
output. The arrows represent the direction of information or signal flow.

EXAMPLE 2.1

_dz

Input Control Output
i i

(a) Element ——— (b) —_— — —

Fig. 2-2

The operations of addition and subtraction have a special representation. The block becomes a
small circle, called a summing point, with the appropriate plus or minus sign associated with the arrows

entering the circle. The output is the algebraic sum of the inputs. Any number of inputs may enter a
summing point.

EXAMPLE 2.2

15
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Some authors put a cross in the circle: (Fig. 2-4)

Fig. 2-4

This notation is avoided here because it is sometimes confused with the multiplication operation.

In order to have the same signal or variable be an input to more than one block or summing point,
a takeoff point is used. This permits the signal to proceed unaltered along several different paths to
several destinations.

EXAMPLE 2.3
x
Takeoff Point
(a) x x (b) x x
Takeoff Point
x x
Fig. 2-5

2.2 BLOCK DIAGRAMS OF CONTINUOUS (ANALOG) FEEDBACK CONTROL SYSTEMS

The blocks representing the various components of a control system are connected in a fashion
which characterizes their functional relationships within the system. The basic configuration of a simple
closed-loop (feedback) control system with a single input and a single output (abbreviated SISO) is
illustrated in Fig. 2-6 for a system with continuous signals only.

Disturbance

Control n
, Signal
Actuating of
Reference (Error) Manipulated [N Controlled
Input N\ Signal Variable Output
r + e=r=xb ¢

Primary
Feedback

Signal

FEEDBACK PATH

Fig. 2-6

We emphasize that the arrows of the closed loop, connecting one block with another, represent the
direction of flow of control energy or information, which is not usually the main source of energy for the
system. For example, the major source of energy for the thermostatically controlled furnace of Example
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1.2 is often chemical, from burning fuel oil, coal, or gas. But this energy source would not appear in the
closed control loop of the system.

2.3 TERMINOLOGY OF THE CLOSED-LOOP BLOCK DIAGRAM

It is important that the terms used in the closed-loop block diagram be clearly understood.
Lowercase letters are used to represent the input and output variables of each element as well as the
symbols for the blocks g,, g,, and k. These quantities represent functions of time, unless otherwise

specified.
EXAMPLE 24. r=1r(1)

In subsequent chapters, we use capital letters to denote Laplace transformed or :z-transformed
quantities, as functions of the complex variable s, or z, respectively, or Fourier transformed quantities
(frequency functions), as functions of the pure imaginary variable jw. Functions of s or z are often
abbreviated to the capital letter appearing alone. Frequency functions are never abbreviated.

EXAMPLE 2.5. R(s) may be abbreviated as R, or F(z) as F. R(jw) is never abbreviated.

The letters r, ¢, e, etc., were chosen to preserve the generic nature of the block diagram. This
convention is now classical.

Defiinition 2.1: The plant (or process, or controlled system) g, is the system, subsystem, process, or
object controlled by the feedback control system.

Definition 2.2 The controlled output ¢ is the output variable of the plant, under the control of the
feedback control system.

Definition 2.3: The forward path is the transmission path from the summing point to the controlled
output c.

Definition 2.4: The feedforward (control) elements g, are the components of the forward path that

generate the control signal u or m applied to the plant. Nore: Feedforward elements
typically include controller(s), compensator(s) (or equalization elements), and/or
amplifiers.

Definition 2.5: The control signal u (or manipulated variable m) is the output signal of the
feedforward elements g, applied as input to the plant g,.

Definition 2.6: The feedback path is the transmission path from the controlled output ¢ back to the
summing point.

Definition 2.7; The feedback elements A establish the functional relationship between the con-
trolled output ¢ and the primary feedback signal b. Nore: Feedback elements
typically include sensors of the controlled output ¢, compensators, and/or con-
troller elements.

Definition 2.8 The reference input r is an external signal applied to the feedback control system,
usually at the first summing point, in order to command a specified action of the

plant. It usually represents ideal (or desired) plant output behavior.
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Definition 2.9: The primary feedback signal b is a function of the controlled output c, algebraically
summed with the reference input r to obtain the actuating (error) signal e, that is,
r+ b=e. Note: An open-loop system has no primary feedback signal.

Definition 2.10:  The actuating (or error) signal is the reference input signal » plus or minus the
primary feedback signal b. The control action is generated by the actuating (error)
signal in a feedback control system (see Definitions 1.5 and 1.6). Note: In an
open-loop system, which has no feedback, the actuating signal is equal to r.

Definition 2.11:  Negative feedback means the summing point is a subtractor, that is, e=r—b.
Positive feedback means the summing point is an adder, that is, e =r + b.

2.4 BLOCK DIAGRAMS OF DISCRETE-TIME (SAMPLED-DATA, DIGITAL) COMPONENTS,
CONTROL SYSTEMS, AND COMPUTER-CONTROLLED SYSTEMS

A discrete-time (sampled-data or digital) control system was defined in Definition 1.11 as one having
discrete-time signals or components at one or more points in the system. We introduce several common
discrete-time system components first, and then illustrate some of the ways they are interconnected in
digital control systems. We remind the reader here that discrete-time is often abbreviated as discrete in
this book, and continuous-time as continuous, wherever the meaning is unambiguous.

EXAMPLE 2.6. A digital computer or microprocessor is a discrete-time (discrete or digital) device, a common
component in digital control systems. The internal and external signals of a digital computer are typically
discrete-time or digitally coded.

EXAMPLE 2.7. A discrete system component (or components) with discrete-time input u(z,) and discrete-time
output y(z,) signals, where 1, are discrete instants of time, k =1,2,..., etc., may be represented by a block
diagram, as shown in Fig. 2-7.

u(r,) Discrete-Time y(ty)

- — Component f——
Discrete-Time or System Discrete-Time
Input Output

k=12,...

Fig. 2-7

Many digital control systems contain both continuous and discrete components. One or more
devices known as samplers, and others known as holds, are usually included in such systems.

Definition 2.12: A sampler is a device that converts a continuous-time signal, say u(t), into a
discrete-time signal, denoted u*(7), consisting of a sequence of values of the signal
at the instants ¢, ¢,,..., thatis, u(¢,), u(t,),..., etc.

Ideal samplers are usually represented schematically by a switch, as shown in Fig. 2-8, where the
switch is normally open except at the instants 1, ,, etc., when it is closed for an instant. The switch also
may be represented as enclosed in a block, as shown in Fig. 2-9.
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u(r) / u*(1) u(r) / w(1)

L
Fig. 2-8

I

Fig. 2-9

EXAMPLE 2.8. The input signal of an ideal sampler and a few samples of the output signal are illustrated in Fig,
2-10. This type of signal is often called a sampled-data signal.

u(t))
u(r) ulty)
ly 1

LG 4 l, s Iy ty Ly

Fig. 2-10

Discrete-data signals u(z,) are often written more simply with the index k as the only argument,
that is, u(k), and the sequence u(f,), u(t,),..., etc., becomes u(l), u(2),..., etc. This notation is
introduced in Chapter 3. Although sampling rates are in general nonuniform, as in Example 2.8,
uniform sampling is the rule in this book, thatis, t,,, ~ ¢, =T for all .

Definition 2.13: A hold, or data hold, device is one that converts the discrete-time output of a
sampler into a particular kind of continuous-time or analog signal.

EXAMPLE 2.9. A zero-order hold (or simple hold) is one that maintains (i.e., holds) the value of u(z,) constant
until the next sampling time ¢, ,,, as shown in Fig. 2-11. Note that the output yy,(r) of the zero-order hold is
continuous, except at the sampling times. This type of signal is called a piecewise-continuous signal.

Fuolt)

Yrolt)

Fig. 2-12

Definition 2.14:  An anaiog-to-digital (A /D) converter is a device that converts an analog or
continuous signal into a discrete or digital signal.
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Definition 2.15: A digital-to-analog (D /A) converter is a device that converts a discrete or digital
signal into a continuous-time or analog signal.

EXAMPLE 2.10. The sampler in Example 2.8 (Figs. 2-9 and 2-10) is an A/D converter.

EXAMPLE 2.11. The zero-order hold in Example 2.9 (Figs. 2-11 and 2-12) is a D /A converter.

Samplers and zero-order holds are commonly used A /D and D /A converters, but they are not the
only types available. Some D /A converters, in particular, are more complex.

EXAMPLE 2.12. Digital computers or microprocessors are often used to control continuous plants or processes.
A/D and D/A converters are typically required in such applications, to convert signals from the plant to digital
signals, and to convert the digital signal from the computer into a control signal for the analog plant. The joint
operation of these elements is usually synchronized by a clock and the resulting controller is sometimes called a
digital filter, as illustrated in Fig. 2-13.

Fig. 2-13

Definition 2.16: A computer-controlled system includes a computer as the primary control element.

The most common computer-controlled systems have digital computers controlling analog or
continuous processes. In this case, A /D and D /A converters are needed, as illustrated in Fig. 2-14.

[
i
[
0
"
1
0
1

L——Comro]ln:r4

Fig. 2-14

The clock may be omitted from the diagram, as it synchronizes but is not an explicit part of signal
flow in the control loop. Also, the summing junction and reference input are sometimes omitted from
the diagram, because they may be implemented in the computer.

2.5 SUPPLEMENTARY TERMINOLOGY

Several other terms require definition and illustration at this time. Others are presented in
subsequent chapters, as needed.
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Definition 2.17: A transducer is a device that converts one energy form into another.

For example, one of the most common transducers in control systems applications is the poten-
tiometer, which converts mechanical position into an electrical voltage (Fig. 2-15).

+ Arm
Position "
Input Position Voltage
Reference Input P otambiomet Output
Voltage ~—4—o0 v r
Source +
Voltage
Output
o o
Schematic Block Diagram

Fig. 2-15

Definition 2.18: The command v is an input signal, usually equal to the reference input r. But when
the energy form of the command v is not the same as that of the primary feedback

b, a transducer is required between the command v and the reference input r as
shown in Fig. 2-16(a).

Reference Input
Command T i Input v Transducer
v 3 roo
Feedback
Transducer c
(a) (b)
Fig. 2-16

Definition 2.19: When the feedback element consists of a transducer, and a transducer is required at

the input, that part of the control system illustrated in Fig. 2-16(5) is called the
error detector.

Definition 2.20: A stimulus, or test input, is any externally (exogenously) introduced input signal
affecting the controlled output ¢. Note: The reference input r is an example of a
stimulus, but it is not the only kind of stimulus.

Definition 2.21: A disturbance n (or noise input) is an undesired stimulus or input signal affecting
the value of the controlled output ¢. It may enter the plant with u or m, as shown in

the block diagram of Fig. 2-6, or at the first summing point, or via another
intermediate point.

Definition 2.22: The time response of a system, subsystem, or element is the output as a function of
time, usually following application of a prescribed input under specified operating
conditions.

Definition 2.23: A multivariable system is one with more than one input (multiinput, MI-), more than

one output (multioutput, -MO), or both (multiinput-multioutput, MIMO).
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Definition 2.24: The term controller in a feedback control system is often associated with the
elements of the forward path, between the actuating (error) signal ¢ and the control
variable «. But it also sometimes includes the summing point, the feedback
elements, or both, and some authors use the term controller and compensator
synonymously. The context should eliminate ambiguity.

The following five definitions are examples of control laws, or control algorithms.

Definition 2.25: An on-off controller (two-position, binary controller) has only two possible values at
its output u, depending on the input e to the controller.

EXAMPLE 2.13. A binary controller may have an output u = +1 when the error signal is positive, that is, e > 0,
and u= —1 when e<0.

Definition 2.26: A proportional (P) controller has an output « proportional to its input e, that is,
u = K pe, where K is a proportionality constant.

Definition 2.27: A derivative (D) controller has an output proportional to the derivative of its input
e, that is, u = K, de/dt, where K, is a proportionality constant.

Definition 2.28: An integral (I) controller has an output u proportional to the integral of its input e,
that is, u = K, fe(t) dt, where K, is a proportionality constant.

Definition 2.29: PD, PI, DI, and PID controllers are combinations of proportional ( P), derivative
(D), and integral (1) controllers.

EXAMPLE 2.14. The output u of a PD controller has the form:

de
upp = Kpe + KDE

The output of a PID controller has the form:

de
Upip = Kpe + K”Z + K,fe(r) dt

2.6 SERVOMECHANISMS

The specialized feedback control system called a servomechanism deserves special attention, due to
its prevalence in industrial applications and control systems literature.

Definition 2.30: A servomechanism is a power-amplifying feedback control system in which the
controlled variable ¢ is mechanical position, or a time derivative of position such as
velocity or acceleration.

EXAMPLE 2.15. An automobile power-steering apparatus is a servomechanism. The command input is the
angular position of the steering wheel. A small rotational torque applied to the steering wheel is amplified
hydraulically, resulting in a force adequate to modify the output, the angular position of the front wheels. The
block diagram of such a system may be represented by Fig. 2-17. Negative feedback is necessary in order to return
the control valve to the neutral position, reducing the torque from the hydraulic amplifier to zero when the desired
wheel position has been achieved.
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,———-— Control El ts: g, ] Plant
Gear Ty Control Hydraulie Drive | “ | Wheels ¢ .
Angular Ratio r € Valve Amplifier Linkage g2 Angular
position = position
of the b of the
steering wheel road wheels
Feedback
Linkage
h
Fig. 2-17

2.7 REGULATORS

Definition 2.31: A regulator or regulating system is a feedback control system in which the reference
input or command is constant for long periods of time, often for the entire time
interval during which the system is operational. Such an input is often called a

setpoint.

A regulator differs from a servomechanism in that the primary function of a regulator is usually to
maintain a constant controlled output, while that of a servomechanism is most often to cause the output
of the system to follow a varying input.

Solved Problems

BLOCK DIAGRAMS

2.1. Consider the following equations in which x,, x,,..., x,, are variables, and a,, a,,..., q, are
general coefficients or mathematical operators:

(a) x3=ax;+a,x,—-5
(b) x,=ax;+ayx,+ - +a, 1%,
Draw a block diagram for each equation, identifying all blocks, inputs, and outputs.

(a) In the form the equation is written, x, is the output., The terms on the right-hand side of the equation
are combined at a summing point, as shown in Fig. 2-18.

The a,x, term is represented by a single block, with x, as its input and a,x, as its output.
Therefore the coefficient ¢, is put inside the block, as shown in Fig. 2-19. @, may represent any
mathematical operation. For example, if a, were a constant, the block operation would be “multiply
the input x; by the constant a,.” It is usually clear from the description or context of a problem what
is meant by the symbol, operator, or description inside the block.

Qokg T3
} — x, a; a;xy
5

Fig. 2-18 Fig. 2-19
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The a,x, term is represented in the same manner.
The block diagram for the entire equation is therefore shown in Fig. 2.20.

(b) Following the same line of reasoning as in part (a), the block diagram for

X, =aX tax;+ - +a, x,
is shown in Fig. 2-21.
d ay a,x,
d | a,%y
. . + Ty
Xy agxy ¥ . . ___--
T e T % r 1
= xn—l. .y Qp—1Tn—
5 b3
Fig. 2-20 Fig. 2-21
2.2. Draw block diagrams for each of the following equations:
o+
(a) i B . () a
Mathcad a) x,=a,| —— X3=—5 +-—"——x c x=fx t
2N ar a4 H ¢ ’

(a) Two operations are specified by this equation, a, and differentiation d/dr. Therefore the block
diagram contains two blocks, as shown in Fig. 2-22. Note the order of the blocks.

dz,

i L gt . Lo O al(i) =
di

Fig. 2-23

Now, if a, were a constant, the a, block could be combined with the d/dt block, as shown in
Fig. 2-23, since no confusion about the order of the blocks would result. But, if a, were an unknown
operator, the reversal of blocks d/dr and @, would not necessarily result in an output equal to x,, as
shown in Fig, 2-24.

d o (dxl
z) oz | d F it et d b7y

— a; s o

Fig. 2-24

(b) The + and — operations indicate the need for a summing point. The differentiation operation can be
treated as in part (a), or by combining two first derivative operations into one second derivative
operator block, giving two different block diagrams for the equation for x5, as shown in Fig, 2-25.
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dx, dz,
x d dt z, d dt
dt T
+ -
— L] - Ty
d?x, |+ dz, d2z, 1+
Zg a dt2 ] a di d di?
de2 T de dt
Fig. 2-25

(¢) The integration operation can be represented in block diagram form as Fig. 2-26.

= fdt s

Fig. 2-26

23. Draw a block diagram for the pivoted, adjustable mirror mechanism of Section 1.1 with the
output identified as in Problem 1.1. Assume that each 360° rotation of the screw raises or lowers
the mirror k degrees. Identify all the signals and components of the control system in the
diagram.

The schematic diagram of the system is repeated in Fig. 2-27 for convenience.

Mirror

Light
Source

*————‘—-—

S //

Reference

Surfnce
//////////

Fig. 2-27

Whereas the input was defined as 8 in Problem 1.1, the specifications for this problem imply an input
equal to the number of rotations of the screw. Let » be the number of rotations of the screw such that n =0
when § = 0°. Therefore rn and 8 can be related by a block described by the constant k, since § = kn, as
shown in Fig. 2-28.

Pivoted
Mirror
— il . 6 2 20
rotations degrees

Fig. 2-28 Fig. 2-29
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The output of the system was determined in Problem 1.1 as § + a. But since the light source is directed
parallel to the reference surface, then a = 6. Therefore the output is equal to 26, and the mirror can be
represented by a constant equal to 2 in a block, as shown in Fig,. 2-29.

The complete open-loop block diagram is given by Fig. 2-30. For this simple example we also note that
the output 26 is equal to 2kn rotations of the screw. This yields the simpler block diagram of Fig. 2-31.

Pivoted
Screw Mirror Directed angle of
- % o P . 2 the reflected beam - =Y . 26
rotations rotation | degrees degrees rotations rotation degrees
Fig. 2-30 Fig. 2-31

2.4. Draw an open-loop and a closed-loop block diagram for the voltage divider network of Problem
1.11.

The open-loop equation was determined in Problem 1.11 as v, = (R,/(R, + R,))v,, where v, is the
input and v, is the output. Therefore the block is represented by R,/( R, + R,) (Fig. 2-32), and clearly the
operation is multiplication.

The closed-loop equation is

R, R, R,
Uz=(RT;)01_('El")lb:(?l)(vl“vz)

The actuating signal is v; — v,. The closed-loop negative feedback block diagram is easily constructed with
the only block represented by R, /R, as shown in Fig. 2-33.

R’ Vo
R,
vy Ry Uy
R, + R, "
Fig. 2-32 Fig. 2-33

2.5. Draw a block diagram for the electric switch of Example 1.1 (see Problems 1.9 and 1.10).

Both the input and output are binary (two-state) variables. The switch is represented by a block, and
the electrical power source the switch controls is not part of the control system. One possible open-loop
block diagram is given by Fig. 2-34.

on Power on
{f — ] }—————+ Output
Inpu o Switch Power off utpu
Fig. 2-34

For example, suppose the power source is an electrical current source. Then the block diagram for the
switch might take the form of Fig. 2-35, where (again) the current source is not part of the control system,
the input to the switch block is shown as a mechanical linkage to a simple “knife” switch, and the output is
a nonzero current only when the switch is closed (on). Otherwise it is zero (off).
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2.6.

Mechanically
Operated
Switch
On Current On
INPUT OUTPUT
off S L1 Cumrentoff
Fig. 2-35

Draw simple block diagrams for the control systems in Examples 1.2 through 1.5.

From Problem 1.10 we note that these systems are closed-loop, and from Problem 1.9 the actuating
signal (control action) for the system in each example is equal to the input minus the output. Therefore
negative feedback exists in each system.

For the thermostatically controlled furnace of Example 1.2, the thermostat can be chosen as the
summing point, since this is the device that determines whether or not the furnace is turned on. The
enclosure environment (outside) temperature may be treated as a noise input acting directly on the
enclosure.

The eyes may be represented by a summing point in both the human pointing system of Example 1.3
and the driver-automobile system of Example 1.5. The eyes perform the function of monitoring the input
and output.

For the perspiration system of Example 1.4, the summing point is not so easily defined. For the sake of
simplicity let us call it the nervous system.

The block diagrams are easily constructed as shown below from the information given above and the
list of components, inputs, and outputs given in the examples.

The arrows between components in the block diagrams of the biological systems in Examples 1.3
through 1.5 represent electrical, chemical, or mechanical signals controlled by the central nervous system.

Actual
Thermostat Enclosure

Temperature

Reference
Temperature
(Setpoint)

Example 1.2
Eyes Painted
Arm, Hand, . )
+ N\ N Brain . and Direction
Object Finger
Direction - £

Example 1.3
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Nervous Actual
System Skin
+ Sweat . Temperature
Skin >
Normal Glands
Skin —
Temperature
or
Air
Temperature
Example 1.4
Eyes Stoeri Automobile
ring di
Brain » Hands Wheel and Hea mgﬁ
Ros.d Automobile
Heading —
Example 15

BLOCK DIAGRAMS OF FEEDBACK CONTROL SYSTEMS

2.7. Draw a block diagram for the water-filling system described in Problem 1.15. Which component
£l+  or components comprise the plant? The controller? The feedback?

Mathcad The container is the plant because the water level of the container is being controlled (see Definition
2.1). The stopper valve may be chosen as the control element; and the ball-float, cord, and associated
linkage as the feedback elements. The block diagram is given in Fig. 2-36.

Control El P
ontrol Element . - lant Actual Water
y + N e Rate Level
Reference % ¢
Water Level -
(Full) b

Feedback Elements

Fig. 2-36

The feedback is negative because the water flow rate to the container must decrease as the water level
rises in the container.

2.8. Draw a simple block diagram for the feedback control system of Examples 1.7 and 1.8, the
airplane with an autopilot.

The plant for this system is the airplane, including its control surfaces and navigational instruments.
The controller is the autopilot mechanism, and the summing point is the comparison device. The feedback
linkage may be simply represented by an arrow from the output to the summing point, as this linkage is not
well defined in Example 1.8.

The autopilot provides control signals to operate the control surfaces (rudder, flaps, etc.). These signals
may be denoted u,, u,,....
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The simplest block diagram for this feedback system is given in Fig. 2-37.

Controller u Plant Actial Ateplasa
. + LS Heading
) TR : Riiine S
—_— u. i
Fig. 2-37

SERVOMECHANISMS

2.9,

Draw a schematic and a block diagram from the following description of a position servomecha-
nism whose function is to open and close a water valve.

At the input of the system there is a rotating-type potentiometer connected across a battery
voltage source. Its movable (third) terminal is calibrated in terms of angular position (in
radians). This output terminal is electrically connected to one terminal of a voltage amplifier
called a servoamplifier. The servoamplifier supplies enough output power to operate an electric
motor called a servomotor. The servomotor is mechanically linked with the water valve in a
manner which permits the valve to be opened or closed by the motor.

Assume the loading effect of the valve on the motor is negligible; that is, it does not “resist”
the motor. A 360° rotation of the motor shaft completely opens the valve. In addition, the
movable terminal of a second potentiometer connected in parallel at its fixed terminals with the
input potentiometer is mechanically connected to the motor shaft. It is electrically connected to
the remaining input terminal of the servoamplifier. The potentiometer ratios are set so that they
are equal when the valve is closed.

When a command is given to open the valve, the servomotor rotates in the appropriate
direction. As the valve opens, the second potentiometer, called the feedback potentiometer,
rotates in the same direction as the input potentiometer. It stops when the potentiometer ratios
are again equal.

A schematic diagram (Fig. 2-38) is easily drawn from the preceding description. Mechanical connec-
tions are shown as dashed lines.

_Mechanical =
_____ 1 Valve
v radians |
Battery -+ l
Voltage = Servo- -+ Servo- | | ¢ |
Source —] Amplifier = motor radians
Input  Feedback
Pot. Pot.
Fig. 2-38’

The block diagram for this system (Fig. 2-39) is easily drawn from the schematic diagram.
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radians

Input Feedforward
Transducer Control Element Plant
o] sy e Jame ]« [ome
radians | oo | volts  \_/ volts | Amplifier [ volts motor
b
volts
Feedback
Elements
Feedback
Potenti-
ometer
Fig. 2-39

Valve

2.10. Draw a block diagram for the elementary speed control system (velocity servomechanism) given

in Fig. 2

Battery 4 +

Voltage =

Source — r
volts

-40.

Input
Pot.

U radians/sec

Amplifier

Generator| u Motor
Motor [TUTIIIT
Field
Winding |t
. L
+ Battery
b N o |
volts
Tachometer
Fig. 2-40

The potentiometer is a rotating-type, calibrated in radians per seconds, and the prime-mover
speed, motor field winding, and input potentiometer currents are constant functions of time. No
load is attached to the motor shaft.

[—-— Control Elements _I

v Input r N e
radians/sec| Pot. [ volts \_./ volits
b
volts

Amplifier

Plant
u 4
Generator Motor - >
volts radians/sec
Feedback
Elements
Tachometer

Fig. 2-41
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The battery voltage sources for both the input potentiometer and motor field winding, and the
prime-mover source for the generator are not part of the control loop of this servomechanism. The output
of each of these sources is a constant function of time, and can be accounted for in the mathematical
description of the input potentiometer, generator, and motor, respectively. Therefore the block diagram for
this system is given in Fig. 2-41.

MISCELLANEOUS PROBLEMS

2.11.

2.12.

Draw a block diagram for the photocell light switch system described in Problem 1.16. The light
intensity in the room must be maintained at a level greater than or equal to a prespecified level.

One way of describing this system is with two inputs, one input chosen as minimum reference
room-light intensity r, and the second as room sunlight intensity r,. The output ¢ is actual room-light
intensity.

The room is the plant. The manipulated variable (control signal) is the amount of light supplied to the
room from both the lamp and the sun. The photocell and the lamp are the control elements because they
control room-light intensity. Assume the minimum reference room-light intensity #, is equal to the intensity
of room-light supplied by the lighted lamp alone. A block diagram for this system is given in Fig. 2-42.

Plant

’ on
Photocell L.
\_Je = ry—r otoce oft amp

Room p——»

Fig. 2-42

The system is clearly open-loop. The actuating signal e is independent of the output ¢, and is equal to
the difference between the two inputs: r;, — r,. When e < 0, /=0 (the light is off). When e >0, /=r; (the
light is on).

Draw a block diagram for the closed-loop traffic signal system described in Problem 1.13.

Plant A
Roadway in
’— Control Elements —\ direction A v'I;rach
olume
+ Red-green
E ) e Time Traffic u
r=20 Interval Signal
- Computer
Plant B Traffic
Roadway in Volume B
direction B

Fig. 2-43
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2.13.

2.14.

CONTROL SYSTEMS TERMINOLOGY [CHAP. 2

This system has two outputs, the volume of traffic passing the intersection in one direction (the A
direction), and the volume passing the intersection in the other direction (the B direction). The input is the
command for equal traffic volumes in directions 4 and B; that is, the input is zero volume difference.

Suppose we call the mechanism for computing the appropriate red and green timing intervals the
Red-Green Time Interval Computer. This device, in addition to the traffic signal, makes up the control
elements. The plants are the roadway in direction A and the roadway in direction B. The block diagram of
this traffic reguiator is given in Fig, 2-43.

Draw a block diagram illustrating the economic Law of Supply and Demand, as described in
Problem 1.12.

The block diagram is given by Fig. 2-44.

b, = supply &
+
r=10 e
- Pricer L Market g
Zero market Actual market
price fluctuation — price
b, = demand
'I'\ A —
Fig. 2-44

The following very simplified model of the biological mechanism regulating human arterial blood
pressure is an example of a feedback control system.

A well-regulated pressure must be maintained in the blood vessels (arteries, arterioles, and
capillaries) supplying the tissues, so that blood flow is adequately maintained. This pressure is
usually measured in the aorta (an artery) and is called the blood pressure p. It is not constant and
normally has a range of 70-130 mm of mercury (mm Hg) in adults. Let us assume that p is
equal to 100 mm Hg (on the average) in a normal individual.

A fundamental model of circulatory physiology is the following equation for arterial blood
pressure:

p=0Qp
where Q is the cardiac output, or the volume flow rate of blood from the heart to the aorta, and p
is the peripheral resistance offered to blood flow by the arterioles. Under normal conditions, p is
approximately inversely proportional to the fourth power of the diameter d of the vessels
(arterioles).

Now d is believed to be controlled by the vasomotor center (VMC) of the brain, with
increased activity of the VMC decreasing d, and vice versa. Although several factors affect VMC
activity, the baroreceptor cells of the arterial sinus are believed to be the most important.
Baroreceptor activity inhibits the VMC, and therefore functions in a negative feedback mode.
According to this theory, if p increases, the baroreceptors send signals along the vagus and
glossopharyngeal nerves to the VMC, decreasing its activity. This results in an increase in
arteriole diameter d, a decrease in peripheral resistance p, and (assuming constant cardiac output
Q) a corresponding drop in blood pressure p. This feedback network probably regulates, at least
in part, blood pressure in the aorta.

Draw a block diagram of this feedback control system, identifying all signals and compo-
nents.
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2.15.

Let the aorta be the plant, represented by Q (cardiac output); the VMC and arterioles may be chosen
as the controller; the baroreceptors are the feedback elements. The input p, is the average normal
(reference) blood pressure, 100 mm Hg. The output p is the actual blood pressure. Since p = k(1/d)*,
where k is a proportionality constant, the arterioles can be represented in the block by &(-)*. The block
diagram is given in Fig. 2-45.

[——— Control Elements ——— Plant
Po + Vl(?:m:tor 1/d Arterioles p Aorta P .
nter - —
Average reference | ) (VMC) k(+)4 Q Actual
blood pressure — blood pressure
100 mm Hg
— Vagus and
Glossopharyngeal
Nerves
Baroreceptors

Feedback Sensor Elements

Fig. 2-45

The thyroid gland, an endocrine (internally secreting) gland located in the neck in the human,
secretes thyroxine into the bloodstream. The bloodstream is the signal transmission system for
most of the endocrine glands, just as conductive wires are the transmission system for the flow of
electrical current, or pipes and tubes may be the transmission system for hydrodynamic fluid
flow.

- Like most human physiological processes, the production of thyroxine by the thyroid gland
is automatically controlled. The amount of thyroxine in the bloodstream is regulated in part by a
hormone secreted by the anterior pituitary, an endocrine gland suspended from the base of the
brain. This “control” hormone is appropriately called thyroid stimulating hormone (TSH). In a
simplified view of this control system, when the level of thyroxine in the circulatory system is
higher than that required by the organism, TSH secretion is inhibited (reduced), causing a
reduction in the activity of the thyroid. Hence less thyroxine is released by the thyroid.

Draw a block diagram of the simplified system described, identifying all components and

signals.

Let the plant be the thyroid gland, with the controlled variable the level of thyroxine in the
bloodstream. The pituitary gland.is the controller, and the manipulated variable is the amount of TSH it
secretes. The block diagram is given in Fig. 2-46.

+ 77N Pituitary TSH Thyroid
Normal Gland Gland Blood
Thyroxine - Thyroxine
Level Level
Fig. 2-46

We reempbhasize that this is a very simplified view of this biological control system, as was that in the
previous problem.
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2.16.

2.17.

CONTROL SYSTEMS TERMINOLOGY [CHAP. 2

What type of controller is included in the more realistic thermostatically controlled heating
system described in Example 1.14?

The thermostat-furnace controller has a binary output: furnace (full) on, or furnace off. Therefore it is
an on-off controller. But it is not as simple as the sign-sensing binary controller of Example 2.13. The
thermostat switch turns the furnace on when room temperature falls to 2° below its setpoint of 68°F
(22°C), and turns it off when it rises to 2° above its setpoint.

Graphically, the characteristic curve of such a controller has the form given in Fig. 2-47.

On

Off

Fig. 2-47

This is called a hysteresis characteristic curve, because its output has a “memory”; that is, the
switching points depend on whether the input e is rising or falling when the controller switches states from
on to off, or off to on.

Sketch the error, control, and controlled output signals as functions of time and discuss how the
on-off controller of Problem 2.16 maintains the average room temperature specified by the
setpoint (68°F) of the thermostat?

The signals e(t), u(t), and c(r) typically have the form shown in Fig. 2-48, assuming the temperature
was colder than 66°F at the start.

e(1)

+2
\\

u(t)
On

[/ / [/

c(t)
70° - _—

68° - T
66°
A .

Fig, 2-48
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2.18.

2.19.

2.20.

2.21.

2.22.

2.23.

2.4,

2.25.

2.26.

The room temperature ¢(¢) is constantly varying. In each switching interval of the controller, it rises at
an approximately constant rate, from 66° to 70°, or falls at an approximately constant rate, from 70° to
66°. The average temperature of the room is the mean value of this function ¢(t), which is approximately
68°F.

What major advantage does a computer-controlled system have over an analog system?

The controller (control law) in a computer-controlled system is typically implemented by means of
software, rather than hardware. Therefore the class of control laws that can be implemented conveniently is
substantially increased.

Supplementary Problems

The schematic diagram of a semiconductor voltage amplifier called an emitter follower is given in Fig. 2-49.
An equivalent circuit for this amplifier is shown in Fig. 2-50, where r, is the internal resistance of, and
p is a parameter of the particular semiconductor. Draw both an open-loop and a closed-loop block diagram

for this circuit with an input v;, and an output v,,,.

MWW o

+ B+ +
- Battery +

= Power quKCD %RK Vout
Supply o

°

Yok = Vin T You
Fig. 2-50

Draw a block diagram for the human walking system of Problem 1.14.

Draw a block diagram for the human reaching system described in Problem 1.4.
Draw a block diagram for the automatic temperature-regulated oven of Problem 1.21.
Draw a block diagram for the closed-loop automatic toaster of Problem 1.17.

State the common dimensional units for the input and output of the following transducers: (a) accelerome-
ter, (b) generator of electricity, (¢) thermistor (temperature-sensitive resistor), (d) thermocouple.

Which systems in Problems 2.1 through 2.8 and 2.11 through 2.21 are servomechanisms?

The endocrine gland known as the adrenal cortex is located on top of each kidney (two parts). It secretes
several hormones, one of which is cortisol. Cortisol plays an important part in regulating the metabolism of
carbohydrates, proteins, and fats, particularly in times of stress. Cortisol production is controlled by
adrenocorticotrophic hormone (ACTH) from the anterior pituitary gland. High blood cortisol inhibits
ACTH production. Draw a block diagram of this simplified feedback control system.
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2.27.

2.28.

2.29.

2.30.

231

2.32.

2.33.

2.34.

2.19.

CONTROL SYSTEMS TERMINOLOGY [CHAP. 2

Draw block diagrams for each of the following elements, first with voltage v as input and current i as
output, and then vice versa: (a) resistance R, (b) capacitance C, (¢) inductance L.

Draw block diagrams for each of the following mechanical systems, where force is the input and position
the output: (@) a dashpot, (b) a spring, (¢) a mass, (d) a mass, spring, and dashpot connected in series and
fastened at one end (mass position is the output).

Draw a block diagram of a (a) parallel, (b) series R-L-C network.
Which systems described in the problems of this chapter are regulators?

What type of sampled-data system described in this chapter might be used in implementing a device or
algorithm for approximating the integral of a continuous function u(?), using the well-known rectangular
rule, or rectangular integration technique?

Draw a simple block diagram of a computer-controlled system in which a digital computer is used to
control an analog plant or process, with the summing point and reference input implemented in software in
the computer.

What type of controller is the stopper valve of the water-filling system of Problem 2.77
What types of controllers are included in: (a) each of the servomechanisms of Problems 2.9 and 2.10, (b)

the traffic regulator of Problem 2.12?

Answers to Supplementary Problems

The equivalent circuit for the emitter follower has the same form as the voltage divider network of Problem
1.11. Therefore the open-loop equation for the output is

v =LRK_(U, — ) = _ MRy v
out rp+RK m out rp+(1+“)RK mn

and the open-loop block diagram is given in fig. 2-51.

Vin FRK Vout
rpt+l+ pIRy

Fig. 2-51

The closed-loop output equation is simply
MRy
Vo = rp + RK ( Uin vout)

and the closed-loop block diagram is given in Fig. 2-52.

Vin_* /N nRy Vout

rp + By

Fig. 2-52
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2.20.
E Control Element Plant
yes
Legs
) Brain and -
Desired Feet Actual
Walk -— Walk
Direction Direction
2.21.
Control Element Plant
Eyes
+ Arm
Brain and >
Object Hand Hand
Position - Position
222,
Control Elements
Ther bat | I Plant
e
g 20 ) Switch [—2—+| Heater Oven
Reference off u Oven
Oven - Temperature
Temperature b
When e > 0 (r > b), the switch turns the heater on. When e < 0, the heater is turned off.
223,
Control Elements
Color l |
Detector Plant
() Switch |2 Toast Bread
Desired off u Toast
Toast - Color
Color
224, (a) The input to an accelerometer is acceleration. The output is displacement of a mass, voltage, or
another quantity proportional to acceleration.
(b) See Problem 1.2
(¢) The input to a thermistor is temperature. The output is an electrical quantity measured in ohms, volts,
or amperes.
(d) The input to a thermocouple is a temperature difference. The output is a voltage.
2.25. The following problems describe servomechanisms: Examples 1.3 and 1.5 in Problem 2.6, and Problems 2.7,

2.8,2.17, and 2.21.
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2.26.

ACTH Adrenal

7| Cortex Blood

Cortisol
Level

2.30. The systems of Examples 1.2 and 1.4 in Problem 2.6, and the systems of Problems 2.7, 2.8, 2.12, 2.13, 2.14,
2.15, 2.22, 2.23, and 2.26 are regulators.

231. The sampler and zero-order hold device of Example 2.9 performs part of the process required for
rectangular integration. For this simplest numerical integration algorithm, the “area under the curve” (i.e.,
the integral) is approximated by small rectangles of height u(1,) and width 7, ., — #,. This result could be
obtained by first multiplying the output of the hold device u*(¢) by the width of the interval ¢, ,, —t,,
when u*(z) is on the interval between ¢, and 1, ,,. The sum of these products is the desired result.

232,

2.33. If the stopper valve is a simple one of the type that can be only fully open or fully closed, it is an on-off
controller. But if it is that type that closes gradually as the tank fills, it is a proportional controller.



Chapter 3

Differential Equations, Difference Equations,
and Linear Systems

3.1 SYSTEM EQUATIONS

A property common to all basic laws of physics is that certain fundamental quantities can be
defined by numerical values. The physical laws define relationships between these fundamental
quantities and are usually represented by equations.

EXAMPLE 3.1. The scalar version of Newton’s second law states that, if a force of magnitude f is applied to a
mass of M units, the acceleration a of the mass is related to f by the equation f= Ma.

EXAMPLE 3.2, Ohm's law states that, if a voltage of magnitude v is applied across a resistor of R units, the
current i through the resistor is related to v by the equation v = Ri.

Many nonphysical laws can also be represented by equations.

EXAMPLE 3.3. The compound interest law states that, if an amount P(0) is deposited for n equal periods of time
at an interest rate I for each time period, the amount will grow to a value of P(n)= P(O)X1 + I)".

3.2 DIFFERENTIAL EQUATIONS AND DIFFERENCE EQUATIONS

Two classes of equations with broad application in the description of systems are differential
equations and difference equations.

Definition 3.1: A differential equation is any algebraic or transcendental equality which involves
either differentials or derivatives.

Differential equations are useful for relating rates of change of variables and other parameters.

EXAMPLE 3.4. Newton’s second law (Example 3.1) can be written alternatively as a relationship between force f,
mass M, and the rate of change of the velocity v of the mass with respect to time ¢, that is, f= M(dv/dt).

EXAMPLE 3.5. Ohm’'s law (Example 3.2) can be written alternatively as a relationship between voltage v,
resistance R, and the time rate of passage of charge through the resistor, that is, v = R(dgq/dt).

EXAMPLE 3.6. The diffusion equation in one dimension describes the relationship between the time rate of
change of a quantity T in an object (e.g., heat concentration in an iron bar) and the positional rate of change of T
aT/dx=k(dT/3dt), where k is a proportionality constant, x is a position variable, and ¢ is time.

Definition 3.2: A difference equation is an algebraic or transcendental equality which involves more
than one value of the dependent variable(s) corresponding to more than one value
of at least one of the independent variable(s). The dependent variables do not
involve either differentials or derivatives.

Difference equations are useful for relating the evolution of variables (or parameters) from one
discrete instant of time (or other independent variable) to another.

39
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EXAMPLE 3.7. The compound interest law of Example 3.3 can be written alternatively as a difference equation
relationship between P(k), the amount of money after k periods of time, and P(k + 1), the amount of money after
k + 1 periods of time, that is, P(k+ 1)=(1 + I)P(k).

3.3 PARTIAL AND ORDINARY DIFFERENTIAL EQUATIONS

Definition 3.3: A partial differential equation is an equality involving one or more dependent and
two or more independent variables, together with partial derivatives of the depen-
dent with respect to the independent variables.

Definition 3.4: An ordinary (total) differential equation is an equality involving one or more
dependent variables, one independent variable, and one or more derivatives of the
dependent variables with respect to the independent variable.

EXAMPLE 3.8. The diffusion equation dT/3x = k(dT/3t) is a partial differential equation. T = T(x, 1) is the
dependent variable, which represents the concentration of some quantity at some position and some time in the
object. The independent variable x defines the position in the object, and the independent variable ¢ defines the
time.

EXAMPLE 3.9. Newton’s second law (Example 3.4) is an ordinary differential equation: f= M(dv/dr). The
velocity v = v(r) and the force f= f(t) are dependent variables, and the time ¢ is the independent variable.

EXAMPLE 3.10. Ohm’s law (Example 3.5) is an ordinary differential equation: v = R(dq/dt). The charge
g = q(r) and the voltage v = v(t) are dependent variables, and the time ¢ is the independent variable.

EXAMPLE 3.11. A differential equation of the form:

dny dr- ly dy
a"W +a",ldtTl‘ + .- +alE +a0y=u(t)
or, more compactly,
DAL (3.1
Py dt
where a,, a,,..., a, are constants, is an ordinary differential equation. y(¢) and u(t) are dependent variables, and

t is the independent variable.

3.4 TIME VARIABILITY AND TIME INVARIANCE

In the remainder of this chapter, time is the only independent variable, unless otherwise specified.
This variable is normally designated ¢, except that in difference equations the discrete variable k is
often used, as an abbreviation for the time instant ¢, (see Example 1.11 and Section 2.5); that is, y(k)
is used instead of y(1,), etc.

A term of a differential or difference equation consists of products and/or quotients of explicit
functions of the independent variable, the dependent variables, and, for differential equations, deriva-
tives of the dependent variables.

In the definitions of this and the next section, the term equation refers to either a differential
equation or a difference equation.

Definition 3.5: A time-variable equation is an equation in which one or more terms depend
explicitly on the independent variable time.

Definition 3.6: A time-invariant equation is an equation in which none of the terms depends
explicitly on the independent variable time.
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EXAMPLE 3.12. The difference equation ky(k + 2) + y(k) = u(k), where u and y are dependent variables, is
time-variable because the term ky(k + 2) depends explicitly on the coefficient k, which represents the time ¢,.

EXAMPLE 3.13. Any differential equation of the form:
noodly m o dilu

Ya—7=Xb— (3.2)
im0 ' Do 4t
where the coefficients a,, a,,..., a,, by, b;,..., b,, are constants, is time-invariant. The equation depends implicitly
on ¢, via the dependent variables u and y and their derivatives.
3.5 LINEAR AND NONLINEAR DIFFERENTIAL AND DIFFERENCE EQUATIONS
Definition 3.7 A linear term is one which is first degree in the dependent variables and their
derivatives.
Definition 3.8: A linear equation is an equation consisting of a sum of linear terms. All others are

nonlinear equations.

If any term of a differential equation contains higher powers, products, or transcendental functions
of the dependent variables, it is nonlinear. Such terms include (dy/dt)?, u(dy/dt), and sin u, respec-
tively. For example, (5/cost)(d?y/dt?) is a term of first degree in the dependent variable y, and
2up(dy/dt) is a term of fifth degree in the dependent variables u and y.

EXAMPLE 3.14. The ordinary differential equations (dy/dt)? + y =0 and d2y/dt? + cos y =0 are nonlinear
because (dy/dt)? is second degree in the first equation, and cos y in the second equation is nor first degree, which
is true of all transcendental functions.

EXAMPLE 3.15. The difference equation y(k+2)+ u(k+ 1)y(k+ 1)+ y(k)=u(k), in which u and y are
dependent variables, is a nonlinear difference equation because u(k + 1) y(k + 1) is second degree in u and y. This
type of nonlinear equation is sometimes called bilinear in u and y.

EXAMPLE 3.16. Any difference equation
La(k)y(k+i)= 3 b(k)u(k+i) (3.3)
i=0 i=0

in which the coefficients a,(k) and b,(k) depend only upon the independent variable k, is a linear difference

equation.

EXAMPLE 3.17. Any ordinary differential equation
d dy » d'u
(t)——= ) b(1)— 3.4
La(gr= Loy (34)

where the coefficients a,(7) and b;(¢) depend only upon the independent variable ¢, is a linear differential equation.

3.6 THE DIFFERENTIAL OPERATOR D AND THE CHARACTERISTIC EQUATION

Consider the nth-order linear constant-coefficient differential equation

dny dn—ly dy
a +a,,_1F+-~+alz+aoy=u (35)
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It is convenient to define a differential operator

D= d
Codr
and more generally an nth-order differential operator
D"=
dt”

The differential equation can now be written as
Dy+a, D" 'y+ .- +aDy+ayy=u
or (D"+a, D" '+ ---+aD+ay)y=u
Definition 3.9: The polynomial in D:
D"+a, D" '+ .- +a,D+a, (3.6)
is called the characteristic polynomial.
Definition 3.10: The equation
D"+a, D" '+ - +aD+ay=0 (3.7)
is called the characteristic equation.

The fundamental theorem of algebra states that the characteristic equation has exactly n solutions
D=D, D=D,,..., D= D, These n solutions (also called roots) are not necessarily distinct.

EXAMPLE 3.18. Consider the differential equation

d’y  _dy
LA AN SO
a2 a7

The characteristic polynomial is D2+ 3D + 2. The characteristic equation is D2+ 3D +2 =0,
which has the two distinct roots: D= —1and D= —2.

3.7 LINEAR INDEPENDENCE AND FUNDAMENTAL SETS

Definition 3.11: A set of n functions of time f,(t), f,(1),..., f,(1) is called linearly independent if the

only set of constants ¢, c,, ..., ¢, for which
afilt) + e folt) + -+ +¢,f,(1)=0
for all ¢ are the constants ¢, =c¢,= --- =¢,=0.

EXAMPLE 3.19. The functions ¢ and ¢? are linearly independent functions since
at+ctt=t{c, +ct) =0

implies that ¢, /c, = —t. There are no constants that satisfy this relationship.

A homogeneous nth-order linear differential equation of the form:

n dly
— =0
an’ dr'

has at least one set of n linearly independent solutions.
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Definition 3.12:  Any set of n linearly independent solutions of a homogeneous nth-order linear
differential equation is called a fundamental set.

There is no unique fundamental set. From a given fundamental set other fundamental sets can be
generated by the following technique. Suppose that y,(z), y,(¢),..., y,(¢) is a fundamental set for an
nth-order linear differential equation. Then a set of n functions z,(2), z,(t),..., z,(1) can be formed:

2(0)= L aun(). 500 = L aun(0.2,()= E a0 (3.8)

where the a, are a set of n? constants. Each z;() is a solution of the differential equation. This set of »
solutions 1s a fundamental set if the determinant

a4y ay,
ay d4ap azy, 40
anl an2 ann

EXAMPLE 3.20. The equation for simple harmonic motion, d%y/dt? + w’y =0, has as a fundamental set

» =sinwt Y7 =COS wt
A second fundamental set is*
2, = CcOs wt + j sinw! = e/** z;=cosw! — jsinwt=e '
Distinct Roots
If the characteristic equation
L4

z a,D =

i=0
has distinct roots D), D,,..., D,, then a fundamental set for the homogeneous equation

n 1

AZ dr

is the set of functions y, =2, y, =D .|y =P

EXAMPLE 3.21. The differential equation

2
y L
— 43— +2y=0
ar’ a7
has the characteristic equation D? + 3D + 2 =0 whose roots are D=D, = —1 and D =D, = —2. A fundamental

set for this equation is y, =¢™' and y, =¢ ¥,

Repeated Roots
If the characteristic equation has repeated roots, then for each root D, of multiplicity n, (i.e., n,
roots equal to D;) there are n; elements of the fundamental set e 2! te?* ... ™~ leDr

EXAMPLE 3.22. The equation

dzy dy
— 42— +y=0
@Y

*The complex exponentiul function ", where w = u + jv for real  and v, and j =y -1, is defined in complex variable theory by
e = e“(cos v + jsinv). Therefore e * /' = cos wt + j sinwt.
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with characteristic equation D + 2D + 1 =0, has the repeated root D = —1, and a fundamental set consisting of
e "and te .

3.8 SOLUTION OF LINEAR CONSTANT-COEFFICIENT ORDINARY
DIFFERENTIAL EQUATIONS

Consider the class of differential equations of the form:

a ii{ =Y b,(—i—li

oo dtt [T,

where the coefficients a, and b, are constant, u = u(t) (the input) is a known time function, and y = y(t)
(the output) is the unknown solution of the equation. If this equation describes a physical system, then
generally m < n, and n is called the order of the differential equation. To completely specify the
problem so that a unique solution y(t) can be obtained, two additional items must be specified: (1) the
interval of time over which a solution is desired and (2) a set of n initial conditions for y(r) and its first
n — 1 derivatives. The time interval for the class of problems considered is defined by 0 < ¢ < + 0. This
interval is used in the remainder of this book unless otherwise specified. The set of initial conditions is

dy dn*ly
}’(0),;; , F

(3.9)

(3.10)

=0 =0

A problem defined over this interval and with these initial conditions is called an initial value problem.

The solution of a differential equation of this class can be divided into two parts, a free response
and a forced response. The sum of these two responses constitutes the toral response, or solution y(1), of
the equation.

3.9 THE FREE RESPONSE

The free response of a differential equation is the solution of the differential equation when the
input u(1) is identically zero.
If the input u(r) is identically zero, then the differential equation has the form:

n d'y
— =0 3.11
£a (.11

The solution y(r) of such an equation depends only on the n initial conditions in Equation (3.10).

EXAMPLE 3.23. The solution of the homogeneous first-order differential equation dy/dt + y =0 with initial
condition y(0)=c¢, is y(s)=ce . This can be verified by direct substitution. ce”* is the free response of any
differential equation of the form dy/dr + y = u with the initial condition y(0) = c.

The free response of a differential equation can always be written as a linear combination of the
elements of a fundamental set. That is, if y(r), y,(¢),..., y,(1) is a fundamental set, then any free
response y,(7) of the differential equation can be represented as

yu(1) = ¥ elt) (3.12)

i=1
where the constants c¢; are determined in terms of the initial conditions

dy dn—ly
y(O),E ,...,—EI?T

t=0 (=0
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from the set of n algebraic equations
alnfly

verrs AT
=0 dt

n—-1
md"y,
= Cc,—

313
! ( )

n d
y(0) = Z ¢,5,(0), "%

i=1

n dy
= Z Ci"i
-0 o1

The linear independence of the y,(¢) guarantees that a solution to these equations can be obtained for
€15 C25.005 €

t =0 i=1 =0

e
EXAMPLE 3.24. The free response y,(¢) of the differential equation

d’y  dy

—> +3—+2y=

dr® a T
with initial conditions y(0) =0, (dy/dt)|,, =1 is determined by letting

¥, (t) =ce” + e

where ¢, and ¢, are unknown coefficients and ™' and e~ % are a fundamental set for the equation (Example 3.21).
Since y,(?) must satisfy the initial conditions, that is,

dy,(1) dy
yu(o) =y(0)=0=CI+C2 ——dl ’-0=E'-0=1=—Cl—2('2
then ¢, =1 and ¢, = — 1. The free response is therefore given by y, (t)=e  — e 2"

3.10 THE FORCED RESPONSE

The forced response y,(1) of a differential equation is the solution of the differential equation when
all the initial conditions

dnvly
1-0,..., dt"_l

dy
0 , —
»(0), — .
are identically zero.
The implication of this definition is that the forced response depends only on the input (7). The
forced response for a linear constant-coefficient ordinary differential equation can be written in terms of
a convolution integral (see Example 3.38):

, (3.14)
i=0 dr

. m o diy(r
yb(t)=fOW(t—f)[Zb,~ ()}d‘r

where w(t— 1) is the weighting function (or kernel) of the differential equation. This form of the
convolution integral assumes that the weighting function describes a causal system (see Definition 3.22).
This assumption is maintained below.

The weighting function of a linear constant-coefficient ordinary differential equation can be written

as
n
w(t)= X cyi(1) 120
im1
=0 <0 (3.15)
where c¢,,..., ¢, are constants and the set of functions y,(1), y,(¢),..., ¥,(¢) is a fundamental set of the

differential equation. It should be noted that w(t) is a free response of the differential equation and
therefore requires n initial conditions for complete specification. These conditions fix the values of the
constants ¢y, c,,...,c, The initial conditions which all weighting functions of linear differential
equations must satisfy are

d"'w

=0, ———
d’"_l

=0

=1 (3.16)

t=0

0 =0 dw 0 d" ’w
w(0) =0, " 1_0— e T
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EXAMPLE 3.25. The weighting function of the differential equation

d?y 3 dy 5
— +3— +2y=
dr? ar YT

is a linear combination of ¢ ' and ¢” %' (a fundamental set of the equation). That is,
w(t)=ce ' +ce ¥

¢, and ¢, are determined from the two algebraic equations

dw
w(0) =0=c¢, + ¢, E’-O=l=—c,—2(2
The solution is ¢, = 1, ¢, = — 1, and the weighting function is w(t)=¢ " — ™.

EXAMPLE 3.26. For the differential equation of Example 3.25, if u(r) =1, then the forced response y,(7) of the
equation is

vi(1) =j(;lw("7)“("')d1'=f0’[e (7 e A gy

1
=e“f’e’ dr—e 2'flez'd'r——‘ 5(1 —2e " +e )
0 0

3.11 THE TOTAL RESPONSE

The total response of a linear constant-coefficient differential equation is the sum of the free
response and the forced response.

EXAMPLE 3.27. The total response y(7) of the differential equation

d’y _dy
— +3=—+2y=1
dr? a7

with initial conditions y(0) =0 and (dy/dt)|,., =1 is the sum of the free response y,(7) determined in Example
3.24 and the forced response y,(t) determined in Example 3.26. Thus

1 1
A =0 4u = (e T me M)+ S(1-2e The M) = (1-e¥)

3.12 THE STEADY STATE AND TRANSIENT RESPONSES

The steady state response and transient response are another pair of quantities whose sum is equal to
the total response. These terms are often used for specifying control system performance. They are
defined as follows.

Definition 3.13: The steady state response is that part of the total response which does not approach
zero as time approaches infinity.

Definition 3.14:  The transient response is that part of the total response which approaches zero as
time approaches infinity.

EXAMPLE 3.28. The total response for the differential equation in Example 3.27 was determined as y = § — le "

Clearly, the steady state response is given by y, =1. Since lim,_ [—te ‘]=0, the transient response is

yr=—te "
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3.13 SINGULARITY FUNCTIONS: STEPS, RAMPS, AND IMPULSES

In the study of control systems and the equations which describe them, a particular family of
functions called singularity functions is used extensively. Each member of this family is related to the
others by one or more integrations or differentiations. The three most widely used singularity functions
are the unit step, the unit impulse, and the unit ramp.

Definition 3.15: A unit step function 1(1 — ¢,) is defined by

1 for ¢t>1,
— 1) = 3.17
1t = 2) {O for t<t, ( )
The unit step function is illustrated in Fig. 3-1.
L 1(r) = (v - Ar)
Unit Step Unit Ramp 1 - A
1 at
1 —
|
| t=t ¢ | =1ty t at t
t=20 t=20
Fig. 3-1 Fig. 3-2 Fig. 3-3
Definition 3.16: A unit ramp function is the integral of a unit step function
t -1 for 1>,
fml(y—zo)df_{ 0 for 11, (3.18)
The unit ramp function is illustrated in Fig. 3-2.
Defnition 3.17: A unit impulse function §(7) may be defined by
1(:) - 1(: — Ar)
8(t)= 1 3.19)*
0= m | 319
At>0

where 1(1) is the unit step function.
At :8} may be abbreviated by Ar — 0*, meaning that Ar approaches zero from the

right. The quotient in brackets represents a rectangle of height 1 /A7 and width Ar as shown in Fig. 3-3.

The limiting process produces a function whose height approaches infinity and width approaches zero.
The area under the curve is equal to 1 for all values of Az. That is,

J7 s(yar=1

-

The unit impulse function has the following very important property:

The pair {

Screening Property: The integral of the product of a unit impulse function 8(z — #;) and a function
f(2), continuous at ¢ = ¢, over an interval which includes ¢, is equal to the function

*In a formal sense, Equation (3./9) defines the one-sided derivative of the unit step function. But neither the limit nor the
derivative exist in the ordinary mathematical sense. However, Definition 3.17 is satisfactory for the purposes of this book, and
many others.
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f(1) evaluated at ¢, that is,
7 (080t = 1) dr=£(15) (3.20)

Definition 3.18:  The unit impulse response of a system is the output y(7) of the system when the
input u(t) = 8(¢) and all initial conditions are zero.

EXAMPLE 3.29. If the input-output relationship of a linear system is given by the convolution integral

(1) =‘/(;'w(t—'r)u('r) dr

then the unit impulse response y;(t) of the system is

ya(t)=j;tw(t—1)8(1)d‘r=fj;w(t—1)8(1')d‘r=w(l) (3.21)

since w(t —1)=0 for r> ¢, 8(r)=0 for 7 <0, and the screening property of the unit impulse has been used to
evaluate the integral.

Definition 3.19: The unit step response is the output y(r) when the input u(r) = 1(¢) and all initial
conditions are zero.

Definition 3.20:  The unit ramp response is the output y(z) when the input u(s)=:¢ for t>0,
u(t) =0 for t <0, and all initial conditions are zero.

3.14 SECOND-ORDER SYSTEMS

In the study of control systems, linear constant-coefficient second-order differential equations of the
form:

y =wlu (3.22)

are important because higher-order systems can often be approximated by second-order systems. The
constant { is called the damping ratio, and the constant w, is called the undamped natural frequency of
the system. The forced response of this equation for inputs u belonging to the class of singularity
functions is of particular interest. That is, the forced response to a unit impulse, unit step, or unit ramp
is the same as the unit impulse response, unit step response, or unit ramp response of a system
represented by this equation.

Assuming that 0 < ¢ < 1, the characteristic equation for Equation (3.22) is

D2+2§wnD+w3=(D+§wn—jwnvl—gz)(D+§wn+jw"v1—§2)=0

Hence the roots are

D= —{uw,+ ju,yl -t = —a+ ju, D, = —{w"—jw,,yl—fz = —a— juwy,

where a ={w, is called the damping coefficient, and w,=w,y1 —{? is called the damped natural
frequency. « is the inverse of the time constant 7 of the system, that is, 7 =1/a.

The weighting function of Equation (3.22) is w(t) = (1/w,)e” * sin w,t. The unit step response is
given by

—at
w,e

y,(1)=f{w(t*'r)wfd¢=1~ sin(w,t + ) (3.23)
0 Wy
where ¢ = tan (w,/a).

Figure 3-4 is a parametric representation of the unit step response. Note that the abscissa of this

family of curves is normalized time w, !, and the parameter defining each curve is the damping ratio {.
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Fig. 3-4

3.15 STATE VARIABLE REPRESENTATION OF SYSTEMS DESCRIBED BY LINEAR
DIFFERENTIAL EQUATIONS

In some problems of feedback and control, it is more convenient to describe a system by a set of
first-order differential equations rather than by one or more nth-order differential equations. One
reason is that quite general and powerful results from vector-matrix algebra can then be easily applied
in deriving solutions for the differential equations.



50 DIFFERENTIAL AND DIFFERENCE EQUATIONS, AND LINEAR SYSTEMS [CHAP. 3

EXAMPLE 3.30. Consider the differential equation form of Newton's second law, f= M(d2x/dt?). It is clear
from the meanings of velocity v and acceleration a that this second-order equation can be replaced by two
first-order equations, v = dx/dt and f= M(dv/dt).

There are numerous ways to transform nth-order differential equations into » first-order equations.
One of these is quite prevalent in the literature, and straightforward, and we introduce only this
transformation here, to illustrate the approach. Consider the nth-order, single-input linear constant-
coefficient differential equation

a— =u
io df
This equation can always be replaced by the following n first-order differential equations:
dx,
P
dx,
P
dxn-—l
di
dx 1 Jnl 1
L= - — x|+ — 3.24
e 5] L s
where we have chosen x, = y. Using vector-matrix notation, this set of equations can be written as
B —0 1 0 0 Nl 0]
dr 1
at: 0 0 1 0 :
ar = S F R (3.24b)
dx,, a, a, a, a,_, 1
[ a | | e, e, a, a, 1] La, |
or, more compactly, as
ax Ax +b (3.24¢)
o Ax + .24¢
7 x + bu
In Equation (3.24c) x = x(7) is called the state vector, with n time functions x(¢), x,(¢)...., x,(¢) as its

elements, called the state variables of the system. The scalar input of the system is u(?).
More generally, multiinput-multioutput (MIMOQ) systems described by one or more linear constant-
coefficient differential equations can be represented by a vector-matrix differential equation of the form:

[ dx, ) [ N i N
Py a, 4ap T a, (| %1 by by v by, || w
dt
dx,
- a a e a X b b S b u
dt - pa| 22 2n 2 + 21 22 2r 2 (325a)
dx,
L d[ | La”] anZ ann_ bxnd Lbnl bn2 bnrj Lur_
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or, more compactly, as

D ax+B (3.25b)
& = Ax + Bu R

In Equation (3.25b) x is defined as in Equation (3.24c), A is the n X n matrix of constants a,;, and B is
the n X r matrix of constants b,, each given in Equation (3.25a4), and u is an r-vector of input
functions.

ij»

The Transition Matrix

The matrix equation

dd 10
dt

where @ is an n X n matrix of time functions, called the transition matrix of the differential equation
(3.24¢) or (3.25b), has a special role in the solution of vector-matrix differential equations like Equation
(3.25b). If I is the nXn identity or unit matrix, and ®(0)=17 is the initial condition of this
homogeneous equation, the transition matrix has the special solution: ®(¢) = e*’. In this case e*' is an
n X n matrix function defined by the infinite series:

AWt 438
A’ = e . .
et'=I+Ar+ o + m +
® also has the property, called the transition property, that for all ¢, t,, and t5: ®(z;, — 1,)®(1,— ;) =

®(1, - 13).

To solve the differential equation (3.24) or (3.25), the time interval of interest must be specified, for
example, 0 << +o00, and an initial condition vector x(0) is also needed. In this case, the general
solution of Equation (3.25) is

x(t) = e*x(0) + fo’ew—ﬂau(T) dr (3.26)

The initial condition x(0) is sometimes referred to as the state of the system at time t=0. From
Equation (3.26) we see that knowledge of x(0), and the input u(r) on the interval 0 <t < + o0, are
adequate to completely determine the state variables for all time ¢ > 0. Actually, knowledge of the state
of the system at any time ¢’, 0 <t’ < + 00, and knowledge of the input u(z), ¢’ <t < + oo, are adequate
to completely define the state vector x(7) at all subsequent times 1 > ¢’.

3.16 SOLUTION OF LINEAR CONSTANT-COEFFICIENT DIFFERENCE EQUATIONS

Consider the class of difference equations

n m
Y oay(k+iy= Y bu(k+i) (3.27)
i=0 i=0
where k is the integer-valued discrete-time variable, the coefficients a; and b, are constant, a, and a,,
are nonzero, the input u(k) is a known time sequence, and the output y(k) is the unknown sequence
solution of the equation. Since y(k + n) is an explicit function of y(k), y(k +1),..., y(k + n—1), then
n is the order of the difference equation. To obtain a unique solution for y(k), two additional items
must be specified, the time sequence over which a solution is desired, and a set of » initial conditions
for y(k). The time sequence for the class of problems treated in this book is the set of nonnegative
integers, that is, k =0,1,2,.... The set of initial conditions is

y(0), y(1),..., y(n—-1) (3.28)

A problem defined over this time sequence and with these initial conditions is called an initial value
problem.
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Consider the nth-order linear constant-coefficient difference equation
ylk+n)+a, ylk+n-1)+ - +a,y(k+1)+ayp(k)=u(k) (3.29)
It is convenient to define a shift operator Z by the equation
Z[y(k)) =y(k+1)
By repeated application of this operation, we obtain
Z*[y(k) =z[z[...Z[y(k)]...]] =y(k +n)
Similarly, a unity operator / is defined by
I{y(k)} =y(k)
and Z%= 1. The operator Z has the following important algebraic properties:
1. For constant ¢, Z[cy(k)] = cZ[y(k))
2. Z™y(k) + x(k)]) = Z7[ y(k)] + Z7[x(k)]
The difference equation can thus be written as
Z'[y(k) +a, 2 [ y(K)] + - +a Z[y(k)] +agy(k) = u(k)
or (Z"+a,_,Z" '+ - +a;Z +a,) [ y(k)] = u(k)
The equation
Z"+a, 2" '+ - +aZ+a,=0 (3.30)

is called the characteristic equation of the difference equation, and, by the fundamental theorem of
algebra, it has exactly n solutions: Z=2,,Z2=2,,...,Z=2,.

EXAMPLE 3.31. Consider the difference equation

y(k+2)+ —56—y(k+1) + %y(k) =u( k)

The characteristic equation is Z? + £Z + 1 = 0 with two solutions, Z= ~4 and Z= - 4.

A homogeneous nth-order linear difference equation has at least one set of n linearly independent
solutions. Any such set is called a fundamental set. As with differential equations, fundamental sets are
not unique,

If the characteristic equation has distinct roots Z,, Z,,..., Z,, a fundamental set for the homoge-
neous equation

ia,y(k+i)=0 (3.31)
i=0

is the set of functions Z¥, Z%,..., Z.

n

EXAMPLE 3.32. The difference equation
5 1
y(k+2) + gy(k+1) + Zy(k)=0

has the characteristic equation Z> + 3Z + 1 =0, withroots Z=Z; = — 1 and Z=Z, = — 1. A fundamental set of
this equation is y,(k) =(— 3)* and y,(k)=(— H)*

If the characteristic equation has repeated roots, then for each root Z, of multiplicity n,, there are
n, elements of the fundamental set Z}, kZ%, ... k"~2ZK k"~ 1Zk

EXAMPLE 3.33. The equation y(k +2) + y(k + 1) + Ly(k) = 0 with the repeated root Z = ~ { has a fundamen-
tal set consisting of (— 1)* and k(- 1)~

The free response of a difference equation of the form of Equation (3.27) is the solution when the
input sequence is identically zero. The equation then has the form of Equation (3.37) and its solution
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depends only on the n initial conditions (3.28). If y,(k), y,(k),..., y,(k) is a fundamental set, then
any free response of the difference equation (3.27) can be represented as

Yo(k)= i .y, (k)

i=1

where the constants ¢, are determined in terms of the initial conditions y;(0) from the set of » algebraic
equations:

y0)= £ (0

y\(l) = Z": ¢ y:(1)

i=1

yn=1)= T cyi(n-1) (3.32)

i=1
The linear independence of the y,(k) guarantees a solution for ¢, ¢,,..., ¢

ne

EXAMPLE 3.34. The free response of the difference equation y(k +2) + 2y(k + 1) + ty(k) = u(k) with initial
conditions y(0) =0 and y(1) =1 is determined by letting

srmef ol

where ¢, and ¢, are unknown coefficients and (— 1)* and (- 4)* are a fundamental set for the equation (Example
3.32). Since y,(k) must satisfy the initial conditions, that is,

Yu(0) =y(0) =0=1¢, + ¢,
1 1
V() =y()=1=- 26739

then ¢, = — 6 and ¢, = 6. The free response is therefore given by y, (k)= —6(— 1)* + 6(— L)*.

The forced response y,(k) of a difference equation is its solution when all initial conditions
»(0), y(1),..., y(n — 1) are zero. It can be written in terms of a convolution sum:

k~1 m

y(k) = zw(k—j)[zbiu(j+i)} k=0,1,...,n (3.33)

j=0 im0

where w(k — j) is the weighting sequence of the difference equation. Note that y,(0) = 0 by definition of

the forced response, and w(k —j)=0 for k < (see Section 3.19). If u(j)=8(j)=1 for j=0, and

8(j)=0 for j+#0, the special input called the Kronecker delta sequence, then the forced response

(k) =ys(k) is called the Kronecker delta response.

The weighting sequence of a linear constant-coefficient difference equation can be written as

o M;(1)

wk—1)= 3} ———=y,
Jj=1 anM(l) /

(k) (3.34)

where y,(k), y,(k),..., y,(k) is a fundamental set of the difference equation, M(/) is the determinant:

Y1([+1) }’2(1+1) )’n(H'l)
M(I)=)’1(1:+2) y2(1:+2) i)
n+n) yp(+n) - y(l+n)

and M;(!) is the cofactor of the last element in the jth column of M(/).
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EXAMPLE 3.35. Consider the difference equation y(k + 2) + 2y(k + 1) + Ly(k) = u(k). The weighting sequence
is given by
M, (1) M, (1)

where (k) = (= D% (k) = (= Y M) = —(= H™', M) =(-§)'"", and

w(k-1)=

M1y = E;) (’%) =i(_1)’(_1)’

Therefore

-4 ol

As for continuous systems, the total response of a difference equation is the sum of the free and
forced responses of the equation. The transient response of a difference equation is that part of the total
response which approaches zero as time approaches infinity. That part of the total response which does
not approach zero is called the steady state response.

3.17 STATE VARIABLE REPRESENTATION OF SYSTEMS DESCRIBED BY LINEAR
DIFFERENCE EQUATIONS

As with differential equations in Section 3.15, it is often useful to describe a system by a set of
first-order difference equations, rather than by one or more nth-order difference equations.

EXAMPLE 3.36. The second-order difference equation

5 1
ylk+2)+ cy(k+1) + < y(k) = u(k)
can be written as the two first-order equations:
x(k+1) =x,(k)

5 1
x(k+1)= 'gxz(k) - gx,(k) + u( k)

where we have chosen x,(k) = y(k).

Consider the nth-order, single-input, linear constant-coefficient difference equation
n
Yay(k+i)=u(k)
i=0
This equation can always be replaced by the following n first-order difference equations:
x, (k+1)=x,(k)
xy(k +1) = x3(k)

xn«l(k + 1) =xn(k)

x,(k+1)= —al[n):_:la,.xi+,(k)}+ Lu(k) (3.35a)

nl|li=0 an

where we have chosen x,(k) = y(k). Using vector-matrix notation, this set of equations can be written
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as the vector-matrix difference equation

xi(k+1) 0 . : xy(k) 0
x,(k+1) _ . . 0 x,(k) w (3.35b)
: . . 1 0
kD] | ~aya, -aa, - ~a, 1/a, [L(K) | 1/a,
or, more compactly, as
x(k +1) = Ax(k) + bu (3.35¢)

In these equations, x(k) is an n-vector element of a time sequence called the state vector, made up of
scalar elements x,(k), x,(k),..., x,(k) called the state variables of the system at time k.

In general, multiinput-multioutput (MIMO) systems described by one or more linear constant-coef-
ficient difference equations can be represented by

x(k+1)=Ax(k) + Bu(k) (3.36)
where x(k) is the state vector of the system, as above, A is an n X n matrix of constants a, , and B 18

an n X r matrix of constants b, ;, each defined as in Equation (3.25a), and u(k) is an r-vector element

of a (multiple) input sequence. Given a time sequence of interest k =0,1,2,..., and an initial condition
vector x(0), the solution of Equation (3.36) can be written as
k-1
x(k) =A4*x(0) + Y A*"'~Bu(j) (3.37)
j=0

Note that Equation (3.37) has a form similar to Equation (3.26). In general, however, 4* need not have
the properties of a transition matrix of a differential equation. But there is one very important case
when A% does have such properties, that is, where A* is a transition matrix. This case provides the basis
for discretization of differential equations, as illustrated next.

Discretization of Differential Equations

Consider a differential system described by Equation (3.26). Suppose it is only necessary to have
knowledge of the state variables at periodic time instants 1 =0, 7,27,..., k7T,...,. In this case, the
following sequence of state vectors can be written as

x(T) = eTx(0) + fOTeM—')Bu(T) dr

X(2T) = e#Tx(T) + ¢*7 [*Te#T-"Bu(r) d
T

X(KT) = e*"x((k = 1)T) + e**-07 [*7  (4T-0Buy(7) ds
(k-1)T
If we suppress the parameter T, use the abbreviation x(k) = x(kT'), and define a new input sequence by
u(k) = e"‘rf(k“)re“r”)Bu('r) dr
kT
then the set of solution equations above can be replaced by the single vector-matrix difference equation
x(k+1)=e*Tx(k) +u(k) (3.38)

Note that A’ = e*7 is a transition matrix in Equation (3.38).
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3.18 LINEARITY AND SUPERPOSITION

The concept of linearity has been presented in Definition 3.8 as a property of differential and
difference equations. In this section, linearity is discussed as a property of general systems, with one
independent variable, time . In Chapters 1 and 2, the concepts of system, input, and output were
defined. The following definition of linearity is based on these earlier definitions.

Definition 3.21: If all initial conditions in the system are zero, that is, if the system is completely at
rest, then the system is a linear system if it has the following property:

(a) If an input u,(¢) produces an output y,(r), and
(b) an input u,(r) produces an output y,(t),

(¢) then input c,u,(t) + c,u,(t) produces an output ¢, y,(1) + ¢, y,(¢) for all pairs
of inputs u,(¢) and u,(r) and all pairs of constants ¢, and c,.

Linear systems can often be represented by linear differential or difference equations.

EXAMPLE 3.37. A system is linear if its input-output relationship can be described by the linear differential
equation

n d'y m d'u
}_Zoa.(t);ﬁ—, = zgob'(')d_" (3.39)

where y = y(1) is the system output and u = u(s) is the system input.

EXAMPLE 3.38. A system is linear if its input-output relationship can be described by the convolution integral
y(t)=f°° w(t,r)u(r) dr (3.40)
— o0

where w(t, 7) is the weighting function, which embodies the internal physical properties of the system, y(¢) is the
output, and u(?) is the input.

The relationship between the systems of Examples 3.37 and 3.38 is discussed in Section 3.10.
The concept of linearity is often expressed by the principle of superposition.

Principle of Superposition: The response y(r) of a linear system due to several inputs
u, (1), uy(1),..., u,(t) acting simultaneously is equal to the sum of the responses of each input
acting alone, when all initial conditions in the system are zero. That is, if y,(¢) is the response due
to the input u,(¢), then

y(1)= % 3(0)

EXAMPLE 3.39. A linear system is described by the linear algebraic equation

y(t) = 2u (1) + uy (1)

where u,(1) =t and u,(¢) =¢* are inputs, and y(t) is the output. When 1;(1) = and u,(¢) =0, then y(t) = y,(1)
=2t When u(1)=0 and u,(s)=1%, then y(t)=y,(2) =12 The total output resulting from wu;(z)=1 and
u,(t) = 1* is then equal to

y() =y (1) +n(1)=2+7

The principle of superposition follows directly from the definition of linearity (Definition 3.21). Any
system which satisfies the principle of superposition is linear.
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3.19 CAUSALITY AND PHYSICALLY REALIZABLE SYSTEMS

The properties of a physical system restrict the form of its output. This restriction is embodied in
the concept of causality.

Definition 3.22: A system in which time is the independent variable is called causal if the output
depends only on the present and past values of the input. That is, if y(z) is the
output, then y(t) depends only on the input u(7) for values of 7 < t.

The implication of Definition 3.22 is that a causal system is one which cannot anticipate what its
future input will be. Accordingly, causal systems are sometimes called physically realizable systems. An
important consequence of causality (physical realizability) is that the weighting function w(t, 1) of a
causal linear continuous system is identically zero for 7> r; that is, future values of the input are
weighted zero. For causal discrete systems, the weighting sequence w(k —j)=0 for j > k.

Solved Problems

SYSTEM EQUATIONS

3.1. Faraday’s law states that the voltage v induced between the terminals of an inductor is equal to
the time rate of change of flux linkages. (A flux linkage is defined as one line of magnetic flux
linking one turn of the winding of the inductor.) Suppose it is experimentally determined that
the number of flux linkages A is related to the current i in the inductor as shown in Fig. 3-5. The
curve is approximately a straight line for — 1, <i < I,. Determine a differential equation, valid
for — I, <i < I,,, which relates the induced voltage v and current i.

Faraday’s law can be written as v = dA/dr. It is seen from the graph that

Ao
A=|—]i=Li —L<isl
[0

where L= A,/ is called the inductance of the inductor. The equation relating v and i is obtained by
substituting Li for A:

v=—=—(Li)=L—  where -I<i<lI,
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3.2. Determine a differential equation relating the voltage v(¢) and the current i(¢) for ¢ > 0 for the
electrical network given in Fig. 3-6. Assume the capacitor is uncharged at ¢ =0, the current i is
zero at 1 =0, and the switch S closes at ¢t =0,

+
Voltage
source v

Fig. 3-6

By Kirchhoff's voltage law, the applied voltage v(t) is equal to the sum of the voltage drops v, v,
and o, across the resistor R, the inductor L, and the capacitor C, respectively. Thus

d 1,
v=vR+vL+vC=Ri+LE+Ef0i(1)d1-

To eliminate the integral, both sides of the equation are differentiated with respect to time, resulting in the
desired differential equation:
. d?i R d i
— +R—+—==—
ar’ & C

3.3. Kepler’s first two laws of planetary motion state that:

1. The orbit of a planet is an ellipse with the sun at a focus of the ellipse.

2. The radius vector drawn from the sun to a planet sweeps over equal areas in equal times.
Find a pair of differential equations that describes the motion of a planet about the sun, using
Kepler’s first two laws.

From Kepler’s first law, the motion of a planet satisfies the equation of an ellipse:
p
yry=——/——
1+ecosf

where r and @ are defined in Fig. 3-7, and p=b?/a=a(l — €?).

Planet

pa—

_—

-—

Fig. 3-7

In an infinitesimal time dt the angle # increases by an amount ¢#. The area swept out by r over the
period dt is therefore equal to d4 = 4r?d0. The rate at which the area is swept out by 7 is constant
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34.

(Kepler's second law). Hence

dA 1 _db dé

-~ Erzz =constant  or r271t— =k
The first differential equation is obtained by differentiating this result with respect to time:

2r‘—1£d—0+r"d—20=0 or Zﬂd—0+rﬁ=0

dr dr dr? dr dt dr?

The second equation is obtained by ditTerentiating the equation of the ellipse:
_ pesind sin 8 d0
(1 +ecosf)’

Using the results that d8/dt=k/r? and (1 + ecos@) = p/r, dr/dt can be rewritten as

dr ek
— = —sinf

dt
Differentiating again and replacing r>(d6/dt) with k yields

d?r e\ [ k?
F=(;) F 6050

dr kz[p ] k2 k?

But cos 8 = (1/¢e)[ p/r — 1]. Hence

r3 2

dr? pr? pr

Substituting r(d8/dr)? for k?/r’, we obtain the required second differential equation:

d?r do\?  k? d’r do\? k?
( ) ( ) pr’

—_— —_ + — =0 —_— —_
ar’ dr pr? or dr? dt

A mathematical model for a feature of nervous system organization called lateral inhibition has
been produced as a result of the work of several authors [2, 3, 4]. Lateral inhibitory phenomena
can be simply described as inhibitory electrical interaction among laterally spaced, neighboring
neurons (nerve cells). Each neuron in this model has a response ¢, measured by the frequency of
discharge of pulses in its axon (the connection “cable” or “wire”). The response is determined by
an excitation r supplied by an external stimulus, and is diminished by whatever inhibitory
influences are acting on the neurons as a result of the activity of neighboring neurons. In a
system of n neurons, the steady state response of the kth neuron is given by

G=hi— Zak:.

i=]

where the constant a,_, is the inhibitory coefficient of the action of neuron i on k. It depends
only on the separation of the kth and ith neurons, and can be interpreted as a spatial weighting
function. In addition, a,, = a_,, (symmetrical spatial interaction).

(a) If the effect of neuron i/ on & is not immediately felt, but exhibits a small time lag Az, how
should this model be modified?

(b) If the input r(¢) is determined only by the output ¢,, A¢ seconds prior to ¢ [r.(t) =
¢, (t — At)], determine an approximate differential equation for the system of part (a).

(a) The equation becomes

a() =r(0) - ¥ ay_ (1~ Ar)

i=1
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3.6.
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(b) Substituting ¢, (r — Ar) for r, (1),

(1) —c(r—At) = - Z"‘, a,_.c;(1—Ar)

iw]
Dividing both sides by Ay,
¢ (1) — (21— Ar) 5 i
At "2( At )CI(’—AI)

j=1

The left-hand side is approximately equal to dc,/dt for small Ar. If we additionally assume that
¢, (t— Ar) = ¢ (1) for small At, then we get the approximate differential equation

+ 3 (%) a0 =0

i=1

dck
di

Determine a mathematical equation describing the sampled-data output of the ideal sampler
described in Definition 2.12 and Example 2.8.

A convenient representation of the output of an ideal sampler is based on an extension of the concept
of the unit impulse function 8(r) into an impulse train, defined for ¢ > 0 as the function

mr(0) =8(1) +8(t—0)+8(1—t) + - = 3 8(1—1,)
k=0
where 1, =0 and 1, ,, > t,. The sampled signal u*(t) is then given by
w() =u()mpr (1) =u(e) ¥ 8(1-1,)
k=0

The utility of this representation is developed beginning in Chapter 4, following the introduction of
transform methods.

Show how the simple R-C network given in Fig. 3-8 can be used to approximate the sample and
(zero-order) hold function described in Example 2.9.

This system element operates as follows. When the sampling switch S is closed, the capacitor C is
charged through the resistor R, and the voltage across C approaches the input u(¢). When S is opened, the
capacitor cannot release its charge, because the current (charge) has nowhere to dissipate, so it holds its
voltage until the next time S is closed. If we describe the opening and closing of the switch by the simple

S
R
- A
" WWW "
u(t) m-— c Yool 1)
Fig, 3-8

function:
mg(1) = 1 if S is closed
s 0 if S is open
we can say the current through R and C is modulated by mg(1). In these terms, we can write

i) = ms(oy L=2)
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3.7.

and, since i = Cdy,;,/dt, the differential equation for this circuit is

o (“ )’Ho) mg (1)

i\ RC

We note that this is a time-varying differential equation, due to the multiplicative function mg() on the
right-hand side. Also, as RC becomes smaller, that is, 1/RC becomes larger, dy;,/dt becomes larger and
the capacitor charges faster. Thus a smaller RC in this circuit creates a better approximation of the sample
and hold function.

If the sampler in the previous problem is ideal, and the sampling rate is uniform, with period T,
what is the differential equation?

The ideal sampler impulse train modulating function m;(¢) was defined in Problem 3.5. Thus the
differential equation of the sample and hold becomes

fyf (“ y”°)kz‘, 8(t— kT)

In this idealization, impulses replace current pulses.

CLASSIFICATIONS OF DIFFERENTIAL EQUATIONS

3.8.

3.9,

Classify the following differential equations according to whether they are ordinary or partial.
Indicate the dependent and independent variables.

dx dy N _
(a) E+;j—+x+y 0 x=x(t) y=y(1)
a )
(b) —f+a—f+X+y=0 f=7(x, y)
Yy
3[ dx
©  Zlox f=xi+ o
df_ e dy
(d) ik f—J’(x)+;

(a) Ordinary; independent variable ¢; dependent variables x and y.

(b) Partial; independent variables x and y; dependent variable f.

(c) Since df/dx=2x, then (d/dt)[df/3x] = 2(dx/dt) =0, which is an ordinary differential equation;
independent variable ¢; dependent variable x.

(d) df/dx=2y(dy/dx)+ d*y/dx* = x, which is an ordinary differential equation; independent variable
x; dependent variable y.

Classify the following linear differential equations according to whether they are time-variable or
time-invariant. Indicate any time-variable terms.

d?y 1 \d¥% 1

(a) 7-&-2)’ 0 (¢) (t-f-_l)?-’-(t—‘{-_l)y:o
d d?y

(B) Z)=0 (@) —+Eosn)y=0

(a) Time-invariant.

(b) (dydt)(t*y) =2ty + t*(dy/dt) = 0. Dividing through by ¢, t(dy/dt) + 2y =0 which is time-variable.
The time-variable term is ((dy/dt).

(¢) Multiplying through by r + 1, we obtain d?y/dt® + y = 0 which is time-invariant.

(d) Time-variable. The time-variable term is (cos ) y.
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3.10. Classify the following differential equations according to whether they are linear or nonlinear.
Indicate the dependent and independent variables and any nonlinear terms.

dy d?y .
(a) e +y=0 y=y(@) (d) (cost);;+(sm2t)y=0 y=y(1)
dy dly
(b) Y +y=0 y=y@) (e) (cosy)7+sm2y=0 y=y()
t
dy dly
() -(—17+y2=0 y=y(t) (f) (cosx)W+51n2x=0 y=y(1), x=x(1)

(a) Linear; independent variable t; dependent variable y.

(b) Nonlinear; independent variable t; dependent variable y; nonlinear term y(dy/dt).

(¢) Nonlinear; independent variable r; dependent variable y; nonlinear term 2.

(d) Linear; independent variable #; dependent variable y.

(e) Nonlinear; independent variable ¢; dependent variable y; nonlinear terms (cos y) d*y/dr? and sin2 y.

(f) Nonlinear; independent variable ¢; dependent variables x and y; nonlinear terms (cos x) d%y/dt?
and sin2x.

3.11. Why are all transcendental functions not of first degree?

Transcendental functions, such as the logarithmic, trigonometric, and hyperbolic functions and their
corresponding inverses, are not of first degree because they are either defined by or can be written as infinite
series. Hence their degree is in general equal to infinity. For example,

oo xZn‘l x3 xS
. _ _ n—l—= _ -
sinx= 3 (-1) an- T a T

n=1

where the first term is first degree, the second is third degree, and so on.

THE CHARACTERISTIC EQUATION

3.12. Find the characteristic polynomial and characteristic equation for each system:
oi+

3 dly dYy dly  d’ .

Mathcaa  (a) }t—4+9'd—ty+7y=u (b) W+9W+7y=smu

(a) Putting D" =d"/di" for n=2 and n=4, the characteristic polynomial is D*+ 9D? + 7; and the
characteristic equation is D* + 9D + 7=0.

(b) Although the equation given in part (b) is nonlinear by Definition 3.8 (the term sin u is not first
degree in u), we can treat it as a linear equation if we arbitrarily put sin u = x, and treat x as a second
dependent variable representing the input. In this case, part (b) has the same answer as
part (a).

3.13. Determine the solution of the characteristic equation of the preceding problem.

ol
- Let D’ = E. Then D* = E?, and the characteristic equation becomes quadratic:
Mathead
9+vy53 -9+v53
E*+9E+7=0 E= - and D=t\/ ———

2 2
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LINEAR INDEPENDENCE AND FUNDAMENTAL SETS

3.14.

3.15.

Show that a sufficient condition for a set of n functions f, f,,..., f, to be linearly independent
is that the determinant

h f fa
. /)

dt dr dt
dn-lfl dn—lf2 dn—ln
dr" ! "t 4!

be nonzero. This determinant is called the Wronskian of the functions f|, f,,.... f,.

Assuming the f; are differentiable at least » ~ 1 times, let n — 1 derivatives of
afiteaft+ o+, f,=0

be formed as follows, where the ¢, are unknown constants:

¢ % < % + - % =0

Yt tdr " dt

drt—lfl dn-lf2 dn-l :
Cl d’n~l Cz d’n—l + o c'l d’n—l =0

These equations may be considered as n simultaneous linear homogeneous equations in the n unknown
constants ¢, ¢,,..., C,, with coefficients given by the elements of the Wronskian. It is well known that these
equations have a nonzero solution for ¢, ¢,,...,¢, (i.e, not all ¢, are equal to zero) if and only if the
determinant of the coefficients (the Wronskian) is equal to zero. Hence if the Wronskian is nonzero, then
the only solution for ¢, ¢,,..., ¢, is the degenerate one, ¢, = ¢, = --- =¢, =0. Clearly, this is equivalent
to saying that if the Wronskian is nonzero the functions f,, f;,..., f, are linearly independent, since the
only solution to ¢, fy + ¢; 5+ -+ +¢,f,=0is then ¢, =c; =¢;= -+ =¢, =0. Hence a sufficient condi-
tion for the linear independence of f,, f;,..., f, is that the Wronskian be nonzero. This condition is not
necessary; that is, there exist sets of linearly independent functions for which the Wronskian is zero.

Show that the function 1, ¢, t? are linearly independent.

The Wronskian of these three functions (see Problem 3.14) is

1 ¢
0 1 2f=2
0 0 2

Since the Wronskian is nonzero, the functions are linearly independent.

Determine a fundamental set for the differential equations:

dy  dy  dy dly d’  dy

— +5— +8— +4y=u b)) ——+4— +6— +4y=u

dr’ dr? a7 () dr’ dr® a7

(a) The characteristic polynomial is D?+ 5D? + 8D + 4, which can be written in factored form as
(D +2)(D+2)(D+1). Corresponding to the root D, = —1 there is a solution e ‘, and

(a)
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corresponding to the repeated root D, = Dy = —2 are the two solutions e~ ?* and te~%. The three
solutions constitute a fundamental set.

(b) The characteristic polynomial is D3 + 4D? + 6D + 4, which can be written in factored form as
(D+1+j}(D+1~jD+2).
A fundamental set is then el =17/ @ =1+1 and ¢~ 2!,

3.17. For the differential equations of Problem 3.16, find fundamental sets different from those found

Zi in Problem 3.16.
% (a) Choose any 3 X 3 nonzero determinant, say

Using the elements of the first row as coefficients a,; for the fundamental set ¢/, e~ 2', re~ % found in
Problem 3.16, form

Zi=e ' +2e7 ¥ —pe ¥
Using the second row, form

;= -3¢ ' +2e7 ¥
From the third row, form

zyme T+ 3"~ 2 U

The functions z,, z,, and z, constitute a fundamental set.
(b) For this equation generate the second fundamental set by letting

2:

z,=e
1 (~14+) 1 (-1-4) ! e_j’+ejl
zym —el T T4 el T T =T ————
22 2 2
cost—jsint+cost+jsint _
=¢ ! 3 =e "cost

Voo b ciope o €2
=—¢ - —e =e
Y 2 2

=e 'sint

_[cost+jsint—cost+jsint
=e
2j

The coefficient determinant in this case is

1 0 0
6 1 1
2 2 |=-—
o 1 1 2j
2j 2j



CHAP. 3] DIFFERENTIAL AND DIFFERENCE EQUATIONS, AND LINEAR SYSTEMS

SOLUTION OF LINEAR CONSTANT-COEFFICIENT ORDINARY
DIFFERENTIAL EQUATIONS

3.18. Show that any free response y,(t) =XI_ ¢, y(t) satisfies L7_oa,(d'y/dt') = 0.

By the definition of a fundamental set, y, (1), k=1,2,..., n, satisfies X}_,a,(d'y,/dt') = 0.
Substituting £} _ ¢, y, (¢) into this differential equation yields

YA(’)]

i=0 k=1 k=1 i=0

n d n n n d! n
E a,;[ ) Ck}’k(’)] = Z ) “i?("k)’k(’)) = E "k[z a,
i=0 T k=1 t

The last equality is obtained because the term in the brackets is zero for all .

3.19. Show that the forced response given by Equation (3.14)

o) = fw(r—ﬂ[f "';fj’]d,

i=0

satisfies the differential equation
Z m  dly
a: I
=0 dt ioo ar

For simplification, let r(1)=X™ b, (d'u/dt'). Then y,(1) = fiw(t—7)r(7)dr and

dy, aw(1 aw(r
%= O(a—)r('r) dr+w(t—1)r(r) -l=f’—(a—lr('r) dr+0-r(r)
Similarly,
d? y,, (Bw(t—1) d"“y,, 8" w(t—1)
—z* —f ——————r('r) dr,.. v =-/0 pyeEn r(t)dr
since, by Equanon ( 3.16),
dw(t—-r d'w(t
( ) = () =0 for i=0,1,2,...,n—-2
ar dr'
T=y t=0
The nth derivative is
d"y, 9"w(t—1) 3" 'w(t—1) w(r—1)
T dr s @ =f0———r( 7) d7+r(1)
since, by Equation (3.16),
3" tw(t-r1) d" 'w(t)
n-1 = n-1 =1
at Te=7r dt t=0

The summation of the n derivatives is

;- aﬂ—f[ "0 .aw('” )]r(r)dr+r(1)

-0 | dr
Finally, making the change of variables t — 7 = § in the bracketed term yields

noaw(8) A d'w(f)
lg:()a ae’ - igoai dé’ -

because w(#) is a free response (see Section 3.10 and Problem 3.18). Hence

Za -=r(t) Zb.

i=0 i=0
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3.20. Find the free response of the differential equation

it

'ﬁ dy d?y dy
sthead +4d2+67+4y—u
with initial conditions y(0) =1, (dy/dl)|,_o=0, and (d?y/dt?)|,_.o= — 1.

From the results of Problems 3.16 and 3.17, a fundamental set for this equation is e~ %, ¢ "cost,
e~ "sin r. Hence the free response can be written as

v, (1) =ce”2 + e cost+ cye”  sin ¢
The initial conditions provide the following set of algebraic equations for ¢, c,, ¢;:

@, d’y,
& l_0=—2c,—c2+c3=0 2 =4c, —2¢;= -1

=0

Y(0)=c;+c;=1

from which ¢, = 1, ¢; = 1, ¢, = 1. Therefore the free response is

(1) = le’2’+ le"cost+ 3e"sint
“ 2 2 2

3.21. Find the weighting function of the differential equation

i+

3 dy dy du

ﬁ 44— +4y=3—+2
athced dr? ar YTy T

The characteristic equation is D? + 4D + 4 = (D + 2)2 = 0 with the repeated root D = —2. A funda-
mental set is therefore given by e~ ', te” %, and the weighting function has the form

w(t) =ce ¥ + cyte %

with the initial conditions
-2 -2r dw -2t - -2
W(0)=[Cle + cyte ”,_0=c,=0 7 =[—2qe + c,e” " = 2cyte ”’_0=cz=l
=0

Thus w(t)=te

3.22. Find the forced response of the differential equation (Problem 3.21):

'ﬁ dy dy du
athcad 71[_2+4"1—t+4y=3-“1'{+2u

where u(t)y=e %, t20.

The forced response is given by Equation (3.14) as
du du
w(1) ==/0’w(t—'r)[3z + Zu] d‘r=3f01w(t—‘r)z d'r+2‘£)‘w(t—1')ud'r

Integrating the first integral by parts,

' du . cow(t—r
fow(t—'r)zq—_d‘r=w(t—1')u('r)|0—f0%ud7
Iw
=w(0)u(t) —w(t)u(0) - j (t )ud‘r

But w(0) = 0; hence the forced response can be written as

y(t) = f[ +2w(r—-r)]u('r) dr - 3w(1)u(0)
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3.23.

3.24.

From Problem 3.21, w(r— 1) = (¢ - 1)e”2¢~"); hence

[_3 aw(t—1)

3 +2W(t—r)] =3 M0 —4(1—T1)e T
T

and the forced response is

13 t 14
y(t) = 3e"2’f e’ dr — 4te‘2'f ele 3 dr + 4e” 2’[ rele 3 dr - 3te™ ¥
0 0 0

=7[e—21 _ e—3r _ te—Zl]

Find the output y of a system described by the differential equation

dy _dy
43— 42y=1+41
T Y

with initial conditions y(0) =0 and (dy/dt)|,_,=1.

Let u; =1, u, = t. The response y due to u, alone was determined in Example 3.27 as y, = 4(1 — e ?").
The free response y, for the differential equation was found in Example 3.24 to be y,=¢ '~ ¢ %, The
forced response due to wu, is given by Equation (3./4). Using the weighting function determined in
Example 3.25, the forced response due to u, is

¥ =f'w(t ~1)uy(1)dr= f'[e"'*” —e X rdr
0 0

t t 1
=e ' [re"dr—e [ 1 dr==[de " —e ¥ +21-3
k frerdr=3l 1
Thus the forced response is
1
Yo=Nntn= Z[4e" -3¢ ¥+ 21-1]
and the total response is

1
y=ya+y,,=z[8e"—7e“2’+2t— 1]

Find the transient and steady state responses of a system described by the differential equation

dy &y
— 43— +2y=1+
dr? dt Y g

with the initial conditions y(0) =0 and (dy/dt)|,_, = 1.

The total response for this equation was determined in Problem 3.23 as
1
y= Z[Se"’ —Te ¥ +21-1]

Since lim, _ _[4(8e™' — 7e”%)] =0, the transient response is y; = (8¢ ' — 7¢”%'). The steady state re-
sponse is y, =1(2r-1).

SINGULARITY FUNCTIONS

3.25.

Evaluate: (a) [&28(¢ — 6) dt, (b) [#sintd(1—T) dt.

(a) Using the screening property of the unit impulse function, [f128(r — 6) dt = 12|, = 36.
(b) Since the interval of integration 0 < ¢ < 4 does not include the position of the unit impulse function
t=7, then [fsint8(z—T)dt=0.
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3.26.

3.27.
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Show that the unit step response y,(¢) of a causal linear system described by the convolution
integral

y(r)=fo'w(t—f)u(«)df

is related to the unit impulse response yg(¢) by the equation y, (1) = fjys(7) d7.

The unit step response is given by y,(¢) = Jgw(z — T)u(r)dr, where 1(¢) is a unit step function. In
Example 3.29 it was shown that y,(r) = w(¢). Hence

n(0) = [nt=n)u(r) dr=['y(c=7) dr

Now make the change of variable § =t — 7. Then dr = —d8, r =0 implies # =, r = implies # =0, and
the integral becomes

yi(1) = = [0(8) db = [',(8) db

Show that the unit ramp response y.(7) of a causal linear system described by the convolution
integral (see Problem 3.26) is related to the unit impulse response y,(¢) and the unit step
response y,(¢) by the equation

t t T
w0 = [r(ryde = [ [5(8) db dr
Proceeding as in Problem 3.26 with w(t — 7) = y;(¢t — 1) and r changed to 1 — 1’, we get
t t
y(1) = ['n(e=ryrdr= [((1= o) (r) dv' = [op(7) dr' = [7'55(7) dv

From Problem 3.26, the first term can be written as f{y(7") d7’=ty,(t). The second term can be
integrated by parts, yielding

! ’ ’ ’ ’ ’ 4 ’ 14
[rn(eydr=rn()o= [n(r) dr
where dy,(7') = y;(7") dv’. Therefore

70 =01 = 00 + [ () de' = [ () o

Again using the result of Problem 3.26, we obtain the required equation.

SECOND-ORDER SYSTEMS

3.28.

Show that the weighting function of the second-order differential equation
d’y dy
7 + 2w, — + wly = wlu
is given by w(t) = (1/w,)e”* sinw,t, where a = {w,, w,=w,y1 -2, 0<{ <1
The charactenistic equation
D*+ 24w, D+ wl=0

has the roots

D, = —{w, +jo,l — ¢ = —a+ju,

D, = —tw, —jufl -t = —a—ju,
One fundamental set is y, = e~ *e/*«, y, = e~ *¢™/*'; and the weighting function can be written as

w(t) = cje e /' + c,e” e v
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3.29.

3.30.

where ¢, and ¢, are, as yet, unknown coefficients. w(¢) can be rewritten as
w(1) =e [ ¢, cos wyt ~ je sinw,t + ¢; cos wyt + jo, sinw, 1]
=(c+c,)e Mcoswyt+j(c; —¢) e sinwyt
=Ae ™ cos w,;t + Be™*' sinwyt

where A = ¢, + ¢, and B=j(c; — ¢,) are unknown coefficients determined from the initial conditions given
by Equation (3.16). That is,

w(0) = de™* cos w1 + Be™* sinw1]|,_, =4 =0
dw

d J—
an dt|,_,

=Be *'[w, cos w,t — asinw,t]| _ = Bw, =1

1
Hence w(t) = —e “sinw,t
Wy

Determine the damping ratio {, undamped natural frequency w,, damped natural frequency w,,
damping coefficient «, and time constant 7 for the following second-order system:

d’y  dy
2—+4— +8y=28u
dr? ar
Dividing both sides of the equation by 2, d2y/dt* + 2(dy/dt) + 4y = 4u. Comparing the coefficients
of this equation with those of Equation ( 3.22), we obtain 2{w, = 2 and «? = 4 with the solutions w, = 2 and

¢=1=05Nowuw,=wyl-¢?=y3,a=¢w,=1,and r=1/a=1.

The overshoot of a second-order system in response to a unit step input is the difference between
the maximum value attained by the output and the steady state solution. Determine the
overshoot for the system of Problem 3.29 using the normalized family of curves given in Section
3.14.

Since the damping ratio of this system is { = 0.5, the normalized curve corresponding to § = 0.5 is used.
This curve has its maximum value (peak) at w,¢=3.4. From Problem 3.29, w, = 2; hence the time ¢, at
which the peak occurs is ¢, =3.4/w, =3.4/2=1.7 sec. The value attained at this time is 1.17, and the

overshoot is 1.17 — 1.00=0.17.

STATE VARIABLE REPRESENTATION OF SYSTEMS DESCRIBED BY LINEAR
DIFFERENTIAL AND DIFFERENCE EQUATIONS

3.31.

Put the differential equation
d?y

dr?
with initial conditions y(0) =1 and (dy/dt)|,.o = —1, into state variable form. Then develop a
solution for the resulting vector-matrix equation in the form of Equation (3.26) and, from this
specify the free response and the forced response. Also, for u(t) =1, specify the transient and
steady state responses.

Letting x, =y and dx, /dt = x,, the state variable representation is dx,/dr = x, with x,(0)=1, and
dx,/dt = u with x,(0) = ~ 1. The matrices 4 and B in the general equation form (3.25) are

_fo 1 _fo
=[5 o] e=[1]
Since A* =0 for k > 2, the transition matrix is

At _ = 1 t
e''=T+ At [O 1]
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3.32.
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and the solution of the state variable equation can be written as

x,(t) [1 t” l] 1 (e~+)]] O
= +
[xz(t)] 0 1j[-1 [) 0 1 u(7) dr
or, after multiplying the matrices in each term,

x1(1)=l—t+f0'(t—'r)u('r) dr
xz(t)=—1+j(;'u(‘r)d'r

The free responses are
x,(t)=1-1

xla( t) =-1
and the forced responses are

x,{1) =j(:(t—'r)u(1') dr
x2(1) = j(;tu('r) dr

For u(t)=1, x;()=1—1t+ 1*/2 and x,(t)= —1+ . The transient responses are x;r(t) =0 and x,,(1)
=0 and the steady state responses are x; (t)=1—t+1*/2and y, ()= —1+1.

Show that the weighting sequence of the difference equation (3.29) has the form of Equation
(3.34).

The technique used to solve this problem is called variation of parameters. It is assumed that the forced
response of Equation (3.29) has the form:
wlk) = X ¢, (k) y, (k)
J=1
where y,(k),...,y,(k) is a fundamental set of solutions and ¢,(k),...,c, (k) is a set of unknown
time-variable parameters to be determined. Since y, (0) = 0 for any forced response of a difference equation,
then ¢,(0) =0,...,c,(0) = 0. The parameter c,(k + 1) is written as ¢;(k + 1) = ¢, (k) + Ac, (k). Thus

y(k+1)= i cj(k)yj(k+ 1)+ i Ac,(k)y(k+1)
Jj=1 j=1

The increments Ac,(k),..., Ac,(k) are chosen such that the term in the brackets is zero. This process is
then repeated for y,(k + 2) so that

y(k+2) = i ¢,(k)y(k+2) + [ i ch(k)y/(k+2)}

=1 =1

Again the bracketed term is made zero by choice of the increments Ac)(k),..., Ac,(k). Similar expressions
are generated for y,(k + 3), y,(k + 4),..., y,(k + n—1). Finally,

J=1 j=1

wk+n)=13% c,(k)y(k+n)+ [ Yy Ac,(k)y,(k+ n)]
In this last expression, the bracketed term is not set to zero. Now the summation in Equation (3.29) is

Yap(k+i)y=Y (k) L ay(k+i)+a, ¥ Ac(k)y,(k+n)=u(k)
i=0 Jj=1 i=0 J=1
Since each element of the fundamental set is a free response, then

n
Ea,yj(k+i)=0
i=0
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for each j. A set of n linear algebraic equations in n unknowns has thus been generated:

¥ Ac,(k)y,(k+1)=0
j=1

i Ac,(k)y(k+2)=0

=1

u(k)

Zch(k)}r/(k+n)=
j=1 "
Now Ac; (k) can be written as
M; (k) u(k)
4900 =400 e,
where M(k) is the determinant
n(k+1) p(k+1) - p(k+1)
M(k)=y1(k.+2) n(k+2) oo p(k+2)
n(k+n) wlk+n) - y(k+n)

M;(k) is the cofactor of the last element in the jth column of this determinant. The parameters
¢(k),...,c,(k) are thus given by

k-1 k-1 Al/([) u([)
c = A =
)= 2 ag(D= X Sy

The forced response then becomes

= S M (1) u())

wk)=Y ¥ — (k)
j=1 [=0 M(l) a,
k=L M (1)
J
= v, (k) |u(l
[go I:jgl anM([) j( )] ( )
This last equation is in the form of a convolution sum with weighting sequence
o M)
w(k—1)= Ly (k
)= L amn

LINEARITY AND SUPERPOSITION

3.33. Using the definition of linearity, Definition 3.21, show that any differential equation of the form:

Y a,(0)

i=0

- = U
i

d'y
dr

where y is the output and u is the input, is linear.

Let 4, and u, be two arbitrary inputs, and let y, and y, be the corresponding outputs. Then, with all
initial conditions equal to zero,
- = d'y,

d'y,
E:Oa,(t)w =u and E:Oa,(t)W =u,
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Now form

g + oty = ¢ [E (n2h ] [2 (od”]

i=0
u d' (Clyl i d'(cz)’z)
- 1§0 ( ) g dr'
= Z (’) ("1)’1"'02)’)

Since this equation holds for all ¢, and c,, the equation is linear.

3.34. Show that a system described by the convolution integral
[o2]
y(0)= [ w(e,m)u(r)dr
—oQ

is linear, y is the output and u the input.

Let u, and u, be two arbitrary inputs and let
o] oc
n= [T wem(nyde = [ () u(n) de
Y -0
Now let cu; + c,u, be a third input and form

f_oomw(t, MNeau(r) + quy(7)] dr = clf_oooow(!, )u(r)dr+ czf:cw(t, 1)u,(7) dr

=antoany

Since this relationship holds for all ¢, and ¢,, the convolution integral is a linear operation (or
transformation).

3.35. Use the Principle of Superposition to determine the output y of Fig. 3-9.

uy = cos 2t

Fig. 3-9

For u, =u, =0, y,=5(d/dt)(sint) =5cost. For uy =u, =0, y, =5(d/dt)(cos2t) = —10sin2t. For
u, =u, =0, y, = — 512 Therefore

y=y +y,+y=5(cost—2sin2r - 1?)

3.36. A linear system is described by the weighting function
w(t,7)=e 1" forall ¢, 7
Suppose the system is excited by an input
u(t)=¢ forall ¢
Find the output y(¢).



CHAP. 3|

The output is given by the convolution integral (Example 3.38):

© ’ ® -
y(1) =j e_"‘"‘rd‘r=f e"“‘"fd‘r+f e Trdr
- 00 ~ 00 1

1 o0
-e”’f erdr+ e’f e "rdr

— 00 t

=e"[e'(r— l)lt.m] +e'ler(=r=1)[7] =2

CAUSALITY

3.37.

338.

3.39.

3.40.

341

342

343.

3.44.

Two systems are defined by the relationships between their inputs and outputs as follows:
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System 1: The input is u(¢) and at the same instant of time the outputis y(¢)=u(t+7T), T> 0.
System 2: The input is u(¢) and at the same instant of time the output is y(¢)=u(r —T), T>0.

Are either of these systems causal?

In System 1, the output depends only on the input T seconds in the future. Thus it is not causal. An

operation of this type is called prediction.

In System 2, the output depends only on the input T seconds in the past. Thus it is causal. An

operation of this type is called a time delay.

Supplementary Problems

Which of the following terms are first degree in the dependent variable y = y(#)? (@) %y, (b) tan p,

(¢) cost, (d) e, (e) te™".

Show that a system defined by the equation y = mu + b, where y is the output, u is the input, and m and b

are nonzero constants, is nonlinear according to Definition 3.21.

Show that any differential equation of the form

n d'y il d'u
PRIOEERWIOE

satisfies Definition 3.21. (See Example 3.37 and Problem 3.33).

Show that the functions cost and sin ¢ are linearly independent.

Show that the functions sin nt and sin k¢, where n and k are integers, are linearly independent if n # k.

Show that the functions ¢ and ¢* constitute a fundamental set for the differential equation

d2
tz—d’—f-—-Zt% +2y=0

Find a fundamental set for

dy dy
ar —dt—2—+21~d—t- +26y=u



Chapter 4

The Laplace Transform and the z-Transform

4.1 INTRODUCTION

Several techniques used in solving engineering problems are based on the replacement of functions
of a real variable (usually time or distance) by certain frequency-dependent representations, or by
functions of a complex variable dependent upon frequency. A typical example is the use of Fourier
series to solve certain electrical problems. One such problem consists of finding the current in some part
of a linear electrical network in which the input voltage is a periodic or repeating waveform. The
periodic voltage may be replaced by its Fourier series representation, and the current produced by each
term of the series can then be determined. The total current is the sum of the individual currents
(superposition). This technique often results in a substantial savings in computational effort.

Two very important transformation techniques for linear control system analysis are presented in
this chapter: the Laplace transform and the z-transform. The Laplace transform relates time functions to
frequency-dependent functions of a complex variable. The z-transform relates time sequences to a
different, but related, type of frequency-dependent function. Applications of these mathematical
transformations to solving linear constant-coefficient differential and difference equations are also
discussed here. Together these methods provide the basis for the analysis and design techniques
developed in subsequent chapters.

4.2 THE LAPLACE TRANSFORM

The Laplace transform is defined in the following manner:

Definition 4.1: Let f(¢) be a real function of a real variable ¢ defined for ¢ > 0. Then
2f(1)] =F(s) = lim fo(t)e"‘dt = fwj(t)e"‘dl O<e<T
Pt ”
is called the Laplace transform of f(z). s is a complex variable defined by
s =0+ jw, where 0 and w are real variables* and j=v—-1.

Note that the lower limit on the integral is ¢ = ¢ > 0. This definition of the lower limit is sometimes
useful in dealing with functions that are discontinuous at ¢ = 0. When explicit use is made of this limit,
it will be abbreviated ¢ = lim,_ e =07, as shown above in the integral on the right.

The real variable ¢ always denotes time.

Definition 4.2: If f(t) is defined and single-valued for 1 > 0 and F(o) is absolutely convergent for
some real number g, that is,

o T
/ |f(£)]|e "dt = lim f |f(t)le %" dt < + o0 O<e<T
[\ 7(':80 €

then f(¢) is Laplace transformable for Re(s) > g,.

*The real part ¢ of a complex variable s is often written as Re(s) (the real part of s) and the imaginary part w as Im(s) (the
imaginary part of s). Parentheses are placed around s only when there is a possibility of confusion.

74
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EXAMPLE 4.1. The function e ' is Laplace transformable since
1

oc

1

fwle"le"”"' dt=fme"“"“"dt=——e’““’"" = < +o0
0* 0+ —(1+ay) S R
ifl+0,>00rg,>—1.
EXAMPLE 4.2. The Laplace transform of e™" is
Lle '] =f°°e"e"" dt = ——— e+ i = ! for Re(s)> -1
0* (s+1) o St1

4.3 THE INVERSE LAPLACE TRANSFORM

The Laplace transform transforms a problem from the real variable time domain into the complex
variable s-domain. After a solution of the transformed problem has been obtained in terms of s, it is
necessary to “invert” this transform to obtain the time domain solution. The transformation from the
s-domain into the r-domain is called the inverse Laplace transform.

Definition 4.3: Let F(s) be the Laplace transform of a function f(t¢), ¢ > 0. The contour integral

1 ¢+ joc
-1 = - st
LFE] =1(0) = 7 [ F(s)emds
where j=V—-1 and ¢ >0, (0, as given in Definition 4.2), is called the inverse
Laplace transform of F(s).

It is seldom necessary in practice to perform the contour integration defined in Definition 4.3. For
applications of the Laplace transform in this book, it is never necessary. A simple technique for
evaluating the inverse transform for most control system problems is presented in Section 4.8.

44 SOME PROPERTIES OF THE LAPLACE TRANSFORM AND ITS INVERSE

The Laplace transform and its inverse have several important properties which can be used
advantageously in the solution of linear constant-coefficient differential equations. They are:

1. The Laplace transform is a linear transformation between functions defined in the r-domain
and functions defined in the s-domain. That is, if Fi(s) and F,(s) are the Laplace transforms
of f,(1) and f,(t), respectively, then a,F,(s) + a,F,(s) is the Laplace transform of a, f,(r) +
a, f,(t), where a, and a, are arbitrary constants.

2. The inverse Laplace transform is a linear transformation between functions defined in the
s-domain and functions defined in the z~domain. That is, if f,(¢) and f,(¢) are the inverse
Laplace transforms of Fi(s) and F,(s), respectively, then b, f,(t)+ b,f,(¢) is the inverse
Laplace transform of b,F(s) + b, F,(s), where b, and b, are arbitrary constants.

3. The Laplace transform of the derivative df /dt of a function f(¢) whose Laplace transform is
F(s)is

2| Z|-srt5)-100%)

where f(07) is the initial value of f(r), evaluated as the one-sided limit of f(r) as ¢
approaches zero from positive values.
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The Laplace transform of the integral [;f(7) dr of a function f(r) whose Laplace transform is
F(s)is

F(s)

t
L4 T)dr|=
[0e]
The initial value f(0*) of the function f(¢) whose Laplace transform is F(s) is
f(or) = lin})f(t)= lim sF(s) >0
t— s

This relation is called the Initial Value Theorem.
The final value f(oc) of the function f(¢) whose Laplace transform is F(s) is

f(e0) = Tim f(2) = lim sF(s)

f(1) exists. This relation is called the Final Value Theorem.
The Laplace transform of a function f(t/a) (Time Scaling) is

t
.‘Z’[[(;” = aF(as)
where F(s)=2[f(1)].

The inverse Laplace transform of the function F(s/a) (Frequency Scaling) is

2] ot

if lim

t— ¢

where L7 F(s)] = f(1).

The Laplace transform of the function f(t — T) (Time Delay), where T>0 and f(+—T)=0
fort<T,is

L[f(t-T)} =eTF(s)
where F(s)=2[f(1)]
The Laplace transform of the function e™*f(t) is given by
L[e ()] = F(s +a)
where F(s)=2[f(1)] (Complex Translation).

The Laplace transform of the product of two functions f(t) and f,(t) is given by the complex
convolution integral

1 c+joo
LI LM = 5 [T F(@) s~ w) do
where F\(s) =Z[fi(1)], K(s)=2L(f,(1)].
The inverse Laplace transform of the product of the two transforms Fi(s) and F,(s) 1s given by
the convolution integrals

L E()FR)] = [ f(n =1y dr= [ fi(Dfi(1=1) dr
0 0
where ..S?"[Fl(s)] = f1(2), .?“[Fz(s)] =£,(1).

EXAMPLE 4.3. The Laplace transforms of the functions ™' and e *' are L[e ‘|=1/(s+1), Lle M=
1/(s + 2). Then, by Property 1,

1 25+ 5
1 s+2 s2+3s+2

3
P3¢ e ] =32 ] - L[ V] =
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EXAMPLE 4.4. The inverse Laplace transforms of the functions 1/(s + 1) and 1/{s + 3) are

g—l[ 1 ]__:e—l _?-l[ 1 ]=e~31
s+1 s+3
Then, by Property 2,
.?‘l[ 2 - 4 ]=2.§’_1[—1—— —4.?”[—1—]=29"'~4e‘3'
s+1 s+3 s+1 s+3

EXAMPLE 4.5. The Laplace transform of (d/dr)(e”") can be determined by application of Property 3. Since
Lle '1=1/(s+1) and lim, _, se~ =1, then

'?[gi(e_')] =s(si1) -1= s_+11

EXAMPLE 4.6. The Laplace transform of fje”” d7 can be determined by application of Property 4. Since

Lle '1=1/(s + 1), then
S DY SRR DU
.Z’[_/(‘)e dT]_s(s+l)_s(s+1)

EXAMPLE 4.7. The Laplace transform of e~ is #[e¥]=1/(s +3). The initial value of e * can be
determined by the Initial Value Theorem as

1
lime ¥ = lim s( )=1
t—0 s— 00 s+3

EXAMPLE 4.8. The Laplace transform of the function (1 —e™‘) is 1/s(s + 1). The final value of this function
can be determined from the Final Value Theorem as

lim (1 -e"') = lim ——— =
JAm (1=e™) = Im v D)

EXAMPLE 4.9. The Laplace transform of e~’ is 1 /(s + 1). The Laplace transform of ¢~ ¥ can be determined by
application of Property 7 (Time Scaling), where a=4:

a1 1 1
“Ae1=3| g

EXAMPLE 4.10. The inverse transform of 1/(s+1) is e ‘. The inverse transform of 1/({s+1) can be
determined by application of Property 8 (Frequency Scaling):

P | =3
is+1

EXAMPLE 4.11. The Laplace transform of the function e’ is 1 /(s + 1). The Laplace transform of the function
defined as

_Je -2 t>2
f(1) { 0 t<2

can be determined by Property 9, with T'=2;
-2

Lf()]=e L[] =

s+1

EXAMPLE 4.12. The Laplace transform of cost is s/(s?+1). The Laplace transform of e~ >'cos: can be
determined from Property 10 with a = 2:

s+2 s+2

Lle *cost] = — =
(s+2)°+1 s +45+5




78 THE LAPLACE TRANSFORM AND THE z-TRANSFORM [CHAP. 4

EXAMPLE 4.13. The Laplace transform of the product e ' cos¢ can be determined by application of Property
11 (Complex Convolution). That is, since £[e *']=1/(s+ 2) and £[cost}=s/(s> + 1), then

B} 1 ¢+ joo w 1 s+2
Zle “"cost] =— ( ~ ) — | do=———
20 je \w+1/\s—w+2 sS+d4s+ 5

The details of this contour integration are not carried out here because they are too complicated (see, c.g.,
Reference [1]) and unnecessary. The Laplace transform of e %' cost was very simply determined in Example 4.12
using Property 10. There are, however, many instances in more advanced treatments of automatic control in which
complex convolution can be used effectively.

EXAMPLE 4.14. The inverse Laplace transform of the function F(s)=s/(5 + 1)(s? + 1) can be determined by
application of Property 12. Since £ '{1/(s+ 1)]=¢ ' and £ '{s/(s> + 1)] = cost, then

1 s . ) |
&£ 1[( )( )]=[ e Ncostdr=e ,f e costdr=1(cost+sint—e ')
+ 0.

s+1/\s2+1

4.5 SHORT TABLE OF LAPLACE TRANSFORMS

Table 4.1 is a short table of Laplace transforms. It is not complete, but when used in conjunction
with the properties of the Laplace transform described in Section 4.4 and the partial fraction expansion
techniques described in Section 4.7, it is adequate to handle all of the problems in this book. A more
complete table of Laplace transform pairs is found in Appendix A.

TABLE 4.1
Time Function Laplace Transform
Unit Impulse (1) 1
1
Unit Step 1(1) -
s
] 1
Unit Ramp t -
)
n!
Polynomial " P
s
1
Exponential e !
s+a
w
Sine Wave sinwi 5 5
$°+ w
s
Cosine Wave cos wt SR
$C+ w”
- . w
Damped Sine Wave e ¢ sinwt -
(s+a) +w
. s+a
Damped Cosine Wave e ' coswt T
(s+a) +w

Table 4.1 can be used to find both Laplace transforms and inverse Laplace transforms. To find the
Laplace transform of a time function which can be represented by some combination of the elementary
functions given in Table 4.1, the appropriate transforms are chosen from the table and are combined
using the properties in Section 4.4.
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EXAMPLE 4.15. The Laplace transform of the function f(t)=e * +sin(t—2) + t%~2" is determined as
follows. The Laplace transforms of e %, sin ¢, and ¢? are given in the table as

,Q’[e""]=si4 .St’[sint]=sz+1 ..‘Ef’[lz]=s—23
Application of Properties 9 and 10, respectively, yields
Lsin(1—-2)] = ::‘2‘ Llle V] = —2—;
st+1 (s+2)
Then Property 1 (Linearity) gives
e 2

1
LUOl= gt e (s+2)°

To find the inverse of the transform of a combination of those in Table 4.1, the corresponding time
functions (inverse transforms) are determined from the table and combined appropriately using the
properties in Section 4.4.

EXAMPLE 4.16. The inverse Laplace transform of F(s)=[(s+2)/s>+4]- e * can be determined as follows.
F(s) is first rewritten as

F( se”* 2e°
= — 4+ ——
$) s?+4  s2+4
Now
H
,Sf’l[ 5 ]=cos2t Z = = sin2¢
s°+4 s +4
Application of Property 9 for ¢ > 1 yields
se”* 2e7"
£ = =cos2(t—1) Z = =sin2(r— 1)
s°+4 s +4

Then Property 2 (Linearity) gives
L HF(s)]) =cos2(t—1) +sin2(¢—1)  t>1
=0 1<l

4.6 APPLICATION OF LAPLACE TRANSFORMS TO THE SOLUTION OF LINEAR
CONSTANT-COEFFICIENT DIFFERENTIAL EQUATIONS

The application of Laplace transforms to the solution of linear constant-coefficient differential
equations is of major importance in linear control system problems. Two classes of equations of general
interest are treated in this section. The first of these has the form:

n di
Za,gtz,:u (4.1)

i=Q

where y is the output, u is the input, the coefficients a,, a,,..., a,_,, are constants, and a, = 1. The
initial conditions for this equation are written as

d*y
dr*

= yk k=0,1,....,n—1

t=0"

where y/X are constants. The Laplace transform of Equation (4./) is given by

n i-1
)y [a, s'Y(s)- X s"‘”yok)]= U(s) (4.2)
i=0 k=0
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and the transform of the output is

n

i—1
i-1-k, k
U(S) z Eais yo

Y(s) = ———— + =255 (4.3)
Y a;s' Y as'
i=0 i=0

Note that the right side of Equation (4.3) is the sum of two terms: a term dependent only on the input
transform, and a term dependent only on the initial conditions. In addition, note that the denominator
of both terms in Equation (4.3), that is,

n
Yas=s"+a, s" '+ +as+a,
i=0

1s the characteristic polynomial of Equation (4.1) (see Section 3.6).
The time solution y(r) of Equation (4.1) is the inverse Laplace transform of Y(s), that is,

n

i—-1
i—1-k  k
U(S) Z Z as Yo
+

K7 i=0 k=0

Y as Y as

=0 1=0

y()y=2"1 (4.4)

The first term on the right is the forced response and the second term is the free response of the system
represented by Equation (4.1).

Direct substitution into Equations (4.2), (4.3), and (4.4) yields the transform of the differential
equation, the solution transform Y(s), or the time solution y(r), respectively. But it is often easier to
directly apply the properties of Section 4.4 to determine these quantities, especially when the order of
the differential equation is low.

EXAMPLE 4.17. The Laplace transform of the differential equation

d’y  dy
—= +3— +2y=1(t) = unit st
dr? a7 (¢) = unit step
with initial conditions y(0*)= —1 and (dy/dt)|,.,+=2 can be written directly from Equation (4.2) by first
identifying n, a,, and y}: n=2, 0= -1, yy=2, ay=2, a, =3, a,=1. Substitution of these values into
Equation (4.2) yields
1 —(s?+s5-1)
2Y+3(sY+1) +1(s?Y+5-2)=— or (s?+35+2)¥=——"1+
s s

It should be noted that when i = 0 in Equation (4.2), the summation interior to the brackets is, by definition,

i-1 k=1
rf =¥ =0
k=0|,uq k=0

The Laplace transform of the differential equation can also be determined in the following manner. The
transform of d’y/de* is given by

dZ
.?[d—’f] =52Y(s) —sp(0*) —%

1=0*

This equation is a direct consequence of Property 3, Section 4.4 (see Problem 4.17). With this information the
transform of the differential equation can be determined by applying Property 1 (Linearity) of Section 4.4; that is,

d’y dy d%y dy , 1
.?[F +3E+2y]—.?[? +¥ 3;; +Z[2y]=(s +3s+2)}’+s+1—.9’[1(1)]—;



CHAP. 4] THE LAPLACE TRANSFORM AND THE z-TRANSFORM 81

The output transform Y(s) is determined by rearranging the previous equation and is
—(s*+s5-1)
s(s?+35+2)

Y(s)

The output time solution y(¢) is the inverse transform of Y(s). A method for determining the inverse transform of
functions like Y(s) above is presented in Sections 4.7 and 4.8.

Now consider constant-coefficient equations of the form:

nodly m o diy
— = b— 4.5
an' dr' igo tar' (43)

where y is the output, u is the input, a,=1, and m < n. The Laplace transform of Equation (4.5) is
given by

[a,.(s")’(s) - ii s"l_"yol‘)]= i [bi(s’U(s) - ;ios’_l‘kug)] (4.6)

k=0 i=0

it-

1

where u¥ = (d*u/dt*)|,.q+ The output transform Y(s) is

m m i—1 n i—1
Y bs' Y Ybs rug X YasT
Y(s) = | 52— |U(s) - =275 + 120G (4.7)
Za,s‘ Za,si Zalsi
=0 i=0 i=0

The time solution p(t) is the inverse Laplace transform of Y(s):

m m i-1 n i—1
Z b;s' Z Z bisi_l_k“g Z E aisl_l_k)’(;‘
y(0) =& SE—U(s) - T N (4.8)
Y as Y as’ Y as
i=0 i=0 i=0

The first term on the right is the forced response, and the second term is the free response of a system
represented by Equation (4.5).

Note that the Laplace transform Y(s) of the output y(1) consists of ratios of polynomials in the
complex variable s. Such ratios are generally called rational (algebraic) functions. If all initial conditions
in Eq. (4.8) are zero and U(s) = 1, (4.8) gives the unit impulse response. The denominator of each term
in (4.8) is the characteristic polynomial of the system.

For problems in which initial conditions are not specified on y(¢) but on some other parameter of
the system (such as the initial voltage across a capacitor not appearing at the output), y&, k=0,1,...,
n — 1, must be derived using the available information. For systems represented in the form of Equation
(4.5), that is, including derivative terms in u, computation of y& will also depend on u{. Problem 4.38
illustrates these points.

The restriction n > m in Equation (4.5) is based on the fact that real systems have a smoothing
effect on their input. By a smoothing effect, it is meant that variations in the input are made less
pronounced (at least no more pronounced) by the action of the system on the input. Since a
differentiator generates the slope of a time function, it accentuates the variations of the function. An
integrator, on the other hand, sums the area under the curve of a time function over an interval of time
and thus averages (smooths) the vanations of the function.

In Equation (4.5), the output y is related to the input u# by an operation which includes m
differentiations and # integrations of the input. Hence, in order that there be a smoothing effect (at
least no accentuation of the variations) between the input and the output, there must be more (at least
as many) integrations than differentiations; that is, n > m.
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EXAMPLE 4.18. A certain system is described by the differential equation
d*y  du dy
PRy y(07) =—
dt dr d| _,.

where the input « is graphed in Fig. 4-1. The corresponding functions du/dt and

y(t)=f0'+j(.:%dad0=foiu(0)d0

are also shown. Note from these graphs that differentiation of u accentuates the variations in u while integration
smooths them.

“ %:- |=j;'u(0)d9
1-—-—- 1 ey — e = — = = — —,
‘ I
|
| |
‘ }
H 2 3 t L : 3t 1 : 3 M
] |
I I
S I Y N T
Fig. 4-1

EXAMPLE 4.19. Consider a system described by the differential equation

dly du

—5 +3—+2y=—+3

di’ a T a7t
with initial conditions y; = 1, yj = 0. If the input is given by u(¢) = e™*, then the Laplace transform of the output
¥(1) can be obtained by direct application of Equation (4.7) by first identifying m, n, a,, b, and u$: n=2, ay=12,
a =3 a,=1, m=1,u)=1lim,_ e *=1, b,=3, b, = 1. Substitution of these values into Equation (4.7) yields

Y(s)=( s+3 )( 1 )+ s+3 1

s2+3s5+2 \s+4)  s2435+2 s2+35+2

This transform can also be obtained by direct application of Properties 1 and 3 of Section 4.4 to the differential
equation, as was done in Example 4.17.

The linear constant-coefficient vector-matrix differential equations discussed in Section 3.15 also
can be solved by Laplace transform techniques, as illustrated in the following example.

EXAMPLE 4.20. Consider the vector-matrix differential equation of Problem 3.31:
‘E =Ax + bu

[ a(e) _[0 1] _[0] _[ 1]

x(l)—[xz(r) A= 0 0 b= 1 x(0) = -1

and with u = 1(r), the unit step function. The Laplace transform of the vector-matrix form of this equation is

where

sX(s) — x(0) = AX(s) + ;b

where X(s) is the vector Laplace transform whose components are the Laplace transforms of the components of
x(t). This can be rewritten as

[sT— A)X(s) =x(0) + %b
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where I is the identity or unit matrix. The Laplace transform of the solution vector x(¢) can thus be written as

X(s) =[s - A]'x(0) + %[sl—A]‘lb

! represents the inverse of the matrix. Since

4=l -1
sIA[O s]

where [-]”

then

1
-1_ s 1
[sT-4])" = 32[0 s]
Substituting for [sI — 4]}, x(0), and b gives

s—1

1
2 3
X(s)=| ° + sl

$ SZ

where the first term is the Laplace transform of the free response, and the second term is the Laplace transform of
the forced response. Using Table 4.1, the Laplace transform of these vectors can be inverted term by term,
providing the solution vector:

() -+ 22
x(t)_[ ~1() +1¢ ]

4.7 PARTIAL FRACTION EXPANSIONS

In Section 4.6 it was shown that the Laplace transforms encountered in the solution of linear
constant-coefficient differential equations are rational functions of s (i.e., ratios of polynomials in s). In
this section an important representation of rational functions, the partial fraction expansion, is
presented. It will be shown in the next section that this representation greatly simplifies the inversion of
the Laplace transform of a rational function.

Consider the rational function

m N
Y bst
F(s)= 50— (4.9)
Y as
i=0
where a, =1 and n > m. By the fundamental theorem of algebra, the denominator polynomial equation
Yas'=0
i=0
has n roots. Some of these roots may be repeated.

EXAMPLE 4.21. The polynomial s* + 552 + 85 -+ 4 has three roots: —2, —2, —1. —2 is a repeated root.

Suppose the denominator polynomial equation above has n, roots equal to —p,, n, roots equal to
—Pys-.., 1, roots equal to —p,, where £/_,n,=n. Then

Y as'=T1(s+p)"

i=0 i=1
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The rational function F(s) can then be written as
Y bs'
F(s)= —t=
I_I (s+p) "

i=1
The partial fraction expansion representation of the rational function F(s) is
F(s)=b+ ¥ Z
i=1 k=1 (s +P.)
where b, = 0 unless m = n. The coefficients c,, are given by

1

Cix = (—n":—k‘)—,dy,,-k[(ﬁp,) 'F(s)]

S==Ppi

The particular coefficients ¢, i =1,2,...,r, are called the residues of F(s) at
none of the roots are repeated, then

F(s)=

im=]1 +pl

where C;1=(5+P1)F(s)|:--p,

EXAMPLE 4.22. Consider the rational function
s24+25+2 s14+25+2

F(s) = 243542 (s+1)(s5+2)

The partial fraction expansion of F(s) is
€2

F(s)=b,+ +l+s+2

-pn i=12,...,

[CHAP. 4

(4.10a)

(4.10b)

r. If

(4.11a)

(4.11b)

The numerator coefficient of s? is b, = 1. The coefficients ¢;; and c;, are determined from Equation (4.11b) as

(s + 1) F(s)| s242s5+2 )
(s + =— =
n=(s+1) (3);--1 42 L
2N F ‘ sT+25+2 5
= + =" = —

n =(s+2) (5),-_2 s+ 1 .

H F( 1+ ! 2
ce = - _
en $) s+1 542
EXAMPLE 4.23. Consider the rational function
1

Fs) = (s +1)%(s +2)

The partial fraction expansion of F(s) is

471 €2 €31

F(s) = b, + + +
() =h+ (s+1)F  s+2
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The coefficients by, ¢, ¢|5, ¢;; are given by

by =0

d 2
C“-E(J*‘l) F(S)‘-_l=zs+2 ‘-_l= -1
1
a,=(s+1) F(s)ls__l il l===1
ey =(s+2)F(s)|,- ., =
1 1 1
Thus F(s)=-

+ +
s+1 0 (s+1)F s+2

4.8 INVERSE TRANSFORMS USING PARTIAL FRACTION EXPANSIONS

In Section 4.6 it was shown that the solution to a linear constant-coefficient ordinary differential
equation can be determined by finding the inverse Laplace transform of a rational function. The general
form of this operation can be written using Equation (4.10) as

nt )
Z bisl r n,

G-+ Z Z =b8(1)+ L X T tkTler (4.12)
Yas' i=0 k=1 (s+ P.) im1 k= 1("—1)
i=0

where 8(¢) is the unit impulse function and b, = 0 unless m = n. We remark that the rightmost term in
Equation (4./2) is the general form of the unit impulse response for Equation (4.5).

fay s

EXAMPLE 4.24. The inverse Laplace transform of the function

F s2425+2
()= G706+
is given by
sT+25+2 ) 1 2 1]+ _g! 8( e t—2e 2
NG DG s+1 s+2 1] ) +eri-2e
which is the unit impulse response for the differential equation:
d¥y dy d*u _du
—~ 4+ -—
P 3dt 2y p 2d +2u

EXAMPLE 4.25. The inverse Laplace transform of the function

1
Fls)= (s+1)%(s+2)

is given by

1 1 1 1
Y I S et i .\ N
[(s+1)2(s+2)] [ s+17 (s+1) s+z]

= _e—r+te—:+e—21

i [(s+l) s+2
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49 THE z-TRANSFORM

The z-transform is used to describe signals and components in discrete-time control systems. It is
defined as follows:

Definition 4.4: Let { f(k)} denote a real-valued sequence f(0), f(1), f(2),..., or equivalently, f(k)
for k=0,1,2,.... Then

2(f(k)} = F(z)= ¥ f(k)z4
k=0

is called the z-transform of { f(k)}. z is a complex variable defined by z = p + jv,

where p and » are real variables and j=v-1.

Remark 1: The kth term of the series in this definition is always the kth element of the
sequence being z-transformed times z %,

Remark 2: Often { f(k)} is defined over equally spaced times: 0, T,2T,..., kT,..., where T is

a fixed time interval. The resulting sequence is thus sometimes written as { f(kT)},
or f(kT), k=0,1,2,..., and Z{f(kT)} =XF_of(kT)z %, but the dependence on
T is usually suppressed. We use the variable arguments k and kT interchangeably
for time sequences, when there is no ambiguity.

Remark 3: The :z-transform is defined differently by some authors, as the transformation
z= ¢, which amounts to a simple exponential change of variables between the
complex variable z=p + j» and the complex variable s =0 + jw in the Laplace
transform domain, where T is the sampling period of the discrete-time system. This
definition implies a sequence { f(k)}, or { f(kT)}, obtained by ideal sampling
{sometimes called impulse sampling) of a continuous signal f(r) at uniformly spaced
times kT, k=1,2,.... Then s=1Inz/T, and our definition above, that is, F(z) =
T f(kT)z~*, follows directly from the result of Problem 4.39. Additional rela-
tionships between continuous and discrete-time systems, particularly for systems
with both types of elements, are developed further beginning in Chapter 6.

EXAMPLE 4.26. Theseries F(z)=1+z"'+4z"2+ -+« +z ¥+ ... is the z-transform of the sequence f(k) =1,
k=0,1.2,....

If the rate of increase in the terms of the sequence { f(k)} is no greater than that of some geometric
series as k approaches infinity, then { f(k)} is said to be of exponential order. In this case, there exists a
real number ~ such that

F(z2)= T f(k)z™*
k=0

converges for |z| > r. r is called the radius of convergence of the senies. If r is finite, the sequence
{ f(k)} is called z-transformable.

EXAMPLE 4.27. The series in Example 4.26 is convergent for |z} > 1 and can be written in closed form as the
function

F(z)= for |z|>1

1-z7!

If F(z) exists for |z| > r, then the integral and derivative of F(z) can be evaluated by operating term by term
on the defining series. In addition, if

F(z)= Y (k)% for (2>
k=0

and F(z)= Y filk)z"%  for |z >n
k=0
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then
] k ) k
F(z)E(z) = z ( Zofl(k_i)fz(i))z_k = kZO( 2 k- i)fl(i))z"‘
k=0 \ i= - =0

The term T4_, f,(k — i) f,(i) is called the convolution sum of the sequences { f,(k)} and { f,(k)}, where the radius
of convergence is the larger of the two radii of convergence of F(z) and F(z).

EXAMPLE 4.28. The derivative of the series in Example 4.26 is
EI_:= e S Y S Sy Sl UL D R

dz
The indefinite integral is

/F(z)dz=z+lnz—z“+

EXAMPLE 4.29. The z-transform of the sequence f,(k)=2*, k=0,1,2,..., is
F(2)=1+42z""+422+4 ...
for |z| > 2. Let F,(z) be the z-transform in Example 4.26. Then
o0 k oc
F(z2)R(z)= X ( )y 1k—12')2_k= Y (' -1z F for |z >2
k=0

k=0 \i=0

The z-transform of the sequence f(k) = A%, k=0,1,2,..., where 4 is any finite complex number,
is
Z{A*)=14+Az7"+ 4%+ ---
1 z

T1-4:7' z-4
where the radius of convergence r = |[4|. By suitable choice of 4, the most common types of sequences
can be defined and their z-transforms generated from this relationship.

EXAMPLE 4.30. For A =e*’, the sequence { 4*} is the sampled exponential 1, e*7, %7, ..., and the z-trans-
form of this sequence is

1

1-— eaTzfl

4 {eakT} =
with radius of convergence r = |¢*7|.

The z-transform has an inverse very similar to that of the Laplace transform.

Definition 4.5: Let C be a circle centered at the origin of the z-plane and with radius greater than
the radius of convergence of the z-transform F(z). Then

1
2-1[F(z)] = { f(k)} = mjcr(z)zk_ldz
is the inverse of the z-transform F(:z).

In practice, it is seldom necessary to perform the contour integration in Definition 4.5. For
applications of z-transforms in this book, it is never necessary. The properties and techniques in the
remainder of this section are adequate to evaluate the inverse transform for most discrete-time control
system problems.

Following are some additional properties of the z-transform and its inverse which can be used
advantageously in discrete-time control system problems.

1. The z-transform and its inverse are linear transformations between the time domain and the
z-domain. Therefore, if { fi(k)} and F,(z) are a transform pair and if { f,(k)} and F,(z)are a
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transform pair, then {a,f,(k) + a,f,(k)} and a,F,(z) + a,F,(z) are a transform pair for any
a, and a,.

2. If F(z) is the z-transform of the sequence f(0), f(1), f(2),...,then
2"F(z) = 27f(0) 2" f (1) = -+ = zf(n 1)

is the z-transform of the sequence f(n), f(n+1), f(n+2),..., for n> 1. Note that the kth
element of this sequence is f(n + k).

3. 'The initial term f(0) of the sequence { f(k)} whose z-transform is F(z) is
f(0)= lim (1-z"")F(z) = F(o0)
Z =00

This relation is called the Initial Value Theorem

4. Let the sequence { f(k)} have the z-transform F(z), with radius of convergence <1.
Then the final value f(o0) of the sequence is given by

feo) = lim (1 -27") F(z)

if the limit exists. This relation is called the Final Value Theorem.
5. The inverse z-transform of the function F(z/a) (Frequency Scaling) is

z-‘[r(%)]q*f(k) k=0,1,2,...

where Z Y F(z))={f(k)).

6. If F(z) is the z-transform of the sequence f(0), f(1), f(2),..., then z 'F(z) is the z-transform
of the time-shifted sequence f(—1), f(0), f(1),..., where f(~1) = 0. This relationship is called
the Shift Theorem.

EXAMPLE 4.31. The z-transforms of the sequences {(})*} and {(})*} are Z{(})*}=z/(z- 1), and Z{(})*)

=z/(z - }). Then, by Property 1,
23 1\* 1\* 3z z
) (5 -5

EXAMPLE 4.32. The inversc z-transforms of the functions z/(z + ) and z/(z ~ 1) are

z 144 N )4
z+%]={('5) } : [z—i]={(3)}
Then, by Property 1,
2 ‘[2 . ]=2z-1[ : }—424[ : }={2(—l)k-4(l)‘}
z+14 z-1 741 z-1 2 4

EXAMPLE 4.33. The z-transform of the sequence 1,3.%,...,(3)%,... is z/(z~1). Then, by Property 2, the
z-transform of the sequence 4,%,...,(3)¥*2,. . is

22 —22—i=l :
z—14 2 4:-1}

EXAMPLE 4.34. The :z-transform of {(})*} is z/(z - }). The initial value of {(})*} can be determined by the
Initial Value Theorem as

() - {5
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EXAMPLE 4.35. The :z-transform of the sequence {1 —(3)*} is 2z/(2% - BN 1), The final value of this

4
sequence can be determined from the Final Value Theorem as
lim {1 ( ! )k lim (1 - 27! i 1
m -] - = m — —_—— | =
k— o0 4 z—1 z ) 5z

2
z —7+}

EXAMPLE 4.36. The inverse z-transform of z/(z— 1) is {(})¥). The inverse transform of (%)/(-% -1is
(2*O = (D)

For the types of control problems considered in this book, the resulting z-transforms are rational
algebraic functions of z, as illustrated below, and there are two practical methods for inverting them.

The first is a numerical technique, generating a power series expansion by long division.
Suppose the z-transform has the form:

b,2"+b,_z" '+ -+ +bz+ b,

a,z"+a,_ 2" '+ .- +az+a,

It is easily rewritten in powers of z~*

F(2) by+b, 127 4 - +byz"
z =

a,+a,_z '+ - +agz"

by multiplying each term by z~". Then, by long division, the denominator is divided into the numerator,
yielding a polynomial in z~! of the form: .
1

b, b,a,_
F(z)=—+—|b ‘
n a

-1
— z 4 .
-1

a " a,

n

EXAMPLE 4.37. The z-transform z/(z — 1) is rewritten as 1/(1 — z7! /2) which, by long division, has the form:
1 . 1\ (1Y,
—_— =l =]z | = T SN
1-z1.2 (2 z (2)2

For the second inversion method, F(z) is first expanded into a special partial fraction form and
each term is inverted using the properties previously discussed.

Table 4.2 is a short table of z-transform pairs. When used in conjunction with the properties of the
z-transform described earlier, and the partial fraction expansion techniques described in Section 4.7, it

Table 4.2
k th Term of the Time Sequence z-Transform
1 at k, O elsewhere 77k
(Kronecker delta sequence)
Z
1 (unit step sequence) -1
z
k (unit ramp sequence) —
(z-1)
F4
A* (for complex numbers A) y
z—
st Az
(z-4)
(k+1)(k+2)---(k+n—l)Ak z"
(n-1) (z-4)"
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is adequate to handle all the problems in this book. A more complete table of z-transform pairs is given
in Appendix B.

The final transform pair in Table 4.2 can be used to generate many other useful transforms by
proper choice of A and use of Property 1.

The following examples illustrate how :z-transforms can be inverted using the partial fraction
expansion method.

EXAMPLE 4.38. To invert the z-transform F(z)=1/(z + 1)(z + 2), we form the partial fraction expansion of
F(z2)/z:

F(z 1 L -1 i
()= S A

z 2(z+1)(z+2) z z41 z+42
Then

1 z 1 =2
F(Z)=E—

z+1 2242

which can be inverted term by term as

f(0)=0
f(k)=—(—1)k+%(—2)k forall k=1

EXAMPLE 4.38. To invert F(z)=1/(z + 1))(z + 2), we take the partial fraction expansion of F(z)/z:

Fo) 4, 0 -1 -}
Tz z+1 (z+1)2 z+2

4

Then

F 1 z 1 =z
(Z)_2—(z+1)2 2z+2

f(k) = —k(-1)*- %(—2)* forall k>1and f(0)=0

EXAMPLE 4.40. Using the last transform pair in Table 4.2, the z-transform of the sequence {k2/2} can be
generated by noting the following transform pairs:

{(k+1)(k+2)}...( 3

2! z—l)3
V4
(kYo ——
(z-1)
¥4
1l &
{1} o
Since
k+1)(k+2) k?
£_¢_)=__+_k+1
2 2 2
then, by Property 1,
Z{k’} 2 3z z 2(z+1)/2
N2f (-1 2(-1)} -1 (z-1)

Linear nth-order constant-coefficient difference equations can be solved using z-transform methods
by a procedure virtually identical to that used to solve differential equations by Laplace transform
methods. This is illustrated step by step in the following example.
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EXAMPLE 4.41. The difference equation
5 1
x(k+2)+ gx(k+ 1)+ gx(k) =1

with initial conditions x(0)=0 and x(1)=1 is z-transformed by applying Properties 1 and 2. By Property 1
(Linearity):

5 1
Z{x(k+2) +%x(k+1) +%x(k)} =Z{x(k+2)} + gz{x(k+1)} +g.z{x(k)} =Z{1}

By Property 2, if Z[x(k)]= X(z), then
Z{x(k+1)} =zX(z) — 2x(0) = zX(z)
Z{x(k+2)} =22X(z) - 22x(0) - zx(1) = 22X(z) -z

From Table 4.2, the z-transform of the unit step sequence is
z
z{1}=

z—1
Direct substitution of these expressions into the transformed equation then gives
2, 5 N 1 X( z
2+ ity 2)—z= p—

Thus the z-transform X{(z) of the solution sequence x(k) is
z

+
22+iz+t (z-1)(22+5z2+1)

X(z) = =X, (2) + X,(2)

Note that the first term X, (z) results from the initial conditions and the second term X(z) results from the input
sequence. Thus the inverse of the first term is the free response, and the inverse of the second term is the forced
response. The first term can be inverted by forming the partial fraction expansion

X,(2) 1 6 6
z =22+§z+é—_z+§+z+§
From this,
z
Xu(z)=—6z+% +6z+§

and from Table 4.2, the inverse of X, (z) (the free response) is

1\* 1\
xa(k)=—6(—5) +6('—§) k=0,1,2,...

Similarly, to find the forced response, the following partial fraction expansion is formed:

X,(2) i 1
z (2-D(z+1)(z+1)
1 4 _2

]
+ +
z-1 z+3%1  z+1%

2

Thus

X,(2) iz N 4z 2z
z)= -
b z—1 z+3% 24}

Then, from Table 4.2, the inverse of X, (z) (the forced response) is

k ! 4 N o L' k=0,1,2
x,,( )—2+ (—2) —5(—3) =W1,q,...
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The total response x(k) is
k k k L 2 he, 2 L' k=0,1
= + ==-=-2l-=) +=|-= =
20 =5, () + 5k =5 -2 -3 ) +5(-3) 12
Linear constant-coefficient vector-matrix difference equations presented in Section 3.17 can also be
solved by z-transform techniques, as illustrated in the following example.
EXAMPLE 4.42. Consider the difference equation of Example 4.41 written in state variable form (see Example
3.36):
x(k+1)=1x,(k)

5 1
x(k+1)=— gxz(k) - gxl(k) +1
with initial conditions x,(0) = 0 and x,(0) = 1. In vector-matrix form, these two equations are written as

x(k+1) =Ax(k) +bu(k)

where

O I A IR

u(k) = 1. The z-transform of the vector-matrix form of the equation is
V4
zX(z) — zx(0) = AX(z) + :b

where X(z) is a vector-valued :z-transform whose components are the z-transforms of the corresponding compo-
nents of the state vector x(k). This transformed equation can be rewritten as
Zz
(zI - A)X(z) =zx(0) + —_Ib
7 —
where 7 is the identity or unit matrix. The z-transform of the solution vector x(k) is

X(z) = 2(21 - 4) " 'x(0) + —

1(zI—A)_lb

z -

where (-)~! represents the inverse of the matrix. Since

z -1

then

z z
Z2+iz+4 (z=1)(22+4z+1)

X(z) = 2 + 22
22+iz41 (z~1)(2+2z+ %)

where the first term is the z-transform of the free response and the second of the forced response. Using the partial
fraction expansion method and Table 4.2, the inverse of this z-transform is

x(k)=-[ ] k=0,1,2,...
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4.10 DETERMINING ROOTS OF POLYNOMIALS

The results of Sections 4.7, 4.8, and 4.9 indicate that finding the solution of linear constant-coeffi-
cient differential and difference equations by transform techniques generally requires the determination
of the roots of polynomial equations of the form:

n
Q,(s)=YLas'=0
i=0
where a, =1, ag, q,,..., a,_,, are real constants and s is replaced by z for z-transform polynomials.
The roots of a second-order polynomial equation 52+ a;s + a,= 0 can be obtained directly from
the quadratic formula and are given by

—a, + al—-4a, —a, — Jal - 4a,
§;=
2 2
But for higher-order polynomials such analytical expressions do not, in general, exist. The expressions
that do exist are very complicated. Fortunately, numerical techniques exist for determining these roots.
To aid in the use of these numerical techniques, the following general properties of Q,(s) are given:

n=

1. If a repeated root of multiplicity n, is counted as n; roots, then Q,(s) =0 has exactly n roots
(Fundamental theorem of algebra).

2. If Q,(s) is divided by the factor s + p until a constant remainder is obtained, the remainder is
Q.(=p).

s+ p is a factor of Q,(s) if and only if Q,(—p)=0[-p is a root of Q,(s) = 0].

If o +jw (o, real) is a root of Q,(s) =0, then o — jw is also a root of @,(s)=0.

If n is odd, Q,(s)= 0 has at least one real root.

The number of positive real roots of Q,(s) =0 cannot exceed the number of vanations in sign
of the coefficients in the polynomial Q,(s), and the number of negative roots cannot exceed the
number of variations in sign of the coefficients of Q,(—s) (Descartes’ rule of signs).

o v s W

Of the techniques available for iteratively determining the roots of a polynomial equation (or
equivalently the factors of the polynomial), some can determine only real roots and others both real and
complex roots. Both types are presented below.

Horner’'s Method

This method can be used to determine the real roots of the polynomial equation Q,(s)=0. The
steps to be followed are:

1. Evaluate Q,(s) for real integer values of s, s=0, £ 1, + 2,..., until for two consecutive integer
values such as k4 and &k, + 1, Q,(ky) and Q,(k, + 1) have opposite signs. A real root then lies
between k, and ky+ 1. Assume this root is positive without loss of generality. A first
approximation of the root is taken to be k. Corrections to this approximation are obtained in
the remaining steps.

2. Determine a sequence of polynomials Q! (s) using the recursive relationship
! k, - ‘
Q,,”(s)=Qf,(W +s)= Y altls 1=0,1,2,... (4.13)
i=0
where Q%(s) = Q,(s), and the values k,, /=1,2,..., are generated in Step 3.

3. Determine the integer k, at each iteration by evaluating Q! (s) for real values of s given by
s=k/10°, k=0,1,2,...,9. For two consecutive values of k, say k, and k,,,, the values
Q,(k,/10'y and Q,(k,,,/10%) have opposite signs.
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4. Repeat until the desired accuracy of the root has been achieved. The approximation of the real
root after the Nth iteration is given by
Nk,

Sv= Z

(4.14)
o010/

Each iteration increases the accuracy of the approximation by one decimal place.

Newton’s Method

This method can determine real/ roots of the polynomial equation Q,(s)=0. The steps to be
followed are:

1. Obtain a first approximation s, of a root by making an “educated” guess, or by a technique
such as the one in Step 1 of Horner’s method.

2. Generate a sequence of improved approximations until the desired accuracy is achieved by the
recursive relationship

Q,(s)
S T T T
2 12a(s)] .
which can be rewritten as
Z": (i-1)as,
Ste1= T2 (4.15)

e
Y ia;s;”!

i=1
where /1=0,1,2,....

This method does not provide a measure of the accuracy of the approximation. Indeed, there is no
guarantee that the approximations converge to the correct value.

Lin-Bairstow Method

This method can determine both real and complex roots of the polynomial equation Q, (s)=0.
More exactly, this method determines quadratic factors of Q,(s) from which two roots can be
determined by the quadratic formula. The roots can, of course, be either real or complex. The steps to
be followed are:

1. Obtain a first approximation of a quadratic factor
s+ ays + a

of Q,(s)=21"_,a,s' by some method, perhaps an “educated” guess. Corrections to this
approximation are obtained in the remaining steps.

2. Generate a set of constants b,_,, b,_5,..., by, b_,, b_, from the recursive relationship
b y=a,~eyb, | —agb,
where b, =b,_,=0,and i=n,n-1,...,1,0.
3. Generate a set of constants ¢,_,,¢,_1,..., ¢, ¢o from the recursive relationship
€1 =b oo — ey

where ¢,=c,_ =0,and i=n,n—-1,...,1.
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4. Solve the two simultaneous equations
coday + ¢, Aag=b_,
(—aco— age;) Aay + cghag=b_,
for Aa, and Aa,. The new approximation of the quadratic factor is
s2+ (o + Aay))s + (ap + Ay)
5. Repeat Steps 1 through 4 for the quadratic factor obtained in Step 4, until successive
approximations are sufficiently close.

This method does not provide a measure of the accuracy of the approximation. Indeed, there is no
guarantee that the approximations converge to the correct value.

Root-Locus Method

This method can be used to determine both real and complex roots of the polynomial equation
Q,(s) = 0. The technique is discussed in Chapter 13.

4.11 COMPLEX PLANE: POLE-ZERO MAPS

The rational functions F(s) for continuous systems can be rewritten as

b S (b/ba)s b, TT(s+2)

i=0 i=1

F(s)=

n

Sor Hoem

i=0

where the terms s + z, are factors of the numerator polynomial and the terms s + p, are factors of the
denominator polynomial, with ¢, =1. If s is replaced by z, F(z) represents a system function for
discrete-time systems.

Definition 4.6: Those values of the complex variable s for which |F(s)| [absolute value of F(s)] is
zero are called the zeros of F(s).

Definition 4.7: Those values of the complex variable s for which |F(s)| is infinite are called the
poles of F(s).

EXAMPLE 4.43. Let F(s) be given by
F(s) = 3Zs2 —;2s—4
s°+5s°+8s+6
which can be rewritten as
s+ 1)(s—-2)

F(s) = (s+3)(s+1+)(s+1-))

F(s) has finite zeros at s= ~1 and s =2, and a zero at s = 00. F(s) has finite poles at s= -3, s= -1 -, and
s=—1+j.

Poles and zeros are complex numbers determined by two real variables, one representing the real
part and the other the imaginary part of the complex number. A pole or zero can therefore be
represented as a point in rectangular coordinates. The abscissa of this point represents the real part and
the ordinate the imaginary part. In the s-plane, the abscissa is called the o-axis and the ordinate the
jw-axis. In the z-plane, the abscissa is called the p-axis and the ordinate the jv-axis. The planes defined
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by these coordinate systems are generally called the complex plane (s-plane or z-plane). That half of the
complex plane in which Re(s) <0 or Re(z) <0 is called the left half of the s-plane or z-plane (LHP),
and that half in which Re(s) > 0 or Re(z) > 0 is called the right half of the s-plane or z-plane (RHP).
That portion of the z-plane in which |z| <1 is called (the interior of) the unit circle in the z-plane.

The location of a pole in the complex plane is denoted symbolically by a cross (), and the
location of a zero by a small circle (0). The s-plane including the locations of the finite poles and zeros
of F(s) is called the pole-zero map of F(s). A similar comment holds for the z-plane.

EXAMPLE 4.44. The rational function

F(s) (s+1)(s-2)

- (s+N(s+1+)(s+1-))

has finite poles s= —3, s= —1 —j, and s = —1 4/, and finite zeros s = —1 and s = 2. The pole-zero map of F(s)
is shown in Fig. 4-2,

jw axis

Jw o

N

) ]

|

|
> £ VY

1 A\ 4 T 4 T

-3 -2 i—1 1 2 3 o axis

!

J .

X———q- =

- -2
Fig. 4-2

4.12 GRAPHICAL EVALUATION OF RESIDUES*

Let F(s) be a rational function written in its factored form:

bml’_n[(s+z,.)
Fls) = e
n(S+P,~)

i=1
Since F(s) is a complex function, it can be written in polar form as
F(s) =|F(s)|e* =|F(s)| /¢

where |F(s)| is the absolute value of F(s) and ¢ = arg F(s) = tan~![Im F(s)/Re F(s)).
F(s) can further be written in terms of the polar forms of the factors s+ z, and s + p, as

bmnls+zi| m n
Fo- =i /| £o.- Lo,
n|S+P,-| - =1

i=1

where s+z,=[s+ 2| /¢, and s+p,=|s+p|] f(p,-p.

*While s is used to represent the complex variable in this section, it is not intended to represent the Laplace variable only but
rather to be a general complex variable and the discussion is applicable to both the Laplace and :-transforms.
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Each complex number s, z,, p,, s + z,, and s + p, can be represented by a vector in the s-plane. If p
is a general complex number, then the vector representing p has magnitude |p| and direction defined by
the angle

. Imp
=tan | ——
¢ Rep
measured counterclockwise from the positive o-axis.

A typical pole —p, and zero —z; are shown in Fig. 4-3, along with a general complex variable s.
The sum vectors s + z; and s + p; are also shown. Note that the vector s + z, is a vector which starts at
the zero —z; and terminates at s, and s + p, starts at the pole — p; and terminates at s.

Jo axis

- —Z;
Zi i

8+ 2

—Pi

—Pp; s+ p;

Fig. 4-3

For distinct poles of the rational function F(s), the residue c,, = c, of the pole —p, is given by

bm(s+pk)f11(s+z,)

ﬁ (s +p,)

i=1

Cx =(s+pk)F(s)|:-—pk =
S= =Pk

These residues can be determined by the following graphical procedure:

1. Plot the pole-zero map of (s + p, ) F(s).

2. Draw vectors on this map starting at the poles and zeros of (s + p,) F(s), and terminating at
— P4 Measure the magnitude (in the scale of the pole-zero map) of these vectors and the angles
of the vectors measured from the positive real axis in the counterclockwise direction.

3. Obtain the magnitude |c,| of the residue ¢, as the product of b,, and the magnitudes of the
vectors from the zeros to —p,, divided by the product of the magnitudes of the vectors from
the poles to —p,.

4. Determine the angle ¢, of the residue ¢, as the sum of the angles of the vectors from the zeros
to —p,, minus the sum of the angles of the vectors from the poles to —p,. This is true for
positive b,,. If b,, is negative, then add 180° to this angle.

The residue ¢, is given in polar form by
= s —
= lele’™ =il / ¢4

¢, = leilcos ¢, + flo,Isin ¢,

or in rectangular form by

This graphical technique is not directly applicable for evaluating residues of multiple poles.
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4.13 SECOND-ORDER SYSTEMS

As indicated in Section 3.14, many control systems can be described or approximated by the
general second-order differential equation

dzy

The positive coefficient w, is called the undamped natural frequency and the coefficient { is the damping
ratio of the system.

The Laplace transform of y(t), when the initial conditions are zero, is

w;
SR FErrowrwed
where U(s) = £[u(1)]. The poles of the function Y(s)/U(s) = w2/(s? + 2{w,s + w}) are

s=—tw, twyt?-1

Note that:
1. If { > 1, both poles are negative and real.
If { = 1, the poles are equal, negative, and real (s = —w,).
If 0 < { <1, the poles are complex conjugates with negative real parts (s = —{w, + jw,,y"T:—F).

If ¢ =0, the poles are imaginary and complex conjugate (s = +jw,).
If ¢ <0, the poles are in the right half of the s-plane (RHP).

kW

Of particular interest in this book is Case 3, representing an underdamped second-order system. The
poles are complex conjugates with negative real parts and are located at

s=—{w, +jwyl—§?
or at 5= —atjw,
where 1/a = 1/{w, is called the time constant of the system and w,= w1 —{? is called the damped

natural frequency of the system. For fixed w,, Fig. 4-4 shows the locus of these poles as a function of §,

0 <{ <1. The locus is a semicircle of radius w,. The angle # is related to the damping ratio by
0=cos" ¢

jw axis
Jun

______ jog

o axis

— jwg

,]'w"

A similar description for second-order systems described by difference equations does not exist in
such a simple and useful form.
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Solved Problems

LAPLACE TRANSFORMS FROM THE DEFINITION

4.1. Show that the unit step function 1(¢) is Laplace transformable and determine its Laplace
transform.

Direct substitution into the equation of Definition 4.2 yields

[+ ]

00 © 1 1
f |l(t)|e“’°'dx=f e dt=——e | =—<+o
0* 0+ 0 o+ %
for g, > 0. The Laplace transform is given by Definition 4.1:
.it’[l(l)]=fml(l)e'"dt=——le_”m=l for Res>0
o* s ot S

4.2. Show that the unit ramp function ¢ is Laplace transformable and determine its Laplace
transform.

Direct substitution into the equation of Definition 4.2 yields

o
—ogt

0 e
f [tle” ' dt=—5—(~0t—1)] =—<+o0
0 % or %
for o, > 0. The Laplace transform is given by Definition 4.1:
—st © 1
.?[t]=f°°re’“dt=e (—st—-1)] ==  for Res>0
0* 52 o S

4.3. Show that the sine function sin ¢ is Laplace transformable and determine its Laplace transform.

The integral [3< |sin f]e” %' df can be evaluated by writing the integral over the positive half cycles of

sint as
(n+1) ~fonm
L2 _ _
f sinte” ™' dt = ———[e %" +1]
nn g +1
for n even, and over negative half-cycles of sin ¢ as
( +1) —Gghm
n ., _ _
—f sinte %' dt = ———[e 7" + 1]
nw ) +1
for n odd. Then
® e "4+ ] ®
f Isin fle™ 0 df = —5—— ¥ e~
0" 9 + 1 n=0

The summation converges for e™°" < 1 or g, > 0 and can be written in closed form as

ad 1
—ognw —
ngoe L—e %"
Th fm i Tl d e ™ ! + f 0
t t = < >
en - |sin t|e 1—eo || @+1 00 or o,
Finallv. 21si o g e *(—ssint ~cost) |~ 1 for R
n s sint| = sinte” ~'dt= =
%, Llsin] j(;‘ s2+1 0r si+1 or Res>0
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4.4. Show that the Laplace transform of the unit impulse function is given by Z[8(¢)} = 1.

Direct substitution of Equation (3.19) into the equation of Definition 4.1 yields

. 1) -1t -41) | _
fob‘(t)e dt = fO‘AHO — |
211 o(r-4r) 1]1 e8]
A,—-o[-[ a- j:r ar ¢ a AI}TOA—I s s

where the Laplace transform of 1(¢) is 1/s, as shown in Problem 4.1, and the second term is obtained using
Property 9. Now
(A1s)®  (Ars)’

~Adrs 1 _ .
e 1-Ars+ 5 3

(see Reference {1]). Thus

ol i 11 e i (An)’s  (Ar)’s?
(311 = moA—r s s =ArTOA! - 2 * 3

=1

PROPERTIES OF THE LAPLACE TRANSFORM AND ITS INVERSE

4.5. Show that Zla,f(1)+a,f,(t))=a,F(s)+a,F(s), where F(s)=2[f,(1)] and F(s)=
L[ f2(1)] (Property 1).

By definition,

Llafi(1) +a, ()] = _/(:o[alfl(t) tayfo(0))e " ar
=fi°alj1(t)e”’dt+jcjazfz(t)e‘” dt
i 0

=alj:f1(t)e‘” dr + azj(:fz(t)e"” dt
=a Z[ 1(D)] +a,2[/,(1)] = a,F(s) +a,F(s)
4.6. Show that % 'a,F(s) + a,F(s)] = a,f,(t) + a,f,(t), where L [F(s)] = f,(t) and

L Fy(s)] = f,(1) (Property 2).
By definition,

1 ¢+ joo
# [aR(s) +aR()] = 3 [T aF(s) + anF(s)] e ds

1

e+ joo . c+joo .
= —2”/ "’ a F(s)e ds+ _——Zﬂjf a,F(s)e ds
- joo

1 .
¢ + joo s €+ joo 5t
—al[Zﬂjf F( s)e’ds]+a2[2"jf TR(s)e ds]

c—joo

=a) ¥ [1"1(5)]‘“12-? l[Fz 5)]=01f1(')+02f2(’)

4.7. Show that the Laplace transform of the derivative df/dt of a function f(t) is given by
Lldf/dt) = sF(s) — f(0*), where F(s) =] f(1)] (Property 3).

By definition,

o . rd
’?[E _rlin%o—/: ar€ di
—
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4.8.

4.9.

4.10.

Integrating by parts,

d
lim T—fe"’dts lim [f(t)e""l.r+Sfrf(’)"_"d’] = ~f(07) +sF(s)
e et ‘

where lim, _, ,f(€) =f(0").

Show that

.ff[jo'f(f)df]= F(:)

where F(s)=.{f(1)] (Property 4).

By definition and a change in the order of integrations, we have

y[forf("') df] =f(:j(;'f('r) d‘re‘”dt=j:of(.,)‘[“"e—udrdT

w e F
]d‘r=/;‘f('r)es dr= (:)

o 1 _”x
=f0+f(1')[-;e )

Show that f(0*)=1lim,_  f(¢) = lim, , sF(s), where F(s)=[f(t)] (Property 5).
From Problem 4.7,
4 et (7Y -
2’[;] =sF(s)-f(0*) = Tlimm]; Z° dr

=0

Now let s — o0, that is,

. . . _oqTd

Since the limiting processes can be interchanged, we have

s—'ool:T—ooc/ ‘_e_“dt]= Tlion:o € j{(slin;ef") dt

«—0

But lim, _ _e™*" = 0. Hence the right side of the equation is zero and lim, ,  sF(s)=/(0").

Show that if lim, ,  f(¢) exists then f(o0)=lim,_, f(¢) =lim, _, osF(s), where F(s)=2[f(1)]
(Property 6).

From Problem 4.7,
df rdf
g | = —- + = h st
[dt] sF(s) — f(0%) r%[ e dr
Now let 5 — 0, that is,

. R . . rdf _
lim [sF(s) - £(0 )]-ﬂ{rlimwf( —e dt}

—

Since the limiting processes can be interchanged, we have

T—x dt\s—o T—oo
€«—0 «—0

d d rd
sh;%[rlin;wfrzfe'”dt]= lim Tf( lim "’)dr= lim -fdr = () - £(0*)

Adding f(0) to both sides of the last equation yields lim, _, osF(s) = f(c0) if f(o0)=lim,_, _f(t) exists.
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4.11.

4.12.

4.13.

4.14.

4.15.

THE LAPLACE TRANSFORM AND THE :-TRANSFORM

Show that [ f(t/a)) = aF(as), where F(s)=2[f(t)] (Property 7).

By definition, L[ f(t/a)) = [§2f(t/a)e *' dt. Making the change of variable 7 =1t/a,

.ft’{f(&)] =af:f(f)e*<"“* dr = aF(as)

Show that &~ [F(s/a)] = af(at), where f(1) =%"'[F(s)] (Property 8).

By definition,
5 1 o [ S
|- LA e
a 2njle-joo \ @
Making the change of variable w =s5/a,
a

.?"[F(i)] = Eﬂ—jfc+j°°F(w)e“’("”dw=af(at)

a €~ joo

[CHAP. 4

Show that L[f(t — T)] =e *TF(s), where f(t— T)=0for t <T and F(s)=2[f()] (Property

9).
By definition,
2Ll f(1-T)] =[°°/(x- T)e-"d:=j°°f(:— T)e ™ dt
0* T
Making the change of variable 8 =1 - T,

L[f(1-T)] =f(:f(0)e”’e"7 d8 = e~*TF(s)

Show that #[e~%f(1)] = F(s + a), where F(s) =4[ f(1)] (Property 10).
By definition,

elee()] = [Tyt di= [Tf()e e di= Fs +a)

Show that
LA = 5= [ F(@) F(s - w)d
t = _
fl f2 2'”} e joo 1 w 2\ 5 w w
where Fi(s)=2[f(1)]) and Fy(s) =2 f,(¢)] (Property 11).
By definition,

LUAAN] = [T A e d

But
1 fevjom
H(n) = ;jj;-j; F(w)e“ dw

Hence

1 ® £+ joo
LI L] = Er;fm f;_}; F(w)e* dwf(1)e > dt

Interchanging the order of integrations yields

1 c+ joo ®©
LI AN = 3= [T R () [ f(0)e7 0 didw

¢ — joo
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4.16.

4.17.

Since [Rfy(1)e™ "~ di = Fy(s - w),

1 ¢+ joo
LA £(D)] =2—77]:'/;—jao F(w)E(s—w) dw

Show that

L REEO)] = [ A=) dr
where f,(1) =271 F(s)] and f,(1) =& F,(s)] (Property 12).
By definition,
1 ¢+ joo
27 R(s)R(s)] = .2_"'7'/;—;':0 R(s)FR(s)e"ds
But Fi(s)=[*fi(T)e " d7. Hence
-1 1 ¢+ joo (0 er o
£ '[R(s)F(s) =;jj:—jm j;*fl('r)e drF(s)e ds

Interchanging the order of integrations yields

o 1 ¢+ joo
LUROEG] =[5 [TTRE e () dr
Since
1 ¢+ joo
ik B ds=fy(1=1)
then LR E)] = [T A=) dr= [ (1) f(e-r) dr

where the second equality is true since f,(r —7)=0 for 7> 1.

Show that
di _ i—1 ‘
.Z’[-—y;]=s’}’(s)— Y sitltkyk
dt om0

for i > 0, where Y(s) =2[y()] and y&=(d*y/dt*)|, o
This result can be shown by mathematical induction. For i =1,

2| 2] =575 -0 =s7(5) -

as shown in Problem 4.7. Now assume the result holds for i = n — 1, that is,

-d"‘ly- n-2
2 e =s5"71Y(s) = Y s i kpk
] k=0

Then #[d"y/dt"] can be written as

dny d dn—ly ] dn‘ly dn-—ly
2| =2| | —= || =s2| — | - ——
[dt"] [dt(dt"“)A ‘g[d:"-‘ !

n-2
=S(S"“‘Y(S)— ) S""z‘kyo‘) —w T =s"Y(s) - L s
k=0

For the special case n = 2, we have Z[d%y/dt*] = s2Y(s) — 558 — 3.

103
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LAPLACE TRANSFORMS AND THEIR INVERSE FROM THE TABLE OF TRANSFORM PAIRS

4.18. Find the Laplace transform of f(1)=2e ‘cos10t —t*+ 6e 19 for 1 > 0.

From the table of transform pairs,

_, s+1 . 4! ., 1
.Y’[e COSIO!]=m g[(]=? g[e ]=m

Using Property 9, #[e” "~ '] =¢7!% /(5 + 1). Using Property 1,
2(s+1) 24 6e 0
s?425+101 s s+

'g’[f(’)] =2$[€~'005101] —.?[;‘] +6$[e_("m’] -

4.19. Find the inverse Laplace transform of

2¢70% s—1
Fi)= 57 ™ o2
for t > 0.
2 2 s—1 s—-1
sT_6s+13  (s—3) '+ 22 sT-25+2  (s—1)0+1
The inverse transforms are determined directly from Table 4.1 as
1 s—1
.‘?“[#—2—]=e3’sin21 ! —2]=e’cost
(s-3)" +22 (s-1)°+1

Using Property 9, then Property 2, results in

(1) = —e'cost 0<r<05
RITRLE Sin2(1 - 0.5) —e'cost t>0.5

LAPLACE TRANSFORMS OF LINEAR CONSTANT-COEFFICIENT

DIFFERENTIAL EQUATIONS
4.20. Determine the output transform Y(s) for the differential equation
ﬁ ﬂ+3ﬂ_é{+6 —d_z“_u
athead de’ @t @ T At
where y = output, ¥ = input, and initial conditions are
dy d’y
yoy==| =0 =3[ -1
dr|,_o+ dt 10
Using Property 3 or the result of Problem 4.17, the Laplace transforms of the terms of the equation are
given as
d’y dy d’y
2l — 1= 3y o2 +y oo T - JY _
[ ar ] $¥(s) =57y(07) St o A . () -1
dy dy
£l —=1=s7() -sp(0*) - =| =s2¢
[ ™ ] s2Y(s) —sy(0 &) s*Y(s)

*u du
y[%]=s¥(s)-y(0+)=sy(s) f[‘:j]-szU(S)—su(O‘)—Z

t=0*

where Y(s) =2[y(1)] and U(s)=L[u(t)]. The Laplace transform of the given equation can now be
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written as
a3y
w|—=
[ de®
=53Y(s) — 1+ 3s2Y(s) — s¥(s) + 6Y(s)

[ d?y dy
+3$_Z?] —.?[E] +62[y]

d?u] 5 . du
=.9’[?- ~&[u] =s*U(s) — su(0 - ,-o*_U(S)
Solving for Y(s), we obtain
du
oy MG,

Y(s)

4357 -5+6 $+37-5+6  s5+3s2—5+6
4.21. What part of the solution of Problem 4.20 is the transform of the free response? The forced

Zi response?
...ﬁ The transform of the free response Y, (s) is that part of the output transform Y(s) which does not
depend on the input u(t), its derivatives or its transform; that is,

1
S +3s2-5+6

g

Y.(s) =

The transform of the forced response Y,(s) is that part of Y(s) which depends on u(t), its derivative and
its transform; that is,

. du
Gi-puisy MO

Y = —
(5 s24352—5+6 S +352-5+6

4.22. What is the characteristic polynomial for the differential equation of Problems 4.20 and 4.21?

£ The characteristic polynomial is the denominator polynomial which is common to the transforms of
S the free and forced responses (see Problem 4.21), that is, the polynomial s* + 352 — s + 6.

4.23. Determine the output transform Y(s) of the system of Problem 4.20 for an input u(t) = 5sin .

Z From Table 4.1, U(s) = L[u(t)] = L[5sin t] = 5/(s> + 1).
— The initial values of w(7) and du/dt are u(0*)=1lim,_  Ssint=0, (du/dt)|,.q+=lim,_ 45cost=5.
Substituting these values into the output transform Y(s) given in Problem 4.20,

s2-9

(s +3s2-s5+6)(s2+1)

Y(s) =

PARTIAL FRACTION EXPANSIONS
4.24. A rational function F(s) can be represented by

n
Z b;s’ n
- r i ¢
Fs)=—"0——=p+ ¥ ¥ —*— (4.10a)
I'I(s+p,-)"' i=1k=1(s+p;)
i=1
where the second form is the partial fraction expansion of F(s). Show that the constants c,, are
given by
1 dn,~k n
Uy riree (CRIINAO) (4.10b)

s=-p,
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4.25.

4.26.
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Let (s + p,) be the factor of interest and form
n n Lo (s+p) ey
(s+p)"F(s)=(s+p)"b+ L L ———
i=tk=1 (s+p)
This can be rewritten as
1 (s+p) "

(s+p)"F(s)=(s+p)"b+ L ¥

k=1 (s+p)*

oo (s+p) e "
D VD VR LN T
imir1k=1 (5+p) k=1
d"/" n
Now form W[(Hpj) /F(s)] -

Note that the first three terms on the right-hand side of (s + p,)™ F(s) will have a factor s + p, in the
numerator even after being differentiated », —/ times (/=1,2,..., n;) and thus these three terms become
zero when evaluated at s = — p,. Therefore

dnjfl n, .
=—=| X (s+p)" “c,

n, =1

d !
W[(S +P,)"’F(S)]

n,~1
ds”™ k=1

=oh 5=

!
= kzl(n} —k)(nj—k—=1) - (I-k+1)(s +pj)(*k”)c,k
- s=p,
Except for that term in the summation for which k =/, all the other terms are zero since they contain
factors s + p,. Then
=1
F[(S*“P,) 'F(s)] =(n,=1)(n,=1-1)--- (D),

s=~p,

L L (s +p)"F(s)]
or =7~y T {(s+p) F(s
i (nj—l)!dS/ ] s -,
Expand Y(s) of Example 4.17 in a partial fraction expansion.
Y(s) can be rewritten with the denominator polynomial in factored form as
—(s2+s5-1)
YO = GG 12)

The partial fraction expansion of Y(s) is [see Equation (4.11)]

1 2} i)
=b+— +
Y(s)=b, s s+1  s+2
where b, = 0,
B ikl V) R S Gt it | I Gl it )| I
N (s+1)(s+2) o 2 a s(s+2) o i s(s+1) s 2
1 1 1

Thus Y6) =3 " 371 2 72)
Expand Y(s) of Example 4.19 in a partial fraction expansion.
Y(s) can be rewritten with the denominator polynomial in factored form as
s2+95+19
(s+D(s+2)(s+9)

Y(s) =
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The partial fraction expansion of Y(s) is [see Equation (4./1)]

o (511 €31

=bh, + +
Y(s) = b, s+1 s+2 s+4
where b, =0,
s+ 95 +19 11 s34+ 95+19 s
NEGr)GHe | T3 DTG 2
s2+95+19 1
TG | 6
11 5 1
Thus Y(s)

T3(s+1)  2As+2) 6(s+4)

INVERSE LAPLACE TRANSFORMS USING PARTIAL FRACTION EXPANSIONS
4.27. Determine y(¢) for the system of Example 4.17.

24 From the result of Problem 4.25, the transform of y(7) can be written as
Mathcad 1 1 1
Zly()]=Y(s)=——-— -
(0]=Y(s) =30 -7 2s +2)

Therefore
1_97-1[1] P 1 ] 13’_] 1
y(t)—Z s s+1 2 §+2

4.28. Determine y(¢) for the system of Example 4.19.

1
= Sl-2e -] (>0

From the result of Problem 4.26, the transform of y(r) can be written as
5 1

LIy(0)] =¥(s) = 3(s+1) 2As+2) 6(s+4)
Theref 1 -1t 5 -2t ! -4t
erefore y(1) = 3¢ T3¢ T%¢

ROOTS OF POLYNOMIALS
4.29. Find an approximation of a real root of the polynomial equation
Q,(s)=53-352+45-5=0
to an accuracy of three significant figures using Horner’s method.
By Descartes’ rule of signs, 0,(s) has three variations in the signs of its coefficients (1 to —3, —3 to 4,
and 4 to —5). Thus there may be three positive real roots. Q3(—s)= —s’ — 352 — 45— 5 has no sign

changes; therefore Q,(s) has no negative real roots and only real values of s greater than zero need be
considered.

Step 1—We have 0,(0)= -5, O;(1)= -3, 0;(2)= -1, Q3(3)=7. Therefore k; =2 and the first
approximation is s, = k, = 2.

Step 2—Determine Q' (s) as

0i(s)=0%2+s)=(2+5) " =3(2+s5) +4(2+s5)-5=5"+3s2 +4s— 1
Step 3—03(0) = — 1, Qi(H) = —0.569, 03(%) = —0.072, Q}(3) = 0.497. Hence k, = 0.2 and s, = k,

+k, =22
Now repeat Step 2 to determine Q3(s):

03(s)=Q4(02+5)=(02+5)’ +3(02+5)>+4(02+5) -1 =5>+3.65>+5325s - 0.072
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4.30.

4.31.
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Repeating Step 3: Q3(0) = —0.072, Q3(1/100) = —0.018, Q3(2/100) = 0.036. Hence k, =0.01 and
sy =ky + k, + k, =221 which is an approximation of the root accurate to three significant figures.

Find an approximation of a real root of the polynomial equation given in Problem 4.29 using
Newton’s method. Perform four iterations and compare the result with the solution of Problem
4.29.

The sequence of approximations is defined by letting n =3, a4, =1, a,= —3, g, =4,and gy= -5 in
the recursive relationship of Newton’s method [Equation (4.15)). The result is

257 - 352+ 5 014
ST 37 65+ 4 TS

Let the first guess be s, = 0. Then
2(3.55)* - 3(3.55)° + 5
TGy 65514
2(1.25)° - 3(1.25)* +5 2(2.76)° — 3(2.76)* + 5
2T 125 - 6(1.25) + 4 > T 32767 —6(276) +4

5
s,=z=l.25 5y

The next iteration yields s, = 2.22 and the sequence is converging.

Find an approximation of a quadratic factor of the polynomial
Q:(s)=5>—352+45-5
of Problems 4.29 and 4.30, using the Lin-Bairstow method. Perform two iterations.

Step 1—Choose as a first approximation the factor s — s + 2.

The constants needed in Step 2 are &, = —1, ay =2, n=3, a3 =1, a,= ~3, a; =4, a, = - 5.
Step 2—From the recursive relationship
b_,=a,—ab_, —ayb,
i=n,n-1,...,1,0, the following constants are formed:
b =a,=1 by=a, +b=-2
b_,=a; +b,—2b =0 b ,=a4+b_—2b=-1

Step 3—From the recursive relationship
€1 = by G e,y
i=n,n—1,...,1, the following constants are determined:
c=b=1 o=by+e=~-1
Step 4—The simultaneous equations
coday + ¢ Bay=b_,
(—aycp — 0pcy) Aey + cgdag=b_,
can now be written as
—Aay + Ay =0
—348a; — By = -1

whose solution is Ae, = 1, Aa, =1, and the new approximation of the quadratic factor is

s2-0.755+2.25
1f Steps 1 through 4 are repeated for a; = —0.75, a, = 2.25, the second iteration produces

52— 0.7861s + 2.2583
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POLE-ZERO MAPS
4.32. Determine all of the poles and zeros of F(s)=(s?~-16)/(s> - 7s* — 30s°).

4 The finite poles of F(s) are the roots of the denominator polynomial equation
Mathcad 5~ T4 =305 =5 (s+3)(s-10)=0
Therefore s =0, s = —3, and s = 10 are the finite poles of F(s). s =01s a triple root of the equation and is

called a triple pole of F(s). These are the only values of s for which | F(s)| is infinite and are all the poles of
F(s). The finite zeros of F(s) are the roots of the numerator polynomial equation

s2=16=(s—-4)(s+4)=0
Therefore s =4 and s = —4 are the finite zeros of F(s). As |s| > o0, F(s)=1/s' - 0. Then F(s) has a
triple zero at s = co.

4.33. Draw a pole-zero map for the function of Problem 4.32.

4 From the solution of Problem 4.32, F(s) has finite zeros at s =4 and s = — 4, and finite poles at s =0
(a tniple pole), s = —3 and s = 10. The pole-zero map is shown in Fig. 4-5.

Juw axis
—— triple pole

o axis
O
S

(]

T
5 10

Fig, 4-5

4.34. Using the graphical technique, evaluate the residues of the function
20

Fls) = (s+10)(s+1+/)(s+1—/)

The pole-zero map of F(s) is shown in Fig, 4-6.

' Jw axis
9.07 186° 20’
J f

2.0

o axis

-j

Fig. 4-6

Included in this pole-zero map are the vector displacements between the poles. For example, A is the
vector displacement of the pole s = —10 relative to the pole s = —1 +. Clearly then, — A is the vector
displacement of the pole s = —1 + relative to the pole s = —10.

The magnitude of the residue at the pole s = —10 is

20 20
lal =118 = Goneon

The angle ¢, of the residue at s = —10 is the negative of the sum of the angles of A and B, that is,
¢, = —[186°20" + 173°40') = —360°. Hence ¢, = 0.243.

=0.243
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The magnitude of the residue at the pole s= -1+, is
20

= 2 1.102
B IE .

les] =

The angle ¢, of the residue at the pole s = —1 + is the negative of the sums of the angles of — 4 and C:
¢, = —[6°20’ + 90°] = —96°20". Hence ¢, = 1.102/ —96°20'= —0.128 — j1.095.
The magnitude of the residue at the pole s= -1~ is
20

0
sl = 2520 T e

=1.102

The angle ¢, of the residue at the pole s = —1 — ; is the negative of the sum of the angles of —B and —C:
¢ = —[—90° - 6°20'] = 96°20". Hence c¢; = 1.102 /96°20'= —0.128 + j1.095.

Note that the residues ¢, and ¢; of the complex conjugate poles are also complex conjugates. This is
always true for the residues of complex conjugate poles.

SECOND-ORDER SYSTEMS

4.35. Determine (a) the undamped natural frequency w,, (b) the damping ratio {, (¢) the time
< constant 7, (d) the damped natural frequency w,, (e) characteristic equation for the second-order

M system given by
d’y  dy
—S +5—+9=9
dr? a YT

Comparing this equation with the definitions of Section 4.13, we have

1
(a) « =9orw, =3 rad/sec (¢) TS e T 3% (e) s2+5s+9=0
w"

(d) w;=wy1~¢? =1.66 rad/sec

| v

5
(b) 2§w,,=50r§=zz -

4.36. How and why can the following system be approximated by a second-order system?

ol
- d 3y d Zy dy
athad E; +12'?d7? +22?d—t‘ +20y=20u
When the initial conditions on y(t) and its derivatives are zero, the output transform is

20
3 2 U
7+ 125+ 225+ 20

LIy(0]=Y(s) = (s)

where U(s) =2[u(t)). This can be rewritten as

Y(s)=%(13( 1 s ) 80( U(s) )

— U + —=| ——

sri0 srma2)'Oraleina
The constant factor £ of the second term is 8 times the constant factor 12 of the first term. The output y(r)
will then be dominated by the time function
80 UGs)
41 sT+25+2
The output transform Y(s) can then be approximated by this second term; that is,
v 80 U(s) y
=l rs2 _(s2+2s+2) ()

The second-order approximation is d2y/dt* + 2(dy/dt) + 2y = 2u.

4.37. In Chapter 6 it will be shown that the output y(r) of a time-invariant linear causal system with
all initial conditions equal to zero is related to the input u(¢) in the Laplace transform domain
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by the equation Y(s)= P(s)U(s), where P(s) is called the transfer function of the system. Show
that p(r), the inverse Laplace transform of P(s), is equal to the weighting function w(t) of a
system described by the constant-coefficient differential equation

n dfy
5

The forced response for a system described by the above equation is given by Equation (3./5). with all
b =0 except b, =1:

y(r)=‘{)1w(t—'r)u('r)a"r

and w(s — 1) is the weighting function of the differential equation.
The inverse Laplace transform of Y(s) = P(s)U(s) is easily determined from the convolution integral
of Property 12 as

W) =2 V()] =L [P(U()] = [ p(1-7)u(r) dr

Hence foiw(t—r)u(f)d'r=f0'+p(t—'r)u(~r)a"r or w(t)=p(1)

MISCELLANEOUS PROBLEMS
4.38. For the R-C network in Fig. 4-7:

(a) Find a differential equation which relates the output voltage y and the input voltage u.

(b) Let the initial voltage across the capacitor C be v, =1 volt with the polarity shown, and
let u=2e~". Using the Laplace transform technique, find y.

_Mf_:l___o N
+C TN

) Sno1

Fig. 4-7

Input
voltage u

(a) From Kirchhofl’s voltage law
1o . 1, )
u=uv,+ E‘/(;Idt‘f- Ri=uy,+ /01d1+1

But y=Ri=i Therefore u=uv,+ fjydr+y. Differentiating both sides of this integral equation
yields the differential equation y + y =i

(b) The Laplace transform of the differential equation found in part (a) is
sY(s) —p(0*) + Y(s) =sU(s) —u(0*)

where U(s)=2[2¢""]=2/(s+ 1) and u(0*)=1lm,_ 42¢ "=2. To find »(0"), limits are taken on
both sides of the onginal voltage equation:

(07) = limu(t) = lim [v(.o + f'ydl +y(1)] =p,+v(07)
10 =0 0

Hence y(0")=u(0")— v, =2—1=1. The transform of y(r} is then
2s 1 2 2 1 2 1

Y(s)= - = - + - = - +
() (s+1)2 s+1 (s+1)2 s+1 s+1 (5+1)2 s+1
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Finally,

s+1

1
y(t) =.Z"[— +$l[ ]=~2!e"’+e"

(s+1)

4.39. Determine the Laplace transform of the output of the ideal sampler described in Problem 3.5.

From Definition 4.1 and Equation ( 3.20), the screening property of the unit impulse, we have

U*(s) =j;oe'”U‘(t)dt=j:e"“ f u(t) 8(t— kT) dt

k=0
a0 o0 Q0

= Zf e u(t) 8(t—kT)dt= Y, e **Tu(kT)
k=07"0" k=0

4.40. Compare the result of Problem 4.39 with the :z-transform of the sampled signal uw(kT),

k=0,1,2,....
By definition the z-transform of the sampled signal is
U(z)= Y u(kT)z7*
k=0

This result could have been obtained directly by substituting z = ¢*7 in the result of Problem 4.39.
4.41. Prove the Shift Theorem (Property 6, Section 4.9).
By definition,
o0
(k) =F(z)= L f(k)z7*
k=0
If we define a new, shifted sequence by g(0) =f(~1)=0and g(k)=f(k~1), k=1,2,..., then
Q oo a0
ek} =X g(k)z7 =} g(j)z7/= L f(ji—-Dz"
k=0

Jj=0 j=0
(see Remark 1 following Definition 4.4). Now let k be redefined as k = — 1 in the last equation. Then

S(fk-D) = ¥ SRz * =zt T p(k) et
k=—1 k= —1

(Dt Y SR
k=~0

=20-0+ 27! i flk)z % =z"1F(z2)
k=0

Note that repeated application of this result gives

Z[f(k=j)]) =z77F(z)

Supplementary Problems
4.42. Show that F{—f(1)] = dF(s)/ds, where F(s)=2[f(1)}

443. Using the convolution integral find the inverse transform of 1/s(s + 2).
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4.44. Determine the final value of the function f(r) whose Laplace transform is
2As+1)
F(s)=——r""3
s(s+3)(s+5)

4.45. Determine the initial value of the function f(t) whose Laplace transform is

F 4s
(s)_s3+2s2+9s+6

4.46. Find the partial fraction expansion of the function F(s)=10/(s + 4)(s + 2)*.

4.47. Find the inverse Laplace transform f(r) of the function F(s)=10/(s + 4)(s + 2)°.

4.48. Solve Problem 3.24 using the Laplace transform technique.

4.49. Using the Laplace transform technique, find the forced response of the differential equation
dy &y

du
Ez—+4;’-+4y=3z + 2u

where u(t) = e~ ¥, 1> 0. Compare this solution with that obtained in Problem 3.26.

4.50. Using the Laplace transform technique, find the transient and steady state responses of the system
described by the differential equation d2y/dt® + 3(dy/dt) + 2y =1 with initial conditions y(0*) and
(dy/dt)];=o+=1.

4.51. Using the Laplace transform technique, find the unit impulse response of the system described by the
differential equation d3y/df® + dy/dt = u.

Answers to Some Supplementary Problems

443, i1—e ¥

444, 2

445. 0

446. F(s) > > 5

46. 5)= - + -
(s+2)° 2s+2)? Hs+2) 4s+4)
S5t% Y Ste M S S

447. f(»)= - + _

2 2 4 4

449. (1) =7Te ¥ —Te 3~ Tte~
4.50. Transient response = 2¢~‘ — e~ 2", Steady state response = 4.

451 yp(1)=1-—cost



Chapter 5

Stability

5.1 STABILITY DEFINITIONS

The stability of a continuous or discrete-time system is determined by its response to inputs or
disturbances. Intuitively, a stable system is one that remains at rest unless excited by an external source
and returns to rest if all excitations are removed. Stability can be precisely defined in terms of the
impulse response () of a continuous system, or Kronecker delta response y;(k) of a discrete-time
systemn (see Sections 3.13 and 3.16), as follows:

Definition 5.1a: A continuous system (discrete-time system) is stable if its impulse response y;(1)
(Kronecker delta response y;(k)) approaches zero as time approaches infinity.

Alternatively, the definition of a stable system can be based upon the response of the system to
bounded inputs, that is, inputs whose magnitudes are less than some finite value for all time.

Definition 5.1b: A continuous or discrete-time system is stable if every bounded input produces a
bounded output.

Consideration of the degree of stability of a system often provides valuable information about its
behavior. That is, if it is stable, how close is it to being unstable? This is the concept of relative stability.
Usually, relative stability is expressed in terms of some allowable variation of a particular system
parameter, over which the system remains stable. More precise definitions of relative stability indicators
are presented in later chapters. Stability of nonlinear systems is treated in Chapter 19.

5.2 CHARACTERISTIC ROOT LOCATIONS FOR CONTINUOUS SYSTEMS

A major result of Chapters 3 and 4 is that the impulse response of a linear time-invanant
continuous system is a sum of exponential time functions whose exponents are the roots of the system
characteristic equation (see Equation 4.12), A necessary and sufficient condition for the system to be stable
is that the real parts of the roots of the characteristic equation have negative real parts. This ensures that
the impulse response will decay exponentially with time.

If the system has some roots with real parts equal to zero, but none with positive real parts, the
system is said to be marginally stable. In this instance, the impulse response does not decay to zero,
although it is bounded, but certain other inputs will produce unbounded outputs. Therefore marginally
stable systems are unstable.

EXAMPLE 5.1. The system described by the Laplace transformed differential equation,
(s2+ 1) Y(s) = U(s)
has the characteristic equation
s2+41=0

This equation has the two roots +j. Since these roots have zero real parts, the system is not stable. It is, however,
marginally stable since the equation has no roots with positive real parts. In response to most inputs or
disturbances, the system oscillates with a bounded output. However, if the input is u = sin ¢, the output will contain
a term of the form: y = rcos¢, which is unbounded.

114
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53 ROUTH STABILITY CRITERION

The Routh criterion is a method for determining continuous system stability, for systems with an
nth-order characteristic equation of the form:

a"S"+an_ls"—l+ Tt +als+ao=0

The criterion is applied using a Routh table defined as follows:

n

s a, A, .7 8,4
sn—l a, , Qp_.3 4,5
bl bZ b3
3! €2 5]

where a,,a, |...., a, are the coefficients of the characteristic equation and

a a —a,a a a —a,a
n-1%n-2 n“n-3 n-1%n-4 n“n-35
bl = b2= CIC.
a,-1 a,_1
bia,_3;—a, b, . bya,_s—a,_ b, etc
L S— = - .

The table is continued horizontally and vertically until only zeros are obtained. Any row can be
multiplied by a positive constant before the next row is computed without disturbing the properties of
the table.

The Routh Criterion: A/l the roots of the characteristic equation have negative real parts if and only if
the elements of the first column of the Routh table have the same sign. Otherwise, the number of roots with
positive real parts is equal to the number of changes of sign.

EXAMPLE 5.2.
S 4+65s2+125+8=0
53 1 12 0
52 6 8 0
5! “ 9
50 8

Since there are no changes of sign in the first column of the table, all the roots of the equation have negative real
parts.

Often it is desirable to determine a range of values of a particular system parameter for which the
system is stable. This can be accomplished by writing the inequalities that ensure that there is no change
of sign in the first column of the Routh table for the system. These inequalities then specify the range of
allowable values of the parameter.

EXAMPLE 5.3.
S +352+3s+14+4K=0

For no sign changes in the first column, it is necessary that the conditions 8 — K> 0, 1 + K > 0 be satisfied. Thus
the characteristic equation has roots with negative real parts if —1 < K < 8, the simultaneous solution of these two
inequalities.
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A row of zeros for the s' row of the Routh table indicates that the polynomial has a pair of roots
which satisfy the auxiliary equation formed as follows:

As*+B=0
where 4 and B are the first and second elements of the s2 row.
To continue the table, the zeros in the s' row are replaced with the coefficients of the derivative of
the auxiliary equation. The derivative of the auxiliary equation is
24s+0=0
The coefficients 24 and O are then entered into the s' row and the table is continued as described
above.

EXAMPLE 5.4. In the previous example, the s’ row is zero if K=8. In this case, the auxiliary equation is
352 + 9 = 0. Therefore two of the roots of the characteristic equation are s = +;¥/3 .

5.4 HURWITZ STABILITY CRITERION

The Hurwitz criterion is another method for determining whether all the roots of the characteristic
equation of a continuous system have negative real parts. This criterion is applied using determinants
formed from the coefficients of the characteristic equation. It is assumed that the first coefficient, a,, is
positive. The determinants A, i=1,2,..., n — 1, are formed as the principal minor determinants of the
determinant

a, ifnodd 0
a _, a,._ )
n=t Tn3 a, if neven
a, if nodd 0
a a,_ .
A, =|" "2 a, if neven
0 D T T 0
0 n R 0
1 PP a,
The determinants are thus formed as follows:
a=a,,
A, = @n-1 Gn-3 =q. .4, ,—a,a
2 a" an—2 n-1%n-2 n“n-3
a,_1 Q-3 G8,_5
—la a a = — 2 2
A;=|% n-2 Ta-dl=a, 10, .8, 3170a,4, 18, 58,4, 374, 40,

0 a,-1 G,-3

and soonuptod,_,.
Hurwitz Criterion: A/l the roots of the characteristic equation have negative real parts if and only if
A,>0,i=12,...,n

EXAMPLE 5.5. Forn=3,

02 ao 0
2 a; 4g
Ay=|a; a; O0]|=ayaay—aja,, A, = a; a;|= 928~ Gods, A =a,
0 a ao

Thus all the roots of the characteristic equation have negative real parts if

a,>0 a,a, —agay; >0 a,a,89— ata; >0
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5.5 CONTINUED FRACTION STABILITY CRITERION
This criterion is applied to the characteristic equation of a continuous system by forming a
continued fraction from the odd and even portions of the equation, in the following manner. Let
Q(s)=as"+a, ;s" '+ - +as+a,
Qus)=a,s"+a, ,s" 2+ -
QZ(S) = an—lsn—1 + an—3snF3 + -

Form the fraction Q,/Q,, and then divide the denominator into the numerator and invert the
remainder, to form a continued fraction as follows:

a an—3 ana -5
a, ;— ——=|s"" 2+ la, - ——|s"+ .-
0) _ a | a

Q2(s) an—l QZ

n—1t

=h;s+ 1
h,s +

hys +

hus+

b
[

If hy, hy,..., h, are all positive, then all the roots of Q(s) =0 have negative real parts.

EXAMPLE 5.6.
Q(s)=s>+6s2+125+8
32
Qi(s) sP+12s 1 EN
Q.(s) 6s*+8 6 6s7+8
1 1
-t T
i‘gs+ ?;

Since all the coefficients of s in the continued fraction are positive, that is, h, = %, h, = &, and hy = 3, all the
roots of the polynomial equation Q(s) = 0 have negative real parts.

5.6 STABILITY CRITERIA FOR DISCRETE-TIME SYSTEMS

The stability of discrete systems is determined by the roots of the discrete system characteristic
equation

Q(z)=a,z"+a,_z" '+ .- +a;z+ay=0 (5.1)

However, in this case the stability region is defined by the unit circle |z{=1 in the z-plane. A necessary

and sufficient condition for system stability is that all the roots of the characteristic equation have a

magnitude less than one, that is, be within the unit circle. This ensures that the Kronecker delta response
decays with time.
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A stability criterion for discrete systems similar to the Routh criterion is called the Jury test. For

this test, the coefficients of the characteristic equation are first arranged in the Jury array:

row
11a a a Qp-1 G
2 a, a, 1 4, - a2, ay
3 by b, b, b,_,
4 bn—l bn—2 bn—l bO
5 CO Cl CZ * Cn_z
6 Ca—2 Cpn-3 Cp—ua * Cp
2n=-5 | ny n r r
2n—4 r; r n r
2n—=-3 | s, 5 5,
where
b = Ay Gk o = by b1
k= k=
an ak b’l—l bk
s_’o r s_’o rn [ N
S ST Vol on 24 n

The first two rows are written using the characteristic equation coefficients and the next two rows are
computed using the determinant relationships shown above. The process is continued with each
succeeding pair of rows having one less column than the previous pair until row 2n — 3 is computed,
which only has three entries. The array is then terminated.

Jury Test: Necessary and sufficient conditions for the roots of Q(z) =0 to have magnitudes less than
one are.

2(1)>0
for n even

_y [>0

o(-1) {<0 for n odd
|a0|<an
lbg > 16,4l

¢ol > l¢a-al

{rol > 1rs)

IS0l > 12|
Note that if the Q(1) or Q(—1) conditions above are not satisfied, the system is unstable and it is not
necessary to construct the array.

EXAMPLE 5.7. For Q(z)=3z*+22+24+2+1=0(n even),
Q(1)=3+4+2+141+1=8>0
0(-1)=3-2+1-1+1=2>0
Thus the Jury array must be completed as

row

1 1 1 1 23
2 3 2 1 11
3 -8 -5 -2 -1

4 -1 -2 -5 -8

5 63 38 11



CHAP. 5) STABILITY 119

The remaining test condition constraints are therefore
lagl=1<3=aq,
lbol =1 =8> | 1| =b,_,]
[€ol =63 >11 = |c,_,|

Since all the constraints of the Jury test are satisfied, all the roots of the characteristic equation are within the unit
circle and the system is stable.

The w-Transform

The stability of a linear discrete-time system expressed in the z-domain also can be determined
using the s-plane methods developed for continuous systems (e.g., Routh, Hurwitz). The following
bilinear transformation of the complex variable z into the new complex variable w given by the
equivalent expressions:

1+w

= 5.2
z—1 (5.3)
w_z+1 ’

transforms the interior of the unit circle in the z-plane onto the left half of the w-plane. Therefore the
stability of a discrete-time system with characteristic polynomial Q(z) can be determined by examining
the locations of the roots of

Q(w)=0(2)|.=qsmwya-w=0

in the w-plane, treating w like s and using s-plane techniques to establish stability properties. This
transformation is developed more extensively in Chapter 10 and is also used in subsequent frequency
domain analysis and design chapters.

EXAMPLE 5.8. The polynomial equation

2723 + 2722492+ 1=0
is the characteristic equation of a discrete-time system. To test for roots outside the unit circle |z| = 1, which would
signify instability, we set
1+w
= 1-w

which, after some algebraic manipulation, leads to a new characteristic equation in w:

wl+6wl+12w+8=0
This equation was found to have roots only in the left half of the complex plane in Example 5.2. Therefore the
original discrete-time system is stable,

Solved Problems

STABILITY DEFINITIONS

5.1. The impulse responses of several linear continuous systems are given below. For each case
i+ determine if the impulse response represents a stable or an unstable system.

mathcaa (@) h(t)=e~" (b) h(t)=te ", (¢) h(1)=1,(d) h(1)=e""sin3¢, (e) h(1) =sinwt.

If the impulse response decays to zero as time approaches infinity, the system is stable. As can be seen
in Fig. 5-1, the impulse responses (a), (b), and (d) decay to zero as time approaches infinity and therefore
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5.2,

5.3.
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h(t) h(t) h(t)
1.0 1.0 1.0
L et .5 A
te ~t
1] T T =T — ¢ 0 T T T t t
i 2 3 H 2 3 4
(a) () (e)
h(t)

~1.0 4

(d)

Fig. 5-1

represent stable systems. Since the impulse responses (¢) and (e) do not approach zero, they represent
unstable systems.

If a step function is applied at the input of a continuous system and the output remains below a
certain level for all time, is the system stable?

The system is not necessarily stable since the output must be bounded for every bounded input. A
bounded output to one specific bounded input does not ensure stability.

If a step function is applied at the input of a continuous system and the output is of the form
y = t, is the system stable or unstable?

The system is unstable since a bounded input produced an unbounded output.

CHARACTERISTIC ROOT LOCATIONS FOR CONTINUOUS SYSTEMS

54,

The roots of the characteristic equations of several systems are given below. Determine in each
case if the set of roots represents stable, marginally stable, or unstable systems.

(a) —-1,-2 (d)y —1+4j,-1-J (g) —6-47
(b) —1,+1 () —2+j,-2-j2j,—-2j (h) —2+3j,-2-3j, -2
(¢) —-3,-20 (f) 2.-1,-3 ¢ ~i5-11

The sets of roots (a), (d), and (h) represent stable systems since all the roots have negative real parts.
The sets of roots (¢) and (€) represent marginally stable systems since all the roots have nonpositive real
parts, that is, zero or negative. The sets (b), (f), (g), and (i) represent unstable systems since each has at
least one root with a positive real part.
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5.5. A system has poles at —1 and — 35 and zeros at 1 and —2. Is the system stable?

The system is stable since the poles are the roots of the system characteristic equation (Chapter 3)
which have negative real parts. The fact that the system has a zero with a positive real part does not affect

its stability.

5.6. Determine if the system with the following characteristic equation is stable:
(s+1D(s+2)(s-3)=0.

This characteristic equation has the roots —1, —2, and 3 and therefore represents an unstable system
since there is a positive real root.

5.7. The differential equation of an integrator may be written as follows: dy/dt = u. Determine if an
integrator is stable.

The characteristic equation of this system is s = 0. Since the root does not have a negative real part, an
integrator is not stable. Since it has no roots with positive real parts, an integrator is marginally stable.

5.8. Determine a bounded input which will produce an unbounded output from an integrator.

The input u =1 will produce the output y = ¢, which is unbounded.

ROUTH STABILITY CRITERION
5.9. Determine if the following characteristic equation represents a stable system:
s3+452+85+12=0
The Routh table for this system is

53 1 8
st ] 412
S50
s |12

Since there are no changes of sign in the first column, all the roots of the characteristic equation have
negative real parts and the system is stable.

5.10. Determine if the following characteristic equation has any roots with positive real parts:
s*+s3—5-1=0
Note that the coefficient of the s? term is zero. The Routh table for this equation is

54 1 0 -1
s? 1 -1 0
52 1 -1
st 0 0

new s' 2 0
2 1=

The presence of the zeros in the s! row indicates that the characteristic equation has two roots which satisfy
the auxiliary equation formed from the s row as follows: s? — 1 = 0. The roots of this equation are +1
and —1.

The new s' row was formed using the coefficients from the derivative of the auxiliary equation;
25 — 0 =0. Since there is one change of sign, the characteristic equation has one root with a positive real
part, the one at +1 determined from the auxiliary equation.
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5.11. The characteristic equation of a given system is

s*+6s2+1152 465+ K=0

What restrictions must be placed upon the parameter K in order to ensure that the system is
stable?

The Routh table for this system is

s 1 11 K
53 6 0
52 10 K 0
60 — 6X
sl
10
50 K

For the system to be stable, 60 — 6K >0, or K < 10, and K> 0. Thus 0 < K < 10.

5.12. Construct a Routh table and determine the number of roots with positive real parts for the
equation
257+ 452 +45+12=0
The Routh table for this equation is given below. Here the s? row was divided by 4 before the s' row
was computed. The s' row was then divided by 2 before the s° row was computed.
3

2
1

v oL v w
WD e = B
S W o

0

Since there are two changes of sign in the first column of the Routh table, the equation above has two roots
with positive real parts.

HURWITZ STABILITY CRITERION
5.13. Determine if the characteristic equation below represents a stable or an unstable system.

53+ 852+ 145+24=0
The Hurwitz determinants for this system are

§ 24 0
=1 14 o|=212  a,=|} Mg A -
0 8 24

Since each determinant is positive, the system is stable. Note that the general formulation of Example 5.5
could have been used to check the stability in this case by substituting the appropriate values for the
coefficients a,, a;, a,, and a,.

5.14. For what range of values of K is the system with the following characteristic equation stable?
s+ Ks+2K-1=0
The Hurwitz determinants for this system are

K 0
1 2K-1

In order for these determinants to be positive, it is necessary that X > 0 and 2K — 1 > 0. Thus the system is
stable if K> 4.

A, = =2K'-K=K(2K-1) A =K
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5.15. A system is designed to give satisfactory performance when a particular amplifier gain K= 2.

5.16.

5.17.

Determine how much K can vary before the system becomes unstable if the characteristic
equation is

3+ (4+K)s?+65+16+8K=0

Substituting the coefficients of the given equation into the general Hurwitz conditions of Example 5.5
results in the following requirements for stability:

4+ K>0 (4+K)6~(16+8K) >0 (4+ K)(6)(16 +8K) — (16 + 8K)* >0

Assuming the amplifier gain K cannot be negative, the first condition is satisfied. The second and third
conditions are satisfied if K is less than 4. Hence with an amplifier gain design value of 2, the system could
tolerate an increase in gain of a factor of 2 before it would become unstable. The gain could also drop to
zero without causing instability.

Determine the Hurwitz conditions for stability of the following general fourth-order characteris-
tic equation, assuming a, is positive.

ast+asd+aysitas+ta,=0
The Hurwitz determinants are

a, a 0
a, a, a,

[e= R e I e ]

A, = =a,(a,a,a, — a,a2) — alaya
“=l0 4 a (2,88, - a;a3) - ajaga,

0 ay a, a,

a; a 0
- = a2 2
Ay=\a4 a; ayg|=aya,a, —ayay —aua;
6 a gq
a 4
A=y a|m@a—asa
4 @
b =a,

The conditions for stability are then

_ gl 2 a2} — g2
a,>0 a,a, —aza; >0 a,a,a, —aga; —aza; >0 a3(aza,a0 a3a0) ajaga, >0

Is the system with the following characteristic equation stable?

s+ 357+ 652+95+12=0

Substituting the appropriate values for the coefficients in the general conditions of Problem 5.16, we
have

3>0 18-9>0 162-108 - 81 #0 3(648 —432) - 972 % 0

Since the last two conditions are not satisfied, the system is unstable.

CONTINUED FRACTION STABILITY CRITERION

5.18. Repeat Problem 5.9 using the continued fraction stability criterion.

The polynomial Q(s)=s® + 4s? + 85 + 12 is divided into the two parts:

Qi(s)=5>+8s Q:(s)=4s2+12
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The continued fraction for Q,(s)/Q,(s) is
0i(s) s*+8 1 5s 1 1
=— =—s+—5—— =5+
Q,(s) 4s?+12 47 4s2+12 4 jH_l_
5 3s
Since all the coefficients of s are positive, the polynomial has all its roots in the left half-plane and the
system with the characteristic equation Q(s) = 0 is stable.
5.19. Determine bounds upon the parameter X for which a system with the following characteristic
equation is stable:
s3+ 1452+ 565+ K=0
Q.(s) sP+56s 1 (56 -K/14)s 1 1
0,(s) las+K 14" 1lasP+k 14" w7, 1
| 56 — K/14 | 56—K/14]s
K
For the system to be stable, the following conditions must be satisfied: 56 — K/14 > 0 and K > 0, that is,
0< K<784.
5.20. Derive conditions for all the roots of a general third-order polynomial to have negative real
parts.
For Q(s) = a;3s* + a,52 + a5 + ay,
Qi(s) ay’+as a3 [a—aya0/a)s  ay 1
== 2 = —F —T—— = —% + - - 1
Q,(s)  ayst+a, a, a,s* +ag a, ) s+
a1~ a300/4; @~ G380/az |
ap
The conditions for all the roots of Q(s) to have negative real parts are then
a a a, —ayag/a
_1 >0 2 >0 1 3 0/ 2 > 0
a; a, - a;a,/a, L)
Thus if a, is positive, the required conditions are a,, a,, a, > 0 and a,a, — a;a, > 0. Note that if a, is not
positive, Q(s) should be multiplied by —1 before checking the above conditions.
5.21. Is the system with the following characteristic equation stable?
s*+45% + 852+ 165+32=0
Qu(s) s*+8s7+32 1 452 + 32
= = —f 4 —————
0,(s)  4s+16s 4 457+ 16s
1 1 1 1
=23+—_—_16s =zs+ 1
Tatvan T U
—-—s+
4 —1is
Since the coefficients of s are not all positive, the system is unstable.
DISCRETE-TIME SYSTEMS
5.22. Is the system with the following characteristic equation stable?

4 i
athcad

Q(z)=2*+223+3:22+2+1=0
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5.24.

Applying the Jury test, with n = 4 (even),

e(1)=1+2+3+1+1=8>0
Q(-1)=1-2+3-1+1=2>0

The Jury array must be constructed, as follows:

row

1 1 1 32
2 1 2 31
3 0 -1 01
4 1 0 -1 0
5 -1 1 0

The Jury test constraints are
lagl=1¢1=a,
ol =02 1=1b,_,|

leol =1—1[>0=c,_,]

Since all the constraints are not satisfied, the system is unstable.

Is the system with the following characteristic equation stable?
Q(z)=2z+223+3224+241=0
Applying the Jury test, with n = 4 (even),
Q(1)=2+2+3+1+1=9>0
Q(-1)=2-2+3-1+1=3>0
The Jury array must be constructed, as follows:

row

h bW N

The test constraints are
lagl =1<2=a,
|bol =3>0=|b,_,|

fol =9>0=|c,_,|

Since all the constraints are satisfied, the system is stable.

Is the system with the following characteristic equation stable?

Q(z2)=2"+32+322+3z2+2:+1=0

Applying the Jury test, with » = 5 (odd),
0(1)=1+3+3+3+2+1=13>0

Q(-1)=-1+3-3+3-2+1=1>0

125

Since n is odd, Q(— 1) must be less than zero for the system to be stable. Therefore the system is unstable.
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MISCELLANEOUS PROBLEMS

5.25.

5.26.

5.27.

5.28.

If a zero appears in the first column of the Routh table, is the system necessarily unstable?

Strictly speaking, a zero in the first column must be interpreted as having no sign, that is, neither
positive nor negative. Consequently, all the elements of the first column cannot have the same sign if one of
them is zero, and the system is unstable. In some cases, a zero in the first column indicates the presence of
two roots of equal magnitude but opposite sign (see Problem 5.10). In other cases, it indicates the presence
of one or more roots with zero real parts. Thus a characteristic equation having one or more roots with zero
real parts and no roots with positive real parts will produce a Routh table in which all the elements of the
first column do not have the same sign and do not have any sign changes.

Prove that a continuous system is unstable if any coeflicients of the characteristic equation are
zero.

The characteristic equation may be written in the form
(s=s)(s=5)(s=5) - (s5-5,)=0

where s/, s,,..., s, are the roots of the equation. If this equation is multiplied out, n new equations can be
obtained relating the roots and the coefficients of the characteristic equation in the usual form. Thus
Qn-1

ay
sy o — =0

n an

as"+a, "'+ .- +a,=0 or 5"+
a

and the relations are

a, l a,., = a,_3 - z = ag n
=—Zsl' = Z ZS,S), == Z Z ESIS_/SAV"'*_=(_1) 518200 S,
4, i=1 no =l el n i=1 j=1 k=1 8n
i 14tk
The coefficients a, _|, a,_;,..., a; all have the same sign as @, and are nonzero if all the roots s, 5,,..., 5,

have negative real parts. The only way any one of the coefficients can be zero is for one or more of the roots
to have zero or positive real parts. In either case, the system would be unstable.

Prove that a continuous system is unstable if all the coefficients of the characteristic equation do
not have the same sign.

From the relations presented in Problem 5.26, it can be seen that the coefficients a,_;.a,_,,..., ay
have the same sign as 4, if all the roots s, 5,,..., s, have negative real parts. The only way any of these
coefficients may differ in sign from a, is for one or more of the roots to have a positive real part. Thus the
system is necessarily unstable if all the coefficients do not have the same sign. Note that a system is not
necessarily stable if all the coefficients do have the same sign.

Can the continuous system stability criteria presented in this chapter be applied to continuous
systems which contain time delays?

No they cannot be directly applied because systems which contain time delays do not have characteris-
tic equations of the required form, that is, finite polynomials in 5. For example, the following characteristic
equation represents a system which contains a time delay:

st+s+e*T=0

Strictly speaking, this equation has an infinite number of roots. However, in some cases an approximation
may be employed for e™*T to give useful, although not entirely accurate, information concerning system
stability. To illustrate, let ¢~*7 in the equation above be replaced by the first two terms of its Taylor series.
The equation then becomes

s2+s5+1-sT=0 or s*+(1-T)s+1=0

One of the stability criteria of this chapter may then be applied to this approximation of the characteristic
equation.
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5.29.

5.30.

=i+

Mathcad

531.

5.32.

5.33.

5.30.

531

5.32.

533.

Determine an approximate upper limit on the time delay in order that the system discussed in
the solution of Problem 5.28 be stable.

Employing the approximate equation s2+ (1 — T)s + 1 =0, the Hurwitz determinants are A, = A, =
1 — 7. Hence for the system to be stable, the time delay T must be less than 1.

Supplementary Problems

For each characteristic polynomial, determine if it represents a stable or an unstable system.
(a) 2s*+857+10s?+10s+20 (c) s*+6s*+10s2+5s+24  (e) s*+8s+2452+ 325+ 16
(b) >+ 757+ Ts+46 (d) s*—2s*+4s5+6 (f) s®+4s*+8s2+16

For what values of K does the polynomial s + (4 + K)s? + 6s + 12 have roots with negative real parts?

How many roots with positive real parts does each polynomial have?
(a) sP+s?—5+1 (b)) s*+25°+252+25+1  (¢) s*+s52-2 (d) s*—s2-25+2

() $+s52+5+6

For what positive value of K does the polynomial s* + 8s° + 2452 + 325 + K have roots with zero real
parts? What are these roots?

Answers to Supplementary Problems
(b) and (e) represent stable systems; (a), (c), (d), and ( f) represent unstable systems.
K> -2
(a)2,(5)0,(c)1,(d) 2, (e)2

K=80, s= +j2



Chapter 6

Transfer Functions

6.1 DEFINITION OF A CONTINUOUS SYSTEM TRANSFER FUNCTION

As shown in Chapters 3 and 4, the response of a time-invariant linear system can be separated into
two parts: the forced response and the free response. This is true for both continuous and discrete
systems. We consider continuous transfer functions first, and for single-input, single-output systems
only. Equation (4.8) clearly illustrates this division for the most general constant-coefficient, linear,
ordinary differential equation. The forced response includes terms due to initial values u¥ of the input,
and the free response depends only on initial conditions yf on the output. If terms due to a// initial
values, that is, u% and y§, are lumped together, Equation (4.8) can be written as

m n
(1) =.Z"‘[( Y osi/ Y a,-s‘) U(s) + (terms due to all initial values uf, y&)
i=0 i=0
or, in transform notation, as
m n
Y(s)= ( Y obs'/ Y a,s’) U(s) + (terms due to all initial values uf, y¥)
i=0 i=0

The transfer function P(s) of a continuous system is defined as that factor in the equation for Y(s)
multiplying the transform of the input U(s). For the system described above, the transfer function is

bs™+b,_ s" "+ - +b

P(s)=Y bs'| Y as'=

n n—-1
i=0 i=0 a,s"+a, s + .- +a,

the denominator is the characteristic polynomial, and the transform of the response may be rewritten as
Y(s) = P(s)U(s) + (terms due to all initial values u¥, y&)

If the quantity (terms due to all initial values u¥, y&) is zero, the Laplace transform of the output
Y(s) in response to an input U(s) is given by

Y(s)=P(s)U(s)

If the system is at rest prior to application of the input, that is, d*y/dt*=0, k=0,1,...,n—1, for
t <0, then

(terms due to all initial values uf, y&) =0

and the output as a function of time y(¢) is simply the inverse transform of P(s)U(s).

It i1s emphasized that not all transfer functions are rational algebraic expressions. For example, the
transfer function of a continuous system including time delays contains terms of the form e *7 (e.g.,
Problem 5.28). The transfer function of an element representing a pure time delay is P(s) = e~ *T, where
T is the time delay in units of time.

Since the formation of the output transform Y(s) is purely an algebraic multiplication of P(s) and

U(s) when (terms due to all initial values uS, y(f ) = 0, the multiplication is commutative; that is,

Y(s)=U(s)P(s)=P(s)U(s) (6.1)
128
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6.2 PROPERTIES OF A CONTINUOUS SYSTEM TRANSFER FUNCTION
The transfer function of a continuous system has several useful properties:

1. It is the Laplace transform of its impulse response yg(¢), ¢ = 0. That is, if the input to a system
with transfer function P(s) is an impulse and all initial values are zero the transform of the
output is P(s).

2. The system transfer function can be determined from the system differential equation by taking
the Laplace transform and ignoring all terms arising from initial values. The transfer function
P(s) is then given by

3. The system differential equation can be obtained from the transfer function by replacing the s
variable with the differential operator D defined by D =d/dt.

4. The stability of a time-invariant linear system can be determined from the characteristic
equation (see Chapter 5). The denominator of the system transfer function is the characteristic
polynomial. Consequently, for continuous systems, if all the roots of the denominator have
negative real parts, the system is stable.

5. The roots of the denominator are the system poles and the roots of the numerator are the
system zeros (see Chapter 4). The system transfer function can then be specified to within a
constant by specifying the system poles and zeros. This constant, usually denoted by K, is the
system gain factor. As was described in Chapter 4, Section 4.11, the system poles and zeros can
be represented schematically by a pole-zero map in the s-plane.

6. If the system transfer function has no poles or zeros with positive real parts, the system is a
minimum phase system.

EXAMPLE 6.1. Consider the system with the differential equation dy/dr + 2y = du/dt + u.

The Laplace transform version of this equation with all initial values set equal to zero is (s + 2)¥(s) =
(s + DU(s).

The system transfer function is thus given by P(s) = Y(s)/U(s)=(s + 1)/(s + 2).

EXAMPLE 6.2. Given P(s)=(2s+ 1)/(s2 + s+ 1), the system differential equation is

dly dy du
+—+y=2——t +u

[ 2D+1
y= —5
dt dt di

m]u or D2y+Dy+y=2Du+u or

EXAMPLE 6.3. The transfer function P(s) = K(s + a)/(s + b)(s + ¢) can be specified by giving the zero location
—a, the pole locations —b and — ¢, and the gain factor K.

6.3 TRANSFER FUNCTIONS OF CONTINUOUS CONTROL SYSTEM COMPENSATORS
AND CONTROLLERS

The transfer functions of four common control system components are presented below. Typical
mechanizations of three of these transfer functions, using R-C networks, are presented in the solved
problems.

EXAMPLE 6.4. The general transfer function of a continuous system lead compensator is
sta
s+b

Pre(s) = b>a (6.2)

This compensator has a zero at s = —a and a pole at s= —b.
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EXAMPLE 6.5. The general transfer function of a continuous system lag compensator is

p a(s+b) R
Lag(s)_b(s+a) >a (63)
However, in this case the zero is at s = — b and the pole is at s = —a. The gain factor a/b is included because of

the way it is usually mechanized (Problem 6.13).

EXAMPLE 6.6. The general transfer function of a continuous system lag-lead compensator is
(s+a)(s+b)
(s+b)(s+ay)

This compensator has two zeros and two poles. For mechanization considerations, the restriction a,b, = b,a. is
usually imposed (Problem 6.14).

P(s)= by >ay, b,>a, (6.4)

EXAMPLE 6.7. The transfer function of the PID controller of Example 2.14 is

Upip(s) K, Kps’+Kps+K,

=Kp+Kps+—=—"7-—7—" 6.5
E( S) P DS 5 s ( )
This controller has two zeros and one pole. It is similar to the lag-lead compensator of the previous example except
that the smallest pole is at the origin (an integrator) and it does not have the second pole. It is typically mechanized
in an analog or digital computer.

Ppp(s) =

6.4 CONTINUOUS SYSTEM TIME RESPONSE

The Laplace transform of the response of a continuous system to a specific input is given by
Y(s)=P(s)U(s)

when all initial conditions are zero. The inverse transform y(t)=%"'[P(s)U(s)] is then the time
response and y(r) may be determined by finding the poles of P(s)U(s) and evaluating the residues at
these poles (when there are no multiple poles). Therefore y(¢) depends on both the poles and zeros of
the transfer function and the poles and zeros of the input.

The residues can be determined graphically from a pole-zero map of Y(s), constructed from the
pole-zero map of P(s) by simply adding the poles and zeros of U(s). Graphical evaluation of the
residues may then be performed as described in Chapter 4, Section 4.12.

6.5 CONTINUOUS SYSTEM FREQUENCY RESPONSE

The steady state response of a continuous system to sinusoidal inputs can be determined from the
system transfer function. For the special case of a step function input of amplitude A, often called a d.c.
input, the Laplace transform of the system output is given by

A
Y(s)=P(s)"

If the system is stable, the steady state response is a step function of amplitude AP(0), since this is
the residue at the input pole. The amplitude of the input signal is thus multiplied by P(0) to determine
the amplitude of the output. P(0) is therefore the d.c. gain of the system.

Note that for an unstable system such as an integrator (P(s) =1/s), a steady state response does
not always exist. If the input to an integrator is a step function, the output is a ramp, which is
unbounded (see Problems 5.7 and 5.8). For this reason, integrators are sometimes said to have infinite
d.c. gain.

The steady state response of a stable system to an input u = A sin s is given by

Yo =A|P(jo)sin(wt +¢)
where |P( jw)| = magnitude of P(jw), ¢ = arg P(jw), and the complex number P(jw) is determined
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from P(s) by replacing s by jw (see Problem 6.20). The system output has the same frequency as the
input and can be obtained by multiplying the magnitude of the input by |P( jw)| and shifting the phase
angle of the input by arg P( jw). The magnitude |P(jw)| and angle arg P(jw) for all w together define
the system frequency response. The magnitude |P( jw)| is the gain of the system for sinusoidal inputs
with frequency .

The system frequency response can be determined graphically in the s-plane from a pole-zero map
of P(s) in the same manner as the graphical calculation of residues. In this instance, however, the
magnitude and phase angle of P(s) are computed at a point on the jw axis by measuring the
magnitudes and angles of the vectors drawn from the poles and zeros of P(s) to the point on the jw
axis.

EXAMPLE 8.8. Consider the system with the transfer function
P 1
)= GG+

Referring to Fig. 6-1, the magnitude and angle of P(jw) for @ =1 are computed in the s-plane as follows. The
magnitude of P( ;1) is

|P(j1)|= 7_5—% =0.316

Jw

Fig. 6-1

and the angle is
arg P(j1) = —26.6° —45°= —71.6°

EXAMPLE 6.9. The system frequency response is usually represented by two graphs (see Fig. 6-2): one of
|P(jw)| as a function of w and one of arg P(jw) as a function of w. For the transfer function of Example 6.8,
P(s)=1/(s + 1)(s + 2), these graphs are easily determined by plotting the values of |P(jw)| and arg P(jw) for
several values of w as shown below.

) 0 0.5 1.0 2.0 4.0 8.0
|P(jw)| 0.5 0.433 0.316 0.158 0.054 0.015
arg P(jw) 0 —40.6° -71.6° -108.5° ~139.4° —~158.9°
Pl ol i 1 1 i P o
0.5 — 40°
0.4 — 80"
0.3 4 — 120
0.2 - 160"
0.1 ~—200°
o , | | - —w»  arg P(ju)
0 2 4 8 8 10

Fig. 6-2
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6.6 DISCRETE-TIME SYSTEM TRANSFER FUNCTIONS,
COMPENSATORS AND TIME RESPONSES

The transfer function P(z) for a discrete-time system is defined as that factor in the equation for
the transform of the output Y(z) that multiplies the transform of the input U(z). If all terms due to
initial conditions are zero, then the system response to an input U(z) is given by: Y(z) = P(z)U(z) in
the z-domain, and { y(k)} = Z "} P(z)U(z)] in the time-domain.

The transfer function of a discrete-time system has the following properties:

1. P(z) is the z-transform of its Kronecker delta response yy(k), k=0,1,....

2. The system difference equation can be obtained from P(z) by replacing the z variable with the

shift operator Z defined for any integers k and n by
Z"[y(k)] =y(k +n) (6.6)

3. The denominator of P(z) is the system characteristic polynomial. Consequently, if all the roots

of the denominator are within the unit circle of the z-plane, the system is stable.

4. The roots of the denominator are system poles and the roots of the numerator are the system

zeros. P(z) can be specified by specifying the system poles and zeros and the gain factor K:
K(z+z)(z+2;) - (z+2z,)

(z+p)z+py)---(2+p,)

The system poles and zeros can be represented schematically by a pole-zero map in the z-plane.
The pole-zero map of the output response can be constructed from the pole-zero map of P(z)
by including the poles and zeros of the input U(z).

5. The order of the denominator polynomial of the transfer function of a causal (physically
realizable) discrete-time system must be greater than or equal to the order of the numerator
polynomial.

6. The steady state response of a discrete-time system to a unit step input is called the d.c. gain
and is given by the Final Value Theorem (Section 4.9):

(6.7)

P(z)=

limy(k)=lim[z_1P(z) i ]=P(l) (6.8)
k— o0 Z zZ—

z~+1

1

EXAMPLE 6.10. Consider a discrete-time system characterized by the difference equation
y(k+2) +11y(k+1)+03p(k) =u(k+2)+02u(k+1)
The :z-transform version of this equation with all initial conditions set equal to zero is
(2241124 03)Y(2) =(22+0.22) U(2)
The system transfer function is given by
2(z+0.2) 2(z+0.2)
224112403 (2+05)(z+06)

P(z)=

This system has a zero at —0.2 and two poles, at —0.5 and —0.6. Since the poles are inside the unit circle, the
system is stable. The d.c. gain is
1(1.2)

(1) = (15)(16)

0.5

EXAMPLE 6.11. The general transfer function of a digital lead compensator is

KL d(z_zc)
PLead(Z) = e.z -p 2> P (69)

This compensator has a zero at z = z_ and a pole at z = p . Its steady state gain is

Kicaa(l—2.)
PLcad(l)=_—_—al_P (6.10)
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The gain factor K| .4 is included in the transfer function to adjust its gain at a given « to a desired value. In
Problem 12.13, for example, K| 4 is chosen to render the steady state gain of P4 (at w = 0) equal to that of its
analog counterpart.

EXAMPLE 6.12. The general transfer function of a digital lag compensator is

(1-p)(z-2)

PLag(z)=m z.<p. (6.11)

This compensator has a zero at z =z, and a pole at z = p_. The gain factor (1 — p,)/(1 — z,) is included so that the
low frequency or steady state gain Py, (1) =1, analogous to the continuous-time lag compensator.

EXAMPLE 6.13. Digital lag and lead compensators can be designed directly from s-domain specifications by
using the transform between the s- and z-domains defined by z = ¢°T. That is, the poles and zeros of

P (s) s+a q a(s+b)
5s)= an =——"
Lead s+b L8 p(s+a)
can be mapped according to z=e¢*". For the lead compensator, the zero at s= —a maps into the zero at

z=z,=¢7“T and the pole at s= —b maps into the pole at z=p. = ¢ *". This gives

—-aT

z—e
Pll_cad(z)=z_e_hr (612)
Similarly,
l_e—aT z__e~hT
Pias(z)=(l_e—hr)(z_e-ar) (6.13)

Note that P{ (1) =1.

This transformation is only one of many possible for digital lead and lag compensators, or any type
of compensators for that matter. Another variant of the lead compensator is illustrated in Problems
12.13 through 12.15.

An example of how Equation (6./3) can be used in applications is given in Example 12.7.

6.7 DISCRETE-TIME SYSTEM FREQUENCY RESPONSE

The steady state response to an input sequence { #(k) = A sin wkT } of a stable discrete-time system
with transfer function P(z) is given by

Vs =A|P(e7°T)|sin(wkT + ¢) k=0,1,2,... (6.14)

where |P(e’“T)| is the magnitude of P(e’/*T), ¢ = arg P(e’/“7), and the complex function P(e’“7) is
determined from P(z) by replacing z by e/“7 (see Problem 6.40). The system output is a sequence of
samples of a sinusoid with the same frequency as the input sinusoid. The output sequence is obtained
by multiplying the magnitude 4 of the input by |P(e/“T)| and shifting the phase angle of the input by
arg P(e/“T). The magnitude |P(e/“T)| and phase angle arg P(e’“T), for all w, together define the
discrete-time system frequency response function. The magnitude |P(e/“T)| is the gain of the system for
sinusoidal inputs with angular frequency w.

A discrete-time system frequency response function can be determined in the z-plane from a
pole-zero map of P(z) in the same manner as the graphical calculation of residues (Section 4.12). In this
instance, however, the magnitude and phase angle are computed on the e/*7 circle (the unit circle), by
measuring the magnitude and angle of the vectors drawn from the poles and zeros of P to the point on
the unit circle. Since P(e/“T) is periodic in w, with period 27 /T, the frequency response function need
only be determined over the angular frequency range —7/T < w <#/T. Also, since the magnitude
function is an even function of w, and the phase angle is an odd function of w, actual computations
need only be performed over half this angular frequency range, thatis, 0 < w <« /T.
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6.8 COMBINING CONTINUOUS-TIME AND DISCRETE-TIME ELEMENTS

Thus far the z-transform has been used mainly to describe systems and elements which operate on
and produce only discrete-time signals, and the Laplace transform has been used only for continuous-
time systems and elements, with continuous-time input and output signals. However, many control
systems include both types of elements. Some of the important relationships between the z-transform
and the Laplace transform are developed here. to facilitate analysis and design of mixed
(continuous /discrete) systems.

Discrete-time signals arise either from the sampling of continuous-time signals. or as the output of
inherently discrete-time system components, such as digital computers. If a continuous-time signal y(r)
with Laplace transform Y{(s) is sampled uniformly, with period 7. the resulting sequence of samples
w(kT), k=0,1.2,..., can be written as
4 )

1
v(kT)=— Y(s)e*" ds k=0.12....
T] Je-jx
where ¢ > o, (see Definition 4.3). The :-transform of this sequence is Y*(z) =L¥_,»(kT)z * (Defini-

tion 4.4) which, as shown in Problem 6.41. can be written as

| S, 1 |
V()= 5 [V T

2mjde e

ds (6.15)

for the region of convergence |z| > e‘7. This relationship between the Laplace transform and the
z-transform can be evaluated by application of Cauchy’s integral law [1]. However. in practice. it is
usually not necessary to use this complex analysis approach.

The continuous-time function y(r)=.%" '[Y(s)] can be determined from Y(s) and a table of
Laplace transforms. and the time variable ¢ is then replaced by AT. providing the kth element of the
desired sequence:

y(kT) =2 Y(s)]|,_~

Then the z-transform of the sequence y(kT), k=0,1.2,.... is generated by referring to a table of
z-transforms, which yields the desired result:

Y*(z) == {p(kT)} == {& [¥Y()]],.r } (6.16)
Thus, in Equation (6./6), the symbolic operations % ! and = represent straightforward table

lookups. and |,_.r generates the sequence to be z-transformed.
A common combination of discrete-time and continuous-time elements and signals is shown in Fig.
6-3.

y*(t)

u(r) e u®*(r)
Ul(s) U*(z)

Xyl 1)

KXol s)

Fig. 6-3
If the hold circuit is a zero-order hold. then as shown in Problem 6.42, the discrete-time transfer
function from U*(z) to Y*(z) is given by
Y*(z)
U*(z)

S P

s

} (6.17)

In practice, the sampler at the output, generating y*(¢) in Fig. 6-3, may not exist. However, it is
sometimes convenient to assume one exists at that point, for purposes of analysis (see. e.g.. Problem
10.13). When this is done, the sampler is often called a fictitious sampler.

If both the input and output of a system like the one shown in Fig. 6-3 are continuous-time signals,
and the input is subsequently sampled, then Equation (6./7) generates a discrete-time transfer function
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which relates the input at the sampling times 7,2T,... to the output at the same sampling times.
However, this discrete-time system transfer function does nor relate input and output signals at times =
between sampling times, that is, for kT <r < (k+1)T, k=0,1,2,....

EXAMPLE 6.14. In Fig. 6-3, if the hold circuit is a zero-order hold and P(s)=1/(s + 1), then from Equation
(6.17), the discrete-time transfer function of the mixed-element subsystem is

Y*(z) -1 1 .
F(_z$=(1—z )Z{-g’_(s(.w‘l)),-kr}
1
=(1—21)Z{Y1(;_s:~1) }
(- N
=(1-27) 2{1(kT) = e*7)
- (-2 (1K) - 2 (e 47)]

) ~1[ 1 1 ]
(1-z )l—z"1 1-e Tz7!

(5 ES

1-e 7
z—e T
Solved Problems

TRANSFER FUNCTION DEFINITIONS

6.1. What is the transfer function of a system whose input and output are related by the following
differential equation?
2
‘ZT); + 3% +2y=u+ %
Taking the Laplace transform of this equation, ignoring terms due to initial conditions, we obtain
s¥Y(s) + 3sY(s) + 2¥(s) = U(s) +sU(s)
This equation can be written as
s+1
Y(s) = [m]U(S)
The transfer function of this system is therefore given by

s+1

P -

G) =i

6.2. A particular system containing a time delay has the differential equation (d/dr) y(1) + y(1) =
u(t — T'). Find the transfer function of this system.

The Laplace transform of the differential equation, ignoring terms due to initial conditions, is

sY(s) + Y(s)=e*TU(s). Y(s) and U(s) are related by the following function of s, which is the system
transfer function
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6.3. The position y of a moving object of constant mass M is related to the total force f applied to

64.

the object by the differential equation M(d2y/dt?) = f. Determine the transfer function relating
the position to the applied force.

Taking the Laplace transform of the differential equation, we obtain Ms?Y(s) = F(s). The transfer
function relating Y(s) to F(s) is therefore P(s)= Y(s)/F(s)=1/Ms>.

A motor connected to a load with inertia J and viscous friction B produces a torque
proportional to the input current /. If the differential equation for the motor and load is
J(d?/dt*) + B(d8/dr) = Ki, determine the transfer function between the input current i and
the shaft position 8.

The Laplace transform version of the differential equation is (Js2 + Bs)8(s) = KI(s), and the required
transfer function is P(s)=90(s)/I{s) = K/s(Js + B).

PROPERTIES OF TRANSFER FUNCTIONS

6.5.

6.6.

6.7.

6.8.

An impulse is applied at the input of a continuous system and the output is observed to be the
time function e~ Find the transfer function of this system.

The transfer function is P(s) = Y(s)/U(s) and U(s) =1 for u(t) = 8(t). Therefore

1
P(S) = Y(S) = ;+—2

The impulse response of a certain continuous system is the sinusoidal signal sin 7. Determine the
system transfer function and differential equation.

The system transfer function is the Laplace transform of its impulse response, P(s) =1/(s? + 1). Then
P(D)=y/u=1/(D*+1), D’y +y=uordiy/dt*+y=u.

The step response of a given system is y=1—Ze '+ 2¢72 — 1¢=# What is the transfer
function of this system?

Since the derivative of a step is an impulse (see Definition 3.17), the impulse response for this system is
p)=dy/dt=1e " —3e ¥+ 2%
The Laplace transform of p(7) is the desired transfer function. Thus
3 -3 2 s+8
+ + =
s+1  s+2 s+4  (s+1)(s+2)(s+4)

P(s) =

Note that an alternative solution would be to compute the Laplace transform of y and then multiply
by s to determine P(s), since a multiplication by s in the s-domain is equivalent to differentiation in the
time domain.

Determine if the transfer function P(s)=(2s+ 1)/(s2+ s+ 1) represents a stable or an unsta-
ble system.

The characteristic equation of the system is obtained by setting the denominator polynomial to zero,
that is, s> + s+ 1 =0. The characteristic equation may then be tested using one of the stability criteria
described in Chapter 5. The Routh table for this system is given by

st 1

Since there are no sign changes in the first column, the system is stable.
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6.9. Does the transfer function P(s) = (s + 4)/(s + 1)(s + 2)(s — 1) represent a stable or an unstable
system?

The stability of the system is determined by the roots of the denominator polynomial, that is, the poles
of the system. Here the denominator is in factored form and the poles are located at s = —1, — 2, +1. Since
there is one pole with a positive real part, the system is unstable.

6.10. What is the transfer function of a system with a gain factor of 2 and a pole-zero map in the
s-plane as shown in Fig. 6-47

The transfer function has a zero at —1 and poles at —2 and the origin. Hence the transfer function is
P(s)=2s+1)/s(s+2).

jw ju
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————— —j

Fig. 6-4 Fig. 6-5
6.11. Determine the transfer function of a system with a gain factor of 3 and the pole-zero map shown
zix  in Fig. 6-5

&.‘, The transfer function has zeros at —2 +; and poles at ~3 and at —1 + ;. The transfer function is
therefore P(s)=3(s+2+ ) s+2—-1)/(s+ s+ 1+ )s+1-).

TRANSFER FUNCTIONS OF CONTINUOUS CONTROL SYSTEM COMPONENTS

6.12. An R-C network mechanization of a lead compensator is shown in Fig. 6-6. Find its transfer
function.

R,
—AWWWA—
—
o
c
o
Fig. 6-6

Assuming the circuit is not loaded, that is, no current flows through the output terminals, Kirchhoff’s
current law for the output node yields

d 1 1
CE(":‘ —u) + 'R:'(vi_vo) = EUO

The Laplace transform of this equation (with zero initial conditions) is

1 1
Cs[V(s) - V()] + E[Vi(s) - ()] = ®, Vo (s)
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The transfer function is

Vo(s) Cs+1/R, s+a
V(s) Cs+1/R +1/R, s+b
where a =1/R,C and b=1/R,C+1/R,C.

P Lead ™

6.13. Determine the transfer function of the R-C network mechanization of the lag compensator

:Ji shown in Fig. 6-7.
R,

VWWWW J_ 3

7

TI
Ly

Fig. 6-7
Kirchhoff's voltage law for the loop yields the equation
. 1 '. .
iR, + —C*j(;ldt+zR2=v,
whose Laplace transform is
1
(Rl +R,+ a)l(s) =V (s)
The output voltage is given by
1
1(s) = Rat ) 16)
Cs
The transfer function of the lag network is therefore
Vo(s) R, +1/Cs a(s+b) 1 1

- = - b:_—.
V) T RARA1/G b(ra) M TR AR)C R,C

PLag=

6.14. Derive the transfer function of the R-C network mechanization of the lag-lead compensator

Zl shown in Fig. 6-8.
gud R,

— W

s T 2

Fig. 6-8

of
ol

Equating currents at the output node a yields

d
R_l(vi_00)+cl;(vi_vo)-i

The voltage v, and the current i are related by

1 L ,
afozdt+zR2=vo
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Taking the Laplace transform of these two equations (with zero initial conditions) and eliminating /(s)
results in the equation

(Ril + Cls)[V:(S) - W(s)] = 7:2%,{—2
The transfer function of the network is therefore
1 1
A0) (” Rlcl)(” chz) (s+a)(s+by)
7O s2+( R )H L " Geb)(s+ay)
R,G, R RG R,C\R,G
where
1 1 1
a = R, ba,=ab, b +a,=a, +b,+ RC, b, = RG

6.15. Find the transfer function of the simple lag network shown in Fig. 6-9.

This network is a special case of the lag compensation network of Problem 6.13 with R, set equal to
zero. Hence the transfer function is given by

Vo(s)  1/Gs 1/RC

P(s)= v(s) R+1/Cs s+1/RC

R Rl R2
o—— MWW —o o——AWW————AWWA— °
¥ + + -1- -L +
” /;\ = . " N /:]\‘ T CI m 02 vy
o © S ! °

Fig. 6-9 Fig. 6-10
6.16. Determine the transfer function of two simple lag networks connected in series as shown in Fig.
Lix  6-10.

Mathcad The two loop equations are

1 .
Ri + — i, —§,) dt =
111 Clj;(ll i) U;

| 1 .
Ry, + — | i,dt+ — ,— i ydi=0
2l szolz le(;('z i)

Using the Laplace transformation and solving the two loop equations for I,(s), we obtain
CysV,(s)

I =
() = R Rt (RC + RG, + RyG)s < 1

The output voltage is given by vy, =(1/C,) f 'iz dr. Thus
0

W(s) 1
V,(s) - RR,CGs* + (RC + RG + R, G)s +1

CONTINUOUS SYSTEM TIME RESPONSE

6.17. What is the unit step response of a continuous system whose transfer function has a zero at —1,
a pole at —2, and a gain factor of 2?
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The Laplace transform of the output is given by Y(s) = P(s)U(s). Here

2(s+1 1 2 1 1 1
(s++2) Us)=5 Y0 o Py

- s(s+2) T

P(s) =

Evaluating the inverse transform of the partial fraction expansion of Y(s) gives p(r) =1+ e %,

6.18. Graphically evaluate the unit step response of a continuous system whose transfer function is
given by
(s+2)

PO = GFos6+9)

The pole-zero map of the output is obtained by adding the poles and zeros of the input to the pole-zero
map of the transfer function. The output pole-zero map therefore has poles at 0, —0.5, and —4 and a zero
at —2 as shown in Fig. 6-11.

jo

poles of P(s) s-plane

x o — 0

-4 -2 —-0.5 x
pole due to the input

zero of P(s) —

Fig. 6-11

The residue for the pole at the origin is
R 2 1 R =0°
I l|=0.5(4)= arg 1 =
For the pole at —0.5,

1.
Ry| = ——— =0.857 = —180°
IR,| 0.5(3.9) arg R, 180

For the pole at —4,

IR,| = =0.143 arg R, = —180°

2
4(3.5)
The time response is therefore y(t) = R, + R,e %% + Rie™* =1 — 0.857¢ %% — 0.143¢ "%
6.19. Evaluate the unit step response of the system of Problem 6.11.

! .
ﬁ The Laplace transform of the system output is
athcad

(s+2+5)(s+2-))
s(s+3)(s+1+5)(s+1-))

Y(s) = P(s)U(s) =

Expanding Y(s) into partial fractions yields

R, R, R,
+ + ,
s+3 s+1+)5 s+1-j

¥ R,
- —
(s) =~
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where
3@+ s L me-)
R=sa+nHa-y "2 Rs= T nE-7)(-2)) 20
I ) ) W BN (R1) (N P

=3(=2+)(-2-j) 5 (2+)(-1+4,)(2j) 20

Evaluating the inverse Laplace transform,

5 2 V2 5 2 3v2
= ——e Mt ii®) Ju+8)yy . = _ -3 T -t +0
y=5-3¢ 2 [e +e ] 5 " 5¢ ¢ cos(t+8)

where # = —tan"'[}] = -8.13°.

CONTINUOUS SYSTEM FREQUENCY RESPONSE

6.20.

6.21.

g}

Mathcad

Prove that the steady state output of a stable system with transfer function P(s) and input
u= Asinwt is given by

=A|P(jw)|sin(wt+¢)  where ¢=arg P(jw)

The Laplace transform of the output is Y(s) = P(s)U(s) = P(s)[ Aw/(s* + «?)].

When this transform is expanded into partial fractions, there will be terms due to the poles of P(s)
and two terms due to the poles of the input (s = +jw). Since the system is stable, all time functions
resulting from the poles of P(s) decay to zero as time approaches infinity. Thus the steady state output
contains only the time functions resulting from the terms in the partial fraction expansion due to the poles
of the input. The Laplace transform of the steady state output is therefore

AP(je) | AP(-jw)
%)= TG ) T T2i(s +jw)

The inverse transform of this equation is

elte vt — i) ]

—AIP(_[O)),[ =A| P(jw)|sin(wt+¢)  where ¢ =arg P(jw)

Find the d.c. gain of each of the systems represented by the following transfer functions:

B 1 10 (S+8)
(@ PO=27 O PO-oern O PO Tiaee

The d.c. gain is given by P(0). Then (a) P(0)y =1, (b) P(0)=35, (¢) P(0O)=1.

Evaluate the gain and phase shift of P(s)=2/(s+2) for @ =1, 2, and 10.

The gain of P(s) is given by |P(jw)] =2/Vw? + 4. For w=1, |P(j1)] =2/V5 = 0.894; for w=2,
{P(j2)| = 2/V8 = 0.707; for w = 10, |P(j10)| = 2/¥104 = 0.196.

The phase shift of the transfer function is the phase angle of P(jw), arg P(jw)= —tan 'w/2. For
w=1,arg P(jl)= —tan"'} = —26.6°; for w =2, arg P(j2) = — tan"'1 = —45°; for w = 10, arg P(j10) =
—tan~'5 = —78.7°.

Sketch the graphs of |P(jw)| and arg P(jw) as a function of frequency for the transfer function
of Problem 6.22.

In addition to the values calculated in Problem 6.22 for |P( jw)| and arg P( jw), the values for w =0
will also be useful: |P(j0)| =2/2=1, arg P(j0)= —tan"! 0 =0.

As w becomes large, |P(jw)| asymptotically approaches zero while arg P(jw) asymptotically ap-
proaches — 90°. The graphs representing the frequency response of P(s) are shown in Fig. 6-12.
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A
[P(jo)i
l‘(]ﬂ

0.8 o
0.8 o
0.4 o

0.2

—20°+

- 40° A

—60°

-

- 80°

arg P(jw)
Fig. 6-12

DISCRETE-TIME SYSTEM TRANSFER FUNCTIONS AND TIME RESPONSES

6.24.

6.25.

The Kronecker delta response of a discrete-time system is given by y,(k) =1 for all ¥ = 0. What
1s its transfer function?

The transfer function is the z-transform of the Kronecker delta response, as given in Example 4.26:
P(2)=1+z'4z734z 74
To determine a pole-zero representation of P(z), note that
zP(z) —z=P(2)

or (z-1)P(z)=:
so that
z
P(z) = o1
Alternatively, note that the Kronecker delta response is the unit step sequence, which has the z-transform
z
P( z) - z—1

(see Table 4.2).

The Kronecker delta response of a particular discrete system is given by y;(k) = (0.5)* for k > 0.
What is its transfer function?

The form of the Kronecker delta response indicates the presence of a single pole at 0.5. The Kronecker
delta response of a system with a single pole and no zero has no output at k = 0. That is.

1
55 +05272402527 %+ - +(0.5)" 4

Consequently, the transfer function must have a zero in the numerator to advance the output sequence one
sample interval. That is,

z
z-05

P(z) =
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6.26.

6.27.

i+

Mathcad

What is the difference equation for a system whose transfer function is
z—0.1

Piz)= 5———
(2) 22+0.32+0.2
Replacing z" with Z", we get
Z-01
P(Z)y=F——F—
Z°+03Z2+02

Then
(Z-01)u(k) u(k+1)-0.1u(k)
Z2+03Z+02  Z°+03Z+0.2

y(k) =P(Z)u(k) =
and, by cross multiplying,
y(k+2) +03y(k+1) +02p(k)=u(k+1) - 0.1u(k)

What is the transfer function of a discrete system with a gain factor of 2, zeros at 0.2 and —0.5,
and poles at 0.5, 0.6, and —0.4? Is it stable?

The transfer function is
2(z-02)(z+0.5)
(z—-05)(z—-0.6)(z+0.4)

Since all the system poles are inside the unit circle, the system is stable.

P(z) =

MISCELLANEOUS PROBLEMS

6.28.

A d.c. (direct current) motor is shown schematically in Fig. 6-13. L and R represent the
inductance and resistance of the motor armature circuit, and the voltage v, represents the
generated back e.m.f. (electromotive force) which is proportional to the shaft velocity d8/dr. The
torque T generated by the motor is proportional to the armature current /. The inertia J
represents the combined inertia of the motor armature and the load, and B is the tptal viscous
friction acting on the output shaft. Determine the transfer function between the input voltage V
and the angular position @ of the output shaft.

Motor Armature Circuit Inertial Load
L R J
o fm AV
+ T =K
. 4- -
Y S T —— Shaft
Input L L de a }FZ& 2
Voltage v Yy K"df | Angle
B

Fig. 6-13

The differential equations of the motor armature circuit and the inertial load are

dé g KizJ d* B dé
_— = J —— + R
dr an A= dr
Taking the Laplace transform of each equation, ignoring initial conditions,

(R+sL)I=V—-K;8 and  KJI=(Js’+Bs)®

) di
R1+LE=U_KI

Solving these equations simultaneously for the transfer function between V' and ©, we have
(C] K, K /JL
vV (Js’+Bs)(Ls+R)+KK;s  s[s*+(B/J+R/L)s+BR/JL+KK,/IL|
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6.29. The back e.m.f generated by the armature circuit of a d.c. machine is proportional to the angular
velocity of its shaft, as noted in the problem above. This principle is utilized in the d.c.
tachometer shown schematically in Fig. 6-14, where v, is the voltage generated by the armature,
L is the armature inductance, R, is the armature resistance, and v, is the output voltage. If X,
is the proportionality constant between v, and shaft velocity d8/dt, that is, v, = K (d8/dt),
determine the transfer function between the shaft position © and the output voltage ¥,. The
output load is represented by a resistance R; and R; + R,=R.

Fig. 6-14

The Laplace transformed equation representing the tachometer is /(R +sL) = K,s8. The output
voltage is given by
R, K;s0
V,=1IR, = L b
R+sL
The transfer function of the d.c. tachometer is then
W RUK s
- s+R/L

e L

6.30. A simple mechanical accelerometer is shown in Fig. 6-15. The position y of the mass M with
respect to the accelerometer case is proportional to the acceleration of the case. What is the
transfer function between the input acceleration A (a = d*x/dt?) and the output Y?

—— xr = case position
— y— >
K B ~Case

w |+

Spring

Fig. 6-15

Equating the sum of the forces acting on the mass M to its inertial acceleration, we obtain

dy d?
By TR =My o)
dly dy d*x
or M?+BE+Ky=M?=Ma

where a is the input acceleration. The zero initial condition transformed equation is
(Ms*+Bs+ K)Y=MA
The transfer function of the accelerometer is therefore
Y 1

A 2+ (B/M)s+K/M
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A differential equation describing the dynamic operation of the one-degree-of-freedom gyroscope
shown in Fig. 6-16 is

Jd20 Bdo K6=H
— 4+ B— 4 =
dr? dr ®

where w is the angular velocity of the gyroscope about the input axis, 4 is the angular position of
the spin axis-—the measured output of the gyroscope, H is angular momentum stored in the
spinning wheel, J is the inertia of the wheel about the output axis, B is the viscous friction
coefficient about the output axis, and K is the spring constant of the restraining spring attached
to the spin axis.

output axis

-—C -—= input axis
w

Wheel spins at
constant
veloeity

Fig. 6-16

(a) Determine the transfer function relating the Laplace transforms of w and #, and show that

(b)

(a)

(b)

the steady state output is proportional to the magnitude of a constant rate input. This type
of gyroscope is called a rate gyro.

Determine the transfer function between w and # with the restraining spring removed
(K = 0). Since here the output is proportional to the integral of the input rate, this type of
gyroscope is called an integrating gyro.

The zero initial condition transform of the gyroscope differential equation is
(Js’+Bs+ K)8=HQ
where © and Q are the Laplace transforms of 8 and «w, respectively. The transfer function relating &
and @ is therefore
2] H
Q" (UsP+Bs+K)
For a constant or d.c. rate input wy, the magnitude of the steady state output 8, can be obtained by

multiplying the input by the d.c. gain of the transfer function, which in this case is H/K. Thus the
steady stale output is proportional to the magnitude of the rate input, that is, 6, = (H/K)wy.

Setting K equal to zero in the transfer function of (a) yields ®/8 = H/s(Js + B). This transfer
function now has a pole at the origin, so that an integration is obtained between the input £ and the
output 8. The output is thus proportional to the integral of the input rate or, equivalently, the input
angle.

A differential equation approximating the rotational dynamics of a rigid vehicle moving in the
atmosphere is

sza NLO=T
dr? B
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where 4 is the vehicle attitude angle, J is its inertia, N is the normal-force coefficient, L is the
distance from the center of gravity to the center of pressure, and T is any applied torque (see
Fig. 6-17). Determine the transfer function between an applied torque and the vehicle attitude
angle.

velocity with
respect to the
atmosphere

 center of

gravity
/L-Earth

/\\

Fig. 6-17

The zero initial condition, transformed system differential equation is
(Js?-NL)O=T
The desired transfer function is
0 1 1/J
T JsP-NL s*-NLJJ

Note that if NL is positive (center of pressure forward of the vehicle center of gravity), the system is
unstable because there is a pole in the right half-plane at s=/NL/J. If NL is negative, the poles are
imaginary and the system is oscillatory (marginally stable). However, aerodynamic damping terms not
included in the differential equation are actually present and perform the function of damping out any
oscillations.

Pressure receptors called baroreceptors measure changes in arterial blood pressure, as outlined in
Problem 2.14. They are shown as a block in the feedback path of the block diagram determined
in the solution of that problem. The frequency b(r) at which signals (action potentials) move
along the vagus and glossopharyngeal nerves from the baroreceptors to the vasomotor center
(VMQ) in the brain is proportional to arterial blood pressure p plus the time rate of change of
blood pressure. Determine the form of the transfer function for the baroreceptors.

From the description given above, the equation for b is
dp

b=k p+k,—

1P L

where k, and k, are constants, and p is blood pressure. [ p should not be confused here with the notation
p(1), the inverse Laplace transform of P(s) introduced in this chapter as a general representation for a
transfer function,] The Laplace transform of the above equation, with zero initial conditions, is

B=k P+ kysP=P(k, +kys)

The transfer function of the baroreceptors is therefore B/P = k, + k,s. We again remind the reader that P
represents the transform of arterial blood pressure in this problem.

Consider the transfer function C, /R, for the biological system described in Problem 3.4(a) by
the equations

() =r ()= X a, c,(1— A1)
i=1
for k=1,2,..., n. Explain how C,/R, may be computed.
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6.35.

6.36.

Taking the Laplace transform of the above equations, ignoring initial conditions, yields the following
set of equations:

n
Ci=R,~ X a,_,Ce*¥
i=1
for k=1,2,..., n. If all n equations were written down, we would have n equations in » unknowns (C, for
k=1,2,..., n). The general solution for any C, in terms of the inputs R, can then be determined using the
standard techniques for solving simultaneous equations. Let D represent the determinant of the coefficient
matrix:

1+aoe—:Al a_le—:Ar al-,,e_“h
D= ale—:Ar 1+ gqe sar az_ne-:Ar
an_le—sAr ale—sAr 14a e—sAr
Then in general,
D
k
Ck = -
D

where D, is the determinant of the coefficient matrix with the k th column replaced by
R,

R,
The transfer function C,/R, is then determined by setting all the inputs except R, equal to zero,
computing C, from the formula above, and dividing C, by R,.

Can you determine the s-domain transfer function of the ideal sampler described in Problems 3.5
and 4.39? Why?

No. From the results of Problem 4.39, the output transform U(s) of the ideal sampler is

o0
Ur(s)= Y e **Tu(kT)
k=0
It is not possible to factor out the transform U(s) of the input signal u(t) applied to the sampler, because
the sampler is not a time-invariant system element. Therefore it cannot be described by an ordinary transfer
function.

Based on the developments of the sampler and zero-order hold function given in Problems 3.5,
3.6, 3.7, and 4.39, design an idealization of the zero-order hold transfer function.

In Problem 3.7, impulses in mr(¢) replaced the current pulses modulated by m_(¢) in Problem 3.6.
Then, by the screening property of the unit impulse, Equation (3.20), the integral of each impulse is the
value of u(r) at the sampling instant kT, k=0,1,..., etc. Therefore it is logical to replace the capacitor
(and resistor) in the approximate hold circuit of Problem 3.6 by an integrator, which has the Laplace
transform 1/s. To complete the design, the output of the hold must be equal to u at each sampling time,
not u — y,,; therefore we need a function that automatically resets the integrator to zero after each
sampling period. The transfer function of such a device is given by the “pulse” transfer function:

1
Pyyo(s) = ;(1 - e—sr)

Then we can write the transform of the output of the ideal hold device as

1 o0
Yuo(s) = Puo(s)U*(s) = < (1 —e™*") 1. e™*Tu(kT)
k=0
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Can you determine the s-domain transfer function of the ideal sampler and ideal zero-order hold
combination of the previous problem? Why?

No. It is not possible to factor out the transform U(s) of u(t) applied to the sampler. Again, the
sampler is not a time-invariant device.

The simple lag circuit of Fig. 6-3, with a switch S in the input line, was described in Problem 3.6
as an approximate sample and zero-order hold device, and idealized in Problem 6.36. Why is this
the case, and under what circumstances?
The transfer function of the simple lag was shown in Problem 6-15 to be
1/RC
s+1/RC

If RC <1, P(s) can be approximated as P(s)=1, and the capacitor ideally holds the output constant
until the next sample time.

P(s) =

Show that for a rational function P(z) to be the transfer function of a causal discrete-time
system, the order of its denominator polynomial must be equal to or greater than the order of its
numerator polynomial (Property 6, Section 6.6).

In Section 3.16 we saw that a discrete-time system is causal if its weighting sequence w(k) =0 for
k < 0. Let P(z), the system transfer function, have the form:

b,z +b, 2" 1+ - bzt by

P(z)=
(2) a,z"+a, 2" '+ - +a;z+ag

where g, # 0 and &, # 0. The weighting sequence w(k) can be generated by inverting P(z), using the long
division technique of Section 4.9.
We first divide the numerator and denominator of P(z) by z™, thus forming;
b,+b, 27 + - bz

n-m n-m-1 . -m
nZ +a,_,z + +ayz

P(z) =
a
Dividing the denominator of P(z) into its numerator then gives

bm bmanfl
P(z)y=|—|z"""+|b,.,— zmly L
a

n an

The coefficient of z™* in this expansion of P(z)is w(k), and we see that w(k) =0 for k <n—m and

b,,
w(n—m)=—#0
a

n

For causality, w(k) =0 for k <0, therefore n —m >0 and n> m.

Show that the steady state response of a stable discrete-time system to an input sequence
u(k)y=AsinwkT, k=0,1,2,..., 1s given by
Vs =A|P(eT) [sin(wkT + ¢) k=0,1,2,... (6.14)

where P(z) is the system transfer function.

Since the system is linear, if this result is true for 4 =1, then it is true for arbitrary values of 4. To
simplify the arguments, an input u'(k) =e/“*7, k =0,1,2,..., is used. By noting that

u'(k) = /T = cos wkT + j sinwkT

the response of the system to {u'(k)} is a complex combination of the responses to {coswkT} and
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6.41.

{sin wkT}, where the imaginary part is the response t0 {sinwkT}. From Table 4.2 the z-transform of
{e’* T} is
z

z—eT

Thus the z-transform of the system output Y’(z) is
z
Y'(2) = P(2) 7

z—e¢ JuT
To invert Y’(z), we form the partial fraction expansion of

Y'(z2) - P(z)

This expansion consists of terms due to the poles of P(z) and a term due to the pole at z = e/“”. Therefore

P(eT)

Y'(z) =z| ) terms due to poles of P(z) + P

and
{y(k)} = Z"‘[zz terms due to poles of P(z)] +{P(e*T)e T}
Since the system is stable, the first term vanishes as & becomes large and
Yoo = P(e79T) 1k = | P((£/T) |/(wAT+#)
=|P(e’T)|[cos (wkT + ) +jsin{ wkT+¢)]  k=0,1,2,...
where ¢ = arg P(e/“T). The steady state response to the input sin wkT is the imaginary part of y,, or
Yoo =| P(&7°7) |sin( wkT + o) k=0,1,2,...

Show that, if a continuous-time function y(r) with Laplace transform Y{(s) is sampled uniformly
with period 7, the z-transform of the resulting sequence of samples Y*(z) is related to Y(s) by
Equation (6.15).

From Definition 4.3:

1 ¢+ joo
= Y xldg
W) =5 [ V)

c— joo

where ¢ > ¢;,. Uniformly sampling y(r) generates the samples y(kT), k=0,1,2,.... Therefore

1 .
y(kT) = — [T"¥(s)e*Tds  k=0,1,2,...
2'”_] ¢ —joo
The z-transform of this sequence is
=  z7* et
Y*(z)= Y y(kT)z %= Y —f Y(s)e*T ds
k=0 k=0 27J Jc—joo

and after interchanging summation and integration,
1 v S kT,
Y"(z)=—_[ Y(s) Y e*Tz % ds
217] ¢~ joo k=0
Now
oC o0
Y ekTr k= ¥ (est-l)k
k=0 k=0
is a geometric series, which converges if |¢"z"!| < 1. In this case,
o0
L (e -
k=0
The inequality |e*”z7'| <1 implies that |z| > [e*T|. On the integration contour, |e

1- eJTz—l

le = |e((‘~+jw)T - e('T
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Thus the series converges for |z] > 7. Therefore
1 ¢+ joo 1
_/ Y(S) 1- sT_—1 ds

27f Je—joo e’z

Y(z) =
for |z| > e'7, which is Equation (4.15).

Show that if the hold circuit in Fig. 6-3 is a zero-order hold, the discrete-time transfer function is
given by Equation (6.17).

Let p(1) =% "'[P(s)]. Then, using the convolution integral (Definition 3.23), the output of P(s) can
be written as

W) = [(p( =) xol7) dr

Since x;,,(?) is the output of a zero-order hold, it is constant over each sampling interval. Thus y(r) can be
written as

y(1) =Lrp(l—‘r)x(0) d-r+f:rp(t—1-)x(1) dr+ -

-nr . ' .
+ [V p (=) X[ -DTldr+ [ p(r=m)x[(j-1T]dr
-T -nr

where (j — 1)T <t <T. Now

YT =ji1(

j(Hl)Tp(jT— ) d-r)x(iT)
j=g \"iT

By letting 8§ = ;T — 7, the integral can be rewritten as

G+OT G-0T
f p(JT—'r)d'r=fJ p(8) dé
iT (y—1—-DHT

where i=0,1,2,3,..., j— 1. Now, defining h(¢)= [;p(8)d0 and k=5 -1 or j=k + 1 yields

(j-DT (j— 0T —i-1DT (k—i+ )T (k-i)T
777 p(oyds= V""" p(8) do—[“ p(8)do= [ p(8)yas— [T p(8) a8
(j—i—OHT /] 0 (4] o]

=h[(k—i+1)T]) - h[(k-i)T]
Therefore we can write

k k
y[(k+1)T] = z%huk-—i+1)T]xUT)—-Z%h[(k—i)T]xﬁT)

Using the relationship between the convolution sum and the product of z-transforms in Section 4.9, the
Shift Theorem (Property 6, Section 4.9), and the definition of the z-transform, the z-transform of the last
equation is

2Y*(z) =zH*(2) X*(z) — H*(2) X*(2)

where Y*(z) is the z-transform of the sequence y(kT), k=0,1,2,..., H*(z) is the z-transform of
$Tp(8)d8, k=0,1,2,..., and X*(z) is the z-transform of x(kT), k=0,1,2,.... Rearranging terms
yields
¥*(z)
X*(z)

=(1-z)H(2)
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r-kT}

6.43. Compare the solution in Problem 6.42 with that in Problem 6.37. What is fundamentally
different about Problem 6.42, thereby permitting the use of linear frequency domain methods on
this problem?

Then, since h(¢) = fip(8)d8, L[h(1)] = P(s)/s and

Y"(z)_ . .
X‘(z)_(l z )Z{Y(

)

The presence of a sampler at the output of P(s) permits the use of z-domain transfer functions for the
combination of the sampler, zero-order hold, and P(s).

Supplementary Problems
6.44. Determine the transfer function of the R-C network shown in Fig. 6-18
R,
- -]_ +
AUk C,

2T

+ G X R, vy,

Yin Rg Ry

o— °

Fig. 6-18 Fig. 6-19

6.45. An equivalent circuit of an electronic amplifier is shown in Fig. 6-19. What is its transfer function?
6.46. Find the transfer function of a system having the impulse response p(r) =e™’(1 - sin ).

647. A sinusoidal input x =2sin2¢ is applied to a system with the transfer function P(s)=2/s(s+2).
Determine the steady state output y,..

6.48. Find the step response of a system having the transfer function P(s)=4/(s? - 1)(s>+ 1).

6.49. Determine which of the following transfer functions represent stable systems and which represent unstable

systems:
(s-1) (s+2)(s—2)
(@ PO = i +9) @ PO = G-+ 9)
by Psy= T (d) P(s)=
(s+2)(s+4) (s +s+1)(s+1)°
5(s + 10)
(e) P(s)=

(s+5)(s*-5+10)

6.50. Use the Final Value Theorem (Chapter 4) to show that the steady state value of the output of a stable
system in response to a unit step input is equal to the d.c. gain of the system.
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6.51.

6.52.

6.53.

6.54.

6.55.

6.56.

6.44.

6.45.

6.46.

6.47.

6.48.

6.49.

6.51.

6.53.

TRANSFER FUNCTIONS {CHAP. 6

Determine the transfer function of two of the networks shown in Problem 6.44 conmnected in cascade
(series).

Examine the literature for the transfer functions of two- and three-degree-of-freedom gyros and compare
them with the one-degree-of-freedom gyro of Problem 6.31.

Determine the ramp response of a system having the transfer function P(s) =(s+ 1)/(s + 2).

Show that if a system described by
*ody m du

)y L

“ dr' dr
i=0 i=0

for m < n is at rest prior to application of the input, that is, d*y/dt* =0, k=0,1,...,n~ 1, for ¢ <0, then
(terms due to a// initial values uf, y5)=0.
(Hint: Integrate the differential equation n times from 0" =lim, ., .ot to 7, and then let t > 0*))

Determine the frequency response of the ideal zero-order hold (ZOH) device, with transfer function given
in Problem 6.36, and sketch the gain and phase characteristics.

A zero-order hold was defined in Definition 2.13 and Example 2.9. A first-order hold maintains the slope of
the function defined by the last two values of the sampler output, until the next sample time. Determine the
discrete-time transfer function from U*(z) to Y*(z) for the subsystem in Fig. 6-3, with a first-order hold
element.

Answers to Supplementary Problems

W, s
V, s+1/RC
Voul _""RL

V. (R +R)RCs+(p+1)R, +R,+R,

sP4+s+1
(s+1)(s2+25+2)

P(s)=
¥, = 0.707sin(2r — 135%)

y=—4+e"+e +2cos1

(b) and (d) represent stable systems; (a), (c), and (¢) represent unstable systems.

v, 5?
V, s'+(3/RC)s+1/R¥C?

=1 _1 2t 1
y=35—q¢ " t3t
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Tsin( T2
6.55. P(M_[ sm(Tu}z/ )]e_,um

[Pyol
T
arg P

& Fro 2n 4n
T T
¥ ¥ — 4 L

o 4n

T T

-180° T
Fig. P6-55

6.56. Y*(z)
U*(2)

o0, 16)

5 T 5?

=(1 —z—l)zz{.srl(

t-kT}

w
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Chapter 7

Block Diagram Algebra and Transfer Functions
of Systems

7.1 INTRODUCTION

It is pointed out in Chapters 1 and 2 that the block diagram is a shorthand, graphical representation
of a physical system, illustrating the functional relationships among its components. This latter feature
permits evaluation of the contributions of the individual elements to the overall performance of the
system.

In this chapter we first investigate these relationships in more detail, utilizing the frequency domain
and transfer function concepts developed in preceding chapters. Then we develop methods for reducing

complicated block diagrams to manageable forms so that they may be used to predict the overall
performance of a system.

7.2 REVIEW OF FUNDAMENTALS

In general, a block diagram consists of a specific configuration of four types of elements: blocks,
summing points, takeoff points, and arrows representing unidirectional signal flow:

Su;’:':-;nnl: J Slek Takeoff
% _+,/_\ T+ Block z Point z
Description
-
v
iL_Sep—
Fig. 7-1

The meaning of each element should be clear from Fig. 7-1.
Time-domain quantities are represented by lowercase letters.

EXAMPLE 7.1. r=r(¢) for continuous signals, and r(z,) or r(k), k=1,2,..., for discrete-time signals.

Capital letters in this chapter are used for Laplace transforms, or z-transforms. The argument s or z
is often suppressed, to simplify the notation, if the context is clear, or if the results presented are the
same for both Laplace (continuous-time system) and z-(discrete-time system)transfer function domains.

EXAMPLE 7.2. R =R(s) or R=R(z).

The basic feedback control system configuration presented in Chapter 2 is reproduced in Fig. 7-2,
with all quantities in abbreviated transform notation.

154
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N
R+ \E=rsE] g v G, c
+* Forward Path
B
H
Feedback Path
Fig. 7-2

The quantities G,, G,, and H are the transfer functions of the components in the blocks. They may
be either Laplace or z-transform transfer functions.

EXAMPLE 73. G, =U/EorU=G\E.

It is important to note that these results apply either to Laplace transform or to z-transform
transfer functions, but not necessarily to mixed continuous/discrete block diagrams that include
samplers. Samplers are linear devices, but they are not time-invariant. Therefore they cannot be
characterized by an ordinary s-domain transfer function, as defined in Chapter 6. See Problem 7.38 for
some exceptions, and Section 6.8 for a more extensive discussion of mixed continuous /discrete systems.

7.3 BLOCKS IN CASCADE

Any finite number of blocks in series may be algebraically combined by multiplication of transfer
functions. That is, n components or blocks with transfer functions G,, G,,..., G, connected in cascade
are equivalent to a single element G with a transfer function given by

n
G=6G,-G, G, - G,=[]G, (7.1)
i=1

[T}

The symbol for multiplication is omitted when no confusion results.

EXAMPLE 7.4.
E G, M G, C - E G,G, C
Fig. 7-3
Multiplication of transfer functions is commutative; that is,
GG, =GG,; (7.2)
for any i or j.
EXAMPLE 7.5.
_—"'E GG, _"‘C = E G,G, 4
Fig. 7-4

Loading effects (interaction of one transfer function upon its neighbor) must be accounted for in
the derivation of the individual transfer functions before blocks can be cascaded. (See Problem 7.4.)
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7.4 CANONICAL FORM OF A FEEDBACK CONTROL SYSTEM

The two blocks in the forward path of the feedback system of Fig. 7-2 may be combined. Letting
G = G,G,, the resulting configuration is called the canonical form of a feedback control system. G and
H are not necessarily unique for a particular system.

The following definitions refer to Fig. 7-5.

R +r\ E G C
B
H
Fig. 7-5
Definition 7.1: G = direct transfer function = forward transfer function

Definition 7.2: H = feedback transfer function

Definition 7.3: GH = loop transfer function = open-loop transfer function
Definition 7.4: C/R = closed-loop transfer function = control ratio
Definition 7.5: E /R = actuating signal ratio = error ratio

Definition 7.6: B/R = primary feedback ratio

In the following equations, the — sign refers to a positive feedback system, and the + sign refers to
a negative feedback system:

C G

c_ (7.3)
R 1+GH

E 1

~_ (7.4)
R 1+GH

B GH

o (7.5)
R 1+GH

The denominator of C/R determines the characteristic equation of the system, which is usually
determined from 1 + GH = 0 or, equivalently,

Doyt Noy=0 (7.6)

where D, is the denominator and N is the numerator of GH, unless a pole of G cancels a zero of H
(see Problem 7.9). Relations (7.1) through (7.6) are valid for both continuous (s-domain) and discrete
(z-domain) systems.

7.5 BLOCK DIAGRAM TRANSFORMATION THEOREMS

Block diagrams of complicated control systems may be simplified using easily derivable transforma-
tions. The first important transformation, combining blocks in cascade, has already been presented in
Section 7.3. It is repeated for completeness in the chart illustrating the transformation theorems (Fig.

7-6). The letter P is used to represent any transfer function, and W, X, Y, Z denote any transformed
signals.
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Transformation

Equation

Block Diagram

Equivalent Block
Diagram

Combining Blocks
in Cascade

Y = (PIPQ)X

Py

PPy

Combining Blocks
in Parallel; or
Eliminating a
Forward Loop

Y = P,X + P,X

Removing a Block
from a Forward
Path

Y = P,X + P,X

Py

X pxp | —

Eliminating a
Feedback Loop

~
Il

Py(X = P,Y)

Removing a Block
from a Feedback
Loop

I-<
Il

Py(X = P,Y)

()

1= P,F,

Rearranging
Summing Points

]

B3

6b

Rearranging
Summing Points

Moving a Summing
Point Ahead of a
Block

Z=PX=xY

Moving a Summing
Point Beyond a
Block

Z = P[X*7Y)]
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Equivalent Block

Transformation Equation Block Diagram Diagram
X P Y X P Y
Moving a Takeoff
9 | Point Ahead of a Y = PX
Block Y Y
-— P
X e Y X P Y
Moving a Takeoff
10| Point Beyond a Y = PX
Block .4 X s
P
Moving a Takeoff
11| Point Ahead of a Z =X=xY

Summing Point

Moving a Takeoff
12| Point Beyond a Z =X=Y
Summing Point

Fig. 7-6  Continued

7.6 UNITY FEEDBACK SYSTEMS

Definition 7.7: A unity feedback system is one in which the primary feedback b is identically equal
to the controlied output c.

EXAMPLE 7.6. H =1 for a linear, unity feedback system (Fig. 7-7).

R_(M_E s C

o

Fig. 7-7

Any feedback system with only linear time-invariant elements can be put into the form of a unity
feedback system by using Transformation S.

EXAMPLE 7.7.

R + G C R

EHE

H
H

Fig, 7-8
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The characteristic equation for the unity feedback system, determined from 1 + G=0, 1s
D;+N,=0 (7.7)

where D is the denominator and Nj; the numerator of G.

7.7 SUPERPOSITION OF MULTIPLE INPUTS

Sometimes it is necessary to evaluate system performance when several inputs are simultaneously
applied at different points of the system.

When multiple inputs are present in a linear system, each is treated independently of the others.
The output due to all stimuli acting together is found in the following manner. We assume zero initial
conditions, as we seek the system response only to inputs.

Step 1: Set all inputs except one equal to zero.

Step 2: Transform the block diagram to canonical form, using the transformations of Section 7.5.

Step 3: Calculate the response due to the chosen input acting alone.

Step 4: Repeat Steps 1 to 3 for each of the remaining inputs.

Step 5: Algebraically add all of the responses (outputs) determined in Steps 1 to 4. This sum is the
total output of the system with all inputs acting simultaneously.

We reemphasize here that the above superposition process is dependent on the system being linear.

EXAMPLE 7.8. We determine the output C due to inputs U and R for Fig. 7-9.

U
+
B+ G, + G, C

-/

Fig. 7-9

Step 1: Put U=0.
Step 2: The system reduces to

C
R + 7\ G,G, R

[

Step 3: By Equation (7.3), the output Cg due to input R is Cp =[G ,G,/(1 + G,G,)]R.
Step 4a:  Put R=0.
Stepdb:  Put —1 into a block, representing the negative feedback effect:

U
+ AN Cy
G — )— G

Rearrange the block diagram:

U__+M"\ G, Cy

+




160 BLOCK DIAGRAM ALGEBRA AND TRANSFER FUNCTIONS OF SYSTEMS [CHAP. 7

Let the —1 block be absorbed into the summing point:

u + ™\ ol Cy .
-\r Gl

Step 4c: By Equation (7.3), the output C;, due to input U is C;, =[G,/(1 + G,G,)]U.
Step 5: The total output is

G,
1+ G,G,

C=CR+CU=

612 2
R+|——m— U= G,R+U
1+Q@] [1+Q@] hl ]

7.8 REDUCTION OF COMPLICATED BLOCK DIAGRAMS

The block diagram of a practical feedback control system is often quite complicated. It may include
several feedback or feedforward loops, and multiple inputs. By means of systematic block diagram
reduction, every multiple loop linear feedback system may be reduced to canonical form. The
techniques developed in the preceding paragraphs provide the necessary tools.

The following general steps may be used as a basic approach in the reduction of complicated block
diagrams. Each step refers to specific transformations listed in Fig. 7-6.

Step 1: Combine all cascade blocks using Transformation 1.

Step 2: Combine all parallel blocks using Transformation 2.

Step 3: Eliminate all minor feedback loops using Transformation 4.

Step 4: Shift summing points to the left and takeoff points to the right of the major loop, using
Transformations 7, 10, and 12.

Step S:  Repeat Steps-l to 4 until the canonical form has been achieved for a particular input.
Step 6: Repeat Steps 1 to 5 for each input, as required.

Transformations 3, 5, 6, 8, 9, and 11 are sometimes useful, and experience with the reduction
technique will determine their application.

EXAMPLE 7.9. Let us reduce the block diagram (Fig. 7-10) to canonical form.

G,
/L* ¢
G, G, G, i U/

Step 1:
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Step 2:

G,

+

G’ =x = ——r) Gg 4 Gg [r—

Step 3:
+ _ G,G,
GiG4 N 1- G,GH,
+
H,
Step 41 Does not apply.
Step 5:
Rt GGy Git G € R +,\ G,G4(Gy + Gy) C
1 — G,GH, Qi 1 - GG H,
H, H,

Step 6: Does not apply.

An occasional requirement of block diagram reduction is the isolation of a particular block in a
feedback or feedforward loop. This may be desirable to more easily examine the effect of a particular
block on the overall system.

Isolation of a block generally may be accomplished by applying the same reduction steps to the
system, but usually in a different order. Also, the block to be isolated cannot be combined with any
others.

Rearranging Summing Points (Transformation 6) and Transformations 8, 9, and 11 are especially
useful for isolating blocks.

EXAMPLE 7.10. Let us reduce the block diagram of Example 7.9, isolating block H,.
Steps 1 and 2:

R +

+ 7N GIG‘ 1 " G’ + G3 z2_C

Tf,,,
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We do not apply Step 3 at this time, but go directly to Step 4, moving takeoff point / beyond block G, + G;:

B _+\__.() G,G, Gy + G 1 2

|
+

Gy + Gy

We may now rearrange summing points / and 2 and combine the cascade blocks in the forward loop using
Transformation 6, then Transformation 1:

2 1 [
- gy il 7 g’ G1G4(Gy + Gy) A <
+ p—
Hy
1
H, G, + G,
Step 3:
R +/\ G\G(Gs + Gy C

1+ G,G.Hy(Gy + Gy)

1

H,

Finally, we apply Transformation 5 to remove 1/(G, + G,) from the feedback loop:

R + 7\ G,G, C
Gs+ Gy 1¥ G,G,H,(G, + Gy
+
H,

Note that the same result could have been obtained after applying Step 2 by moving takeoff point 2 ahead of
G, + G,, instead of takeoff point I beyond G, + G;. Block G, + G; has the same effect on the control ratio C/R
whether it directly follows R or directly precedes C.



CHAP. 7] BLOCK DIAGRAM ALGEBRA AND TRANSFER FUNCTIONS OF SYSTEMS 163

Solved Problems

BLOCKS IN CASCADE
7.1.  Prove Equation (7.1) for blocks in cascade.

The block diagram for n transfer functions G|, G,,...,G, in cascade is given in Fig. 7-11.

X, > A

X
G1 G2 n+l

i G, .

Fig. 7-11

The output transform for any block is equal to the input transform multiplied by the transfer function
(see Section 6.1). Therefore X, = X,G|, X; = X,G,,..., X, = X,_,G,_,, X+, = X,G,. Combining these
equations, we have

X1 =XG,=X, G, G, = - =XG66, - G,.,G,
Dividing both sides by X;, we obtain X, ,,/X, = G,G, -+ G,_,G,

n—1%n"

7.2. Prove the commutativity of blocks in cascade, Equation (7.2).

Consider two blocks in cascade (Fig. 7-12):

X; Xisq XJ'+1

G; G,

Fig. 7-12

(X.G,)G,; = X,G,G;. Dividing both sides by X,, X,,,/X, = G,G,.
Also, X, =G;(G, X)) = G;G; X,. Dividing again by X, X ,,/X; =G G, Thus GG, = G;G,.
This result is extended by mathematical induction to any finite number of transfer functions (blocks)

in cascade.

From Equation (6./) we have X,,, =X,G,=G, X, and X, = X,.,G, =G, X,,,. Therefore X, =

7.3. Find X, /X, for each of the systems in Fig. 7-13.

X, 10 X, 1 Xa X, 1 Xy 10 X,
(a) s+ 1 1 s—1 (®) 8 —1 s+1
(C) Xl —10 Xz  § X:l ﬁ Xn
s+ 1 s—1 8

Fig. 7-13

(a) One way to work this problem is to first write X, in terms of X:

X 10 X
2—(s+l) !

e (=g ()l

Multiplying out and dividing both sides by X;, we have X, /X, =10/(s* - 1).

Then write X, in terms of X;:
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A shorter method is as follows. We know from Equation (7.1) that two blocks can be reduced to
one by simply multiplying their transfer functions. Also, the transfer function of a single block is its
output-to-input transform. Hence

X

: 1 )( 10 10
Xl—(s—l s+1)_s2—1

(b) This system has the same transfer function determined in part (2) because multiplication of transfer
functions is commutative.
X, -10 ( 1 ) 1.4) -14
1—(s+1) s=1/\ s | s(s2-1)

(c¢) By Equation (7.1), we have
7.4. The transfer function of Fig. 7-14a is w,/(s + w,), where w,=1/RC. Is the transfer function of
Fig. 7-14b equal to w?/(s + w,)?? Why?

Input J-T C  Output
_ 0

o
Fig. 7-14a
o— AV AMW———— o

Output

I

1

Q

aQ
5

Fig. 7-14b

No. If two networks are connected in series (Fig. 7-15) the second loads the first by drawing current
from it. Therefore Equation (7.1) cannot be directly applied to the combined system. The correct transfer
function for the connected networks is w?/(s? + 3w, + w2) (see Problem 6.16), and this is not equal to

(wo/(s+ ‘*’0))2-

1
&

R R
o AMM———————AMN—————.
}
c | c
I T
I |
Network 1 Connéeting Network 2

Points
Fig. 7-15

O

CANONICAL FEEDBACK CONTROL SYSTEMS
7.5. Prove Equation (7.3), C/R = G/(1 + GH).

The equations describing the canonical feedback system are taken directly from Fig. 7-16. They are
given by E= R+ B, B= HC, and C = GE. Substituting one into the other, we have

C=G(R¥B)=G(RFHC)
=GRF GHC=GR+(FGHC)
Subtracting (¥ GHC) from both sides, we obtain C + GHC = GR or C/R=G/(1 + GH).
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7.6.

7.7.

7.8.

7.9.
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R _+\_E e c
B
H
Fig. 7-16

Prove Equation (7.4), E/R=1/(1 + GH).

From the preceding problem, we have E= R ¥ B, B= HC, and C = GE.
Then E=RFHC=RFHGE, E+ GHE=R, and E/R=1/(1 £ GH).

Prove Equation (7.5), B/R=GH/(1 + GH).

From E=R¥ B, B= HC, and C = GE, we obtain B= HGE = HG(R ¥ B) = GHR ¥ GHB.
Then B+ GHB = GHR, B=GHR/(1 + GH), and B/R = GH/(1 + GH).

Prove Equation (7.6), Dg; + Ny =0.

exception.) Putting GH = N, /D, ,, we obtain D,y + Ny =0.

165

The characteristic equation is usually obtained by setting 1 + GH=0. (See Problem 7.9 for an

Determine (a) the loop transfer function, (b) the control ratio, (¢) the error ratio, (d) the
primary feedback ratio, (e) the characteristic equation, for the feedback control system in which
K, and K, are constants (Fig. 7-17).

(a)

(b)

()

(d)

(e)

R +,/\ E K, C
s(s+ p)
+
K;s
Fig. 7-17

The loop transfer function is equal to GH.

K KK
Hence GH=[ ! ] 2 12

s(s+p) —s+p

The control ratio, or closed-loop transfer function, is given by Equation (7.3) (with a minus sign for

positive feedback):
C G K,

R 1—GH=s(s+p—K1K2)

The error ratio, or actuating signal ratio, is given by Equation (7.4):
E 1 1 s+p

R 1-GH 1-KKy/(s+p) s+p-KK,
The primary feedback ratio is given by Equation (7.5):
B GH K K,

R 1-GH s+p-KkK,

The characteristic equation is given by the denominator of C/R above, s(s + p — K;K,) = 0. In this
case, 1 - GH=s+ p— K, K, =0, which is nor the characteristic equation, because the pole s of G

cancels the zero s of H.
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BLOCK DIAGRAM TRANSFORMATIONS
7.10. Prove the equivalence of the block diagrams for Transformation 2 (Section 7.5).

The equation in the second column, ¥ = P, X + P, X, governs the construction of the block diagram in
the third column, as shown. Rewrite this equation as ¥ = (P, + P,) X. The equivalent block diagram in the
last column is clearly the representation of this form of the equation (Fig. 7-18)

X Y

S PP, |——

Fig. 7-18

7.11. Repeat Problem 7.10 for Transformation 3.

Rewrite Y=P X+ P,X as Y= (P, /P,)P, X + P, X. The block diagram for this form of the equation is
clearly given in Fig. 7-19.

P,
= ) PeX
> P P, X P, (ﬂ») I SR
- P, 7 -
Fig. 7-19

7.12. Repeat Problem 7.10 for Transformation 5.

Wehave Y=P,[XF P,Y]=P PJ[(1/P,) X F Y). The block diagram for the latter form is given in Fig,
7-20.

Fig. 7-20

7.13. Repeat Problem 7.10 for Transformation 7.
We have Z=PX+ Y= P[X + (1/P)Y], which yields the block diagram given in Fig. 7-21.

X + N\ B Z

-~

1
P

Fig. 721

7.14. Repeat Problem 7.10 for Transformation 8.
Wehave Z= P(X + Y)=PX 1 PY, whose block diagram is clearly given in Fig. 7-22.
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X

P

Fig. 7-22

UNITY FEEDBACK SYSTEMS

7.15. Reduce the block diagram given in Fig. 7-23 to unity feedback form and find the system
It characteristic equation.

Mathcad R + f/_\ 1 1 C
a1 P
1
s+ 2
Fig. 7-23
Combining the blocks in the forward path, we obtain Fig. 7-24.
R + T\ 1 C
s(s+1)
1
s+ 2
Fig. 7-24
Applying Transformation 5, we have Fig. 7-25.
R + N\ 1 C
gt s@+1)s+2)
Fig. 7-25
By Equation (7.7), the characteristic equation for this system is s(s + 1)(s + 2) + 1 =0 or s* + 357 +
2s+1=0.
MULTIPLE INPUTS AND OUTPUTS
7.16. Determine the output C due to U,, U,, and R for Fig. 7-26.
i+ Ul
Mathcad 2
R__+M\ G, - o G, c__,

+

+

s

U,
Fig. 7-26
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Let U, = U, = 0. After combining the cascaded blocks, we obtain Fig. 7-27, where C, is the output due
to R acting alone. Applying Equation (7.3) to this system, Cg =[G,G,/(1 — G,G, H, H,)]R.

R + C
O G1Gy 2
..i.
H\H,
Fig. 7-27

Now let R = Uj, = 0. The block diagram is now given in Fig. 7-28, where C; is the response due to U;
acting alone. Rearranging the blocks, we have Fig. 7-29. From Equation (7.3), we get C =
[G,/(1 = G\G, H, H))U,.

U,
+
G, X Gy Cy
Hl”?
Fig. 7-28
U, +_ T\ G, C,
+
G,H\H,
Fig. 7-29

Finally, let R= U, = 0. The block diagram is given in Fig. 7-30, where C, is the response due to U}
acting alone. Rearranging the blocks, we get Fig. 7-31. Hence C, = [G,G, H, /(1 ~ GG, H, H,)Us.

G,G, C2
H, & H,
\’ﬁ
U,
Fig. 7-30
U c
1) GG, H, Lo
+
H,

Fig. 7-31
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By superposition, the total output is

G,G,R+ GU, + G,G, HUj

C=Ce+C +C= TG
1 1442

7.17. Figure 7-32 is an example of a multiinput-multioutput system. Determine C, and C, due to R,

and R,.
R, + ™\ G C,
1
G,
Gy
R, + X G Cy
5 s
Fig. 7-32

First put the block diagram in the form of Fig. 7-33, ignoring the output C,.

Ry, + ™\ G, C,
L G4G, s Vi G,

T

R,

Fig. 7-33

Letting R, = 0 and combining the summing points, we get Fig. 7-34.

Ry, +, ™~ G, Cu
+
G4G3Gy
Fig, 7-34

Hence C,,, the output at C; due to R, alone, is C; = G, R, /(1 — G,G,G,G,). For R, =0, we have Fig.
7-35.

R C
2 + ? 2 “G;GSG" 12
G,
Fig. 7-35

Hence C;, = — G,G,G, R, /(1 — G,G,G5G,) is the output at C, due to R, alone. Thus C; = C; + Cp =
(G, R, — GGG, R,)/(1 — G,G,GyGy).



170 BLOCK DIAGRAM ALGEBRA AND TRANSFER FUNCTIONS OF SYSTEMS [CHAP. 7

Now we reduce the original block diagram, ignoring output C;. First we obtain Fig. 7-36.

Ry, + —~ Cy

Gy

| GIGS = G, s
7
R,

Fig. 7-36

Then we obtain the block diagram given in Fig. 7-37. Hence C,, = G,R,/(1 — G,G,G,G,). Next,
letting R, =0, we obtain Fig. 7-38. Hence G,; = — G,G,G, R, /(1 — G,G,G,G,). Finally, G =C,, + G, =
(G4R, — G,G,G4R))/(1 ~ G1G,G1Gy)-

R, + G, Cyp
L

G1GyG3

Fig. 7-37
R C
1 + /‘T\ o —G,G,G, 21

G,
Fig. 7-38

BLOCK DIAGRAM REDUCTION

7.18. Reduce the block diagram given in Fig. 7-39 to canonical form, and find the output transform C.
K is a constant.

ER_+ "\ _+.M)

0.1

Fig. 7-39

First we combine the cascade blocks of the forward path and apply Transformation 4 to the innermost
feedback loop to obtain Fig. 7-40.

R + ™\ K c
A+Ke+1

0.1

Fig. 7-40

Equation (7.3) or the reapplication of Transformation 4 yields C = KR/[(1 + K)s + (1 + 0.1K)].
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7.19.  Reduce the block diagram of Fig. 7-39 to canonical form, isolating block K in the forward loop.
i+

By Transformation 9 we can move the takeoff point ahead of the 1/(s + 1) block (Fig. 7-41):

Mathcad

B+t K L C
8
1
T s s+ 1
1
01 s+ 1
Fig. 7-41

Applying Transformations 1 and 6b, we get Fig. 7-42.

R + N\ 1 Cc
" K s+1
+ 8
g+ 1
+
0.1
s+1
Fig. 7-42
Now we can apply Transformation 2 to the feedback loops, resulting in the final form given in
Fig. 7-43.
R + N\ K 1 o)
T |
s+ 0.1
s +1
Fig. 7-43

7.20. Reduce the block diagram given in Fig. 7-44 to open-loop form.

Hy
R () 6 () — 6 Gy + €
e +
HI

Gy

Fig. 7-44
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First, moving the leftmost summing point beyond G, (Transformation 8), we obtain Fig. 7-45.

k ) G, +@\ +‘e; G 4

Gy

Fig. 7-45

Next, moving takeoff point @ beyond G,, we get Fig. 7-46.

G, t /:i‘\ - g Gy b
+ i
1
G,
1
¢ GH,
Fig. 7-46

Now, using Transformation 65, and then Transformation 2, to combine the two lower feedback loops
(from G, H,) entering d and e, we obtain Fig, 7-47,

+‘ e : - G' b —p-
+
- |1
G,
+ G|H|
H,
. b
o =O—a
+
1
(-5, o
Fig. 7-47
Applying Transformation 4 to this inner loop, the system becomes
H,y
R + N\ g +/\ C
- Y T= G0, ¥ O iin ~

Gy
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Again, applying Transformation 4 to the remaining feedback loop yields

R GsG,y +./\ c
G, 1= GGyl T GaHly + GGl
+
- Gy
Finally, Transformation 1 and 2 give the open-loop block diagram:
R G1GyGy + Gy = G1GyG H, + G3G.H, + G,G:6H, c

1— G,G:H, + GoH; + GyGyHly

MISCELLANEOQUS PROBLEMS

7.21. Show that simple block diagram Transformation 1 of Section 7.5 (combining blocks in cascade)
1s not valid if the first block is (or includes) a sampler.

The output transform U*(s) of an ideal sampler was determined in Problem 4.39 as

U*(s) = i e **Tu(kT)
k=0

Taking U*(s) as the input of block P, of Transformation 1 of the table, the output transform Y(s) of block
P, is

20
Y(s) = P(s)U*(s) = P(s) X e **Tu(kT)
k=0
Clearly, the input transform X(s)= U(s) cannot be factored from the right-hand side of Y(s), that is,
Y(s) # F(s)U(s). The same problem occurs if P, includes other elements, as well as a sampler.

7.22. Why is the characteristic equation invariant under block diagram transformation?

Block diagram transformations are determined by rearranging the input-output equations of one or
more of the subsystems that make up the total system. Therefore the final transformed system is governed
by the same equations, probably arranged in a different manner than those for the original system.

Now, the characteristic equation is determined from the denominator of the overall system transfer
function set equal to zero. Factoring or other rearrangement of the numerator and denominator of the
system transfer function clearly does not change it, nor does it alter the denominator set equal to zero.

7.23. Prove that the transfer function represented by C/R in Equation (7.3) can be approximated by
+1/H when |G| or |GH| are very large.

1
Dividing the numerator and denominator of G/(1 + GH) by G, we get 1/( v + H). Then
i [ C] . 1 1
m ] = m = 4 —
G- | R |G- oo l L H ~H
G
Dividing by GH and taking the limit, we obtain
1

C H 1

lim [—] - lim |-

iGHI»% | R| 6Himeo| 1 ‘1 H
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7.24. Assume that the characteristics of G change radically or unpredictably during system operation.
Using the results of the previous problem, show how the system should be designed so that the
output C can always be predicted reasonably well.

In problem 7.23 we found that

C 1
lim — | =+ —
|GH|—oc | R H

Thus C— + R/H as |GH| = o0, or C is independent of G for large |GH|. Hence the system should be
designed so that |GH| > 1.

7.25. Determine the transfer function of the system in Fig. 7-48. Then let H, =1/G, and H,=1/G,.

+ C
G, IR G,
\F
H, H,
H,
Fig. 7-48

Reducing the inner loops, we have Fig. 7-49.

R + M\ G, Gy c
1-G,H, 1 - G;H,

Hy

Fig. 7-49

Applying Transformation 4 again, we obtain Fig. 7-50.

R GG, C
Y| T=G:H)(1 — G;H,) + G,GH,

Fig. 7-50

Now put 4, =1/G, and H,=1/G,. This yields
GG, 1

(1-1)(1-1) + G,G,H, H,

C
i

7.26. Show that Fig. 7-51 is valid.

@ |

L

Py

Fig. 7-51
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From the open-loop diagram, we have C=R/(s+p,). Rearranging, (s +p,)C=R and C=
(1/s) R — p,C). The closed-loop diagram follows from this equation.

7.27. Prove Fig. 7-52.

-+.
R 8+ z C _ R L O +/t\ C
8 + p, a 8+ p, /
Fig. 7-52

This problem illustrates how a finite zero may be removed from a block.
From the forward-loop diagram, C = R + (2, — p,)R /(s + p|). Rearranging,

Z, — S+ptz, — (s+z
C=(1+ 1 PI)R=( 15! 1 PI)R=( I)R
s+p s+p stp

/

This mathematical equivalence clearly proves the equivalence of the block diagrams.

7.28. Assume that linear approximations in the form of transfer functions are available for each block
of the Supply and Demand System of Problem 2.13, and that the system can be represented by

Fig. 7-53.

Supplier

Hg
(‘L+ Pricer Market
R + C
Gp Gy

Demander
Hp

Fig, 7-53

Determine the overall transfer function of the system.

Block diagram Transformation 4, applied twice to this system, gives Fig. 7-54.

Hg
- —
(1) B ¥ GpGu C
1+ GpOuHp
(2) R GpGu C

1+ GpGyHp — GpGuH_q

Fig. 7-54

GpGy
I+ GPGM( H, - Hs) .

Hence the transfer function for the linearized Supply and Demand model is:
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Supplementary Problems

7.29. Determine C/R for each system in Fig. 7-55.

G,

(@) R

+
Gy % g 5

+
7O
+

O

(b) R + ™\ G, +
+

O

H,

Fig. 7-55

7.30. Consider the blood pressure regulator described in Problem 2.14. Assume the vasomotor center (VMC) can
be described by a linear transfer function G,,(s), and the baroreceptors by the transfer function ks + &,
(see Problem 6.33). Transform the block diagram into its simplest, unity feedback form.

731. Reduce Fig. 7-56 to canonical form.

Fig. 7-56
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732,

7.33.

7.34.

7.35.

7.36.

7.37.

7.38.

Determine C for the system represented by Fig. 7-57.
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4")

R,

Fig. 7-57
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Give an example of two feedback systems in canonical form having identical control ratios C/R but
different G and H components.

Determine C/R, for the system given in Fig. 7-58.

Lt()__.

Hy
R,
B
5 S Gs
H,
H,
Fig. 7-58

Determine the complete output C, with both inputs R, and R, acting simultaneously, for the system given
in the preceding problem.

Determine C/R for the system represented by Fig. 7-59.

G,

H,

)

Gy

Gs

Gy

H,

Fig. 7-59

Determine the characteristic equation for each of the systems of Problems (a) 7.32, (b) 7.35, (c) 7.36.

What block diagram transformation rules in the table of Section 7.5 permit the inclusion of a sampler?
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7.29.

7.30.

731.

7.32.

7.34.

7.35.

7.36.

7.37.

7.38.
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Answers to Supplementary Problems

See Problem 8.15.

1 + Nonlinearity
Reference keys + kg QG + ky) k(=) Actual
Blood -— Blood
Pressure Pressure
R o S e GyGy G C
1F G,G:H, + G, 1 ’
H,

c G\G,R, + G,R, — G,R, ~ G,G, H,R,
- 1+ Gy H, + GG, H,

C G,(1 + G,H,)

R, 1+ G,H,+ G,H, + GGG H,

G\G,GyR, + G3(1 + G, H;) R,
1+ G,H, + G, H, + G,G,G; H,

C G,G,G5G,
R (1+G,G,H)(l+ GG, H,) + GG, H,

(a) 1+GH,+GGH =0
() 1+GH,+G,H, + G\G,G,H =0
(¢) (A+GGH)1+ GG H,y) + G,63H, =0.

The results of Problem 7.21 indicate that any transformation that involves any product of two or more
transforms is not valid if a sampler is included. But all those that simply involve the sum or difference
of signals are valid, that is, Transformations 6, 11, and 12, Each represents a simple rearrangement of

signals as a linear-sum, and addition is a commutative operation, even for sampled signals, that is
Z=X+Y=Y+X



Chapter 8

Signal Flow Graphs

8.1 INTRODUCTION

The most extensively used graphical representation of a feedback control system is the block
diagram, presented in Chapters 2 and 7. In this chapter we consider another model, the signal flow
graph.

A signal flow graph is a pictorial representation of the simultaneous equations describing a system.
It graphically displays the transmission of signals through the system, as does the block diagram. But it
is easier to draw and therefore easier to manipulate than the block diagram.

The properties of signal flow graphs are presented in the next few sections. The remainder of the
chapter treals applications.

8.2 FUNDAMENTALS OF SIGNAL FLOW GRAPHS

Let us first consider the simple equation

X,=A,X, (8.1)
The variables X, and X, can be functions of time, complex frequency, or any other quantity. They may
even be constants, which are “ variables” in the mathematical sense.

For signal flow graphs, 4,; is a mathematical operator mapping X, into X,, and is called the
transmission function. For example, A, may be a constant, in which case X, is a constant times X in
Equation (8.7); if X, and X, are functions of s or z, 4,, may be a transfer function 4, (s) or 4, (z).

The signal flow graph for Equation (8./) is given in Fig. 8-1. This is the simplest form of a signal
flow graph. Note that the variables X, and X, are represented by a small dot called a node, and the
transmission function 4, is represented by a line with an arrow, called a branch.

Node Ay Node
X; Branch A:‘-
Fig. 8-1

Every variable in a signal flow graph is designated by a node, and every transmission function by a
branch. Branches are always unidirectional. The arrow denotes the direction of signal flow.

EXAMPLE 8.1. Ohm’s law states that E = RI, where E is a voltage, I a current, and R a resistance. The signal
flow graph for this equation is given in Fig. 8-2.

Fig. 8-2

179
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8.3 SIGNAL FLOW GRAPH ALGEBRA

1. The Addition Rule
The value of the variable designated by a node is equal to the sum of all signals entering the node.
In other words, the equation
n
X;= Z A, X;
J=1

is represented by Fig. 8-3.

Fig. 8-3

EXAMPLE 8.2. The signal flow graph for the equation of a line in rectangular coordinates, ¥ = mX + b, is given
in Fig. 8-4. Since b, the Y-axis intercept, is a constant it may represent a node (variable) or a transmission function.

2. The Transmission Rule

The value of the variable designated by a node is transmitted on every branch leaving that node. In
other words, the equation
X, =A4,X, i=1,2,...,n, k fixed

is represented by Fig. 8-5.

Fig. 8-5
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EXAMPLE 8.3. The signal flow graph of the simultaneous equations Y =3X, Z= —4 X is given in Fig. 8-6.

q Y
b'e
Fig. 8-6

3. The Multiplication Rule

A cascaded (series) connection of n — 1 branches with transmission functions
Ay, Azy, Agss- .., Ayn-1) can be replaced by a single branch with a new transmission function equal to
the product of the old ones. That is,

Xy=Ay Ay Ag - Ay X
The signal flow graph equivalence is represented by Fig. 8-7.

AZI ’ An(n—l) A2IA32 An(n-—l)
— - — >—o = . > —e
X, X, Xn-1 X, X, Xn

Fig. 8-7

EXAMPLE 8.4. The signal flow graph of the simultaneous equations ¥ = 10X, Z = —20Y is given in Fig, 8-8.

10 - —
0——»———0———30—0 which reduces to .____230__.
X Y VA X zZ

Fig. 8-8

84 DEFINITIONS

The following terminology is frequently used in signal flow graph theory. The examples associated
with each definition refer to Fig. 8-9.

Ay
A33
A, Ag Ay
X, X \—/ X, X,
A23
Fig. 8-9
Definition 8.1: A path is a continuous, unidirectional succession of branches along which no node is

passed more than once. For example, X, to X; to X; to X,, X, to X; and back to
X,, and X to X, to X, are paths.

Definition 8.2: An input node or source is a node with only outgoing branches. For example, X] is
an input node.
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Definition 8.3:

Definition 8.4:

Definition 8.5:

Definition 8.6:

Definition 8.7:

Definition 8.8:

Definition 8.9:

SIGNAL FLOW GRAPHS [CHAP. 8

An output node or sink is a node with only incoming branches. For example, X, is
an output node.

A forward path is a path from the input node to the output node. For example, X,
to X, to X; to X,, and X| to X, to X, are forward paths.

A feedback path or feedback loop is a path which originates and terminates on the
same node. For example, X, to X, and back to X, is a feedback path.

A self-loop is a feedback loop consisting of a single branch. For example, 4, is a
self-loop.

The gain of a branch is the transmission function of that branch when the
transmission function is a multiplicative operator. For example, A4, is the gain of
the self-loop if 4,4, is a constant or transfer function.

The path gain is the product of the branch gains encountered in traversing a path.
For example, the path gain of the forward path from X; to X, to X; to X, is
A21A32A43‘

The loop gain is the product of the branch gains of the loop. For example, the loop
gain of the feedback loop from X, to X; and back to X, is 4;,4.

Very often, a variable in a system is a function of the output variable. The canonical feedback
system is an obvious example. In this case, if the signal flow graph were to be drawn directly from the
equations, the “output node” would require an outgoing branch, contrary to the definition. This
problem may be remedied by adding a branch with a transmission function of unity entering a
“dummy” node. For example, the two graphs in Fig. 8-10 are equivalent, and Y, is an output node.

Note that Y, = Y;.

Dummy
- "; 21 i 32 - = L Ay N Agy o 1 Node
Y Y Y Y Y, Y
1 2 A23 3 1 Yz A23 3 Y4
Fig. 8-10

8.5 CONSTRUCTION OF SIGNAL FLOW GRAPHS

The signal flow graph of a linear feedback control system whose components are specified by
noninteracting transfer functions can be constructed by direct reference to the block diagram of the
system. Each variable of the block diagram becomes a node and each block becomes a branch.

EXAMPLE 8.5. The block diagram of the canonical feedback control system is given in Fig, §-11.

Fig. 8-11
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The signal flow graph is easily constructed from Fig. 8-12. Note that the — or + sign of the summing point is
associated with H.

\ 5]

<]
Q

|

e
e

Fig. 8-12

The signal flow graph of a system described by a set of simultaneous equations can be constructed
in the following general manner.

1. Write the system equations in the form

X,=A X\ + A, X+ - +4,X,

X,=A X, +A X, + - +A,X

mn n

An equation for X, is not required if X, is an input node.

2. Arrange the m or n (whichever is larger) nodes from left to right. The nodes may be rearranged
if the required loops later appear too cumbersome.

3. Connect the nodes by the appropriate branches A,,, 4,,, etc.
If the desired output node has outgoing branches, add a dummy node and a unity gain branch.
S. Rearrange the nodes and /or loops in the graph to achieve maximum pictonial clarity.

EXAMPLE 8.6. Let us construct a signal flow graph for the simple resistance network given in Fig. 8-13. There

are five variables, v,, v,, vy, ij, and i,. v, is known. We can write four independent equations from Kirchhoff’s
voltage and current laws. Proceeding from left to right in the schematic, we have

1 1 1 1
i,=(E)Ul—~(R—1)Uz v = Ryt — Ry i2=(R_)Uz_(R_)U3 vy = R,i;
2 2

R, v, R,
_WVW . AAAAAA o i
o 7 /i
v R, R, Vg
Y
Fig. 8-13

Laying out the five nodes in the same order with v, as an input node, and connecting the nodes with the
appropriate branches, we get Fig. 8-14. If we wish to consider v, as an output node, we must add a unity gain

~1/R, R, ~UR,
ve, (" m N ur N m
"y ‘il vy i2 V3
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branch and another node, yielding Fig. 8-15. No rearrangement of the nodes is necessary. We have one forward
path and three feedback loops clearly in evidence.

1/R1 "‘R3 ‘1/82
e, m N um N R\
7 i vz iy vy V3
Fig. 8-15

Note that signal flow graph representations of equations are not unique. For example, the addition
of a unity gain branch followed by a dummy node changes the graph, but not the equations it
represents.

8.6 THE GENERAL INPUT-OUTPUT GAIN FORMULA

We found in Chapter 7 that we can reduce complicated block diagrams to canonical form, from
which the control ratio is easily written as
C G

R 1x+GH

It is possible to simplify signal flow graphs in a manner similar to that of block diagram reduction.
But it is also possible, and much less time-consuming, to write down the input-output relationship by
inspection from the original signal flow graph. This can be accomplished using the formula presented
below. This formula can also be applied directly to block diagrams, but the signal flow graph
representation is easier to read—especially when the block diagram is very complicated.

Let us denote the ratio of the input variable to the output variable by 7. For linear feedback control
systems, T = C/R. For the general signal flow graph presented in preceding paragraphs T = X, /X,
where X, is the output and X] is the input.

The general formula for any signal flow graph is

T ):iPiAi
T A

(8.2)

where P, = the ith forward path gain
P, = jth possible product of k nontouching loop gains

A=1-(-D)*"'L TP,
k j

=1- P+ 2Py~ Y P+ -
J J J
= 1 — (sum of all loop gains) + (sum of all gain products of two nontouching loops)
— (sum of all gain products of three nontouching loops) + - - -

A, = A evaluated with all loops touching P; eliminated

Two loops, paths, or a loop and a path are said to be nontouching if they have no nodes in common.

A is called the signal flow graph determinant or characteristic function, since A = 0 is the system
characteristic equation.

The application of Equation (8.2) is considerably more straightforward than it appears. The
following examples illustrate this point.

EXAMPLE 8.7. Let us first apply Equation (8.2) to the signal flow graph of the canonical feedback system (Fig.
8-16).



CHAP. 8] SIGNAL FLOW GRAPHS 185

| &
©
-

There is only one forward path; hence
P =G
Pz == P3 = .- oEm= 0

There is only one (feedback) loop. Hence

P, =+GH
P,=0 Jj#*1 k+1
Then
A=1-P,=1+GH and A =1-0=1
Finally,

EXAMPLE 8.8. The signal flow graph of the resistance network of Example 8.6 is shown in Fig. 8-17. Let us
apply Equation (8.2) to this graph and determine the voltage gain 7 = v, /v, of the resistance network.

-1/R, —Ry ~1/R,
. R, vr N\ m O\
Yy 1, Vg 1y V3 V3
Fig. 8-17

There is one forward path (Fig. 8-18). Hence the forward path gain is
R;R
P] - 374
Rl R2

r

=9
1
1
\
[

(2] iy V3 vy

Fig. 8-18

There are three feedback loops (Fig. 8-19). Hence the loop gains are

R, R, R,
PH:“F n= "B P“:_R_
1 2 2
-1/R, -R, —1/R,
LY ”2—--- L7 iz-_—_ 1y V3
Loop 1 Loop 2 Loop 3

Fig. 8-19
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There are two nontouching loops, loops 1 and 3. Hence
R;R,

P, = gain product of the only two nontouching loops = P,, - P, = RR.
1%2

There are no three loops that do not touch. Therefore
R, R, R, R,R,
A=1—- (P, +Py+P))+P,=14+—+—"+—+
R, R, R, RR,
R,R,+ R,R,+ R R, + R,R, + R4R,
B RiR,

Since all loops touch the forward path, A, = 1. Finally,
v, P4, R,R,

o, A  RR,+RR,+RR,+R,R, + R;R,

8.7 TRANSFER FUNCTION COMPUTATION OF CASCADED COMPONENTS

Loading effects of interacting components require little special attention using signal flow graphs.
Simply combine the graphs of the components at their normal joining points (output node of one to the
input node of another), account for loading by adding new loops at the joined nodes, and compute the
overall gain using Equation (8.2). This procedure is best illustrated by example.

EXAMPLE 8.9. Assume that two identical resistance networks are to be cascaded and used as the control
elements in the forward loop of a control system. The networks are simple voltage dividers of the form given in Fig.
8-20.
R,
o—— W\ 9
+

i
»vl /’l\\ Rs v2

+

&1

° +
Fig. 8-20
Two independent equations for this network are

1 1
il=(F)Ul-(7{_)vz and vy = Ryi;
1 1

The signal flow graph is easily drawn (Fig. 8-21). The gain of this network is, by inspection, equal to

u__R
v, R +R,
~1/R,
1/R, R,
v, i - vg
Fig. 8-21

If we were to ignore loading, the overall gain of two cascaded networks would simply be determined by multiplying
the individual gains:

ay'____ B
0, R} + R2 + 2R|R,
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This answer is incorrect. We prove this in the following manner. When the two identical networks are cascaded, we
note that the result is equivalent to the network of Example 8.6, with R, = R, and R, = R, (Fig. 8-22).

R, 2 R,
oW~ AMW— o
/N i
Y R, R, Vs,
©° + s )
Fig. 8-22

The signal flow graph of this network was also determined in Example 8.6 (Fig. 8-23).

-1/R, —R3 —1/R,
VR Ry R, Ry L,
vy - ;1 v 1 V3 V3
Fig. 8-23

We observe that the feedback branch — R, in Fig. 8-23 does not appear in the signal flow graph of the
cascaded signal flow graphs of the individual networks connected from node v, to v} (Fig. 8-24). This means that,
as a result of connecting the two networks, the second one loads the first, changing the equation for v, from

Uy = Ryi, to v, = R3i, — Ryiy
-1/R, -1/R,
v, 1 vy = v/ =1, vy = vy vy
Fig. 8-24

This result could also have been obtained by directly writing the equations for the combined networks. In this case,
only the equation for v, would have changed form.
The gain of the combined networks was determined in Example 8.8 as

U3 Rj
v, R+ R2+3RR,
when R, is set equal to R, and R, is set equal to R;. We observe that

A S
v R}+ Ri+2R,R,

It is good general practice to calculate the gain of cascaded networks directly from the combined
signal flow graph. Most practical control system components load each other when connected in series.

88 BLOCK DIAGRAM REDUCTION USING SIGNAL FLOW GRAPHS
AND THE GENERAL INPUT-OUTPUT GAIN FORMULA

Often, the easiest way to determine the control ratio of a complicated block diagram is to translate
the block diagram into a signal flow graph and apply Equation (8.2). Takeoff points and summing
points must be separated by a unity gain branch in the signal flow graph when using Equation (8.2).
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If the elements G and H of a canonical feedback representation are desired, Equation (8.2) also
provides this information. The direct transfer function is

G=1PA, (8.3)

The loop transfer function is
GH=A-1 (8.4)

Equations (8.3) and (8.4) are solved simultaneously for G and H, and the canonical feedback control
system is drawn from the result.

EXAMPLE 8.10. Let us determine the control ratio C/R and the canonical block diagram of the feedback
control system of Example 7.9 (Fig. 8-25).

Gs 1
R + + % 5 c
G, > G, - G -
- -
Hl -
Hy =
Fig. 8-25
The signal flow graph is given in Fig. 8-26. There are two forward paths:
P, = G,G,G, P, = G,G,G,
B2 1_¢

There are three feedback loops:

P, =G,GH, Py = -GGG, H, Py = -GGG, H,
There are no nontouching loops, and all loops touch both forward paths; then

A =1 ,=1

Therefore the control ratio is

T C PA +PA, G,G,G, + G,G,G,

"R A " 1-G,G,H, + G,G,G,H, + G,G,G, H,

G\G,(G, + Gy)
1— G,G, H, + G,G,G, H, + G,G;G, H,
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From Equations (& 3) and (8.4), we have
G=G,G(G,+G;) and GH=G,G,(G,H,+ G, H,— H,)
GH (G,+ Gy)H,— H,

Therefore H=—=
G G, + G,

The canonical block diagram is therefore given in Fig. 8-27.

Y

+ c
E () ol G,G,(Gy+Gy)

(G + Gy)Hy — Hy
G, + G,

Fig. 8-27

The negative summing point sign for the feedback loop is a result of using a positive sign in the GH formula
above. If this is not obvious, refer to Equation (7.3) and its explanation in Section 7.4.

The block diagram above may be put into the final form of Examples 7.9 or 7.10 by using the transformation
theorems of Section 7.5.

Solved Problems

SIGNAL FLOW GRAPH ALGEBRA AND DEFINITIONS
8.1. Simplify the signal flow graphs given in Fig. 8-28.

A A B
/3\ ._LQ
X, X, X’l - ig X, X,

(@) (b) (0
Fig. 8-28

(a) Clearly, X, = AX, + BX, = (A4 + B) X,. Therefore we have

A+B

- o o
[ o

X, X,

(b) Wehave X, =BX, and X} = AX, Hence X, = BAX,, or X = ABX, yielding

X, Xl

or

(¢) If A and B are multiplicative operators (e.g., constants or transfer functions), we have X, =AX, +
BX, = (A4/(1 — B)) X,. Hence the signal flow graph becomes

A
1

B

p
| B

Kol
g«:h
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8.2. Draw signal flow graphs for the block diagrams in Problem 7.3 and reduce them by the
multiplication rule (Fig. 8-29).

10 1 10
(a) R 8+ 1 _ s —1 _ _ . 82 ~1 "
X, X, X, X, X,
1 10 10
§—~1 s+ 1 82 -1
(b) . - - - = L ®
X, X, X, X, X,
~10 1 14 -4
© _ g+1 g —1 g 8(g2—1)
¢ - g - . ° =
X, X, X, Xn X, X
Fig. 8-29

8.3. Consider the signal flow graph in Fig. 8-30.

A
X, X, X, X4
Fig. 8-30

(a) Draw the signal flow graph for the system equivalent to that graphed in Fig. 8-30, but in
which X; becomes kX; (k constant) and X,, X,, and X, remain the same.

(b) Repeat part (a) for the case in which X, and X, become k, X, and k;X;, and X, and X,
remain the same (k, and k, are constants).

This problem illustrates the fundamentals of a technique that can be used for scaling
variables.

(a) For the system to remain the same when a node variable is multiplied by a constant, all signals
entering the node must be multiplied by the same constant, and all signals leaving the node divided by
that constant. Since X, X,, and X, must remain the same, the branches are modified (Fig. 8-31).

Ayl
- A ks Aok,
Xl X2 an X4
Fig. 8-31

(b) Substitute k, X, for X, and k, X; for X (Fig. 8-32)

]
-3
>
|
b
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It is clear from the graph that A, becomes k,A,, A;;, becomes (k;/k;)As;, Ay; becomes
(ky/k4)Asy, and A4, becomes (1/k3) Ay, (Fig. 8-33).

kA 5o/ ks
kA gy (kalky)A 30 Ayslky R
X, T kX, kX X,
Fig, 8-33

8.4. Consider the signal flow graph given in Fig. 8-34.

Identify the (a) input node, (b) output node, (c¢) forward paths, (d) feedback paths,
(e) self-loop. Determine the ( f) loop gains of the feedback loops, (g) path gains of the forward

paths.
(a) X
(b) X
(¢) X, to X, to X, to X, to X to X, to X; to X
X, to X; to X; to X
X; to X; to X, to X to X to X; to X;
(d) X;to X;toX,; X;to X, toXy; X,toXs toX,; X; toX, toX; toXy;

X, to X; to X; to X, to X; to X;; X to X, to X5; X to X5 to X;
X;to X, to X; t0 Xy, X;t0 X5 X, to X; to X, to X to X, to X; to X,

(e) X;tolX;

(f) AnAyy Apdsy AsaAsss AgsAses AggAgry AgsArgAsrs Ayt A Asgdas;
A7 Ay Ay Asg Ay AppAgrAsgAssAsaAn

(8) AxyApAssAgsAqgs Aqas AgaAsaAes Az

SIGNAL FLOW GRAPH CONSTRUCTION

8.5. Consider the following equations in which x,, x,,..., x,, are variables and a,, a,...., a, are
coefficients or mathematical operators:
n-1
(a) xy=ax ta,x; F5 (b) x,= Y a,x,+5
k=1
What are the minimum number of nodes and the minimum number of branches required to
construct the signal flow graphs of these equations? Draw the graphs.

(a) There are four variables in this equation: x, x,, x;, and +5. Therefore a minimum of four nodes are
required. There are three coefficients or transmission functions on the right-hand side of the equation:
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a,, a,, and ¥1. Hence a minimum of three branches are required. A minimal signal flow graph is
shown in Fig. 8-35(a).

() (b)
Fig. 8-35

(b) There are n+ 1 variables: x), x,..., x,,, and 5; and there are n coefficients: a,, a,,...,a,_,, and L.
Therefore a minimal signal flow graph is shown in Fig. 8-35(5).

86. Draw signal flow graphs for

dx, d*x, dx,

(a) x=af—* (6) x=—F+—"—x (¢) x4= [x;ar

(a) The operations called for in this equation are a, and d/dr. Let the equation be written as
X, =a, *(d/dt)(x,). Since there are two operations, we may define a new variable dx, /d! and use it
as an intermediate node. The signal flow graph is given in Fig. 8-36.

4
- dt -— u -
) dxg T2
dt
Fig. 8-36

(b) Similarly, x, = (d?/dt*X(x;) + (d/dt)(x,) — x,. Therefore we obtain Fig. 8-37

%

|

2 de2

X3

| Y
Al

Fig. 8-37

(¢) The operation is integration. Let the operator be denoted by [ dr. The signal flow graph is given in Fig.
8-38.

[ a

Fig. 8-38
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8.7. Construct the signal flow graph for the following set of simultaneous equations:
Xy =Ayx, + Apx; X3=Ayx; + Apx) + Azx, Xg=Agpx; + Agyx;

There are four variables: x,,..., x,. Hence four nodes are required. Arranging them from left to right
and connecting them with the appropriate branches, we obtain Fig. 8-39.

Fig. 8-39

A neater way to arrange this graph is shown in Fig. 8-40.

Fig, 8-40

8.8. Draw a signal flow graph for the resistance network shown in Fig. 8-41 in which v,(0) = v,(0) = 0.

.'.‘Ii v, is the voltage across C,.
Mathcad

R, Yy R,
o—— AW MWW—p —
+ +
" —

ol
111
L}
A
9]
N

| &

Fig. 8-41

The five variables are v, v,, v3, i}, and i,; and v, is the input. The four independent equations derived
from Kirchhoff’s voltage and current laws are

1 1 l 4 1 [ 4
= — o - = =— [iar-=[id
" (Rx)”‘ (Rl)”’ wm g g L

1 1 1 .
i~ =|— - — = — i d
153 (Rz)vz (R2)03 Uy czj;lz t

The signal flow graph can be drawn directly from these equations (Fig. 8-42).



194

SIGNAL FLOW GRAPHS
~1/R, (-1/Cy fo de —1/R,
t t
UR, (1/cl)f0 at VR, arcy | a 1
v - i - V2 2 - vy V3
Fig. 8-42
In Laplace transform notation, the signal flow graph is given in Fig. 8-43.
_I/Rl _1/8C1 _‘l/Rz
~ 1/R, 1/5C, 1R, 1/3C, 1
Vl 11 V2 12 Va Va
Fig. 8-43

THE GENERAL INPUT-OUTPUT GAIN FORMULA

8.9. The transformed equations for the mechanical system given in Fig. 8-44 are

(i)
(i)

Xy

ko

7000

M,

fa

X, +—]

Ftk Xy,=(M;s2+fis + k) X,
kX =(Mys?+ fos + ke + k) X,

M,

_—— [

/1

§\\\\\\\\\\\\\\\\W

Fig, 8-44

444

[CHAP. 8

where F is force, M is mass, k is spring constant, f is friction, and X is displacement.

Determine X, /F using Equation (8.2).

There are three variables: X, X, and F. Therefore we need three nodes. In order to draw the signal
flow graph, divide Equation (i) by A and Equation (ii) by B, where A = M;s? + f;s + k;, and B= M,s* +

fos+k +ky:
(111) (;)F+(7)X2=Xl
. kl
(iv) ( E) X=X
Therefore the signal flow graph is given in Fig. 8-45.
kA
- 1/A ki/B
F - val i2
Fig. 8-45

The forward path gain is P, = k, /AB. The feedback loop gain is P,, = k}/AB. then A=1- P, =

(AB — k?)/AB and A, = 1. Finally,
XZ PXAI kl

ky

F

A AB—k: (M3 +fis+ k) (Mys? + fys + Ky + ky) — K2
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8.10. Determine the transfer function for the block diagram in Problem 7.20 by signal flow graph
techniques.

The signal flow graph, Fig. 8-46, is drawn directly from Fig. 7-44. There are two forward paths. The
path gains are P, = G,G,G; and P, = G,. The three feedback loop gains are P,; = — G, H,, P,, = G\G, H,,
and P, = —G,G,H,. No loops are nontouching. Hence A =1 — (P, + P, + P;)). Also, A, = 1; and since
no loops touch the nodes of P,, 4, = A. Thus

ro Pt Pib: GGGy + Gy + GiGyHy — GiGGoHy + GGG Hy

A 1+ G,H, - G,G, H, + G,G,H,

| I

ae

Fig. 8-46

8.11. Determine the transfer function V,/¥, from the signal flow graph of Problem 8.8.
J
& The single forward path gain is 1/(s?R,R,C,C,). The loop gains of the three feedback loops are
Mathead P = —1/(sR\C}), Py = —1/(sR,(,), and P;, = —1/(sR,C,). The gain product of the only two non-
touching loops is P, = Py, - P,; =1/(s*R,R,C,C,). Hence

s?R RACIC, + s( RAC,C, + Ry R,C\Cy + R R,CE) + RyCy

A=1-(Py+Py+Py)+Py=
( 11 21 31) 12 52R1R§C12C2

Since all loops touch the forward path, A, = 1. Finally,

v, PA, 1
v, A $IRR,C\C, + s(RGC, + RG + RG) +1

8.12. Solve Problem 7.16 with signal flow graph techniques.
The signal flow graph is drawn directly from Fig. 7-26, as shown in Fig. 8-47:

e
e
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With U, = U, =0, we have Fig. 8-48. Then P, = G,G, and P, = G,G,H H,. Hence A=1-P;; =1 -
G,G,H H,, A, =1, and

PAR G,G,R
A 1- G,G,HH,

’ u } ER

Now put U, = R = 0 (Fig. 8-49).

Ca=TR

GH\H,
Fig. 8-49

Then P, = G,, Py, = G,G,H,H,, A=1- G,G,H,H,, A, =1, and

G, =Ty, e
! " 1-G,G,HH,
Now put R = U, = 0 (Fig. 8-50).
w1 GGH, 1
Uz \‘/ 02
H2
Fig. 8-50

Then P, = G,G,H,, P,; = G,G,H,H,, A=1— G,G,H,H,, A, =1, and

C. = TU. AL, GG, HU,
2 2 A 1- G,G,H,H,

Finally, we have
GG, R+ Gy, + G,G, KU,

C=GrGHG= 1- GG, HH.
V2 inis

TRANSFER FUNCTION COMPUTATION OF CASCADED COMPONENTS

8.13. Determine the transfer function for two of the networks in cascade shown in Fig. 8-51.

(o)
— L . .
+ ' +
/’i\\
‘Ul 4 R ‘U2
o ‘ >
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In Laplace transform notation the network becomes Fig. 8-52.

1/8C
[
O -0
+ n +
v, TN R v,
° o

Fig. 8-52
By Kirchhoff's laws, we have I, = sCV, —sCV, and V, = RI,. The signal flow graph is given in Fig, 8.53.

—8C

-

—

v, 1, vV,
Fig. 8-53

For two networks in cascade (Fig. 8-54) the ¥, equation is also dependent on I,: V; = RI, — RI,. Hence
two networks are joined at node 2 (Fig. 8-55) and a feedback loop (— RI,) is added between I, and ¥, (Fig.

8-56).
it 2 7
- il -
o ~——0
° al 1 °
~T R
Vv, R Vs
- o
Fig. 8-54
—8C —8C
- sC m . aC m
Vl I] V2 ",2 12 V3
Fig. 8-55
" 8C
v,

Fig. 8-56

Then P, =5?R¥C?, P, =Py =-sRC, P, =P, P, =s2R¥C?, A=1—(P,+Py+P)+P,=
1+ 3sRC +s?R%C?, A, =1, and

PA, s?
8  s24(3/RC)s+1/(RC)?
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8.14. Two resistance networks in the form of that in Example 8.6 are to be used for control elements
ol in the forward path of a control system. They are to be cascaded and shall have identical
'ﬁd respective component values as shown in Fig. 8-57. Find v, /v, using Equation (8.2).

+0

Vg

Fig. 8-57

There are nine variables: v, v,, v3, Uy, Us, §y, iy, i3, and i,. Eight independent equations are

1 _ 1 1
R, ] = R, Uy = R,

5

v, = Ryiy — Ry,

.

by = R4i2 - R4i3

R,

o

o

R,

vy = R;i,

1 1
Rz Uy 4= R2

vs = R,i,

- Ry,

Jo

Jom (&)=

Only the equation for v, is different from those of the single network of Example 8.6; it has an extra term,
(— Rgi;). Therefore the signal flow diagram for each network alone (Example 8.6) may be joined at node
v;, and an extra branch of gain — R, drawn from i, to v;. The resulting signal flow graph for the double
network is given in Fig. 8-58.

~\/R, -Ry ~-1R, ~-R, ~—-UR, ~—R, ~—1/R,

R, R, VR, R, /R, R, /R, R, 1

vy i v ty Vg iy v, iy Vs vy
Fig, 8-58

The voltage gain T =v,/v, is calculated from Equation (8.2) as follows. One forward path yields
P, = (R,R,/R,R,)’. The gains of the seven feedback loops are P,, = —R;/R, = P, P,, = — R, /R, = P,

Py =—-R,/Ry=P;,and P, = —R,/R,.

There are 15 gain products of two nontouching loops. From left to right, we have

There are 10 gain products of three nontouching loops. From left to right, we have

R,R R
12 = g Py = >
Far2 RIRZ
R3R4 R3R4
P Py=
22 R12 52 RlR2
R\’ R,R,
Po=|=| P,y=
32 ( Rl) 62 Rle
. RIR, R R2
YORR, YRR
RIR, RiR,
BT RE T T RE,

o (BY
82 R2 11,2

Py =

72

Py =

P’B—

R} p
= R,R, 10,2

R,R,
RZ 12,2
2

RyR,
- RIRZ

RyR,
R

(%)

R3R, RyR}
“®RR, T TRE
1722 1542
RiR, RIR,
“RE PTTRR
1542 1722

P13.2 =

Pu.z =

15,27

Py =

P10.3 =

RyR,
R\R,

RS
R1R2

R,R,
R,R,

R R2
RIR,

R,R2
R\R}
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There is one gain product of four nontouching loops: P, = P;; P;, P, P;, = (R;R,/R,R;)*.
Therefore the determinant is

7 15 10
A=1- Zle+ ZPI‘Z—' ZPj3+P14
=1 J=1 =1

RRy+ R R,+R,R;+ R,R,+6R;R,+ 2R3+ R2 R,R,+R} RI+RiI+R;R,
+ + +
R\R, R} R

Since all loops touch the forward path, 4, =1 and
PlAl _ (R3R4)2
A (RiR;)’ + R} RyRy + RyR, + RyRy+ R3+ R3) + RE(R3 + R\R; + RiR, + RyR,)
+2R,R,R3+ R R,R: + 6R,R,R,R,

BLOCK DIAGRAM REDUCTION
8.15. Determine C/R for each system shown in Fig. 8-59 using Equation (8.2).

G,

Y+

O
Y

(a)

(h)

+
£ i+
H,
+
B i+

H,
> G,
+
T =
() 7 " G, s ol
+
H, =
Fig, 8-59

(a) The signal flow graph is given in Fig. 8-60. The two forward path gains are P, = G|, P, = G,. The two
feedback loop gains are P,, = G, H,, P,; = G, H,. Then

A=1-(P,+Py)=1-GH —G,H,
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L )
| A

H,
Fig. 8-60
Now, A, =1 and A, =1 because both paths touch the feedback loops at both interior nodes. Hence

C PA +PA, G, + G,
R A 1- G H - G,H

(&) The signal flow graph is given in Fig. 8-61. Again, we have P, = G, and P, = G,. But now there is
only one feedback loop, and P,; = G, H,; then A=1— G, H,. The forward path through G, clearly
touches the feedback loop at nodes a and b; thus A; = 1. The forward path through G, touches the
feedback loop at node a; then A, = 1. Hence

C PA +PA, G, +G,

R A " 1-G,H,

Y-
) o

Fig. 8-61

(c) The signal flow graph is given in Fig. 8-62. Again, we have P, = G,, P,=G,, P, =G H,, A=1-
G,H,, and A, = 1. But the feedback path does not touch the forward path through G, at any node.
Therefore A, =A =1~ G, H, and

C PA+PA, G +G(1-GH)
R A - 1-G,H,

f—-

e
GJ»

This problem illustrates the importance of separating summing points and takeoff points with a
branch of unity gain when applying Equation (8.2).

8.16. Find the transfer function C/R for the system shown in Fig. 8-63 in which K is a constant.
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82

0.1 =

Fig. 8-63

The signal flow graph is given in Fig. 8-64. The only forward path gain is

() o

Fig. 8-64

The two feedback loop gains are P, =(1/s)-(—s?)= —s and P;; = —0.1K/s. There are no nontouching

loops. Hence
A1 (P 4P s2+s5—01K A o1 C P K
= — + = = — = =
(P + Pn) 5 ! R A (s+a)(s?+s+01K)

8.17. Solve Problem 7.18 using signal flow graph techniques.

The signal flow graph is given in Fig. 8-65.

1 l .

- c

e

Fig. 8-65
Applying the multiplication and addition rules, we obtain Fig. 8-66. Now
K K(s+01) K(s+0.1)
P = Py=—-—77 =l+—-—— A =1,
s+1 s+1 s+1
K
o 1 N g+ 1 _ 1 _
R c
—(8 +0.1)

Fig. 8-66
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and
PAR KR
T A (14K)s+1401K

8.18. Find C/R for the control system given in Fig. 8-67.

Fig. 8-67

The signal flow graph is given in Fig. 8.68. The two forward path gains arc P, = G,G,G;, and
P, = G,G,. The five feedback loop gains are P\, = G\G, H,, Py = G,Gy H, P, = — GGGy, Py = G Hy,
and P;; = - G,G,. Hence

A=1 ‘(Pn + Py + Py + Py + Py) =1+ G,G,G; — GGy H, — G,G3 Hy — G Hy, + GG,

e

and A, = A, = 1. Finally,

C  PA+PA, G,G,G, + GG,

R A T 1+ 6,6,G, — G\G, H, — GG H, - G, H, + G\G,

8.19. Determine C/R for the system given in Fig. 8-69. Then put G, = G,G,H,.

ay

[ |
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8.20.

8.21.

8.22.

The signal flow graph is given in Fig. 8-70. We have P, = G\G,, P,=G,G;, P, = -G, H,, A=1+
Gsz, Al = AZ = 1, and

C PA+Pb;, G(G +Gy)
R A "~ 1+G,H,
-— 1 . Gy . G, . 1

X
4
%
(o7

Fig. 8-70
Putting G, = G,G, H,, we obtain C/R = G,G, and the system transfer function becomes open-loop.

Determine the elements for a canonical feedback system for the system of Problem 8.10.

From Problem 8.10, P, = G,G,G;, P,=G,, A=1+ G, H, — GG, H, + G,G;H,, A; =1, and A, =A.
From Equation (8.3) we have

2
G= Y PA,=G,GG,+ G, + GG, H, — G,G,G, H, + G,G,G, H,

i=1
and from Equation (8.4) we obtain

A-1 G,H, - G,G,H, + G,G; H,

H= =
G G,GG, + G, + GG, H, — G,G,G, H, + G,G,G, H,

Supplementary Problems

Find C/R for Fig. 8-71, using Equation (8.2).

Fig. 8-71

Determine a set of canonical feedback system transfer functions for the preceding problem, using
Equations (8.3) and (8.4).
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8.23. Scale the signal flow graph in Fig. 8-72 so that X; becomes X;/2 (see Problem 8.3).

Fig. 8-72

8.24. Draw a signal flow graph for several nodes of the lateral inhibition system described in Problem
3.4 by the equation

n
C=ro= X A
i=1
8.25. Draw a signal flow graph for the system presented in Problem 7.31.
8.26. Draw a signal flow graph for the system presented in Problem 7.32.

8.27. Determine C/R, from Equation (8.2) for the signal flow graph drawn in Problem 8.26.

8.28. Draw a signal flow graph for the electrical network in Fig. 8-73.

Source

. Current
21 Source
A
R 7 aig
1
MWW MWW o
Input + Ry b +
Voltage vy m R, m R, v; Output

—— <+ o

a = constant
Fig. 8-73

829. Determine V,/V, from Equation (8.2) for the network of Problem 8.28.

8.30. Determine the elements for a canonical feedback system for the network of Problem 8.28, using Equations
(8.3) and (8.4).

831. Draw the signal flow graph for the analog computer circuit in Fig 8-74.
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T &2y _dy
4 dt? dt v
P—.
3
2
dy ?
dt
‘ED— = integrator and —D- = inverter k = constant
inverter multiplier

8.32.
d?y/dt* becomes 5(d%y/de?).

Fig. 8-74

Answers to Supplementary Problems

205

Scale the analog computer circuit of Problem 8.31 so that p becomes 10y, dyv/dr becomes 20(dy/dt), and

821. P, =G,GG,; P,=G,GG,, P,=GGH, P,=-GGGH, P,=-GGGH, A=1-GGH+
G,G,G,H, + GG,G, H,, and 4, = A, = 1. Therefore

C P, +PA,

G,G,(G, + Gy)

o

A - I“Glclel_Hz(Gz+G3)]

A-1 H,
822. G=PA +PA,=GG(G,+Gy) H=——=H
191 282 104 U2 3 G 2 G, + G,
8.23.
4
X, 1 m 12 X,
X, 31X,
2

Fig. 8-76
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8.24.
Tk~1 Tk Tk+1
9
1 1 1
] — Qg —a,
—a_, —a
: b b
Ck—1 €k Ck+
Fig. 8-77
8.25.
Fig. 8-78
8.26.

-GG, H,
1+ G, H, + G,G, H,

C
8.27. R,
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8.28.
—1/R, —R, ~1/R,
~ /R, 1/R, R, .
vy o 1 o vy o iy - vy V3
a
Fig. 8-80
v, RyR,+aR,R,
829 T RR,+RR,+RR,+R,R, + R,R, — aR,R,
830. G=R,(R,+aR,)
H R(R,+ Ry+ Ry) +RyR,+ RyRy(1 - )
B R,(R,+aR,)
8.31.
T
X
8.32. 9
36

e
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Chapter 9

System Sensitivity Measures and Classification
of Feedback Systems

9.1 INTRODUCTION

In earlier chapters the concepts of feedback and feedback systems have been emphasized. Since a
system with a given transfer function can be synthesized in either an open-loop or a closed-loop
configuration, a closed-loop (feedback) configuration must have some desirable properties which an
open-loop configuration does not have.

In this chapter some of the properties of feedback and feedback systems are further discussed, and
quantitative measures of the effectiveness of feedback are developed in terms of the concepts of
sensitivity and error constants.

9.2 SENSITIVITY OF TRANSFER FUNCTIONS AND FREQUENCY RESPONSE FUNCTIONS
TO SYSTEM PARAMETERS

An early step in the analysis or design of a control system is the generation of models for the
various elements in the system. If the system is linear and time-invariant, two useful mathematical
models for these elements are the transfer function and the frequency response function (see Chapter 6).

The transfer function is fixed when its parameters are specified, and the values given to these
parameters are called nominal values. They are rarely, if ever, known exactly, so nominal values are
actually approximations to true parameter values. The corresponding transfer function is called the
nominal transfer function. The accuracy of the model then depends in part, on how closely these
nominal parameter values approximate the real system parameters they represent, and also how much
these parameters deviate from nominal values during the course of system operation. The sensitivity of a
system to its parameters is a measure of how much the system transfer function differs from its nominal
when each of its parameters differs from its nominal value.

System sensitivity can also be defined and analyzed in terms of the frequency response function.
The frequency response function of a continuous system can be determined directly from the transfer
function of the system, if it is known, by replacing the complex variable s in the transfer function by
Jw. For discrete-time systems, the frequency response function is obtained by replacing z by e/“7. Thus
the frequency response function is defined by the same parameters as those of the transfer function, and
its accuracy is determined by the accuracy of these parameters. The frequency response function can
alternatively be defined by graphs of its magnitude and phase- angle, both plotted as a function of the
real frequency w. These graphs are often determined experimentally, and in many cases cannot be
defined by a finite number of parameters. Hence an infinite number of values of amplitude and phase
angle (values for all frequencies) define the frequency response function. The sensitivity of the system is
in this case a measure of the amount by which its frequency response function differs from its nominal
when the frequency response function of an element of the system differs from its nominal value.

Consider the mathematical model T(k) (transfer function or frequency response function) of a
linear time-invariant system, written in polar form as

T(k)=|T(k)le’*" (9.1)

where k is a parameter upon which T(k) depends. Usually both |T(k)| and ¢, depend on k, and k isa
real or complex parameter of the system.

208
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Definition 9.1: For the mathematical model T(k), with k regarded as the only parameter, the
sensitivity of T(k) with respect to the parameter k is defined by

ST = dinT(k) dT(k)/T(k) dT(k) &
T dink  dksk dk T(k)

(9.2)

In some treatments of this subject, S7%) is called the relative sensitivity, or normalized sensitivity,
because it represents the variation dT relative to the nominal T, for a variation dk relative to the
nominal k. S7% is also sometimes called the Bode sensitivity.

Definition 9.2: The sensitivity of the magnitude of T(k) with respect to the parameter k is defined
by
din|T(k)| _dT(K)|/IT(k)| _dT(k)| &
dink dk/k dk  |T(k)|

SJTR1 = (9.3)

Definition 9.3: The sensitivity of the phase angle ¢, of T(k) with respect to the parameter k is
defined by
ding; dor/¢r dér k

$r = = =
ST Tk dk/k dk ¢

(9.4)

The sensitivities of T(k) = |T(k)|e*7, the magnitude |T(k)|, and the phase angle ¢, with respect
to the parameter k are related by the expression

ST0 = ST 4 jo Spr (9.5)

Note that, in general, S["*' and S¢7 are complex numbers. In the special but very important case
where k is real, then both |7 and S#r are real. When §]© =0, T(k) is insensitive to k.

EXAMPLE 8.1. Consider the frequency response function
T(u)=e

where u = k. The magnitude of T(u) is |T(n)| =1, and the phase angle of T(p) is ¢; = —wp.
The sensitivity of T(p) with respect to the parameter p is

d(e /™) p

~jwp
d, e

T(p) = =
S8 Jwp

The sensitivity of the magnitude of T(n) with respect to the parameter u is

grom 2 AT w
" wo |T(w)]
The sensitivity of the phase angle of T(n) with respect to the parameter p is
N
Y dp ¢y ~wp

Note that
SJT(“” +j¢TSu¢T = —jop= S“T(u)

The following development is in terms of transfer functions. However, everything is applicable to
frequency response functions (for continuous systems) by simply replacing s in all equations by jw, or
z=¢’*T for discrete systems.

A special but very important class of system transfer functions has the form:

A, + kA,

T=-1—2 9.6
A+ kA, (:6)
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where & is a parameter and 4,, 4,, 4;, and A, are polynomials in s (or z). This type of dependence
between a parameter k and a transfer function T is general enough to include many of the systems
considered in this book.
For a transfer function with the form of Equation (9.6), the sensitivity of T with respect to the
parameter k is given by
sra 8k k(4sds—idy) (57)

In general, S7 is a function of the complex variable s (or z).

EXAMPLE 9.2. The transfer function of the discrete-time system given in Fig. 9-1 is
K

C
T=—=
R

2+(a+b)t+abz+ K

QY

Fig. 9-1

If K is the parameter of interest (£ = K), we group terms in T as follows:

K
T=
[22+(a+b)2? +abz] + K

Comparing 7 with Equation (9.6), we see that
4,=0 A,=1 A;=2+(a+b)z* + abz A, =1
If a is the parameter of interest (k = a), T can be rewritten as

K
T=
[23 + 62> + K] + a[ 2% + bz]

Comparing this expression with Equation (9.6) we see that
A=K A, =0 A=+ b2+ K Ay=12%+bz
If b is the parameter of interest (k = b), T can be rewritten as

K
T=
[23 +az? + K] + b 22 + az]

Again comparing this expression with Equation (9.6), we see that

A, =K A,=0 Ay=2+az?+ K A,=:2+az

EXAMPLE 9.3. For the lead network shown in Fig. 9-2 the transfer function is

E, 1+RCs

E 2+RCs

T
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O- -0

+ R +

E E
i JI 0

I
- c -
O~ 0
Fig. 9-2
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If C (capacitance) is the parameter of interest, we write T = (1 + C(Rs)}/[2 + C(Rs)]. Comparing this expression

34
¥

with Equation (9.6), we see that 4, =1, 4, =Rs, 4,=2, A, =Rs.

mathcas EXAMPLE 9.4. For the system of Example 9.2 the sensitivity of T with respect to K is

G K[z +(a+b)z* + abz]
K

1

- K[+ (a+b)z>+abz + K] N 1

The sensitivity of T with respect to the parameter a is

T

K

The sensitivity of T with respect to the parameter b is

—aK(z* + bz) -1
S"=K[z3+bzz+K+a(z2+bz)]= 2 +b2+K
a(z*+ bz)

- —bK( 2%+ az) -1
Sh:?rz3+a22+K+b(zz+az)] - B +azt+ K
b(z? + az)

EXAMPLE 9.5. For the lead network of Fig, 9-2 the sensitivity of T with respect to the capacitance C is

C(2Rs - Rs) RCs

1

22+ (a+b)z* +abz

crx S =AY RCH(1+RG) (24 RGs)(L+RG) (15 2/RCs)(1+ 1/RCs)

Mathcas EXAMPLE 9.6. The open-loop and closed-loop systems given in Fig. 9-3 have the same plant and the same

overall system transfer function for K= 2.

Plant
cy - __ K | K(+1)e+3) 1
R/, ~ s+4s+5 R e +4s+56 | e+1)e+3)
Plant
g) _ K b 2 . - 1
R/,  &#+4+38+K R \‘J (s +1)(s + 8) c
Fig. 9-3

Although these systems are precisely equivalent for K = 2, their properties differ significantly for small (and
large) deviations of K from K = 2. The transfer function of the first system is

C K
L=l\2|= 377 <
R s+45+5

Comparing this expression with Equation (9.6) gives 4, =0, A,=1, A, =52+ 45+ 5, A, = 0. Substituting these
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values into Equation (9.7), we obtain
2
s = K(s*+4s+5) _
(s?+4s5+ 5K

for all K.
The transfer function of the second system is

C K
e (£
R), s°+4s5+3+4+K

Comparing this expression with Equation (9.6) yields 4, =0, 4, =1, A4, =52 + 45 + 3, A, = 1. Substituting these
values into Equation (9.7), we obtain
K(s?+4s+3) 1
(s> +4s+3+K)K) 1+K/(s*+45+3)
For K=2, §T:=1/1+2/(s*+s5+3)]
Note that the sensitivity of the open-loop system 7, is fixed at 1 for all values of gain K. On the other hand,
the closed-loop sensitivity is a function of K and the complex variable s. Thus S72 may be adjusted in a design

problem by varying K or maintaining the frequencies of the input function within an appropriate range.
For w < y3 rad/sec, the sensitivity of the closed-loop system is

Ty
SKz_

Spr=——===06

Thus the feedback system is 40% less sensitive than the open-loop system for low frequencies. For high frequencies,
the sensitivity of the closed-loop system approaches 1, the same as that of the open-loop system.

EXAMPLE 9.7. Suppose G is a frequency response function, either G(jw) for a continuous system, or G(e/*7)
for a discrete-time system. The frequency response function for the unity feedback system (continuous or
discrete-time) given in Fig. 9-4 is related to the forward-loop frequency response function G by

c |C| G |Gle %
— =|— |/ = = -
R |R 1+G 1+ |Gle*s
. a
R / c
Fig, 9-4

where ¢, is the phase angle of C/R and ¢, is the phase angle of G. The sensitivity of C/R with respect to |G| is
given by

con QR 16 et (G
“ dGl  C/R  (1+|Gle*s)’  |Gle*s
1+ |G|e/*e
1 1

= 1+IG{ef¢o = 1+G (9'8)

Note that for large |G| the sensitivity of C/R to |G| is relatively small.

EXAMPLE 9.8. Suppose the /sxstem of Example 9.7 is continuous, that w=1, and for some given G(jw),
G(j1)=1+. Then |G(jw)| =V2, ¢;=m/4 rad, (C/R)(jw) =1 +j}, (C/R)(jw)| = V10 /5, and ¢ 5 =0.3215
rad.

Using the result of the previous example, the sensitivity of (C/R)( jw) with respect to |G( jw)| is

S(C/R)(lw) = _l_ = E —jl

1G(rw)i 2 +j 3 5
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Then from Equation (9.5) we have

SUC/RY jo)) L 0.4 ster o 1 serm _ —0.622
GG ;=0 Pc/rSGUN T T 16«1 T 50 3215) '

These real values of sensitivity mean that a 10% change in |G( jw)| will produce a 4% change in [(C/R)(jw)| and a
~6.22% change in ¢¢ 5.

A qualitative attribute of a system related to its sensitivity is its robustness. A system is said to be
robust when its operation is insensitive to parameter variations. Robustness may be characterized in
terms of the sensitivity of its transfer or frequency response function, or of a set of performance indices
to system parameters.

9.3 OUTPUT SENSITIVITY TO PARAMETERS FOR DIFFERENTIAL AND DIFFERENCE
EQUATION MODELS

The concept of sensitivity is also applicable to system models expressed in the time domain. The
sensitivity of the model output y to any parameter p is given by

SN =Qy = *° - 77
7% d(np) dp/p dpy
Since the model is defined in the time domain, the sensitivity is usually found by solving for the output

y(¢) in the time domain. The derivative dy/dp is sometimes called the output sensitivity coefficient,
which is generally a function of time, as is the sensitivity S

EXAMPLE 9.9. We determine the sensitivity of the output y(t) = x(t) to the parameter a for the differential
system x = ax + u. The sensitivity is

To determine S, consider the time derivative of dx/da, and interchange the order of differentiation, that is,

d{dx d { dx d
alz)-al@) gt
Now define a new variable v = dx/da. Then
dx
l}=£(ax+u) =a— +l.x=av+x
The sensitivity function S can then be found by first solving the system differential equation for x(t), because x(¢)
is the forcing function in the differential equation for v(¢) above. The required solutions were developed in Section

315 as

x(1) =e“x(0) + .[O'e““"”u('r) dr

and o(1) =f’e"“””x(-r) dr
0

because v(0) = 0. The time-varying output sensitivity is computed from these two functions as
,_dxa av(t)
“ dax x(1)

EXAMPLE 9.10. For the discrete system defined by
x(k+1) =ax(k) +u(k)
y(k) = ex(k)
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we determine the sensitivity of the output y to the parameter a as follows. Let

dx
v(k) = 6(ak)
Then
ax(k a
v(k+1)=%=a[ax(k)+u(k)]
=x(k) +a8xa(ak) =av(k) + x(k)
and aya(ak) _ 30);E1k) =c3xa(ak) — (k)

Thus, to determine S, we first solve the two discrete equations:

x(k+1)y=ax(k) +u(k)
v(k+1)y=av(k) + x(k)
(e.g., see Section 3.17). Then
dy(k) e av(k)
da  y(k) x(k)

S; =

9.4 CLASSIFICATION OF CONTINUOUS FEEDBACK SYSTEMS BY TYPE

Consider the class of canonical feedback systems defined by Fig. 9-5. For continuous systems, the
open-loop transfer function may be written as

KIf[l(s+zi)

GH = —
ljll(s+l7i)

R

TN E G
T

H -t

Fig. 9-5

where K is a constant, m <n, and —z, and —p, are the finite zeros and poles, respectively, of GH. If
there are a zeros and b poles at the origin, then

m—a

Kse ] (s+2,)

i=1

GH = n—b
s® n (s+p,)
i=1

In the remainder of this chapter, only systems for which b > a are considered, and /= b — a.
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Definition 9.4: A canonical feedback system whose open-loop transfer function can be written in
the form:

K,:ij[:(s+z,) KB,(s)
GH = —=1 =505} (9.9)
5! 1—1 (S+P1) ?

i=1]1

where />0 and -z, and —p, are the nonzero finite zeros and poles of GH,
respectively, is called a type !/ system.

EXAMPLE 9.11. The system defined by Fig. 9-6 is a type 2 system.

+ E 3(s+1)
R 82(s + 2)

ay

Fig. 9-6

EXAMPLE 9.12. The system defined by Fig. 9-7 is a type I system.

s2+28+2

ay

1
8

Fig. 9-7

EXAMPLE 9.13. The system defined by Fig. 9-8 is a zype 0 system.

E 10
(s +2)(s2+ 28+ 3)

] }

Fig. 9-8

9.5 POSITION ERROR CONSTANTS FOR CONTINUOUS UNITY FEEDBACK SYSTEMS

One criterion of the effectiveness of feedback in a stable type | unity feedback system is the position
(step) error constant. 1t is a measure of the steady state error between the input and output when the
input is a unit step function, that is, the difference between the input and output when the system is in
steady state and the input is a step.
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Definition 9.5: The position error constant K, of a type / unity feedback system is defined as

1(s) K5,(0) fori=0
KpEsll_l‘T(l)G(S)=sll_I.I:)m= Bz( ) (9.10)
00 fori>0

The steady state error of a stable type / unity feedback system when the input is a unit step
function {e(o0) = 1 — ¢(o0)] is related to the position error constant by

1
e(o0) = ll_i‘m e(t) = 7K
g 4

(9.11)

EXAMPLE 9.14. The position error constant for a type 0 system is finite. That is,
KB,(0)
B,(0)

ol

The steady state error for a type 0 system is nonzero and finite.

EXAMPLE 9.15. The position error constant for a type 1 system is

‘= i KBLO)
P = 00 5By (0)

o0

Therefore the steady state error is e(0) =1/(1+ K,) =0.

EXAMPLE 9.16. The position error constant for a type 2 system is
KB,(s)

K, = lim =
Foss0 SZBZ(S)

Therefore the steady state error is e(o0) =1/(1+ K,)=0.

9.6 VELOCITY ERROR CONSTANTS FOR CONTINUOUS UNITY FEEDBACK SYSTEMS

Another criterion of the effectiveness of feedback in a stable type I unity feedback system is the
velocity (ramp) error constant. It is a measure of the steady state error between the input and output of
the system when the input is a unit ramp function.

Definition 9.6: The velocity error constant X, of a stable type / unity feedback system is defined as
0 for 1=0

K. = limsG(s) = I KB,(s) KB,(0)
o YT I B,(5) T B (0)

00 for I>1

for =1 (9.12)

The steady state error of a stable type !/ unity feedback system when the input is a unit ramp
function is related to the velocity error constant by

e(oo)=£rge(t)=% (9.13)

v

EXAMPLE 9.17. The velocity error constant for a type 0 system is K, = 0. Hence the steady state error is infinite.

EXAMPLE 9.18. The velocity error constant for a type 1 system, K, = KB,;(0)/B,(0), is finite. Therefore the
steady state error is nonzero and finite.



CHAP. 9] SYSTEM SENSITIVITY OF FEEDBACK SYSTEMS 217

EXAMPLE 9.19. The velocity error constant for a type 2 system is infinite. Therefore the steady state error is
zero.

9.7 ACCELERATION ERROR CONSTANTS FOR CONTINUOUS UNITY
FEEDBACK SYSTEMS

A third criterion of the effectiveness of feedback in a stable type ! unity feedback system is the
acceleration ( parabolic) error constant. It is a measure of the steady state error of the system when the
input is a unit parabolic function; that is, r=t>/2 and R =1/s>

Definition 9.7: The acceleration error constant K, of a stable type / unity feedback system is

defined as
0 for 1=0,1
KB,(s KB, (0
K,= lims%G(s) = lim ,_2‘() = 1(0) for 1=2 (9.14)
5—0 s—0 5'7?B,(s) B,(0)
o0 for I>2

The steady state error of a stable type / unity feedback system when the input is a unit parabolic
function is related to the acceleration error constant by

e(oc)=rl_i’r£1°e(t)=Ki (9.15)

a

EXAMPLE 9.20. The acceleration error constant for a type O system is K|

, = 0. Hence the steady state error is
infinite.

EXAMPLE 9.21. The acceleration error constant for a type 1 system is K, =(. Hence the steady state error is
infinite.

EXAMPLE 9.22. The acceleration error constant for a type 2 system, K, = KB,(0)/B,(0), is finite. Hence the
steady state error is nonzero and finite.

9.8 ERROR CONSTANTS FOR DISCRETE UNITY FEEDBACK SYSTEMS
The open-loop transfer function for a type ! discrete system can be written as
K(z+z)---(z2+2,) KB,(z)

GH = 1 - 7
(z=1)(z+p))---(z+p,) (2-1)By(2)

where / > 0 and —z, and —p, are the nonunity zeros and poles of GH in the z-plane.
All the results developed for continuous unity feedback systems in Sections 9.5 through 9.7 are the
same for discrete systems with this open-loop transfer function.

99 SUMMARY TABLE FOR CONTINUOUS AND DISCRETE-TIME UNITY
FEEDBACK SYSTEMS

In Table 9.1 the error constants are given in terms of a, where a = 0 for continuous systems, and
a =1 for discrete-time systems. For continuous systems T =1 in the steady state error.
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TABLE 9.1
Input Unit Step Unit Ramp Unit Parabola
Steady Steady Steady
System State State State
Type K, Error K, Error K, Error
KB(a) 1
Type 0 By(a) 14K, ¢ ® 0 *
KB,(a) T
Type 1 o« 0 —m—)- K_l 0 o
KB(«a) T?
Type 2 o 0 o 0 By(a) K_a

9.10  ERROR CONSTANTS FOR MORE GENERAL SYSTEMS

The results of Sections 9.5 through 9.9 are only applicable to stable unity feedback linear systems.
They can be readily extended, however, to more general stable linear systems. In Fig. 9-9, T, represents
the transfer function of a desired (ideal) system, and C/R represents the transfer function of the actual
system (an approximation of T,). R is the input to both systems, and E is the difference (the error)
between the desired output and the actual output. For this more general system, three error constants
are defined below and are related to the steady state error.

Ideal System
C,
- T, -
Actual System
-
- c = -
R R c\/ E
Fig. 9-9
Definition 9.8: The step error constant K is defined for continuous systems as
1
K = ——C ( 9.16 )
lim |T,— —
s—=0

The steady state error for the general system when the input is a unit step function is related to K|
by

1
e(c0)= lime(t) = — (9.17)
1= 00 K,
Definition 9.9: The ramp error constant X, is defined for continuous systems as
1
K = ﬁ—c— (9.18)
s-l;% s d- R

The steady state error for the general system when the input is a unit ramp function is related to K,
by

e(0) = tl_i'r{.loe(t)=Ki (9.19)

r
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Definition 9.10: The parabolic error constant K, is defined for continuous systems as
1
pa= 1 C ]

K (9.20)

lim < |T,— —
os2|4T R
The steady state error for the general system when the input is a unit parabolic function is related
to K,, by
1
e(o0) = lime(?) = — (9.21)
- o0 K

pa

EXAMPLE 9.23. The nonunity feedback system given in Fig. 9-10 has the transfer function C/R =2/(s* + 25 +
4). If the desired transfer function which C/R approximates is T, = , then

C s(s+2)

T~ —=—5—"—
4R 2As*+2s+4)
2 >
2+2 C
s+1 -
Fig. 9-10
Therefore
1 1
K== s(s+2) =% =7 G2 =4
lim | —5—— im — | 55—+
s=0| 2(s* +25+4) s=0 5| 2(s*+25+4)
1
Kpa= 1 s(s+2) =0
hm—2 PYSC I
s—0 2(s*+25+4)

EXAMPLE 9.24. For the system of Example 9.23 the steady state errors due to a unit step input, a unit ramp
input, and a unit parabolic input can be found using the results of that example. For a unit step input,
e(c0) =1/K =0. For a unit ramp input, e(c) =1/K, = 1. For a unit parabolic input, e(c0) =1/K,,

To establish relationships between the general error constants K, X,, and K,, and the error
constants K o K,, and K, for unity feedback systems, we let the actual system be a continuous unity
feedback system and let the desired system have a unity transfer function. That is, we let

T,=1 d < G
Y Y
Therefore
1
K= —7=1+1ImG(s)=1+K, (9.22)
1. 55—
col1+6
1
K, = SUEnEEVER limsG(s) =K, (9.23)
lim —( ) =0
s—=0| S 1+G
1
K, = SRS = lims°G(s) =K, (9.24)
lim |5 {——|| *°
s=0] S 1+G
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Solved Problems

SYSTEM CONFIGURATIONS

9.1. A given plant has the transfer function G,. A system is desired which includes G, as the output
element and has a transfer function C/R. Show that, if no constraints (such as stability) are
placed on the compensating elements, then such a system can be synthesized as either an
open-loop or a unity feedback system.

If the system can be synthesized as an open-loop system, then it will have the configuration given in
Fig. 9-11, where G, is an unknown compensating element. The system transfer function is C/R = G{G,,
from which G; = (C/R)/G,. This value for G permits synthesis of C/R as an open-loop system.

. { & [—
Fig. 9-11
If the system can be synthesized as a unity feedback system, then it will have the configuration given in
Fig. 9-12.
£y
G - G >
R / : 3 c

Fig. 9-12

The system transfer function is C/R = G,G,/(1 + G,G,) from which
1 C/R
6o L(_C/R
G, \1-C/R
This value for G, permits synthesis of C/R as a unity feedback system.

9.2. Using the results of Problem 9.1, show how the system transfer function C/R =2/(s*+ s+ 2)
which includes as its output element the plant G,=1/s(s + 1) can be synthesized as (a) an
open-loop system, (b) a unity feedback system.

(a) For the open-loop system,

G’ C/R  2s(s+1)
b G, o2 4s+2

and the system block diagram is given in Fig. 9-13.

| 2s(s+1) 2
R s2+s8+2 g(s+ 1) C

Fig. 9-13

(b) For the unity feedback system,

G——l— _C/R N 1 2/(s*+5+2) ~
l_Gz(l_.C/R)_S(S+ ) (SZ+S+2_2)/(52+S+2) =2

and the system block diagram is given in Fig. 9-14.
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R s(e+1) C

Fig. 9-14

TRANSFER FUNCTION SENSITIVITY

9.3. The two systems given in Fig. 9-15 have the same transfer function when K, = K, = 100.

% r =[S Kok 100
Watnead 17\ R/, 2:122 "~ 1+0.0099K,K,
r-(& Ky K5 100
z—(R)2 2:&_ 1+0.09K, || 14+009K, ]
+ -
K, > B a K, r K, s
- 0.09 0.09 =

Fig. 9-15

Compare the sensitivities of these two systems with respect to parameter K, for nominal values
K, =K,=100.
For the first system, T, = K, K, /[1 + K,(0.0099K,)]. Comparing this expression with Equation (9.6)
yields 4, =0, 4,=K,, A;=1, A,=0.0099K,. Substituting these values into Equation (9.7), we obtain
KK, 1
(1+0.0099K,K,)(K,K,) 1+ 0.0099K,K,

Si = =001 for K,=K,=100

For the second system,

K, K, KK,
h= ( 1+ 0.09K, )( 1+ 0.091(2) T1+ 0.09K, + 0.09K, + 0.0081K, K,
Comparing this expression with Equation (9.6} yields 4, =0, 4,=K,, 4;=1+0.09K,, 4,=0.09+
0.0081K,. Substituting these values into Equation (9.7), we have
§Ti o K, K,(1+0.09K,) _ 1 _
Ko (1+0.09K,)(1 + 0.09K, ) K,K;) 1+ 0.09K,

01 for K,=K,=100

A 10% variation in K| will approximately produce a 0.1% variation in 7} and a 1% variation in T,.
Thus the second system 7, is 10 times more sensitive to variations in K; than is the first system T;.

94. The closed-loop system given in Fig. 9-16 is defined in terms of the frequency response function
of the feedforward element G(jw).

>+

. o : Glia) -
%(]w) = _GlUe) R(e) '\r_ 3 Clio)
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Suppose that G(jw)=1/(jw+ 1). In Chapter 15 it is shown that the frequency response
functions 1 /( jw + 1) can be approximated by the straight line graphs of magnitude and phase of
G(jw) given in Fig. 9-17.

4 20 log, IG(j)] ﬁl Phase angle ¢
=1 =1
0 ‘& 10
! logw
i —=/4
i
—20f——— =2 —o/2
Fig. 9-17

At w=1 the true values of 20log,,|G(jw)| and ¢ are —3 and —=/4, respectively. For
w =1, find:

(a) The sensitivity of [(C/R) jw)| with respect to |G( jw)].
(b) Using the result of part (a), determine an approximate value for the error in |(C/R) jw)|
caused by using the straight-line approximations for 1/( jw + 1).

(a) Using Equation (9.8) the sensitivity of (C/R)( jw) with respect to |G( jw)| is given by

SR ) _ 1 _ 1 _ 2-jw
1GCwl 14+G6(jw) 2+jw 4+

Since |G( jw)| is real,

HC/ RN o)l = (C/RW jw) =
SiG )] Re SiG{)w))

4+
For w=1, S}/l =04,
(b) For w =1, the exact value of |G(jw)]| is |G(jw)| =1/V2 =0.707. The approximate value taken from

the graph is |G(jw)| = 1. Then the percentage error in the approximation is 100(1 — 0.707)/0.707 =
41.4%. The approximate percentage error in [(C/R)(jw)| is 41.4 S5/ K00 = 16.6%.

9.5. Show that the sensitivities of T(k) = |T(k)|e’*7, the magnitude |T(k)|, and the phase angle ¢
with respect to parameter k are related by
ST = gTN ¢ gy - S¢7 [Equation (9.5)]
Using Equation (9.2),
dinT(k) dn[|T(k)|e”r]  d[In|T(k)]|+j¢]

dink dink dink
_ dIn|[T(k)| ; dér _ dIn|T(k)| j dIng, _ ST 4 g 57
dlnk dink dnk Tdink e
Note that if & is real, then S/7*" and ¢ are both real, and

§iTthi= Re 5% ¢7S¢T=1Im §7*

Tih) =
§1 =

9.6. Show that the sensitivity of the transfer function T = (A4, + k4,)/(A; + kA,) with respect to the
parameter k is given by ST =k(A,A; — A|Ay) /(A + kAN A, + kA,).
By definition, the sensitivity of T with respect to the parameter k is
dInT dT &k
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Now
dT  A,( Ay + kAy) — A,( A, +kAy) A, A4, — AA,
dk (A; + kA, )’ T (A +kA,)

Thus
T_A2A3~A]A4 k(A3+kA4) k(AzAJ*AlAzs)

ST = . =
(A + kA, A+ kA, (A; + kAy) (A, + kA,)

9.7. Consider the system of Example 9.6 with the addition of a load disturbance and a noise input as
shown in Fig. 9-18. Show that the feedback controller improves the output sensitivity to the
noise input and the load disturbance.

Noise Input Plant Load Disturbance
Nis) Lis)
A
/ (s +1)(s+3) /
Fig. 9-18

For the open-loop system, the output due to the noise input and load disturbance is

1
C(s)=L(s)+ ———N
(D)=L TGy N
independent of the action of open-loop controller. For the closed-loop system,

(s+1)(s+3)
_— L(s)+———2 N(s)
s-+4s+5 s+ 45+ 5

For low frequencies the closed-loop system attenuates both the load disturbance and the noise input,
compared to the open-loop system. In particular, the closed-loop system has steady state or d.c. gain:

C(s) =

3 1
while the open-loop system has
1
C(0) = L(0) + EN(O)

At high frequencies these gains are approximately equal.

SYSTEM OUTPUT SENSITIVITY IN THE TIME DOMAIN

9.8. For the system defined by
x=A(p)x + B(p)u
y=C(p)x
show that the matrix of output sensitivities
3y,
laﬂ}

is determined by solution of the differential equations
Xx=Ax+u (9.25)
dA dB

V=AV+ —x + — 9.26
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a3 aC
with Do+ g (9.27)
dp, ap
" ” _9x 1 ax,
where =[v,]= ip = i,

that is, V is the matrix of sensitivity functions. The derivative of the sensitivity function v;; is

given by
o d ( ax,.}
b =—\| 7
sodt| dp;

Assuming the state variables have continuous derivatives, we can interchange the order of total
and partial differentiation, so that
. d {dx;
O, = — | —
Yoodp\ dt

In matrix form,

dx 4 dA dx JdB
V=b—p=a—p[Ax+Bu]=a—px+Aa—p+5;u
Since V'= dx/dp, we have
. dA B
V=AV+3;x+5;u
Then
dy dCx dC ax aC
8—p= ap =§;x+Ca—p=CV+?l;x

Note that, in the above equations, the partial derivative of a matrix with respect to the vector
p is understood to generate a series of matrices, each one of which, when multiplied by x,
generates a column in the resulting matrix. That is, (A4 /3 p)x is a matrix with jth column
(8A/dp;)x. This is easily verified by writing out all the scalar equations explicitly and
differentiating term by term.

SYSTEMS CLASSIFICATION BY TYPE

9.9.

The canonical feedback system is represented by Fig. 9-15.

+
I G .
R '\(_ C
H |=
Fig. 9-19

Classify this system according to type if

1
(a) G=— H=1
k)

G 5 H s+1
(&) Cos(s+3) S os+2
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2
G=—5——— H=54+5
() sT+25+45 ’
i G 24 " 4
(d) 6= (25 +1)(4s + 1) © 4s(3s+1)
G ! H !
() T s(s+3) s
1
(a) GH=;; type 1
- 5(s+1)
@Gy
CH 2s+5) .
R
d) GH % : 1
@) O = G )Gs (@ 1) s(s ) (st (s 1) 7P
4
(e) GH= m; type 2
9.10. Classify the system given in Fig. 9-20 by type.
+ 82 | s+1 —
R (s + 8)2 1 &(a+2) c

g2+s+1
s(s +2)

Fig. 9-20

The open-loop transfer function of this system is

GH = sH(s+1)(s2+s+1) _ (s+1)(s2+5+1)
sAs+2%(s+3) S5 +2)(s+3)°

Therefore it is a type 2 system.
ERROR CONSTANTS AND STEADY STATE ERRORS

9.11. Show that the steady state error e(o0) of a stable type / unity feedback system when the input is
a unit step function is related to the position error constant by

1
e(0) = [lim e(r) = 17K
« I

The error ratio (Definition 7.5) for a unity negative feedback system is given by Equation (7.4) with
H=1,thatis, E/R=1/(1+G). For R=1/s, E=(1/s)1/(1 + G)). From the Final Value Theorem, we
obtain

1 1

s
L = =
s—{r(l)(s[l+G(s)]) 1 +lm, ,,G(s) 1+K,

e(o0) = S]if(I)SE(S) =

where we have used the definition K, = lim, _ ;G(s).
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9.12. Show that the steady state error e(co) of a stable type / unity feedback system with a unit ramp

function input is related to the velocity error constant by e(o0) = lim, _, _e(1) =1/K,.

We have E/R=1/(1 + G), and E=(1/s2)(1/(1 + G)) for R=1/s2. Since G = KB,(s5)/s'B,(s) by
Definition 9.4,
g L[ sB(o)
" 57| 'By(s) + KBy(s)

By(s)
sB,(s) + KB,(s)/s'™!

where /— 1 > 0. Now we can use the Final Value Theorem, as was done in the previous problem, because
the condition for the application of this theorem is satisfied. That is, for /> 0 we have

For > 0, we have

sE(s) =

0 for [>1
= li ={ B (0
e() }I—F(IJSE(S) —K;(((z) for /=1

B,(0) and B,(0) are nonzero and finite by Definition 9.4; hence the limit exists (i.e., it is finite).
We cannot evoke the Final Value Theorem for the case / = 0 because

1 B,(s)
SE(s)|i0= [ (s) +KB\(s )]

and the limit as s — 0 of the quantity on the right does not exist. However, we may use the following
argument for /= 0. Since the system is stable, B,(s)+ KB;(s) =0 has roots only in the left half-plane.
Therefore E can be written with its denominator in the general factored form:
- By(s)
szl_l,f_,(s+p,)"’

where Re( p,) > 0 and £]_,n, = n — a (see Definition 9.4), that is, some roots may be repeated. Expanding
E into partial fractions [Equation (4./0a)], we obtain

r n,

S o Cik
k
58 Sk (s+p)

where b, in Equation (4.10a) is zero because the degree of the denominator is greater than that of the
numerator (m < n). Inverting E(s) (Section 4.8), we get

e(t) =cpt+ o+ Zl kZI (k— 1),

Since Re( p,) > 0 and ¢, and ¢, are finite nonzero constants ( E is a rational algebraic expression), then

k le—p,l

e(o0) = tl_i.’{.‘oe(’) = tl_ifga(fzo’) tep=0c

Collecting results, we have

o0 for =0
B,(0)
e(00) XB,(0) or
0 for I>1
Equivalently,
0 for /=0
1 KB,(0)

() "\ BmO T

00 for [>1
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9.13.

9.14.

9.15.

These three values for 1/e(cc) define K,; thus

1
e(oo) = ?

v

For Fig. 9-21 find the position, velocity, and acceleration error constants.

+i7™N s+2 4

227

R s+4 s(s+1)

Fig. 9-21

Position error constant:

K = fim G i 4s+2)
»T 50 (s)_sl—r.rtl)s(s+1)(s+4)_oo
Velocity error constant:
i 5G i 4(s + 2) 5
K =1l =lim — =
o7 (s) 50 (s+1)(s+4)
Acceleration error constant:
X i 26 i 4s5(s+2) 0
« 7 500 (s)—s-% (s+1)(s+4)

ay

For the system in Problem 9.13, find the steady state error for (a) a unit step input, (b) a unit

ramp input, (¢) a unit parabolic input.

(a) The steady state error for a unit step input is given by e(c0) =1/(1 + K,). Using the result of

Problem 9.13 yields e(sc) =1/(1 + c0) =0.

(b) The steady state error for a unit ramp input is given by e(c0) =1/K,. Again using the result of

Problem 9.13, we get e(oc) = 1.

(¢) The steady state error for a unit parabolic input is given by e(o0) =1/K,. Then e(c0) =1/0 = co.

Figure 9-22 approximately represents a differentiator. Its transfer function is C/R=
Ks/[s(rs + 1)+ K. Note that lim, _, , x_, . .C/R =s, that is, C/R is a pure differentiator in the
limit. Find the step, ramp, and parabolic error constants for this system, where the ideal system

T, is assumed to be a differentiator.

7\ K
R ik rs+1 C

o =

Fig. 9-22
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Using the notation of Section 9.10, 7,=s and T,~ C/R=s*(rs+ 1)/[s(7s + 1)+ K]. Applying
Definitions 9.8, 9.9, and 9.10 yields

1 1
K,=-— -
: . [ C] st (1s+1) ®
im | T- 2|t | =D
s—0 R s—o|s{rs+1}+ K
1 1
K.= 1 cl™ s(rs+1) =%
lim ~ (7, ~ — lim|—m——
s—0 5 R s=0|s(rs+1)+K
1 1
K,, - - -k

[T C " s+ 1
s—0s2] ¢ R it s{rs+1)+K

9.16. Find the steady state value of the difference (error) between the outputs of a pure differentiator
and the approximate differentiator of the previous problem for (a) a unit step input, (5) a unit
ramp input, (¢) a unit parabolic input.

From Problem 9.15, K, =0, K, =00, and X, =K.
(a) The steady state error for a unit step input is e(c0) =1/K,=0.
(b) The steady state error for a unit ramp input is e(o0) =1/K, =0.
(¢) The steady state error for a unit parabolic input is e(e0) =1/K,, =1/K.

9.17. Given the stable type 2 unity feedback system shown in Fig. 9-23, find (a) the position, velocity,
3 1 1

and acceleration error constants, (») the steady state error when the inputis R= — — — + 5
s s )
4 ! 4(s+1)
R . 8%(s + 2) c
Fig. 9-23

(a) Using the last row of Table 9.1 (sype 2 systems), the error constants are K,=o0, K, =0,
K,=&1)/2=2.

(b) The steady state errors for unit step, unit ramp, and unit parabolic inputs are obtained from the same
row of the table and are given by: e,(c0) =0 for a unit step; e,(o0) = 0 for a unit ramp; e;(oc) = }
for a unit parabola.

Since the system is linear, the errors can be superimposed. Thus the steady state error when the input is

3
R=" - +—

5 s 253 is given by e(o0) = 3e;(00) — €,(00) + $e5(00) = 1.

Supplementary Problems
9.18. Prove the validity of Equation (9.17). (Hint: See Problems 9.11 and 9.12.)

9.19. Prove the validity of Equation (9.7/9). (Hint: See Problems 9.11 and 9.12.)

9.20. Prove the validity of Equation (9.21). ( Hint: See Problems 9.11 and 9.12.)
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9.21.

9.22.

9.23.

9.24.

9.21.

9.22.

Determine the sensitivity of the system in Problem 7.9, to variations in each of the parameters X;, K, and
p individually.

Generate an expression, in terms of the sensitivities determined in Problem 9.21, which relates the total
variation in the transfer function of the system in Problem 7.9 to varations in K, K;, and p.

Show that the steady state error e(co) of a stable type / unity feedback system with a unit parabolic input is
related to the acceleration error constant by e(c0) =lim, _ ,e(1) =1/K,. (Hint: See Problem 9.12.)

Verify Equations (9.26) and (9.27) by performing all differentiations on the full set of scalar simultaneous
differential equations making up Equation (9.25).

Answers to Some Supplementary Problems

s+p C/R — KK, /R -p

C/R _ 2 U S—
s+p- KK, K2 s+p- KK, 4 s+p-KK,

LYl

AC ~ (s+p)AK, + (K K;)AK, -~ plp

R s+p- KK,



Chapter 10

Analysis and Design of Feedback Control
Systems: Objectives and Methods

10.1 INTRODUCTION

The basic concepts, mathematical tools, and properties of feedback control systems have been
presented in the first nine chapters. Attention is now focused on our major goal: analysis and design of
feedback control systems.

The methods presented in the next eight chapters are linear techniques, applicable to linear models.
However, under appropriate circumstances, one or more can also be used for some nonlinear control
system problems, thereby generating approximate designs when the particular method is sufficiently

robust. Techniques for solving control system problems represented by nonlinear models are introduced
in Chapter 19.

This chapter is mainly devoted to making explicit the objectives and to describing briefly the
methodology of analysis and design. It also includes one digital system design approach, in Section 10.8,
that can be considered independently of the several approaches developed in subsequent chapters.

10.2 OBJECTIVES OF ANALYSIS

The three predominant objectives of feedback control systems analysis are the determination of the
following system characteristics:

1. The degree or extent of system stability

2. The steady state performance

3. The transient performance

Knowing whether a system is absolutely stable or not is insufficient information for most purposes.

If a system is stable, we usually want to know how close it is to being unstable. We need to determine
its relative stability.

In Chapter 3 we learned that the complete solution of the equations describing a system may be
split into two parts. The first, the steady state response, is that part of the complete solution which does
not approach zero as time approaches infinity. The second, the transient response, is that part of the
complete solution which approaches zero (or decays) as time approaches infinity. We shall soon see that

there is a strong correlation between relative stability and transient response of feedback control
systems.

10.3 METHODS OF ANALYSIS
The general procedure for analyzing a linear control system is the following:

1. Determine the equations or transfer function for each system component.
2. Choose a scheme for representing the system (block diagram or signal flow graph).

3. Formulate the system model by appropriately connecting the components (blocks, or nodes and
branches).

4. Determine the system response characteristics.

Several methods are available for determining the response characteristics of linear systems. Direct
solution of the system equations may be employed to find the steady state and transient solutions

230
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(Chapters 3 and 4). This technique can be cumbersome for higher than second-order systems, and
relative stability is difficult to study in the time-domain.

Four primarily graphical methods are available to the control system analyst which are simpler and
more direct than time-domain methods for practical linear models of feedback control systems. They
are:

The Root-Locus Method
Bode-Plot Representations

hadi b o

Nyquist Diagrams
4. Nichols Charts

The latter three are frequency-domain techniques. All four are considered in detail in Chapters 13.
15, 11, and 17, respectively.

10.4 DESIGN OBJECTIVES

The basic goal of control system design is meeting performance specifications. Performance
specifications are the constraints put on system response characteristics. They may be stated in any
number of ways. Generally they take two forms:

1. Frequency-domain specifications (pertinent quantities expressed as functions of frequency)

2. Time-domain specifications (in terms of time response)

The desired system characteristics may be prescribed in either or both of the above forms. In
general, they specify three important properties of dynamic systems:

1. Speed of response

2. Relative stability

3. System accuracy or allowable error

Frequency-domain specifications for both continuous and discrete-time systems are often stated in

one or more of the following seven ways. To maintain generality, we define a unified open-loop
frequency response function GH(w):

GH( jw) for continuous systems

GH(w)E{ (10.1)

GH(e”T) for discrete-time systems

1. Gain Margin

Gain margin, a measure of relative stability, is defined as the magnitude of the reciprocal of the

open-loop transfer function, evaluated at the frequency w, at which the phase angle (see chapler 6) is
—180°. That is,

1
gain margin = m ( 10.2)
where arg GH(w,) = —180° = — 7 radians and w, is called the phase crossover frequency.

2. Phase Margin ¢,

Phase margin ¢y, a measure of relative stability, is defined as 180° plus the phase angle ¢, of the
open-loop transfer function at unity gain. That is,

¢pm = [180 + arg GH(w, )] degrees (10.3)

where |GH(w,){ =1 and w, is called the gain crossover frequency.
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EXAMPLE 10.1. The gain and phase margins of a typical continuous-time feedback control system are illustrated

in Fig. 10-1.
IGH(w) 4
1-—— -~
: 1
i Gain margin
+
(0] | @1 r"’w @
.
arg GH(w) § ! i
Juy ol
! T ﬁ
] |
D
Phase margin
—180° —————————— —_——— _J-

3. Delay Time T,

Delay time 7, interpreted as a frequency-domain specification, is a measure of the speed of
response, and is given by

dy

T, (w)= e (10.4)

where y = arg(C/R). The average value of T,(w) over the frequencies of interest is usually specified.

4. Bandwidth (BW)

Roughly speaking, the bandwidth of a system was defined in Chapter 1 as that range of frequencies
over which the system responds satisfactorily.

Satisfactory performance is determined by the application and the characteristics of the particular
system. For example, audio amplifiers are often compared on the basis of their bandwidth. An ideal
high-fidelity audio amplifier has a flar frequency response from 20 to 20,000 Hz. That is, it has a
passband or bandwidth of 19,980 Hz (usually rounded off to 20,000 Hz). Flat frequency response means
that the magnitude ratio of output to input is essentially constant over the bandwidth. Hence signals in
the audio spectrum are faithfully reproduced by a 20,000-Hz bandwidth amplifier. The magnitude ratio
is the absolute value of the system frequency response function.

The frequency response of a high-fidelity audio amplifier is shown in Fig. 10-2. The magnitude ratio
is 0.707 of, or approximately 3 db below, its maximum at the cutoff frequencies

fa=20Hz  f,=20,000Hz

Magnitude §
ratio
db
| b
3db _l;fe_l_b
|
' |'
! I
' |
: | !
e d Hz
20 20,000
! el , <2

Fig. 10-2
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“db” is the abbreviation for decibel, defined by the following equation:
db = 201log,o(magnitude ratio) (10.5)

Often the bandwidth of a system is defined as that range of frequencies over which the magnitude
ratio does not differ by more than —3 db from is value at a specified frequency. But not always. In
general, the precise meaning of bandwidth is made clear by the problem description. In any case,
bandwidth is generally a measure of the speed of response of a system.

The gain crossover frequency w, defined in Equation (/0.3) is often a good approximation for the
bandwidth of a closed-loop system.

The notion of signal sampling, and of uniform sampling time T, were introduced in Chapters 1 and
2 (especially in Section 2.4), for systems containing both discrete-time and continuous-time signals, and
both types of elements, including samplers, hold devices and computers. The value of T is a design
parameter for such systems and its choice is governed by both accuracy and cost considerations. The
sampling theorem [9,10] provides an upper bound on 7T, by requiring the sampling rate to be lat least

twice that of the highest frequency component f,, of the sampled signal, that is, 7< ——. In

practice, we might use the cutoff freqilency faa (as1 in Fig. 10-2) for f_,,, and a practical rule-of-thumb

<T<
lOch 6fc2
even smaller T values. On the other hand, the largest value of T consistent with the specifications

usually yields the lowest cost for system components.

might be to choose T in the range . Other design requirements, however, may require

5. Cutoff Rate

The cutoffl rate is the frequency rate at which the magnitude ratio decreases beyond the cutofl
frequency w.. For example, the cutoff rate may be specified as 6 db/octave. An octave is a factor-of-two
change in frequency.

6. Resonance Peak M,J

The resonance peak M,, a measure of relative stability, is the maximum value of the magnitude of .
the closed-loop frequency response. That is,

C
M, = max ~\ (10.6)

R

7. Resonant Frequency w,

The resonant frequency w, is the frequency at which M, occurs.

EXAMPLE 10.2. The bandwidth BW, cutoff frequency w,, resonance peak M,, and resonant frequency w, for an
underdamped second-order continuous system are illustrated in Fig. 10-3.

e\‘
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Time-domain specifications are customarily defined in terms of unit step, ramp, and parabolic
responses. Each response has a steady state and a transient component.

Steady state performance, in terms of steady state error, is a measure of system accuracy when a
specific input is applied. Figures of merit for steady state performance are, for example, the error
constants K,, K, and K, defined in Chapter 9.

Transient performance is often described in terms of the unit step function response. Typical
specifications are:

1. Overshoot

The overshoot is the maximum difference between the transient and steady state solutions for a unit
step input. It is a measure of relative stability and is often represented as a percentage of the final value
of the output (steady state solution).

The following four specifications are measures of the speed of response.

2. Delay Time 7,

The delay time T,, interpreted as a time-domain specification, is often defined as the time required
for the response to a unit step input to reach 50% of its final value.

3. Rise Time T,

The rise time 7, is customarily defined as the time required for the response to a unit step input to
rise from 10 to 90 percent of its final value.

4. Settling Time T,

The settling time 7, is most often defined as the time required for the response to a unit step input
to reach and remain within a specified percentage (frequently 2 or 5%) of its final value.

5. Dominant Time Constant

The dominant time constant 7, an alternative measure for settling time, is often defined as the time
constant associated with the term that dominates the transient response.

The dominant time constant is defined in terms of the exponentially decaying character of the
transient response. For example, for first and second-order underdamped continuous systems,
the transient terms have the form de™* and Ade™%cos(w,t + ¢), respectively (a > 0). In each case, the
decay is governed by e~ *. The time constant 7 is defined as the time at which the exponent —at = -1,
that is, when the exponential reaches 37% of its initial value. Hence 7= 1/a.

For continuous feedback control systems of order higher than two, the dominant time constant can
sometimes be estimated from the time constant of an underdamped second-order system which
approximates the higher system. Since

1
{w,

{ and w, (Chapter 3) are the two most significant figures of merit, defined for second-order but often
useful for higher-order systems. Specifications are often given in terms of { and w,.

This concept is developed more fully for both continuous and discrete-time systems in Chapter 14,
in terms of dominant pole-zero approximations.

T< (10.7)

EXAMPLE 10.3. The plot of the unit step response of an underdamped continuous second-order system in Fig,
10-4 illustrates time-domain specifications.
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We assume first that G and H are fixed configurations of components over which the designer has
no control. To meet performance specifications for feedback control systems, appropriate compensation
components (sometimes called equalizers) are normally introduced into the system. Compensation
components may consist of either passive or active elements, several of which were discussed in
Chapters 2 and 6. They may be introduced into the forward path (cascade compensation), or the
feedback path ( feedback compensation), as shown in Fig. 10-5:

R + Cascade - G C_

Compensation bt bt
H =
+
E .;/_\ = G c e
Feedback H
Compensation
Fig. 10-5

Feedback compensation may also occur in minor feedback loops (Fig. 10-6).

C
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Compensators are normally designed so that the overall system (continuous or discrete) has an
acceptable transient response, and hence stability charactenstics, and a desired or acceptable steady
state accuracy (Chapter 9). These objectives are often conflicting, because small steady state errors
usually require large open-loop gains, which typically degrade system stability. For this reason, simple
compensator elements are often combined in a single design. They typically consist of combinations of
components that modify the gain K and/or time constants 7, or otherwise add zeros or poles to GH.
Passive compensators include passive physical elements such as resistive-capacitive networks, to modify
K (K < 1), time constants, zeros, or poles; lag, lead, and lag-lead networks are examples (Chapter 6).
The most common active compensator is the amplifier (K > 1). A very general one is the PID
(proportional-integral-derivative) controller discussed in Chapter 2 and 6 (Examples 2.14 and 6.7),
commonly used in the design of both analog (continuous) and discrete-time (digital) systems.

10.6 DESIGN METHODS

Design by analysis is the design scheme developed in this book, because it is generally a more
practical approach, with the exception that direct design of digital systems, discussed in Section 10.8, is
a true synthesis technique. The previously mentioned analysis methods, reiterated below, are applied to
design in Chapters 12, 14, 16, and 18.

1. Nyquist Plot (Chapter 12)
2. Root-Locus (Chapter 14)
3. Bode Plot (Chapters 16)

4. Nichols Chart (Chapter 18)

Control system analysis and design procedures based on these methods have been automated in
special-purpose computer software packages called Computer-Aided Design (CAD) packages.

Of the four methods listed above, the Nyquist, Bode, and Nichols methods are frequency response
techniques. because in each of them the properties of GH(w), that is, GH( jw) for continuous systems
or GH(e’*") for discrete-time systems [Equation (/0.1)}, are explored graphically as a function of
angular frequency w. More importantly, analysis and design using these methods is performed in
fundamentally the same manner for continuous and discrete-time systems, as illustrated in subsequent
chapters. The only differences (in specific details) stem from the fact that the stability region for
continuous systems is the left half of the s-plane, and that for discrete-time systems is the unit circle in
the z-plane. A transformation of variables, however, called the w-transform, permits analysis and design
of discrete-time systems using specific results developed for continuous systems. We present the major
features and the results for the w-transform in the next section, for use in analysis and design of control
systems in subsequent chapters.

10.7 THE w-TRANSFORM FOR DISCRETE-TIME SYSTEMS ANALYSIS AND DESIGN USING
CONTINUOUS SYSTEM METHODS

The w-transform was defined in Chapter 5 for stability analysis of discrete-time systems. It is a
bilinear transformation between the complex w-plane and the complex z-plane defined by the pair:

z—-1 1+w
z+1 1w

W=

(10.8)

where z = p + jr. The complex variable w is defined as

w=Rew+;Imw (10.9)
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The following relations among these variables are useful in the analysis and design of discrete-time
control systems:

LA |
1. Rew=#—2%ﬁ2—m (10.10)
2v

2. mw = T (10.11)
3. If [z] <1, then Rew <0 (10.12)
4. If[zl=1,then Rew =0 (10.13)
5. If [z} > 1, then Rew >0 (10.14)

6. On the unit circle of the z-plane:
z=e"T=cos wT +jsinwT (10.15)
pi+vt=cos?wT +sinwl =1 (10.16)
=,F:1 (10.17)

Thus the region inside the unit circle in the z-plane maps into the left half of the w-plane (LHP); the
region outside the unit circle maps into the right half of the w-plane (RHP); and the unit circle maps
onto the imaginary axis of the w-plane. Also, rational functions of z map into rational functions of w.

For these reasons, absolute and relative stability properties of discrete systems can be determined
using methods developed for continuous systems in the s-plane. Specifically, for frequency response
analysis and design of discrete-time systems in the w-plane, we generally treat the w-plane as if it were
the s-plane. However, we must account for distortions in certain mappings, particularly angular
frequency, when interpreting the results.

From Equation (/0.17), we define an angular frequency w,, on the imaginary axis in the w-plane by

v

Yo+l

W (10.18)
This new angular frequency w,, in the w-plane is related to the true angular frequency w in the z-plane
by

wT 2

w,=tan— or w=—tan"lo, (10.19)

2 T
The following properties of w,, are useful in plotting functions for frequency response analysis in the
w-plane:

1. Ifw=0,thenw,=0 (10.20)
T
2. Ifw—»;,thenw‘v-» + 00 (10.21)
T
3. Ifw—*—?,thenww—*—oo (10.22)
m m
4. The range — T<e<T is mapped into the range — o0 < w, < + 00 (10.23)

Algorithm for Frequency Response Analysis and Design Using the w-Transform
The procedure is summarized as follows:
1. Substitute (1 + w)/(1 — w) for z in the open-loop transfer function GH(z):
GH(z)iz_(Hw)/“_w)EGH’(w) (10.24)
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2. Generate frequency response curves, that is, Nyquist Plots. Bode Plots, etc.. for
GH' (W), 2, = GH'(jw,.) (10.25)

3. Analyze relative stability properties of the system in the w-plane (as if it were the s-plane). For
example. determine gain and phase margins, crossover frequencies, the closed-loop frequency response,
the bandwidth, or any other desired frequency-response-related characteristics.

4. Transform w-plane critical frequencies (values of «,) determined in Step 3 into angular
frequencies (values of ) in the true frequency domain (z-plane), using Equation (10.19).

5. If this is a design problem, design appropriate compensators to modify GH'( jw, ) to satisfy
performance specifications.

This algorithm is developed further and applied in Chapters 15 through 18.

EXAMPLE 10.4. The open-loop transfer function

(z+1)°/100
= )(z+5)(z+1)
is transformed into the w-domain by substituting z = (1 + w)/(1 — w) in the expression for GH(z), which yields

—6(w —1)/100
wlw+2)(w+3)

G1i(2) = ¢ (10.26)

GH'(w) = (10.27)

Relative stability analysis of GH'(w) is postponed until Chapter 15.

10.8 ALGEBRAIC DESIGN OF DIGITAL SYSTEMS, INCLUDING DEADBEAT SYSTEMS

When digital computers or microprocessors are components of a discrete-time system, compen-
sators can be readily implemented in software or firmware, thereby facilitating direct design of the
system by algebraic solution for the transfer function of the compensator that satisfies given design
objectives. For example, suppose we wish to construct a system having a given closed-loop transfer
function C/R, which might be defined by requisite closed-loop characteristics such as bandwidth,
steady state gain, response time, etc. Then, given the plant transfer function G,(z), the required forward
loop compensator G,(z) can be determined from the relation for the closed-loop transfer function of
the canonical system given in Section 7.5:

< .G 10.28)
R 1+GG,H (10.
Then the required compensator is determined by solving for G,(z):
C/R
G = ——F""F— (10.29)
G,(1-HC/R)

EXAMPLE 10.5. The unity feedback (f{ =1) system in Fig, 10-7, with 7 =0.1-sec uniform and synchronous
sampling, is required to have a steady state gain (C/R)(1) =1 and a rise time 7, of 2 sec or less.

UalZ)

R(z2) G 1
W2) TS

~
ot

Fig. 10-7
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The simplest C/R that satisfies the requirements is (C/R) = 1. However, the required compensator would be
C

. R 1 205
b =< ! 1-1 -0
@('_E) o517

which has infinite gain, a zero at z =0.5, and no poles, which is unrealizable, For realizability (Section 6.6), G,
must have at Jeast as many poles as zeros. Consequently, even with cancellation of the poles and zeros of G, by
zeros and poles of G, C/R must contain at least n — m poles, where n is the number of poles and m is the
number of zeros of G,.

The simplest realizable C/R has the form:

C K

R z-a
As shown in Problem 10.10, the rise time for a first-order discrete-time system, like the one given by C/R above, is

TIn}

= Ina

Solving for a, we get
1177 1112
a=[§] =[§] = 0.8959

Then

K K

z~a z-08959
and, for the steady state gain (C/R)(1) to be 1, K=1 — 0.8959 = 0.1041. Therefore the required compensator is

C
R

C 0.1041
co— R z —0.8959 ~0.1041(z - 0.5)
V‘G . C =T A = T
4 R) z—as(“z—oww)

We see that G, has added a pole to G,G, at z =1, making the system type 1. This is due to the requirement that
the steady state gain equal 1.

Deadbeat systems are a class of discrete-time systems that can be readily designed using the direct
approach described above. By definition, the closed-loop transient response of a deadbeat system has
finite length. that is, it becomes zero, and remains zero, after a finite number of sample times. In
response to a step input, the output of such a system is constant at each sample time after a finite
period. This is termed a deadbeat response.

EXAMPLE 10.6. For a unity feedback system with forward transfer function
K(z+:
SR ACEEY
(z+p)(z+p)
introduction of a feedforward compensator with

(z+p)(z+py)

)= TRy )

results in the closed-loop transfer function:

The impulse response of this system is ¢(0) = K, and c¢(k)=0 for k > 0. The step response is ¢(0)=0 and
c(ky=K, for k>0.
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In general, systems can be designed to exhibit a deadbeat response with a transient response n — m
samples long, where m is the number of zeros and n is the number of poles of the plant. However, to
avoid intersample ripple (periodic or aperiodic variations) in mixed continuous/discrete-time systems,
where G,(z) has a continuous input and/or output, the zeros of G,(z) should not be cancelled by the
compensator as in Example 10.5. The transient response in these cases is a minimum of n samples in
length and the closed loop transfer function has n poles at z=0.

EXAMPLE 10.7. For a system with

K(z+0.5)
G(2) = o304
let
(z-02)(z-04)
G = a7
Then
C GG, K(z+05)
R1+GG, (2+a)(z+b)+K(z+05)
K(z+0.5)

=zz+(a+b+K)z+ab+0.5K

For a deadbeat response, we choose

K(z+0.5)

2

C_
R-= z

and therefore

a+b+K=0
ab+05K=0

There are many possible solutions for a, b, and K and one is a=10.3, b= —0.75, and K= 045.

If it is required that the closed-loop system be type /, it is necessary that G,(z)G,(z) contain / poles at z=1.
If G,(z) has the required number of poles, they should be retained, that is, not cancelled by zeros of G\(z). If
G,(z) does not have all the required poles at z =1, they can be added in G,(2).

EXAMPLE 10.8. For the system with

Gy(z) =

z-1

suppose a type 2 closed-loop system with deadbeat response is desired. This can be achieved with a compensator of
the form:

Z+a

GI(Z)=Z_1

which adds a pole at z=1. Then
C Glcz K(Z+a) K(Z+a)

R™146GG, (:-1V+K(z+a) 22 +(K-2)z+1+Ka

If a deadbeat response is desired, we must have
C K(z+a)
P
and therefore K—2=0and 1 + Ka=0, giving K=2 and a= —0.5.
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Solved Problems

10.1. The graph of Fig. 10-8 represents the input-output characteristic of a controller-amplifier for a
feedback control system whose other components are linear. What is the linear range of e(r) for
this system?

m(t) 4}
Myl o e — — —— — — —
Y I |
- | ]
::’ f | 1
1 — | |
—e —es iz Bl H X I I 6(9
T } . 7 €, ey ey e A
I | | I
AT
1 e T T T T T —mg
___________ H-m,
Fig. 10-8

The amplifier-controller operates linearly over the approximate range —e; < e < e;.

10.2. Determine the gain margin for the system in which GH( jw) = 1/(jw + 1)°.
245 Writing GH( jw) in polar form, we have

1
GH(]«))=W2’£ ~3tan"‘'w argGH(jw)=—3tan"w
w

Then —3tan™'w, = —=, w, = tan(#/3) = 1.732. Hence, by Equation (/0.2), gain margin = 1/ |GH( jw, )|
=8

Mathcad

10.3. Determine the phase margin for the system of Problem 10.2.

o
. We have

Mathcad

|GH( jw)|= (—wz—l—‘ =1

+1)?
only when w = w; = 0. Therefore

¢pm = 180° + (—3tan~' 0) = 180° = « radians

10.4. Determine the average value of T,(w) over the frequency range 0 < w <10 for C/R =jw/
oix  (jw+1). T,(w)is given by Equation (/0.4).

c 17 ~ —dy d _ 1
Mathcad y=arg§(jw)=5—ta.n 1w and L(w)=—dw =-‘m[tan To] = 1+ o
Therefore Av T(m)—i 10 0.147 sec
&l 10 1Tva2

10.5. Determine the bandwidth for the system with transfer function (C/R)(s)=1/(s + 1).

4 We have

Mathcad ‘ C( ) 1
—(ju)|=
R W +1

A sketch of |(C/R)( jw)| versus w is given in Fig. 10-9.
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10.6.

zl
rinucaa

10.7.

=i+

Mathcad

10.8.

<l

Mathcad

10.9.

fagB 4

Mathcad

10.10.

k) i
athcad
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Fig. 10-9

w_ is determined from 1/ \/wf +1 =0.707. Since |(C/R) jw)| is a strictly decreasing function of
positive frequency, we have BW = w_ =1 rad.

How many octaves are between (a) 200 Hz and 800 Hz, () 200 Hz and 100 Hz, (c) 10,048
rad /sec (rps) and 100 Hz?

(a) Two octaves.
(b) One octave.
(¢) f=w/27=10,048/2m = 1600 Hz. Hence there are four octaves between 10,048 rps and 100 Hz.

Determine the resonance peak M, and the resonant frequency w, for the system whose transfer
function is (C/RXs)=5/(s*+ 25+ 5).
5 5

C
Ii(ju) _“’2+2j‘*’+5|_\[w4—6w2+25
Setting the derivative of [(C/R)(jw| equal to zero, we get w, = + V3 . Therefore

U= |50 -5

Mp=max
w

The output in response to a unit step function input for a particular continuous control system 1s
c(1) =1—e~'. What is the delay time T,?

The output is given as a function of time. Therefore, the time-domain definition of T, presented in
Section 10.4 is applicable. The final value of the output is lim, |, c(¢) =1. Hence T, (at 50% of the final
value) is the solution of 0.5=1— ¢~ 7, and is equal to log,(2), or 0.693.

Find the rise time 7, for ¢(1)=1—e7"

At 10% of the final value, 0.1 =1 — e "; hence #; = 0.104 sec. At 90% of the final value, 0.9 =1 — e~ '3
thus 7, = 2.302 sec. Then 7, = 2.302 — 0.104 = 2.198 sec.

Determine the rise time of the first-order discrete system
P(z)=(1-a)/(z—a) with |a| < 1.

For a step input, the output transform is

v P (1-4a)z
(Z)— (Z)U(Z)- (Z—l)(Z—ﬂ)
and the time response is y(k)=1-a* for k=0,1,.... Since y(o0) =1, the rise time 7, is the time

required for this unit step response to go from 0.1 to 0.9. Since the sampled response may not have the
exact values 0.1 and 0.9, we must find the sampled values that bound these values. Thus, for the lower
value, y(k)<0.1, or 1 —a* <0.1 and therefore a* > 0.9. Similarly for y(k + T,/T)=1-a**T/T > 09,
a7 /T <01,
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Dividing the two expressions, we get

ak +T,/T 1

k =3

a 9

1

T/T o _

or a <3

Then, by taking logarithms of both sides, we get

Tln}
Ina

Verify the six properties of the w-transform in Section 10.7, Equations (/0.10) through (10.17).
From w=(z-1)/(z+ 1) and z=p+j»,

p+iv—1 (p—-1+jp)(p+1-jv) pl+r?-1 2y
g p+jp+1l  (p+1+jw)(p+1—j») pr+ri+2u+1 J plri+2p+1

Thus
1. Rew= sztlz—_l— =g,
p+re+2u+1
2»

2. Imw=m—1 =4,

3. jz| < 1 means p? + »? < 1, which implies a, < 0
4, |z| =1 means u? + »* = 1, which implies o, = 0
5. |z| > 1 means x? + »2 > 1, which implies g, > 0

The sixth property follows from elementary trigonometric identities.

Show that the transformed angular frequency w,, is related to the real frequency w by Equation
(10.19).

From Problem 10.11, |z| =1 also implies that w = j[v/(u + 1)] = jw, [Equation (10.17)). But |z] =1
implies that z = ¢/“7 = cos wT + j sinwT = u + j» [Equation (/0.15)]. Therefore

sinwT

W,

= coswTl +1

Finally, substituting the following half-angle identities of trigonometry into the last expression:

25 wT T o

sm( 5 )cos( 5 )—smw
wT wT

cosz(T) —sinz(—2~) =cos wT

we have
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10.13. For the uniformly and synchronously sampled system given in Fig. 10-10, determine G, (z) so
that the system is type 1 with a deadbeat response.

Zero-Order Hold

T 1= 5T AR
p —1 6 P s(s

T C
+1)

Fig. 10-10

The forward loop :-transform, assuming fictitious sampling of the output c(t) (see Section 6.8), is
determined from Equation (6.9):

Gy =" {g( G(s>)

s

}__ Ki(z+2z)
kT B (z=1)(z—-¢7)
where

T _ T
Ki=K(T+e 7-1) and z El———e—i
T+e 71

Let G,(z) have the form G,(z)=(z —e T)/(z + b). Then, if we also assume a fictitious sampler at the
input r(t), we can determine the closed-loop z-domain transfer function:
C GG, Ki(z+2z)
RO1+6G6, (z-1)(z+b)+K,(z+1)
Ki(z+z)
T2 (b-1+K)z-b+ Kz

For a deadbeat response, b—1+ K; =0(b=1-K)and —b+ Kz, =0(—1+ K, + K;z, = 0). Then
1
142z

K, =

and b=1-K, =

Since K, =K(T+e "T-1),
. K, 1 1
T T+e 71 (1+z)(T+e 7=1) T(l—e 7)

For this system, with continuous input and output signals, (C/R)(z) determined above gives the closed-loop
input-output relationship at the sampling times only.

Supplementary Problems

10.14. Determine the phase margin for GH = 2(s + 1) /s2.

oI+

10.15. Find the bandwidth for GH = 60/s(s + 2)(s + 6) for the closed-loop system.
Mathcad

10.16. Calculate the gain and phase margin for GH = 432 /s(s* + 135 + 115).

10.17. Calculate the phase margin and bandwidth for GH = 640/s(s + 4)(s + 16) for the closed-loop system.
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Answers to Supplementary Problems
10.14. ¢, = 65.5°
10.15. BW = 3 rad/sec
10.16. Gain margin = 3.4, phase margin = 65°

10.17. ¢py =17°, BW = 5.5 rad/sec



Chapter 11

Nyquist Analysis

11.1 INTRODUCTION

Nyquist analysis, a frequency response method, is essentially a graphical procedure for determining
absolute and relative stability of closed-loop control systems. Information about stability is available
directly from a graph of the open-loop frequency response function GH(w), once the feedback system
has been put into canonical form.

Nyquist methods are applicable to both continuous and discrete-time control systems, and the
methodological development for Nyquist analysis is presented here for both types of systems, with some
emphasis given to continuous systems, for pedagogical purposes.

There are several reasons why the Nyquist method may be chosen to determine information about
system stability. The methods of Chapter 5 (Routh, Hurwitz, etc.) are often inadequate because, with
few exceptions, they can only be used for determining absolute stability, and are only applicable to
systems whose characteristic equation is a finite polynomial in s or z. For example, when a signal is
delayed by T seconds somewhere in the loop of a continuous system, exponential terms of the form
e~ T5 appear in the characteristic equation. The methods of Chapter 5 can be applied to such systems if

e T is approximated by a few terms of the power series

T%? T3%?

2! 3!

e =1-Ts+

but this technique yields only approximate stability information. The Nyquist method handles systems
with time delays without the necessity of approximations, and hence yields exact results about both
absolute and relative stability of the system.

Nyquist techniques are also useful for obtaining information about transfer functions of compo-
nents or systems from experimental frequency response data. The Polar Plot (Section 11.5) may be
directly graphed from sinusoidal steady state measurements on the components making up the
open-loop transfer function. This feature is very useful in the determination of system stability
characteristics when transfer functions of loop components are not available in analytic form, or when
physical systems are to be tested and evaluated experimentally.

In the next several sections we present the mathematical preliminaries and techniques necessary for
generating Polar Plots and Nyquist Stability Plots of feedback control systems, and the mathematical
basis and properties of the Nyquist Stability Criterion. The remaining sections of this chapter deal with
the interpretation and uses of Nyquist analysis for the determination of relarive stability and evaluation
of the closed-loop frequency response.

11.2 PLOTTING COMPLEX FUNCTIONS OF A COMPLEX VARIABLE

A real function of a real variable is easily graphed on a single set of coordinate axes. For example,
the real function f(x), x real, is easily plotted in rectangular coordinates with x as the abscissa and
f(x) as the ordinate. A complex function of a complex variable, such as the transfer function P(s) with
s =0 + jw, cannot be plotted on a single set of coordinates.

The complex variable s = 0 + jw depends on two independent quantities, the real and imaginary
paris of s. Hence s cannot be represented by a line. The complex function P(s) also has real and
imaginary parts. It too cannot be graphed in a single dimension. Similarly, the complex variable
z=p+ v and discrete-time system complex transfer functions P(z) cannot be graphed in one
dimension.

246
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In general, in order to plot P(s) with s = ¢ + jw, two two-dimensional graphs are required. The first
is a graph of jw versus o called the s-plane, the same set of coordinates as those used for plotting
pole-zero maps in Chapter 4. The second is the imaginary part of P(s) (Im P) versus the real part of
P(s) (Re P) called the P(s)-plane. The corresponding coordinate planes for discrete-time systems are
the z-plane and the P(z)-plane.

The correspondence between points in the two planes is called a mapping or transformation. For
example, points in the s-plane are mapped into points of the P(s)-plane by the function P (Fig. 11-1).

4 jw AImP
Mapping
—/"—'———_-5\\\
Pt P ~~e
o - P(ao)
[ 4
8
K Re P
s-plane P(s)-plane €
Fig. 11-1

In general, only a very specific locus of points in the s-plane (or the z-plane) is mapped into the
P(s)-plane [or the P(z)-plane]. For Nyquist Stability Plots this locus is called the Nyquist Path, the
subject of Section 11.7.

For the special case ¢ =0, s=jw, the s-plane degenerates into a line, and P(jw) may be
represented in a P(jw)-plane with w as a parameter. Polar Plots are constructed in the P(jw)-plane
from this line (s = jw) in the s-plane.

EXAMPLE 11.1. Consider the complex function P(s)=s2+ 1. The point 5, =2 + j4 is mapped into the point
P(sy) = P(2 + jd)= (2 + j4)* + 1 = — 11 + j16 (Fig. 11-2).

| 4dImP

jAr--—-93% P(sg) ¢ -——— 16

[} SO,

Q¥
A

Fig. 11-2

11.3 DEFINITIONS

The following definitions are required in subsequent sections.
Definition 11.1:  1f the derivative of P at s, defined by

i {P(s)—P(so)}

S_SO

dpr
ds

s=sq

exists at all points in a region of the s-plane, that is, if the limit is finite and unique,
then P is analytic in that region [same definition for P(z) in the z-plane, with
replacing s and z, replacing s,).
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Transfer functions of practical physical systems (those considered in this book) are analytic in the
finite s-plane (or finite z-plane) except at the poles of P(s) [or poles of P(z)]. In subsequent
developments, when there is no danger of ambiguity, and when a given statement applies to both P(s)
and P(z), then P(s) or P(z) may be abbreviated as P with no argument.

Definition 11.2: A point at which P [P(s) or P(z)]is not analytic is a singular point or singularity of
P [P(s)or P(2)).

A pole of P [P(s) or P(z)]is a singular point.

Definition 11.3; A closed contour in a complex plane is a continuous curve beginning and ending at
the same point (Fig. 11-3).

4Im

Closed
Contour

Fig. 11-3

Definition 11.4: All points to the right of a contour as it is traversed in a prescribed direction are
said to be enclosed by it (Fig. 11-4).

4 Im 1k Im

’—‘\ Enclosed
=
4

Re K& Re
Enclosed /

Fig. 11-4

Definition 11.5: A clockwise (CW) traverse around a contour is defined as the positive direction
(Fig. 11-5).

{l Im 4\ Im

Positive

Direction Negative
/ T:N /_—\%ﬁon
( )" teow )

Definition 11.6: A closed contour in the P-plane is said to make n positive encirclements of the
origin if a radial line drawn from the origin to a point on the P curve rotates in a
clockwise (CW) direction through 3607 degrees in completely traversing the closed

\

)

Fig. 11-5
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path, If the path is traversed in a counterclockwise (CCW) direction, a negative
encirclement is obtained. The total number of encirclements N, is equal to the CW
minus the CCW encirclements.

EXAMPLE 11.2. The P-plane contour in Fig. 11-6 encircles the origin once. That is, N = 1. Beginning at point
a, we rotate a radial line from the origin to the contour in a CW direction to point ¢. The angle subtended is
+270°. From ¢ to d the angle increases, then decreases, and the sum total is 0°. From 4 to e and back to 4 again,
the angle swept out by the radial line is again 0°. d to ¢ is 0° and ¢ to a is clearly +90°. Hence the total angle is
270° + 90° = 360°. Therefore N, = 1.

Im P
a

B

Fig. 11-6

11.4 PROPERTIES OF THE MAPPING P(s) or P(z)

All mappings P [P(s) or P(z)] considered in the remainder of this chapter have the following
properties.

1. P is a single-valued function. That is, every point in the s-plane (or the z-plane) maps into one
and only one point in the P-plane.

2. s-plane (z-plane) contours avoid singular points of P.

3. P is analytic except possibly at a finite number of points (singularities) in the s-plane (or the
z-plane).

4. Every closed contour in the s-plane (or the z-plane) maps into a closed contour in the P-plane.

5. P is a conformal mapping. This means that the direction of and the angle between any two
intersecting curves at their point of intersection in the s-plane (or the z-plane) are preserved by
the mapping of these curves into the P-plane.

6. The mapping P obeys the principle of arguments. That is, the total number of encirclements N, of
the origin made by a closed P contour in the P-plane, mapped from a closed s-plane (or
z-plane) contour, is equal to the number of zeros Z, minus the number of poles P, of P
enclosed by the the s-plane (or z-plane) contour. That is,

N,=Z,- P, (11.1)

7. If the origin is enclosed by the P contour, then N> 0. If the origin is not enclosed by the P
contour, then N, <0. That is,
enclosed = N, >0

not enclosed = N, <0

The sign of N, is easily determined by shading the region to the right of the contour in the
prescribed direction. If the origin falls in a shaded region, N, > 0; if not, N; <0.

EXAMPLE 11.3. The principle of conformal mapping is illustrated in Fig. 11-7. Curves C; and C, are mapped
into € and C;. The angle between the tangents to these curves at s, and P(s) is equal to a, and the curves turn
right at 5, and at P(s;), as indicated by the arrows in both graphs.
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ay

Fig. 11-7

EXAMPLE 11.4. A certain transfer function P(s) is known to have one zero in the right half of the s-plane, and
this zero is enclosed by the s-plane contour mapped into the P(s)-plane in Fig. 11-8. Points s,,s,,s, and
P(s;), P(s;), P(s;) determine the directions of their respective contours. The shaded region to the right of the
P(s)-plane contour indicates that N, < 0, since the origin does not lie in the shaded region. But, clearly, the P(s)
contour encircles the origin once in a CCW direction. Hence N, = —1. Thus the number of poles of P(s) enclosed
by the s-plane contouris Py=Z;~ N,=1~(-1)=2.

Iy joo AIm P

P(sy)

ay

Re P

P(g3)

Fig. 11-8

11.5 POLAR PLOTS

A continuous system transfer function P(s) may be represented in the frequency domain as a
sinusoidal transfer function by substituting jw for s in the expression for P(s). The resulting form
P(jw) is a complex function of the single variable w. Therefore it may be plotted in two dimensions,
with w as a parameter, and written in the following equivalent forms:

Polar Form: P(jw)=|P(jw)|/ ¢(w) (11.2)
Euler Form: P(jw)=|P(jw)|(cosp(w) +jsing(w)) (11.3)

|P(jw)| is the magnitude of the complex function P(jw), and ¢(jw) is its phase angle, arg P( jw).
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|P( jw)|cos ¢(w) is the real part, and |P(jw)|sin(w) is the imaginary part of P(jw). Therefore
P(jw) may also be written as

Rectangular or Complex Form: P(jw)=ReP(jw)+,jImP(jw) (11.4)

A Polar Plot of P(jw) is a graph of Im P(jw) versus Re P(jw) in the finite portion of the
P(jw)-plane for — o < w < 00. At singular points of P(jw) (poles on the jw-axis), |P(jw)| = 0. A
Polar Plot may also be generated on polar coordinate paper. The magnitude and phase angle of P(jw)
are plotted with w varying from — oo to + co.

The locus of P( jw) is identical on either rectangular or polar coordinates. The choice of coordinate
system may depend on whether P(jw) is available in analytic form or as experimental data. If P(jw) is
expressed analytically, the choice of coordinates depends on whether it is easier to write P(jw) in the
form of Equation (/1.2), in which case polar coordinates are used, or in the form of Equation (//.4) for
rectangular coordinates. Experimental data on P(jw) are usually expressed in terms of magnitude and
phase angle. In this case, polar coordinates are the natural choice.

EXAMPLE 11.5. The Polar Plots in Fig. 11-9 are identical; only the coordinate systems are different.

ﬁ\ Im P(jw) A ¢ =90° Polar
Coordinates
Rectangular o
Coordinates -
\
\e(s““’\ #(wo)
+ > L —
Re P(jod)  Re P(juw) ¢ = 180° $=0°
¢ =270°
P(ju) = Re P(jw) + j Im P(jv) P(ju) = |P(ju)| {$(w)

Fig. 11-9

For discrete-time systems, Polar Plots are defined in the frequency domain in the same manner.
Recall that we can write z = e*7 (see Section 4.9). Therefore a discrete transfer function P(z) = P(e°T)
and, if we set s =jw, P(z) becomes P(e/7T). The Polar Plot of P(e/“T) is a graph of Im P(e/*T)
versus Re P(e/“7) in the finite portion of the P(e/“T)-plane, for — o0 < w < oo.

We often discuss Polar Plots, their properties, and many results dependent on these in subsequent
sections in a unified manner for both continuous and discrete-time systems. To do this, we adopt for
our general transfer function P the unified representation for frequency response functions given in
Equation (/0.1) for GH, that is, we use the generic representation P(w) defined by

P(jw) for continuous systems

P(w)= {

P(e*T) for discrete-time systems

In these terms, Equations (//.2) through (/1.4) become

P(w)=|P(w)|£ ¢(w) =|P(w)|(cos¢(w) +jsing(w)) =Re P(w) +,jIm P(w)
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We use this unified notation in much of the remainder of this chapter, and in subsequent chapters,
particularly where the results are applicable to both continuous and discrete-time systems.

11.6 PROPERTIES OF POLAR PLOTS
The following are several useful properties of Polar Plots of P(w) [P(jw) or P(e/*T)].
1. The Polar Plot for

P(w)+a

where a is any complex constant, is identical to the plot for P(w) with the origin of coordinates
shifted to the point —a= —(Rea +jIma).

2. The Polar Plot of the transfer function of a time-invariant, linear system exhibits conjugate
symmetry. That is, the graph for — oo < w < 0 is the mirror image about the horizontal axis of
the graph for 0 < w < o0.

3. The Polar Plot may be constructed directly from a Bode Plot (Chapter 15), if one is available.
Values of magnitude and phase angle at various frequencies w on the Bode Plot represent
points along the locus of the Polar Plot.

4. Constant increments of frequency are not generally separated by equal intervals along the Polar
Plot.

EXAMPLE 11.6. For a=1 and P = GH, the Polar Plot of the function 1 + GH is given by the plot for GH, with
the origin of coordinates shifted to the point —1 + ;0 in rectangular coordinates (Fig. 11-10).

Im [1+GH]4 Alm GH
I
I
|
|
| Re GH
ReGH = —17 Re GH = 0 Re [1 + GH]
|
l
|
Fig. 11-10

EXAMPLE 11.7. To illustrate plotting of a transfer function, consider the open-loop continuous system transfer
function

1
GH(s)= 77

Letting s = jw and rewriting GH(jw) in the form of Equation (//.2) (polar form), we have
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For w=0, w=1,and w — oo:
GH(j0) =1/ 0°
GH(j1) = (1//2) /[ ~45°
lim GH(jw) =0 / —90°

Substitution of several other positive values of w yields a semicircular locus for 0 < w < oo. The graph for
— o0 < w < 0 is the mirror image about the diameter of this semicircle. It is shown in Fig. 11-11 by a dashed line.
Note the strikingly unequal increments of frequency between the arcs ab and bc.

b 5 =90°
w=-—1
//’.—\\
~
i AN
/ \

/ \
/ \

[ w=01a L
=+ by
¢ * Blw) 1 $=0°

>
.7@)/
b
w=1
. 1
GH =
IGH(jw)| Vol
¢ = —90° #lw) = —tan—1o
Fig. 11-11

Polar Plots are not very difficult to sketch for very simple transfer functions, although they are
usually a little more difficult to determine for discrete-time systems, as illustrated in Example 11.11. But
the computations can be very laborious for complicated P(s) or P(z). On the other hand, widely
available computer programs for frequency response analysis, or more generally for plotting complex
functions of a complex variable, typically generate accurate Polar Plots quite conveniently.

11.7 THE NYQUIST PATH

For continuous systems, the Nyquist Path is a closed contour in the s-plane, enclosing the entire
right half of the s-plane (RHP). For discrete-time systems, the corresponding Nyquist Path encloses the
entire z-plane ourside the unit circle.

For continuous systems, in order that the Nyquist Path should not pass through any poles of P(s),
small semicircles along the imaginary axis or at the origin of P(s) are required in the path if P(s) has
poles on the jw-axis or at the origin. The radii p of these small circles are interpreted as approaching
zero in the limit.

To enclose the RHP at infinity, and thus any poles in the interior of the RHP, a large semicircular
path is drawn in the RHP and the radius R of this semicircle is interpreted as being infinite in the limit.
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The generalized Nyquist Path in the s-plane is illustrated by the s-plane contour in Fig. 11-12. It is
apparent that every pole and zero of P(s) in the RHP is enclosed by the Nyquist Path when it is mapped
into the P(s)-plane.

s plane

Possible
Poles
of P(s)

ay

The various portions of the Nyquist Path can be described analytically in the following manner.

Path ab: s=jw 0<w<w (11.5)

Path bc: s = lim (jw, + pe’?) —90° < 0 <90° (11.6)
p—0

Path cd: 5 =jw Wy € w< 00 (11.7)

Path def: s= lim Re’ +90° <8< —90° (11.8)
R—> o

Path fg: s =jw —0<w< —w, (11.9)

Path gh: s= lim (—jw, + pe’?) —-90° < 8 <90° (11.10)
p—0

Path hi: s=jw —wy<w<0 (11.11)

Path jja: s= limopef” —-90° <8 <90° (11.12)
p—

The generalized Nyquist Path in the z-plane is given in Fig. 11-13. Every pole and zero of P(z)
outside the unit circle is enclosed by the Nyquist Path when it is mapped into the P(z)-plane. In
traversing the unit circle as a function of increasing angular frequency w, any poles of P(z) on the unit
circle, which may include “integrators” at z=1 (corresponding to z=e%7=1 when 5=0), are
excluded by infinitesimal circular arcs. For example, one pair of complex conjugate poles on the unit
circle is shown in Fig. 11-13, circumvented by arcs of radius p — 0. The remainder of the :z-plane
outside the unit circle is enclosed by the large circle of radius R — co shown in Fig. 11-13.
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Possible Poles ﬁ VL
of P(z)on
the Unit Circle

- plane

Fig. 11-13

The unit circle in the z-plane has a practical feature not shared by the Nyquist Path in the s-plane,
one that facilitates drawing Polar Plots, as well as having other consequences in designing digital
systems. First, we define the angular sampling frequency w, =2#/T (radians per unit time). The
advantage is that the unit circle repeats itself every angular sampling frequency w, as w increases. This
is shown in Fig. 11-14(a), which illustrates that the portion of the jw-axis in the s-plane between

s-Plane 2-Plane
Jw Jv
wS
z=eM .4
j&
2 o, 1
w=1zt5 w=0
o N
W,
-3
~ 3w,
(a) w=7
27 | radians
. w = T( time ,
JjoT ¢ = 90°
0 ¢ = +180° ¢ =0°
b o a b f
radi ¢("’0)
-7 adians ~
a\_—-—/ \\</
o 1/8(w)
(b) ¢ = 270° or —90°

Fig. 11-14
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—Jjwy/2 and +jw /2 maps into the entire unit circle in the z-plane. This property is useful in drawing
Polar Plots of functions P(z) = P(e/*”), because the same Polar Plot is obtained for
no,<w<(n+ 1w, for any n= £1,+2,.... Also, since the circular arc from w =0 to w,/2 is the
mirror image of that from w= —w,/2 to 0, the function P(e/“T) need only be evaluated from
w= —w,/2 to 0 to obtain a complete Polar Plot, taking advantage of the symmetry of the mapping
(Property 2, Section 11.6).

It is sometimes also convenient to treat the Polar Plot mapping as a function of wT rather than w.
Then the strip —(w,/2)T < T < 0 is equivalent to —7 < wT < 0 (in radians), because w /2 = 7/T; this
strip is mapped into the lower half of the unit circle in polar coordinates, from — 180° ( — 7 radians) to
0° or radians [Fig. 11-14(5)].

11.8 THE NYQUIST STABILITY PLOT

The Nyquist Stability Plot, an extension of the Polar Plot, is a mapping of the entire Nyquist Path
into the P-plane. It is constructed using the mapping properties of Sections 11.4 and 11.6 and, for
continuous systems, Equations (//.5) through (/1.8) and Equation (11.12). A carefully drawn sketch is
sufficient for most purposes.

A general construction procedure is outlined for continuous systems in the following steps.

Step 1: Check P(s) for poles on the jw-axis and at the origin.

Step 2: Using Equation (/1.5) through (/1.7), sketch the image of path ad in the P(s)-plane. If
there are no poles on the jw-axis, Equation (/1.6) need not be employed. In this case, Step
2 should read: Sketch the Polar Plot of P(jw).

Step 3: Draw the mirror image about the real axis Re P of the sketch resulting from Step 2. This is
the mapping of path fi.

Step 4: Use Equation (/1.8) to plot the image of path def. This path at infinity usually plots into a
point in the P(s)-plane.

Step 5: Employ Equation (/1.12) to plot the image of path ija.

Step 6: Connect all curves drawn in the previous steps. Recall that the image of a closed contour
is closed. The conformal mapping property helps by determining the image in the
P(s)-plane of the corner angles of the semicircles in the Nyquist Path.

The procedure is similar for discrete-time systems, with the Nyquist Path given in Fig. 11-13
instead, as illustrated in Example 11.11 and Problems 11.65 through 11.72.

11.9 NYQUIST STABILITY PLOTS OF PRACTICAL FEEDBACK CONTROL SYSTEMS

For Nyquist stability analysis of linear feedback control systems, P(w) is equal to the open-loop
transfer function GH(w). The most common control systems encountered in practice are those classified
as type 0,1,2, ...,/ systems (Chapter 9).

EXAMPLE 11.8. Type 0 continuous system

1
GH(s) =77

By definition, a type 0 system has no poles at the origin. This particular system has no poles on the jw-axis.
The Nyquist Path is given in Fig. 11-15.
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¢ Frequency
Fig. 11-15

The Polar Plot for this loop transfer function was constructed in Example 11.7, and it is shown in Fig. 11-16.
This plot is the image of the jw-axis, or path fad of the Nyquist Path, in the GH(s)-plane. The semicircular path def
at infinity is mapped into the GH(s)-plane in the following manner. Equation (//.8) implies substitution of
s=limg Re’ into the expression for GH(s), where 90° < § < —90°. Hence

GH(S)Ipath d_efE GH(w) =

limg . Re’’ +1
By the elementary properties of limits,
GH lim .
(w) - R—eo Re/® 4+ 1
But since |a + b| > | [a| —|b| |, then
GH li li ! 0
= —_— < )=
|GH ()| = Jim |21 | = namm( R—l)

and the infinite semicircle plots into a point at the origin. Of course, this computation was unnecessary for this
simple example because the Polar Plot produces a completely closed contour in the GH(s)-plane. In fact, Polar
Plots of all zype O systems exhibit this property. The Nyquist Stability Plot is a replica of the Polar Plot with the
axes relabeled, and is given in Fig. 11-17.

4 Im GH

P o
e ~
/s N
I/ N/GH(0) =1
GH(=) 1 Jﬁ
Re GH
Fig. 11-17
EXAMPLE 11.9. Type ! continuous system
GH(s) =

s(s+1)

There is one pole at the origin. The Nyquist Path is given in Fig. 11-18.
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Fig. 11-18

Path ad: s = jw for 0 < w < o0, and
1

1
j“’(j“+1) - wVw? +1

GH( jw) = / —90° —tan"1

At extreme values of w we have

lim GH( jw) = -90° lim GH( jw)=0/ —180°
lim GH(ju) = 20/ lim GH(jw) =0/
As w increases in the interval 0 < w < oo, the magnitude of GH decreases from oo to 0 and the phase angle

decreases steadily from —90° to —180°. Therefore the contour does not cross the negative real axis, but
approaches it from below as shown in Fig. 11-19.

4 Im GH

d’ N
@ Re GH

Increasing
w

Fig. 11-19 Fig. 11-20

Path f’i’ is the mirror r image about Re GH of path a'd’. Since points d’ and f’ meet at the origin, the origin is
clearly the image of path def Application of Equation (/1.8) is therefore unnecessary.
Path jja: s =lim Aope/ for —90° < 8 < 90°, and

1 1
6\ — 8 _ f
hm GH( pe’’) hm [Pe"’(ﬂe"9 +1) ] }ao[ Pe’”] wel =/ -

where we have used the fact that ( pe/” +1) =1 as p — 0. Hence path jja maps into a semicircle of infinite radius.
For point i, GH = o0 /90°; for point j, GH = 0 /0°; and for point a, GH = c0 / —90°. The resulting Nyquist
Stability Plot is given 1n Fig. 11-20.

Path i’ j’a’ could also have been determined in the following manner. The Nyquist Path makes a 90° tumn to
the right at point i; hence by conformal mapping, a 90° right turn must be made at i’ in the GH(s)-plane. The
same goes for point a’. Since both i and a’ are points at infinity, and since the Nyquist Stability Plot must be a
closed contour, a CW semicircle of infinite radius must join point i’ to point a’.
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Type I Continuous Systems

The Nyquist Stability Plot of a type ! system includes / infinite semicircles in its path. There are
180/ degrees in the connecting arc at infinity of the GH(s)-plane.

EXAMPLE 11.10. The type 3 system with
GH(s) = —F———
(s) s (s+1)
has three infinite semicircles in its Nyquist Stability Plot (Fig. 11-21).

4 Im GH

Re G;!

Discrete-Time Systems

Nyquist Stability Plots of discrete-time systems are drawn in the same manner as above, the only
difference being that the Nyquist Path is that given in Fig. 11-13, instead of Fig. 11-12.

EXAMPLE 11.11. Consider the type 1 digital control system with open-loop transfer function
K/4
(z-1)(z-1)
The Polar Plot of GH is determined by first mapping the lower half of the unit circle in the z-plane into the
GH-plane. This is readily accomplished with the aid of the mapping illustrated in Fig. 11-14(5), that is, we evaluate

GH(e’*T) for increasing values of wT, from —180° to 0° (or — to O radians). For given values of K and T, say
K=land T=1,

GH(z) =

K/4 1/4
(@ T=D(™=1) " (e==D(e” 1)
For hand calculations, a combination of the Polar Form, Euler Form, and Complex Form are useful in evaluating

GH(e’*7) at different values of w, because e/“” = 1 /wT(rad) = cos(wT) + sin(wT) = Re(e/*7) +j Im(e/*7). At
w = —a rad (—180°), we have

GH(e™T) =

o L 0.25/0°
GH(e ") = GH(1/ ~180°) (1/=180° —1/0°)(1/ 180> ~1/0°)
025 0.25
T (-1Hjo-n)(-1+0-1) T (=2)(-2)
=0.083/0°
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Then, at w = 270°,

P =0 = (T e o 1 ]

0.25 0.25
(-j-D(-j-1) -1+j2

2(0.25)
= 180° — tan"'(3) =0.158/ —108.4°
v (3) = 0158/

Similarly, we find that GH(e’*") does not exist, but lim,, , 350-GH(e’*) = lim,, _, (GH(e’*) = oo@f.

To complete the sketch of this half of the Polar Plot, we need to evaluate GH(e’“) at a few more values of w.
We readily find GH(e /"/'%%0) =159 /90.5°, GH(e /*/12)y = 1.3{127°, and GH(e ") =0.779/159°. The result
is shown as the dashed curve from a’ to &' in Fig. 11-22, the mapping of a to b in Fig. 11-13. The remaining
portion of the Polar Plot, for w =0 to 7, from g’ to a’ in Fig. 11-22, is the mirror image of &’ to b’ about the real
axis, by Property 2 of Section 11.6. This portion, from g’ to a’, is drawn as a solid curve, keeping with the
convention that the Polar Plot is highlighted for positive values of w, 0 < wT< (20— )m, n=1,2,....

Im GH
b
r - ~~
\ ‘\\
\ \\
\\ \
\ \
\ | \
\ \
\ 0671 \\
044
\ \
\\ 02/ d [

- —1 - _ “ 2 e e e e e ,
1.2 -1 -08-06-0. e 0,083 "ff Re GH
~041 I
-06 1 /
Polar Plot /
for0 < w < (2n— 1)m !/
n=12... /
/
/l
'd
——————— _‘——————-1—"”
g’
Fig. 11-22

The Nyquist Stability Plot is determined by completing the mapping of Fig. 11-13 segments b to ¢, ¢ to d, d
to e, and f to g, to the GH-plane. Using the mapping properties of Section 11.4 and limit calculations, GH(e/“)
makes a right turn at ', from co /90° to o0 /0° at ¢’, then to 0/0° at 4’ and at ¢’, and oo£0° at f' to 0/ —90°
at g’, using limit operations for radii p and R in Fig 11-13. For example, lim,  GH(z=1+ pe’®y for

—90° < § < 0°, provides the mapping of the arc from b to ¢ in Fig. 11-13 into the arc from & (00 /' 90°) to ¢’ (¢ /0°)
in Fig. 11-22.

11.10 THE NYQUIST STABILITY CRITERION

A linear closed-loop continuous control system is absolutely stable if the roots of the characteristic
equation have negative real parts (Section 5.2). Equivalently, the poles of the closed-loop transfer
function, or the zeros of the denominator, 1 + GH(s), of the closed-loop transfer function, must lie in
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the left-half plane (LHP). For continuous systems, the Nyquist Stability Criterion establishes the
number of zeros of 1+ GH(s) in the RHP directly from the Nyquist Stability Plot of GH(s). For
discrete-time control systems, the Nyquist Stability Criterion establishes the number of zeros of
1+ GH(z) outside the unit circle of the z-plane, the region of instability for discrete systems.

For either class of systems, continuous or discrete-time, the Nyquist Stability Criterion may be
stated as follows.

Nyquist Stability Criterion

The closed-loop control system whose open-loop transfer function is GH is stable if and only if

N=-P,<0 (11.13)
where

_ { number of poles (= 0) of GH in the RHP for continuous systems
©" \ number of poles (= 0) of GH outside the unit circle (of the z-plane) for discrete-time systems
N = total number of CW encirclements of the (—1,0) point (i.e., GH = —1) in the

GH-plane (continuous or discrete)

If N >0, the number of zeros Z, of 1+ GH in the RHP for continuous systems, or outside the unit
circle for discrete systems, is determined by

Zy=N+P, (11.14)

If N <0, the (—1,0) point is not enclosed by the Nyquist Stability Plot. Therefore N <0 if the
region to the right of the contour in the prescribed direction does not include the (—1,0) point. Shading
this region helps significantly in determining whether N < 0.

If N <0 and P,= 0, then the system is absolutely stable if and only if N = 0; that is, if and only if
the (—1,0) point does not lie in the shaded region.

EXAMPLE 11.12. The Nyquist Stability Plot for GH(s)=1/s(s + 1) was determined in Example 11.9 and is
shown in Fig. 11-23. The region to the right of the contour has been shaded. Clearly, the (—1,0) point is not in the
shaded region; therefore it is not enclosed by the contour and so N < 0. The poles of GH(s) are at s=0 and
s = —1, neither of which are in the RHP; hence P, = 0. Thus

N=-P=0
and the system is absolutely stable.
AIm GH AIm GH
s ']_"'-.. /»—"
S ‘
. \ /
S \ . Loaiy .
(-1,0) ' ReGH \ 1L0) 7 Re GH
/ ¥
» " /
e > \"-u_l'
Fig. 11-23 Fig. 11-24

EXAMPLE 11.13. The Nyquist Stability Plot for GH(s) =1/s(s — 1) is given in Fig. 11-24. The region to the
right of the contour has been shaded and the (~1,0) point is enclosed; then N > 0. (It is clear that N =1.) The
poles of GH are at 5 =0 and s = +1, the latter pole being in the RHP. Hence P, = 1.
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N # — P, indicates that the system is unstable. From Equation (/1.14) we have
Zy=N+P =2

iy  LETOS of 1 + GH in the RHP.

mathcad EXAMPLE 11.14. The Nyquist Stability Plot for the discrete-time open-loop transfer function
K/4
(z-1)(z2-05)
was determined in Example 11.11 and is repeated in Fig. 11-25 for K = 1. The region to the right of the contour has

been shaded and the (—1,0) point is not enclosed for K= 1. Thus N < 0 and from Equation (/1./3) there are no
poles outside the unit circle of the z-plane, that is, Py = 0. Hence N = — B, = 0 and the system is therefore stable.

GH(:z) =

Im GH

12 -1 -08 - /' Re GH

Polar Plot
for0<w<(2n-1)7 =
n=12,...

Fig. 11-25

11.11 RELATIVE STABILITY

The results in this section and the next are stated in terms of GH(w), for either continuous
[GH( jw)] or discrete-time [GH(e/“T)] systems.

The relative stability of a feedback control system is readily determined from the Polar or Nyquist
Stability Plot.

The (angular) phase crossover frequency w, is that frequency at which the phase angle of GH(w) is
—180°, that is, the frequency at which the Polar Plot crosses the negative real axis. The gain margin is
given by

1

gain margin = ————
|GH (w,)]

These quantities are illustrated in Fig. 11-26.
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4Im GH 4Im GH
//Unit Circle
GH(uy) . (1,0 -
Re GH ‘; AN Re GH
\
GH(w,)
o |GH(w,)| N
Fig. 11-26 Fig. 11-27

The (angular) gain crossover frequency w, is that frequency at which |GH(w)| =1. The phase
margin ¢, is the angle by which the Polar Plot must be rotated to cause it to pass through the (—1,0)
point. It is given by

dpn = [180 + arg GH( w, )] degrees

These quantities are illustrated in Fig. 11-27.

11.12 M- AND N-CIRCLES*

The closed-loop frequency response of a unity feedback control system is given by

Im(C/R)(w
tan ! _(_/__M (11.15)
Re(C/R)(w)
The magnitude and phase angle characteristics of the closed-loop frequency response of a unity
feedback control system can be determined directly from the Polar Plot of G(w). This is accomplished

by first drawing lines of constant magnitude, called M-circles, and lines of constant phase angle, called
N-circles, directly onto the G(w)-plane, where

G(w) 3
1+G(w)

G(w)
1+ G(w)

C —_—
E(w)—

| G(w)

M=l (11.16)
_ Im(C/R)(w)

N= Re(C/R) (@) (11.17)

The intersection of the Polar Plot with a particular M-circle yields the value of M at the frequency
w of G(w) at the point of intersection. The intersection of the Polar Plot with a particular N-circle
yields the value of N at the frequency w of G(w) at the intersection point. M versus w and N versus w
are easily plotted from these points.

*The letter symbols M, N used in this section for M- and N-circles are not equal to and should not be confused with the
manipulated variable M = M(s) defined in Chapter 2 and with the number of encirclements N of the (—1,0) point of Section
11.10. It is unfortunate that the same symbols have been used to signify more than one quantity. But in the interest of being
consistent with most other control system texts, we have maintained the terminology of the classical literature and have now
pointed this out to the reader.
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Several M-circles are superimposed on a typical Polar Plot in the G(w)-plane in Fig. 11-28.

Im@G

M<1

RN
Fig. 11-28
The radius of an M-circle is given by
dius of M-circl M 11.18
radius of M-circle =) 7 (11.18)
The center of an M-circle always lies on the Re G(w)-axis. The center point is given by
_ M2
center of M-circle = (MTI—’O) (11.19)

The resonance peak M, is given by the largest value of M of the M-circle(s) tangent to the Polar
Plot. (There may be more than one tangency.)
The damping ratio { for a second-order continuous system with 0 < { < 0.707 is related to M, by

1
- (11.20)

M =
P-4

Several N-circles are superimposed on the Polar Plot shown in Fig, 11-29. The radius of an N-circle
is given by

1 12
i circle=\/ — + | — .
radius of N-circle 2 (ZN) (11.21)
The center of an N-circle always falls on the line Re G(w) = — 1. The center point is given by

1 1

ter of N-circle=| — —,— 11.22
center of N-circle ( 22N) ( )
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1\ ImG

+N

Solved Problems

COMPLEX FUNCTIONS OF A COMPLEX VARIABLE
11.1. What are the values of P(s)=1/(s>+1) for s, =2, 5, =/4, and s, =2 + j4?

1 1 1
S0 PG =P() = = = o 40

P(s')=P(2)=(2)2+1=5 (4 +1

1
(2+j4)2+1 C —114/16

P(sy) =P(2+,4) =

1/0° Loy .
Ja + e Jan6/-11) 19-4M

=0.0514/ —124.6° = —0.0514/ 55.4° = —0.0292 — ;0.0423

11.2. Map the imaginary axis in the s-plane onto the P(s)-plane, using the mapping function
P(s) =352

We have s = jo, — 0 < w < 0. Therefore P( jw) = (jw)? = — «?. Now when w = — o0, P(jw) = —
(or — oc?, if you prefer). When w — + 00, P(jw) = —o0; and when w =0, P(0) =0. Thus as jw increases
along the negative imaginary axis from —joo toward jO, P( jw) increases along the negative real axis from
— 00 to 0. When jw increases from j0 to +joo, P(jw) decreases back to — co, again along the negative
real axis. The mapping is plotted in the following manner (Fig. 11-30):

Jw ﬂ‘ _ A Im P(jo)
Imaginary =
Axis
8= jm P o .
o (—j=) Re P(juw)
70 - Pl+j= P(50)
_j,,

Fig. 11-30
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The two lines in the P(jw)-plane are actually superimposed, but they are shown here separated for
clarity.

11.3. Map the rectangular region in the s-plane bounded by the lines w =0, 6 =0, w=1, and 6 =2
onto the P(s)-plane using the transformation P(s)=s+1— ;2.

We have
w=0: P(o)=(0+1)—;2 w=1;: P(o+jly=(o+1)-j1
c=0: P(jw)=1+jj(w-2) o=2: PR +jw)=3+j(w—2)

Since o varies over all real numbers (— o0 < 0 < 00) on the line w =0, sodoes 6 + 1 on P(o) = (o + 1) — 2.
Therefore w =0 maps onto the line —;2 in the P(s)-plane. Similarly, o = 0 maps onto the line P(s) =1,
w =1 maps onto the line P(s)= —/1, and o =2 onto the line P(s)=3. The resulting transformation is
illustrated in Fig. 11-31.

Adje AdIm P(s)

il

s-plane P(g)-plane

Fig. 11-31

This type of mapping is called a translation mapping. Note that the mapping would be exactly the
same if s = 0 + jw were replaced by z = p + jv in this example.

11.4. Find the derivative of P(s) =52 at the points 5 =5, and s, = 1.

P(s) = P(so)

s=5q s—'50|: §— 5

dP
ds

2 _ 2

. % .

=hm[ ]=].1m(s+so)=2s0
s—so| §— 8 55,

At s, =1, we have (dP/ds)|,, = 2. Similarly, if P(z) = z2, (dP/dz)|,., = 2.

ANALYTIC FUNCTIONS AND SINGULARITIES
11.5. Is P(s)=s? an analytic function in any region of the s-plane? If so, which region?

From the preceding problem (dP/ds)|, ., = 2s,. Hence s? is analytic wherever 2s, is finite (Definition
11.1). Thus s? is analytic in the entire finite region of the s-plane. Such functions are often cailed entire
functions. Similarly, 22 is analytic in the entire finite region of the z-plane.

11.6. Is P(s) =1/s analytic in any region of the s-plane?

dp ) [l/s—l/so] ] [ —(s—159) -1
—| =lm|—|=lm | ———F | =—
s=sg S50 550

ds

55, s5o(s = 55) N 53

This derivative is unique and finite for all s, # 0. Hence 1/s is analytic at all points in the s-plane except
the origin, s = s, = 0. The point s = 0 is a singularity (pole) of 1/s. Singularities other than poles exist, but
not in the transfer functions of ordinary control system components.
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11.7. Is P(s) = |s|* analytic in any region of the s-plane?

11.8.

11.9.

First put s =0 + jw, 5, = 0y + jw,. Then
dP lo +joof* = log + jen]’
ds |,e,, (sms)=0 [ (0+jw) ~ (oo + juy) ]
. [(o—oo)(mo) + (0= w)(e+ @)
[0~ 66) + /(= wg)] 0 (0-0) +j(w—w)

If the limit exists it must be unique and should not depend on how s approaches s, or equivalently how
[(6 — 0y) + j(w — wy)] approaches zero. So first let s — s, along the jw-axis and obtain

ap (w =~ wp)(@ + )
ds s=15o w—'wo (w wo)

= —Jj2w

Now let s — s, along the g-axis; that is,
dp

" <o—oo)(o+oo)}=2%

a—aq 0-q
w=wgy

5=5y

Hence the limit does not exist for arbitrary nonzero values of &, and «,, and therefore |s|? is not analytic
anywhere in the s-plane except possibly at the on'gin When s, =0,

dap ISI2 (0 (o +jw)(o~jw)
ds o+ jw

Therefore P(s) = [s| is analytic only at the origin, s = 0.

s=0 s=0

If P(s) is analytic at s, prove that it must be continuous at s,. That is, show that lim _,  P(s)
= P(sy).
Since
P(s) - P(s)
P(s) = P(s)) = ————= (s—
(S) (SO) (S_SO) (S 50)
for s # 5, then
P(s)-P
lim [ P(s) — P(s5)] = lim [M m(s—sy) = [ ] -0=0
$—35g s—+5¢ (S—SO) 5"'50 s=sg

because (dP/ds)),_,, exists by hypothesis [i.e., P(s) is analytic]. Therefore
lim [P(s) — P(50)] =0 or lim P(s) = P(s;)
s—5g s—=5g

Polynomial functions are defined by Q(s)=a,s"+a,_;s" '+ --- +a;s+ a,, where a,+#0, n
is a positive integer called the degree of the polynomial, and a, a,,..., a, are constants. Prove
that Q(s) is analytic in every bounded (finite) region of the s-plane.

First consider s":

d g : -1 -2 2, on-1 n-1
—[s"] = lim =l1m(s" +8" sy + - - +ssg sy )=nso
ds s=so S50 $—35 s—so
Thus s” is analytic in every finite region of the s-plane. Then, by mathematical induction, s"~ !, s"72,...,s

are also analytic. Hence, by the elementary theorems on limits of sums and products, we see that Q(s) is
analytic in every finite region of the s-plane.
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11.10. Rational algebraic functions are defined by P(s)= N(s)/D(s), where N(s) and D(s) are
polynomials. Show that P(s) is analytic at every point s where D(s) # 0; that is, prove that the
transfer functions of control system elements that take the form of rational algebraic functions
are analytic except at their poles.

The overwhelming majority of linear control systemn elements are in this category. The fundamental
theorem of algebra, ““a polynomial of degree n has n zeros and can be expressed as a product of » linear
factors,” helps to put P(s) in a form more recognizable as a control system transfer function; that is, P(s)
can be written in the familiar form

N(s) ~ bys™+ b, s+ o by N b(s+z)(s+2,) - (s+2z,)

P(s)= = =
= B0) 0 e 5wy a (st p) (58 (55 p)
where —z,, — z,,..., — z, are zeros, —p,, — p,,..., — p, are poles, and m < n.
From the identity given by
N(s) N(s) _

1
D)~ Bl = DGy L PGs)(W(s) = N(50)) = N(so)(D(s) = D(sy))]

where D(s) # 0, we get

[ N(s)  N(so)
dP .| P(s) D(sp)
hall = lm | ———707
ds s=vg S50 §— 5
[ N(s) = N(s,) D(s) = D(s,)
=sllr?o_D(s)D(so)(D(S0) 55 ] _N(SO)[ s—5g )]

-t | (N(S)—N(so)) ~ lim N(so) (D(S)—D(So))]
s—so| D(s) 5~ 5g s—so | D(5)D(sy) 5 — 5

- lim 1 ] m N(s) — N(sp) _ lim[ N(sy) ] lim D(s) - D(s,)
s—vsn_D(S) s—5p $§— 5 s 5 D(S)D(SO) S5 §— 5

3 1 dN N(s,) dD

TD(so) dslies, D(sp) |

where we have used the results of Problems 11.8, 11.9, and Definition 11.1. Therefore the derivative of P(s)
exists ( P(s) is analytic) for all points s where D(s) # 0.

Note that we have determined a formula for the derivative of a rational algebraic function (the last
part of the above equation) in terms of the derivatives of its numerator and denominator, in addition to
solving the required problem.

11.11. Prove that ¢ *7 is analytic in every bounded region of the s-plane.

In complex variable theory e ™7 is defined by the power series
© (—sT)*
s B D)
k!
k=0

By the ratio test, as k — oo we have
(—=sT)*/k!
(=sTY*"' /(k+ 1)

k+1
-sT

— o0

Hence the radius of convergence of this power series is infinite. The sum of a power series is analytic within
its radius of convergence. Thus ¢™°7 is analytic in every bounded region of the s-plane.



CHAP. 11 NYQUIST ANALYSIS 269

11.12. Prove that e S"P(s) is analytic wherever P(s) is analytic. Hence systems containing a combina-
tion of rational algebraic transfer functions and time-delay operators (i.e., ¢ *7) are analytic

except at the poles of the system.

By Problem 11.11, ¢ *7 is analytic in every bounded region of the s-plane; and by Problem 11.10,
P(s) is analytic except at its poles. Now

e TP(s) — e »TP(s,)
_ —sT =T
— (7P (5)] . S{II;O[ e
P(s) — P(s e T — ol
= lim [e”r(———( ) ( 0))+P(so)(————”
s—=35p 5§ =35 §— 5
= Sl — +P(s )i(e"sr)
s=15 ¢ ds s =150

Therefore e *"P(s) is analytic wherever P(s) is analytic.

11.13. Consider the function given by P(s)=e*T(s?+ 25 + 3)/(s? — 25 + 2). Where are the singulari-
ties of this function? Where is P(s) analytic?

The singular points are at the poles of P(s). Since 52 — 25+ 2= (s — 1 + j1)(s — 1 — 1), the two poles
are givenby —p, =1 —j1 and ~p, =1 + /1. P(s) is analytic in every bounded region of the s-plane except
at the points s = —p, and s= —p,.

CONTOURS AND ENCIRCLEMENTS
11.14. What points are enclosed by the following contours (Fig. 11-32)?

|
Pl ")\ - (/ -
SIVANER S
(@) (b)
Fig. 11-32

i

P

By shading the region to the right of each contour as it is traversed in the prescribed direction, we get
Fig. 11-33. All points in the shaded regions are enclosed.

j Im A Im

| ;

/*3\ . (
(| / \
(a) (b)
Fig. 11-33

i
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11.15. What contours of Problem 11.14 are closed?

Clearly, the contour of part (5) is closed. The contour of part (a) may or may not close upon itself at
infinity in the complex plane. This cannot be determined from the given graph.

11.16. What is the direction (positive or negative) of each contour in Problem 11.14(«a) and (5)?

Using the origin as a base, each contour is directed in the counterclockwise, negative direction about
the origin.

11.17. Determine the number of encirclements N, of the origin for the contour in Fig. 11-34.

]

(_11 0)

Fig. 11-34

Beginning at the point a, we rotate a radial line from the onigin to the contour in the direction of the
arrows. Three counterclockwise rotations of 360° result in the radial line returning to the point a. Hence
Ny= -3

11.18. Determine the number of encirclements N, of the origin for the contour in Fig. 11-35.

4Im 4Im
a
c
T %c‘" d e
b Re (~1,0) Re
b
Fig. 11-35 Fig. 11-36

Beginning at point a, +180° is swept out by the contour when b is reached for the first time. In going
from b to ¢ and back to b, the net angular gain is zero. Returning to a from b yields + 180°. Thus
Ny=+1
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11.19.

Determine the number of encirclements N of the (—1,0) point (i.e., the —1 point on the real
axis) for the contour of Problem 11.17.

Again beginning at point a, we rotate a radial line from the (—1,0) poinr to the contour in the
direction of the arrows as shown in Fig. 11-36. In going from a to b to ¢, the radial line sweeps out
somewhat less than —360°. But from ¢ to d and back to b, the angle increases again toward the value
reached in going only from a to b. Then from b to e to a the resultant angle is —360°. Thus N = —1.

PROPERTIES OF THE MAPPING P

11.20.

11.21.

11.22,

Are the following functions single-valued: (a) P(s)=s?, (b) P(s)=s'/2?
(a) Substitution of any complex number s into P(s) = s? yields a unique value for P(s). Hence P(s5) = s>
is a single-valued function.

(b) In polar form we have s = |s|e’’, where 8 = arg(s). Therefore 5'/* = |5'"¢/*/*. Now if we increase 8
by 27 we return to the same point s. But

P(S) = |s|1/2e/(0+ 2m)/2 |s|1/leja/2em = P(s)e""'
which is another point in the P(s)-plane. Hence P(s)=s'/? has two points in the P(s)-plane for

every point in the s-plane. It is not a single-valued function; it is a multiple-valued function (with two
values).

Prove that every closed contour containing no singular points of P(s) in the s-plane maps into a
closed contour in the P(s)-plane.

Suppose not. Then at some point 5, where the s-plane contour closes upon itself the P(s)-plane
contour is not closed. This means that one (nonsingular) point s; in the s-plane is mapped into more than
one point in the P(s)-plane (the images of the point s;). This contradicts the fact that P(s) is a
single-valued function (Property 1, Section 11.4).

Prove that P is a conformal mapping wherever P is analytic and dP/ds # 0.

Consider two curves: C in the s-plane and C’, the image of C, in the P(s)-plane. Let the curve in the
s-plane be described by a parameter t; that is, each ¢ corresponds to a point s = s(¢) along the curve C.
Hence C” is described by P[s(t)] in the P(s)-plane. The derivatives ds/dt and dP/dr represent tangent
vectors to corresponding points on C and C’. Now

dP[s(1)] ds dP(s)

dt P(s)="P(sy) $=5g

where we have used the fact that P is analytic at some point s, = s(1,). Put dP/dt=re'®, dP/ds = re',
and ds/dt = rie’”®. Then

r(55) €200 = 1, (sy) - 1y () /18420 " a0}

Equating angles, we have ¢(s,) = 8(so) + a(sy) = 8(s,) + arg(dP/ds)|,., , and we sec that the tangent to
C at s, is rotated through an angle arg(dP/ds)|,.,, at P(sp) on C’ in the P(s)-plane.

Now consider two curves C, and C, intersecting at s,, with images C/ and CJ in the P(s)-plane (Fig.
11-37).

Let 8, be the angle of inclination of the tangent to C,, and 8, for C,. Then the angles of inclination for
C/ and (7 are 6, + arg(dP/ds)|,.,, and 0, + arg(dP/ds)|., . Therefore the angle (6, — 6,) between C;
and G, is equal in magnitude and sense to the angle between C{ and (7,

dP dp
6, + arg—- -0, - arg—- =6, -6

S5y Y=g

Note that arg(dP/ds)| is indeterminate if (dP/ds)|;_, = 0.

¥ =150
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11.23.

11.24.

11.25.
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Fig. 11-37

Show that P(s)=e ‘7 is conformal in every bounded region of the s-plane.

e ’7T is analytic (Problem 11.11). Moreover, (d/ds)(e *")= —Te *T#0 in any bounded (finite)
region of the s-plane. Then by Problem 11.22, P(s) =¢ *7 is conformal.

Show that P(s)e *7 is conformal for rational P(s) and dP/ds # 0.
By Problem 11.12, Pe™*7 is analytic except at the poles of P. By Problem 11.12,

d dpP dP
—[p =T} = ,—sT_ _ PT. -sT _ -sT( ___ _
ds[ e *T]=e & e e ( & TP)

Suppose (d/ds)[Pe *"] = 0. Then since e *7 # 0 for any finite 5, we have dP/ds — TP = 0 whose general
solution is P(s) = ke*’, k constant. But P is rational and e°” is not. Hence (d/ds)[ Pe 7] # 0.

Two s-plane contours C, and C, intersect in a 90° angle in Fig. 11-38. The analytic function
P(s) maps these contours into the P(s)-plane and dP/ds + 0 at s,. Sketch the image of contour
C, in a neighborhood of P(s,). The image of C, is also given.

Im P

¢ P(sy)

8y

Cy

Fig. 11-38

By Problem 11.22, P is conformal; hence the angle between C{ and C; is 90°. Since C; makes a left
turn onto C, at s;, then C{ must also turn left at P(s,) (Fig. 11-39).
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AImP
C,

’ P(8,)

w
)
Y

Fig. 11-39

11.26. Prove Equation (/1.1): Ny=Z,- P,.

The bulk of the proof is somewhat more involved than can be handled with the complex-variable
theory presented in this book. So we assume knowledge of a well-known theorem of functions of a complex
variable and continue from there. The theorem states that if C is a closed contour in the s-plane, P(s) an
analytic function on C and within C except for possible poles, and P(s) # 0 on C, then

1 P'(s)
— | ——ds=2Z,- P,
27rjfc P(s) =2k

where Z, is the total number of zeros inside C, F, the total number of poles inside C, and P’ =dP/ds.
Multiple poles and zeros are counted one for one; that is, a double pole at a point is two poles of the total,

a triple zero is three zeros of the total.
Now since d[ln P(s)]=[P’(s)/P(s)]ds and In P(s) = In|P(s)| +jarg P(s), we have

1 P'(s) 1 1 1 .
2—'”1/;‘[1)—(3)— ds‘=2—'”—jfcd[ln P(S)] =m[]ﬂp(s)] (~=2—ﬂj[ln|P(s)| + jarg P(S)]

C

1
=5,,—j[1n|P(S)|]

1
+5—[jarg P(s)]
c 27j c

Now since In[P(s)| returns to its original value when we go once around C, the first term in the last
equation is zero. Hence

1
Zo_Po=5;[ang(5)]

C

Since C is closed, the image of C in the P(s)-plane is closed, and the net change in the angle arg P(s)
around the P(s) contour is 27 times the number of encirclements N, of the origin in the P(s)-plane. Then
Z,— Py=2Nyn/2m = N,. This result is often called the principle of the argumeni. Note that this result
would be the same if we replaced s by z in all of the above. Therefore Equation (/1.1) is valid for
discrete-time systems as well.

11.27. Determine the number N, of P-plane contour encirclements for the complex-plane contour
mapped into the P-plane shown in Fig. 11-40.
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4Im
Contour encloses
* 2 poles and 1 zero
|
Py -
T Re
X
|
Fig. 11-40

Py=2, Z,=1. Therefore Ny=1-2= -1

11.28. Determine the number of zeros Z, enclosed by the complex-plane contour in Fig. 11-41, where

P,=5.
Im 4ImP
P __
—~ -
x % /-\/4\
XX e \\_/v d

Fig. 11-41

N, =1 was computed in Problem 11.18 for the given P-plane contour. Since P, =35, then Z,=
N+ F=1+5=6

11.29. Determine the number of poles P, enclosed by the complex-plane contour in Fig, 11-42, where

Z,=0.
Im 4 ImP
P

oY

Re Re

Fig. 11-42

Clearly, N,= ~1. Hence Py=Z, — N;=0+1=1

11.30. Determine N, [Equation (/1.1)] for the transfer function (transformation) and s-plane contour
of Fig. 11-43.
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2]

25

Fig. 11-43

The pole-zero map of P(s) is given in Fig. 11-44. Hence three poles (two at s =0 and one at s = —1)

and no zeros are enclosed by the contour. Thus £, =3, Z,=0,and N,= -3.
tw
—O- N SE————
-5 -1 jl 2.1 0
Fig. 11-44

11.31. Is the origin enclosed by the contour in Fig. 11-45?
AImpP
v\/\_/ Re P

Fig. 11-45

The region to the right of the contour has been shaded. The origin falls in a shaded region and is
therefore enclosed by the contour.

11.32. What is the sign of N, in Problem 11.31?

Since the origin is enclosed by the contour in a clockwise direction, N, > 0.

POLAR PLOTS
11.33. Prove Property 1 of Section 11.6.
Let P(w)= P(w) +,P,(w) and a = a, + ja,, where Pi(w), P,(w), a;, and a, are real. Then

P(w) +a=(P(w) +a) +j(P(w) +a,)
and the image of any point (P,(w), P;(w)) in the P(w)-plane is (P(w)+ a, Py(w)+a,) in the
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11.34.

11.35.
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(P(w) + a)-plane. Hence the image of a P(w) contour is simply a translation (see Problem 11.3). Clearly,
translation of the contour by a units is equivalent to translation of the axes (origin) by —a units.

Prove Property 2 of Section 11.6.

The transfer function P(s) of a constant-coefficient linear system is, in general, a ratio of polynomials
with constant coefficients. The complex roots of such polynomials occur in conjugate pairs; that is, if a + jb
is a root, then a—jb is also a root. If we let an asterisk (*) represent complex conjugation, then
a+jb=(a—jb)*, and if a=0, then jb=(—;b)*. Therefore P(jw)=P(—jw)* or P(—jw)= P(jw)*
Graphically this means that the plot for P(—jw) is the mirror image about the real axis of the plot for
P(jw) since only the imaginary part of P( jw) changes sign.

Sketch the Polar Plot of each of the following complex functions:
(a) P(jw)= w2{45°, (b) P(jw)=w*(cosd45° + jsind5°), (¢) P(jw)=0.707w? + 0.707jw?.
(a) w?/45°is in the form of Equation (/1.2). Hence polar coordinates are used in Fig. 11-46.
() P(jw)=w’(cosd5° +jsind5°) = w?(0.707 + 0.707))
That is, P(jw) is in the form of Equation (//.3) or (11.4). Hence rectangular coordinates is the

natural choice as shown in Fig. 11.47.
Note that this graph is identical with that of part (a) except for the coordinates. In fact,

W’ (0.707 + 0,707)) = w* / 45°.

(¢) Clearly, (¢} is identical with (4), and therefore with (a). Among other things, this problem has
illustrated how a complex function of frequency w can be written in three different but mathemati-
cally and graphically identical forms: the polar form, Equation (//.2); the trigonometric or Euler
form, Equation (/1.3); and the equivalent rectangular (complex) form, Equation (/1.4).

= xx 4Im P(jv) /
07073 |-~ ——— £ y
t
|
- o)/ | meruy
- e 0.707.2 e
_900
Fig. 11-46 Fig. 11-47

11.36. Sketch the Polar Plot of

P(jw)=0.707%(1 +j) +1

The Polar Plot of 0.707w?(1 + ) was drawn in Problem 11.35(b). By Property 1 of Section 11.6, the

required Polar Plot is given by that of Problem 11.35(5) with its origin shifted to ~a= —1 as shown in
Fig. 11-48.

AImP
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11.37. Construct a Polar Plot from the set of graphs of the magnitude and phase angle of P( jw) in Fig.
11-49, representing the frequency response of a linear constant-coefficient system.

|P(jw)| 4
) X
1 r 3 4 é :
#lw) 4
1 2 3 4 5
=
—90° 4
—180°
Fig. 11-49

The graphs shown above differ little from Bode representations, discussed in detail in Chapter 15. The
Polar Plot is constructed by mapping this set of graphs into the P( jw)-plane. It is only necessary to choose
values of « and corresponding values of |P(jw)| and ¢(w) from the graphs and plot these points in the
P( jw)-plane. For example at w =10, |P(jw)| =10 and ¢(w) = 0. The resulting Polar Plot is given in Fig.

11-50.
§ o =90°
w=-1
///"'-\\
P ~
/ N
// \
/ \
w——2.5( \
—-— \\
#=180° ~e—e lo=ze PO =10 $=0°
0=25
4reasingu
w=1
¥ ¢ =270°

Fig. 11-50
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The portion of the graph for — 00 < w < 0 has been drawn using the property of conjugate symmetry
(Section 11.6).

11.38. Sketch the Polar Plot for

GH(s) = p>0

sYs+p)
Substituting jw for s, and applying Equation (/1.2), we obtain

1
Jh'(jw +p)

1 -
= E\/T—‘;T;g —tan"'(w/p)

GH( jw) =

For w =0 and w — oo, we have
GH( j0) =0/ 0° li GH(j = 0{ —90°
(./ ) w m (jw)

Clearly, as w increases from zero to infinity, the phase angle remains negative and decreases to — 90°, and
the magnitude decreases monotonically to zero. Thus the Polar Plot may be sketched as shown in Fig.
11-51. The dashed line represents the mirror image of the plot for 0 < w < oo (Section 11.6, Property 2).
hence it is the Polar Plot for —c0 < w <0.

4 ¢ =90°
”‘~‘\‘
I” \\\
ﬁzlsoo w=® \\‘___ ¢ =0°

\{singu_

¥ =—90°
Fig. 11-51
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THE NYQUIST PATH

11.39. Prove that the infinite semicircle, portion def of the Nyquist Path, maps into the origin P(s) =0
in the P(s)-plane for all transfer functions of the form:

K
P(s)=
H(S+Pi)

i=1
where n >0, K is a constant, and —p; is any finite pole.

For n> 0,

‘ lim p(ReJ')|s|p(oo)|= lim |———————
R B2 TT(Re” +p)
jm=]

. K] . LY
= lim 4——— < lim =0

n
R— i R—
* TTiRe” +p| * THR-pil
=

i=1

Since |P(o0)| <0, then clearly |P(o0)| = 0.

11.40. Prove that the infinite semicircle, portion def of the Nyquist Path, maps into the origin P(s)=0
in the P(s)-plane for all transfer functions of the form:

Kﬁ(s+zi)
P(s) = ——

I_I(S+Pi)

i=1
where m < n, K is a constant, and —p, and —z, are finite poles and zeros, respectively.

For m < n,

m
KTT(Re?+2)
i=1

lim P(Re”)|=|P(c0)|= lim |—=———
R— o R—-x n(Re’9+_p,)

f=1
m ) m
K| TT Re” + 2 IKITTIR+ |z
=R].im ,,' < lim #——=0
-0 i R—
l_lllRe”ﬂ).-l * l‘[llR—|p,||
j= =

Since |P(c0)| <0, then [P(c0)| = 0.

NYQUIST STABILITY PLOTS

11.41. Prove that a continuous type / system includes / infinite semicircles in the locus of its Nyquist
Stability Plot. That is, show that portion ija of the Nyquist Path maps into an arc of 180/ degrees
at infinity in the P(s)-plane.

The transfer function of a continuous type / system has the form:

B(s)

s'B,(s)

where B;(0) and B,(0) are finite and nonzero. If we let B;(s)/B,(s) = F(s), then

F(s)

SI

P(s) =

P(s) =
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where F(0) is finite and nonzero. Now put s=pe”, as required by Equation (11.12). Clearly,
lim, _, F(pe’®) = F(0). Then P(pe’)= F(pe’*)/pe’” and

lim P(pe®) =00 e/ -90° <8 < +9%0°
p—0
At § = —90°, the limit is o0 - ¢/°". At 8 = +90°, the limit is o - e™/%. Hence the angle subtended in the

P(s)-plane, by mapping the locus of the infinitesimal semicircle of the Nyquist Path in the neighborhood of
the origin in the s-plane, is 90/ — (—90/) = 180/ degrees, which represents / infinite semicircles in the

P(s)-plane.

11.42. Sketch the Nyquist Stability Plot for the open-loop transfer function given by
1
(s +p)(s+p,)

The Nyquist Path for this type 0 system is shown in Fig. 11-52.

GH(s) P P> 0

jo b Im GH
d ’-$\
! N\
' \ Re G
[4 \ Y e £
a e g GH(j0) = 1/p\ P2
f
Fig. 11-52 Fig. 11-53

Since there are no poles on the jw-axis, Step 2 of Section 11.8 indicates that the Polar Plot of GH( jw)
yields the image of path ad (and hence fad) in the GH(s)-plane. Letting s = jw for 0 < w < 00, we get

GH(/‘*’)=(jw+pl)1(jw+p2)=\/(w2+pf)l(w2+p22) /“‘aﬂ_,(i)"aﬂ_l(i)

1
GH(]O) = p—p' 0° lim GH(jw) = 0{ 180°
172 w —* 00

For 0 < w < oo, the Polar Plot passes through the third and fourth quadrants because ¢ = —[tan™ '(w/p,)
+tan '(w/p,)] varies from 0° to 180° when w increases.

From Problem 11.39, path def plots into the origin P(s) = 0. Therefore the Nyquist Stability Plot is a
replica of the Polar Plot. This is easily sketched from the above derivations, and is shown in Fig. 11-53.

11.43. Sketch the Nyquist Stability Plot for GH(s)=1/s.

<is

The Nyquist Path for this simple type 1 system is shown in Fig. 11-54.

ju Im GH
il
~

athcad

Fig. 11-54 Fig. 11-55
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11.44.

ForpathEl,s=jw,O<w<oo,and
1 1
GH( jw)=—=—/ —90° lim GH( jw) = —99° lim GH( jw)=0/ —90°
(o)== =2/ lim GH(jw) =/ -9 Jlim GH(jo) =0/

Path def maps into the origin (see Problem 11.39).

Path {7/’ is the mirror - image of a’'d’ about the real axis.

The image of path ija is determined from Equation (/7.12), by letting s =1lim, _ope’®, where
-90° < 8 < 90°:

1
Hm GH eja = lim _e_‘o]=w-e_'o=wf —0
p—0 (p ) D*O[P

For point i, # = —90°; then i maps into i’ at o0 /90°. At point j, # = 0°; then j maps into ;' at o0 /0°.
Similarly, a maps into a’ at oo/ —90°. Path i’j’a’ could also have been obtained from the conformal
mapping property of the transformation as explained in Example 11.9 plus the statement proved in

Problem 11.41.
The resulting Nyquist Stability Plot is shown in Fig. 11-55.

Sketch the Nyquist Stability Plot for GH(s)=1/s(s + p;Xs + p,), p1, p>> 0.

The Nyquist Path for this type 1 system is the same as that for the preceding problem. For path ad,
s=jw, 0 <w<co, and

1 1 w w
GH( jw) = —— T —90°—tan"'(—~)—tan"(——-)
jo(jo+p)(jo+p,) w/(w2+pf)(wz+p§) P P2
lim GH{ jw) = -90° lim GH( jw)=0/ -270° = +90°
lim (Jjw) =00/ [im (jw)y=0/ 0° =0/ +90

Since the phase angle changes sign as w increases, the plot crosses the real axis. At intermediate values of
frequency, the phase angle ¢ is within the range — 90° < ¢ < —270°, Hence the plot is in the second and
third quadrants. An asymptote of GH(jw) for w = 0 is found by writing GH(jw) as a real plus an
imaginary part, and then taking the limit as w — 0:

, ~(p+p) J(pipr— o) . o —(ptp)
GH(jw) =72, 3y ~ 2. 2V 24 2 lim GH( jw) = 2 2 -
(P +p1)(®+p3)  w(w®+pi)(« +p}) =0 pip:
Hence the line GH = —(p, + p,)/pi p} is an asymptote of the Polar Plot. .
Path def maps into the origin (see Problem 11.39). Path /i’ is the mirror image of a’d’ about the real

axis. Path i’j’a’ is most easily determined by the conformal mapping property and the fact that a type 1
system has one infinite semicircle in its path (Problem 11.41). The resulting Nyquist Stability Plot is shown
in Fig. 11-56.

ImGH
v
r——T-<
N
\
\
\
CH(=) /'
- d',e,f' ,ReGH
/
GH(ju) 4
rd
——— e o
(P|+Pg)
Lt

Fig. 11-56
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11.45. Sketch the Nyquist Stability Plot for GH(s) =1/s2

The Nyquist Path for this type 2 system is the same as that for the preceding problem, except there are
two poles at the origin instead of one. For ad,

1 1 . . o . . o
GH( juw) = el / 180° lim GH{( jw) = 00/ 180 lim GH(ju) =0/ 180

The Polar Plot clearly lies along the negative real axis, increasing from — oo to 0 as w increases. Path def

maps into the origin and path ija maps into two infinite semicircles at infinity (see Problem 11.41). Since the
Nyquist Path makes right turns at i and a, so does the Nyquist Stability Plot at i’ and a’. The resulting
locus is shown in Fig. 11-57.

Im GH {
/—'r'\\
/// ~
/ N\
! \
Me=——e—Mi.er Jmecu

\ @ /
\ V4

\\\_—//

Fig. 11-57

11.46. Sketch the Nyquist Stability Plot for GH(s)=1/s%(s + p), p>0.
The Nyquist Path for this type 2 system is the same as that for the previous problem. For ad,

1 1 w
GH( jw) = 75— = —180°—tan"(-)
Ji*(jw +p) wz\/wl +p? P

lim GH( jw) = o0/ —180° lim GH( jw) =0/ —270°
lim GH( jw) = o Jim GH(jw)

For 0 < w < o0 the phase angle varies continuously from —180° to —270°; thus the plot lies in the second
quadrant. The remainder of the Nyquist Path is mapped into the GH-plane as in the preceding problem.
The resulting Nyquist Stability Plot is shown in Fig. 11-58.

Im GH b

-

7~ ~
V4 R Y
/ \
/ (3w
a | GHU

1 -
il

~_ AL Re GH
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11.47. Sketch the Nyquist Stability Plot for GH(s)=1/s%s+p), p> 0.

There are four poles at the origin in the s-plane, and the Nyquist Path is the same as that of the
previous problem. The Polar Plot for this system was determined in Problem 11.38. The remainder of the
Nyquist Path is mapped using the results of Problems 11.39 and 11.41, and the conformal mapping
property. The resulting Nyquist Stability Plot is given in Fig. 11-59.

4 $=90°
/ — T — \\
////// ‘\\\\
;s N
[/ N
[ 4 ——— v\
P=180° | | -4 D I" ¢=0°
| \ \/al,
\\ \ Increasing o [ /
N // /
N .
N\ \\ // /
N ~ - yd
N ~— e —— -
\\\.__’//
y » = —90°
Fig. 11-59

11.48. Sketch the Nyquist Stability Plot for GH(s)=e~ " /(s + p), p > 0.

The e " term represents a time delay of T seconds in the forward or feedback path. For example, a
signal flow graph of such a system can be represented as in Fig. 11-60.
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The Nyquist Stability Plot for 1 /(s + 1) was drawn in Example 11.8. The plot is modified by inclusion
of the ¢ ™ term in the following manner. For path ad,

GH( jw) e ! ‘(“) T GH( j0) l{o
Jw) =~ = —tan" | = | - Tw joy=-/0°
jo+p ol +p? 4 P

The limit of GH(jw) as w— oo does not exist. But lim,, _, |GH(jw)| =0 and |GH(jw)| decreases
monotonically as w increases. The phase angle term

o(w) = —tan"(%) - Tw

revolves repeatedly about the origin between 0° and —360° as w increases. Therefore the Polar Plot is a
decreasing spiral, beginning at (1/p) /0° and approaching the origin in a CW direction. The points where

the locus crosses the negative real axis are determined by letting ¢ = —180° = —# radians:
wﬂ
-7 = —tan'l(——) - Tw,
r

or w, = p tan(Tw, ), which is easily solved when p and 7 are known. The remainder of the Nyquist Path is
mapped using the results of Problems 11.41 and 11.42. The Nyquist Stability Plot is shown in Fig. 11-61.
The image of path fa (s = —jw) has been omitted for clarity.

ImGH A

(7

N s
Qj_y/ Re GH

Fig. 11-61

11.49. Sketch the Nyquist Stability Plot for GH(s)=1/(s%+ a?).

The poles of GH(s) are at s = + ja= + jw, The Nyquist Path for this system is therefore as shown in
Fig. 11-62.
For path ab, w < a and

1 1
GH(jw)=a2_w2_/_0° GH(jO)=;;fO° lim GH( jw) =00/ 0°

For path bc, let s =ja + pe’’, —90° <8 < 90°; then

1
: . oY — 1 = —jon - ¥ = —-8v -
:1_'}'(‘)6”(]04“08/)_hm[pe,a(zja+pe,o)] joo e ¥ =00/ -6"-90°

p—0
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11.50.

Im GH |}
,/’ ‘_\\\
// \
. GH(» o
E___(_)_ l/azfgli(_"g)“h’

Y

o’ dl’ 8', fl am' Re EH

h P
—ja
g
f
Fig. 11-62 Fig. 11-63

At 6 = —90° the limit is o0 /0°; at § =0° it is o0 /' —90°; at § =90° it is oo /' — 180°.
For path ¢d, w > a and

lim GH( jw) = oo/ 180° lim GH(jw) =0/ 180°
lim GH( jw) = o0 Jim GH(jw)

Path def maps into the origin by Problem 11.39, and fg’h’a’ is the mirror image of a'b’c’d’ about the
real axis. The resulting Nyquist Stability Plot is shown in Fig. 11-63.

Sketch the Nyquist Stability Plot for GH(s) = (5 — z,)/s(s + p), z|, p > 0.
The Nyquist Path for this type 1 system is the same as that for Problem 11.43. For path ad.

. V 2+ 2 ( + )
JU"‘ZI w Zl w p zl
GH( jw)=—— = 90°—tan"[——
jw(jw+p) oy’ +p? pr — W
where we have used
tan 'x 4 tan"'p = tan~! Xty
an” 'x 4+ tan” 'y = tan
) 1+ xy
Now
1
lim GH( jw) = o0/ +90° GH( j\/pz ) = / 0° lim GH( jw) =0/ —90°
w= Py P2 W x

Thus the locus comes down in the first quadrant, crosses the positive real axis into the fourth quadrant. and

approaches the origin from an angle of —90°.
Path def maps into the origin, and ija maps into one semicircle at infinity. The resulting plot is shown

in Fig. 11-64.

Im GH 4
—_T a
//
P GH(jo)
/ LY
d
L/ / \ w = I\/;;l -
N def \ Re GH
\ \
\ )
w \
~ \
\‘———‘l'
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NYQUIST STABILITY CRITERION

11.51.

11.52.

Prove the Nyquist Stability Criterion.

Equation (/1.1) states that the number of CW encirclements N, of the origin made by a closed P
contour in the P-plane, mapped from a closed complex-plane contour, is equal to the number of zeros Z,
minus the number of poles P, of P enclosed by the complex-plane contour: N, = Z, — P,. This has been
proven in Problem 11.26.

Now let P =1+ GH. Then the origin for 1 + GH in the GH-plane is at GH = —1. (See Example 11.6
and Problem 11.33.) Hence let N denote the number of CW encirclements of this —1 + ;0 =(-1,0) point,
and let the complex-plane contour be the Nyquist Path defined in Section 11.7. Then N = Z, — F,, where
Z, and P, are the number of zeros and poles of 1 + GH enclosed by the Nyquist Path. F; is also the
number of poles of GH enclosed, since if GH=N/D, thenl + GH=1+ N/D=(D + N)/D. That is, GH
and 1 + GH have the same denominator.

We know from Chapter 5 that a continuous (or discrete) feedback system is absolutely stable if and
only if the zeros of the characteristic polynomial 1+ GH (the roots of the characteristic equation
1+ GH = 0) are in the LHP (or unit circle), that is, Z; = 0. Therefore ¥ = — P, and clearly P, = 0.

Extend the Nyquist Stability Criterion to a larger class of continuous linear systems than those
already considered in this chapter.

The Nyquist Stability Criterion has been extended by Desoer {S]. The following statement is a
modification of this generalization, found with its proof in the reference.

A Generalized Nyquist Stability Criterion: Consider the linear time-invariant system described by the
block diagram in Fig. 11-65. If g(¢) satisfies the conditions given below and the Nyquist Stability Plot of
G(s) does not enclose the (—1,0) point, then the system is szable. If the (—1,0) point is enclosed. the
system is unstable.

t) + (t) (t)
al : o(t) L

Fig. 11-65

G(s) represents a causal, linear time-invariant system element.

2. The input-output relationship for g(z) is

c(t)=Cu(t)+f0,g(1—'r)e(1')d'r 1>0

where c,(¢), the free response of the system g(¢), is bounded for all ¢ > 0 and all initial conditions. and
approaches a finite value dependent upon the initial conditions as 1 — oo.

3. The unit impulse response g(¢) is

g(1) = [k +g(D]1(2)

where k > 0, 1(¢) is the unit step function, g,(7) is bounded and integrable for all >0, and g,(1) = 0
as t — oo.

These conditions are fulfilled very often by physical systems described by ordinary and partial
differential equations, and differential-difference equations. The form of the closed-loop block diagram
given in Fig. 11-65 is not necessarily restrictive. Many systems of interest can be transformed into this
configuration.
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11.53. Suppose the Nyquist Path for GH(s) =1/s(s + p) were modified so that the pole at the origin is
enclosed as shown in Fig. 11-66. How does this modify application of the Nyquist Stability

Criterion?

ay

Fig. 11-66 Fig. 11-67

The Polar Plot remains the same, but the image of path jja makes left instead of right turns at i’ and
a’, just as in the Nyquist Path. The Nyquist Stability Plot is therefore given by Fig. 11-67. Clearly, N= —1.
But since the pole of GH at the origin is enclosed by the Nyquist Path, then Py=1, and Z,=N+ Fy =
—1 + 1 =0. Therefore the system is stable. Application of the Nyquist Stability Criterion does not depend

on the path chosen in the s-plane.

11.54. Is the system of Problem 11.42 stable or unstable?

Shading the region to the right of the contour in the prescribed direction yields Fig. 11-68. It is clear
that N =0. The (—1,0) point is not in the shaded region. Now, since p, >0 and p, >0, then P, =0.
Therefore N= — P, =0, or Zy=N + P, =0, and the system is stable.

Im GH? Im GH A
Lo
B
- e N
e N
’ » *l A\
[ A\ | \ _
(-=1,0) \ == GHID) _ (-L0) fu=mew 17 .
- = 1/p\Ps] Re GH a.e, ]' Re GH
GH(w)} 4
‘U=o}f’,
< -
| a’
Fig. 11-68 Fig. 11-69

11.55. Is the system of Problem 11.43 stable or unstable?

s
= The region to the right of the contour has been shaded in Fig. 11-69. The (—1,0) point is not enclosed,
il and N =0. Since P, =0, then Z; = P, + N =0, and the system is stable.
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11.56. Determine the stability of the system of Problem 11.44.

The region to the right of the contour has been shaded in Fig. 11-70. If the ( —1,0) point lies to the left
of point k, then N = 0; if it lies to the right, then N = 1. Since P, =0, then Z; = 0 or 1. Hence the system is
stable if and only if the (—1,0) point lies to the left of point k. Point k can be determined by solving for

GH( jw,), where
- w, w,
-m=—— —tan' —) —tan“(w—)
2 P 2}

w_ is easily determined from this equation when p, and p, are given.

. ImGH )
£—
E W
|} \
| & ; Paint & A
v GHi=y )7
d.e.f Re GH

— =" — Unstable
| =(p,+ pa) Region for
Pfl’g N the (=1,0) Point
Fig. 11-70

11.57. Determine the stability of the system of Problem 11.46.

The region to the right of the contour has been shaded in Fig. 11-71. Clearly, N=1, P, =0, and
Z,=1+ 0=1. Hence the system is unstable for all p > 0.

Im GH 4

Fig. 11-71
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11.58. Determine the stability of the system of Problem 11.47.

The region to the right of the contour has been shaded in Fig. 11-72.
It is clear that N> 0. Since F, =0 for p > 0, then N # — P,. Hence the system is unstable.

b o=90°

e .
=T
P /’—‘__H“"\\\
P el N0\
V. o
Jiz.i7: -
i i b
/ f/ \ \
Eol //—“‘““m ‘\“ \\
$=180° | | L0 = e o N §
- ey § e 1] e=o
fiil _ B
\ Increasing / /

RELATIVE STABILITY

11.59. Determine: (a) the phase crossover frequency w,, (b) the gain crossover frequency w;, (¢) the
£i%  gain margin, and (d) the phase margin for the system of Problem 11.44 with p, =1 and p,= 1.

Mathcas (a) Letting w = w,, we have

— an- ! (an-12 —a can-! 3w,
= —q=—— —tan — tan w. = —— — tan —

or 3w, /(1 - 2w?) = tan(m/2) = . Hence w, = /1 = 0.707.

(b) From |GH(w,)| =1, we have 1/wy)/(w? +1)(w} +0.25) =1 or w, = 0.82.

(¢) The gain margin 1/|GH(w, )| is easily determined from the graph, as shown in Fig. 11-73. It can also
be calculated analytically: |GH(w, )| = |GH(j0.707){ = 4/3; hence gain margin = 3 /4.
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Im GH §
Unit
Circle
w = 0.82
u,=0.7071 .
2,0 | (CLOA Re GH -
» o - Re GH
SN e
|
|
|
— 1 —
Fig. 11-73 Fig. 11-74

(d) The phase margin is easily determined from the graph, or calculated analytically:
arg GH(w, ) = arg GH(0.82) = —90° — tan"1(0.82) — tan~(1.64) = —187.8°

Hence ¢py = 180° + arg GH(w,) = — 7.8°. Negative phase margin means that the system is unstable.

11.60. Determine the gain and phase margins for the system of Problem 11.43 (GH = 1/s).

The Nyquist Stability Plot of 1 /s never crosses the negative real axis as shown in Fig. 11-74; hence the
gain margin is undefined for this system. The phase margin is ¢p), = 90°.

M- AND N-CIRCLES

11.61. Prove Equations (//.18) and (/1.19), which give the radius and center of an M-circle,
respectively.

Let G(w) = x +jy. Then

G(w) x+jy
(14 6(w)| |1+x+jy
Squaring both sides and rearranging yields
M2 ] M\
(5l e () e
M2\ M\
[x+(M2—l)] +y2=(M2—1) M>1

For M = constant, these are equations of circles with radii |M/(M? - 1)jand centers
at (- M?2/(M* - 1),0).

11.62. Prove Equation (/1.20).

The transfer function G for the second-order continuous system whose signal flow graph is shown in
Fig. 11-75 is G = w?/s(s + 2{w,). Now

2 4
wll

G
1+¢

(w2 - w2)2 + 4820k’

w-|
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B
as

Fig. 11-75

To find w,, we maximize the above expression:
w,‘f[2( W —w?)(—2w) + 8§2w3w]

[(w,% - w2)2 + 4§2w,fw2]2

sz
E()

from which w = w, = +w,y/1 — 2{7. Hence for 0 < { <0.707,

4 1/2

w, 1

M, = -
P [w? - w2(1 - 260))" + 4822 (1 - 26) wh-¢

11.63. Prove Equations (/1.21) and (/1.22), which give the radius and center of an N-circle.
Let G(w) = x +jy. Then

C(w) xX2+x+y*+jy _Im(C/R)(w)_ y
R(@) - (e ™ VER(CRN @) A rxry

which yields

1\? 1?2 11 1
(=+3) + -3 =3l )

For N equal to a constant parameter, this is the equation of a circle with radius y§ + (1/2N )2 and center
at(—1,1/2N).

11.64. Find M, and { for the unity feedback system given by G =1/s(s + 1).

The general open-loop transfer function for the second-order system is G = «?/s(s + 2{w,). Then
w,=1,{=05 and M,=1/28/1 - {*)=0.3866.

MISCELLANEOUS PROBLEMS

11.65. Determine the Polar Plot for
4

P(Z)=z~1

for a sampling period T = 1.

The solution requires mapping the strip from —jw, /2 to jw /2 on the jw-axis of the s-plane or,
equivalently, w= —# to w = radians on the unit circle of the z-plane, into the P(e’/“)-plane. We have
P(e*’"y=05/0° and P(e’®)= 00/ +90°. Evaluation of P(e’) for several values of w between — =
and O results in a straight line parallel to the imaginary axis in the P-plane, as shown in Fig. 11-76, where
the segments a to b and g to a map the corresponding segments of the unit circle in Fig. 11-13.
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Im P
b
f
w=10 1
?0 X X w = + 7 radians
T O Re P
<
,,
%
w=0
| &
Fig. 11-76

11.66. Determine the Polar Plot of the type 0 discrete-time system open-loop transfer function

iz + 1)(z+ %)K
e+ D)

GH(z) =

for K=1and T=1.

In this case, the Polar Plot has been drawn by computer, as illustrated in Fig. 11-77. The computer
program evaluates GH(e/“) for values of wT = w in the range —# to = radians, separates each result into
real and imaginary parts (Complex Form), and then generates the rectangular plot from these coordinates.

Im GH

03+
02+

0.1t

-01¢
-0.2 J-

-0.34

Fig. 11-77

11.67. Determine the Polar Plot of the type 1 discrete-time system open-loop transfer function

& K(z+1)}

CH() = DG+ D+ )

for K=1and T=1.
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As in Problem 11.66, the Polar Plot given in Fig. 11-78 was generated by computer, exactly in the same
manner as described in the previous problem.

Im GH
O
|
\ 4
\
\\ 2
Ssool12 a'
I v e Re GH
- 2 g
- 4 +
¢
Fig. 11-78

11.68. Determine the absolute stability of the system given in Examples 11.11 and 11.14, for K > 2 and
T=1.

The Nyquist Stability Plot for K =2 is given in Fig. 11-79. The region to the right has been shaded
and the plot goes directly through (—1,0). Thus N> 0 and N # — Py, which is zero for this problem.
Therefore the system is marginally stable for K =2. For K> 2, the (—1,0) point is completely enclosed,
N =1, and the closed-loop system is unstable.

Im GH

Re GH

Fig. 11-79
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11.69. Determine the Nyquist Stability Plot of the system given in Problem 11.65.

We note that P(z)=z/(z — 1) has a pole at 1, so we must begin by mapping the segment b to ¢ of the
infinitesimal semicircle near z = 1 in Fig. 11-13 into the P-plane. Overall, we have a conformal mapping, so
the plot must turn right at ». Between b and ¢, z=1+ pe’®, with ¢ increasing from —90° to 0°.
Therefore

1+ pe’® ) 1
P(1+pet) = —— d lLmP(l+pe*)=—— =/ -
(+pet) =0 and lim P pe) = =0/

Therefore the arc from b to ¢ in the z-plane maps into the infinite semicircle »’ to ¢’, from +90° back to
0°, shown in Fig. 11-80. To obtain the mapping of the line from ¢ to d in Fig. 11-13, we note that this is the

mapping of P(z) from z=1/0° to z= c0 /0° (constant angle ¢), that is,

l+a 1+a
P(1)=wf 0° to alin:o(i—-iﬂl———f)= lim (

a— oo a

)=1 0°

where we have replaced z in P(z) by 1 + &, in obtaining the limit. The resulting mapping is shown as the
line from ¢’ to d’ (o0 — 1) in Fig. 11-80.

Im P

Re P

Fig. 11-80

The infinite circle from 0° to —360°, from d to e in Fig. 11-13, maps into an infinitesimal semicircle
around the point z =1 in the P-plane, because
Re’® ol
P(Re’*) = =

Re” -1 ol — 1

and P—1 as R— oo for any ¢, and a few evaluations of arg P(Re’*) at values of ¢ between 0° and
—360° show that the limit is approached from values in the first quadrant of P when 0 < ¢ < —180°, and
the fourth quadrant when —180° < ¢ < —360°, with P(Re/*)=1/(1+1/R)<1 for R>0 at ¢ = 180°.
The resulting arc is shown as d’ to ¢’ in Fig. 11-80.

Arc e’ to f' in Fig. 11-80 is obtained in the same manner as that for ¢’ to 4’, taking the limits of
(a+1)/a as a = 00 and 0. And the final closure of the Nyquist Stability Plot, arc f’ to g’, is obtained in
the same manner as that from b’ to ¢/, as shown.
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11.70.

11.71.

11.72.

For GH =P =z/(z — 1) in Problem 11.69, is the closed-loop system stable?

The region to the right of the contour in Fig. 11-80 has been shaded and it does not enclose the (—1,0)
point. Therefore N < 0. The only pole of GH is at z = 1, which is not outside the unit circle. Thus P, =0,
N = —PF, =0, and the system is absolutely stable.

Determine the stability of the system given in Problem 11.66.

The open-loop transfer function is

(a1
z(z+%)

The Polar Plot of GH is given in Fig. 11-77, which is the mapping of arcs a to b and g to a of Fig. 11-13.
There are no poles of GH on the unit circle, so the infinitesimal arcs b to ¢ and f to g in Fig. 11-13 are not
needed. Setting z =1 + « and using the same limiting procedures illustrated in Problem 11.70, the straight
lines to and from infinity, b to d and e to f in Fig. 11-13, map into the lines from b to d and e to f
between Re GH? and 2. Similarly, with z replaced by 1 + Re’* and R — 0, the infinite arc from d to e

maps into the infinitesimal semicircle about Re GH = 3, all as shown in Fig. 11-81.

Im GH
1
0.3 "_--’——-—‘-‘\
- T
021 00 1A
p N
4 \
0.11¢4 d' \
L soeearentdER
+ + —f——+
O 0203 08 02 300 o 0 Re GH
0.1+ e’
0.2
-03

Fig. 11-81

The (—1,0) point is not enclosed by this contour, as shown, N =0, P, =0, and the closed-loop system
is absolutely stable.

Determine the stability of the system given in Problem 11.67.

The open-loop transfer function is

~ (z+1)°
D+ )(z+Y)

The Polar Plot of GH is given in Fig. 11-78. Completion of the closed contour mapping of the exterior of
the unit circle in the z-plane (Fig. 11-13) closely parallels that described in Problem 11.69 and Example
11.11. In this case, the (—1,0) point is enclosed once by the contour, that is, N =1. Since P,=0 and
Z,= N+ Py=1, then one zero of 1 + GH is outside the unit circle of the z-plane and the closed-loop
system is therefore unstable (Fig. 11-82).

GH
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11.73.

11.74.

11.75.

11.76.

11.77.

11.78.

11.79.

11.80.

i+
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ImGH

Fig. 11-82

Supplementary Problems
Let T=2 and p =3 in the system of Problem 11.48. Is this system stable?
Is the system of Problem 11.49 stable or unstable?

Is the system of Problem 11.50 stable or unstable?

K(s+2z)(s+2z,)
Sketch the Polar Plot for GH = — » 2 0, >0
s*(s+p)(s+p2)
Sketch the Polar Plot for GH K \]
etch the Polar Plot for = , p;>0
(s+p)(s+p)(s+py)

Find the closed-loop frequency response of the unity feedback system described by G =

using M- and N-circles.

K(s+2z)
Sketch the Polar Plot for GH = — y 2y, p; > 0.
s* (s +p)(s+p)(s +ps)

Ke™ Ts

Sketch the Nyquist Stability Plot for GH = ————.
s{s+1)

[CHAP. 11

10(s +0.5)

s2(s+ (s +10)°
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stz
11.81. Sketch the Polar Plot for GH = ————, z,, p, > 0.
s(s+p1)
s+
11.82. Sketch the Polar Plot for GH= —————, z,, p,> 0.
s(s+p)(s+p,)
K
11.83. Sketch the Polar Plot for GH = 3 , p,>0.
s (s+p)(s+p2)
s+ 2
11.84. Sketch the Polar Plot for GH = ————, z;, p; > 0.
s*(s+py)
s+ 2z
11.85. Sketch the Polar Plot for GH = 2L, >0

s’ (s+p)(s+py)

(s+z)(s+2;)

11.86. Sketch the Polar Plot for GH = . 2. p, >0
e o O o G+ p) G+ p) s 4 p) P
K
11.87. Sketch the Polar Plot for GH = — , 0, >0
s’ (s+p)(s+py)
(s+2z)
11.88. Sketch the Polar Plot for GH = — s 7, p; > 0.
s’(s+p)(s+p2)
Sketch the Polar Plot for GH = —— 0
tch ¢ t =————— z,p >0
11.89. Sketch the Polar Plot for (s 1) 2,
e T (s+z
11.90. Sketch the Polar Plot for GH=#, z, p > 0.
s’ (s +py)
e T(s+2z)
1191 Sketch the Polar Plot for GH = ——— 5 , 7,a,b>0.
s?(s*+a)(s*+b)
(s—2)
11.92. Sketch the Polar Plot for GH = - . >0
s*(s+p1)
s
11.93. Sketch the Polar Plot for GH = ——+———, p, > 0.

(s+p)(s-py)

11.94. The various portions of the Nyquist Path for continuous systems are illustrated in Fig. 11-12 and the
different segments are defined mathematically by Equations (/7.5) through (/1.12). Wnte the correspond-
ing equations for each segment of the Nyquist Path for the discrete-time systems given in Fig. 11-13. (One
of these was given in Example 11.11. Also see Problems 11.69 and 11.70.)

Answers to Some Supplementary Problems
11.73. Yes
11.74. Unstable

11.75. Unstable
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ﬁl Im GH

Re GH
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Im GH

Re GH
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Im GH

) Re GH
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Chapter 12

Nyquist Design

12.1 DESIGN PHILOSOPHY

Design by analysis in the frequency domain using Nyquist techniques is performed in the same
general manner as all other design methods in this book: appropriate compensation networks are
introduced in the forward or feedback paths and the behavior of the resulting system is crtically
analyzed and reanalyzed. In this manner, the Polar Plot is shaped and reshaped until performance
specifications are met. The procedure is greatly facilitated when computer programs for generating
Polar Plots are used.

Since the Polar Plot is a graph of the open-loop frequency response function GH(w ), many types of
compensation components can be used in either the forward or feedback path, becoming part of either
G or H. Often, compensation in only one path, or a combination of both cascade and feedback
compensation, can be used to satisfy specifications. Cascade compensation is emphasized in this
chapter.

12.2 GAIN FACTOR COMPENSATION

It was pointed out in Chapter 5 that an unstable feedback system can sometimes be stabilized, or a
stable system destabilized, by appropriately adjusting the gain factor K of GH. The root-locus method
of Chapters 13 and 14 vividly illustrates this phenomenon, but it is also evidenced in Nyquist Stability
Plots.

EXAMPLE 12.1. Figure 12-1 indicates an unstable continuous system when the gain factor is K, where

K,

GH(s)=—F—""""F7—"— s P K1 >0 P,=0 N=2
(S) S(S+p1)(s+p2) P P2 1 Q
*Im GH
——
~
N
N
\
\
T T weon
/
K=K, //
_———.—"/
Fig. 12-1

A sufficient decrease in the gain factor to K, (K, < K|) stabilizes the system, as illustrated in Fig. 12-2.
K,
s(s+p)(s+p2)

Further decrease of X does not alter stability.

GH(s) = 0<K,<K, Py=0 N=0

299



300 NYQUIST DESIGN

AIm GH

K=K, K=K,

Recﬁ

Fig. 12-2

EXAMPLE 12.2. The type 1 discrete-time control system with

GH,

3 1
S (z-1)(z-1)

is unstable, as shown in Fig. 11-79 and Problem 11.68. That is, the open-loop transfer function

GH =

K/4

[ EE)

[CHAP. 12

was found to be unstable for K =>2. Therefore gain factor compensation can be used to stabilize GH,, by
attenuating the gain factor K, =1 of GH, by a factor less than 0.5. For example, if the attenuator is given a value
of 0.25, the resulting GH = GH, would have the Nyquist Stability Plot in Fig. 11-25, shown in Example 11.14 to

represent a stable system.

EXAMPLE 12.3. The stable region for the (—1,0) point in Fig. 12-3 is indicated by the portion of the real axis in

the unshaded area:
K(s+z)(s+z)
2 (s+p ) (s+p)(s+p5)

GH(s) =

2,2, >0

AIm GH

}
\\-r’ -
\ Stable Region

\ for the (—1,0)
Point

J /

p1>0 P0=0
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If the (- 1,0) point falls in the stable region, an increase or decrease in K can cause enough shift in the GH contour
to the left or the right to destabilize the system. This can happen because a shaded (unstable) region appears both
to the left and the right of the unshaded (stable) region. This phenomenon is called conditional stability.

Although absolute stability can often be altered by adjustment of the gain factor alone, other

performance criteria such as those concerned with relative stability usually require additional compen-
sators.

12.3 GAIN FACTOR COMPENSATION USING M-CIRCLES

The gain factor K of G for a unity feedback system can be determined for a specific resonant peak
M, by the following procedure which entails drawing the Polar Plot once only.

Step 1: Draw the Polar Plot of G(w) for K= 1.
Step 2: Calculate ¥,, given by

‘I'p=sin'1(i) (12.1)

Step 3: Draw a radial line 4B at an angle ¥, below the negative real axis, as shown in Fig. 12-4.

ImG4 ImG4é
. A m G(w) )
. >
Re G >
¥, ¢ bt Re G
!
C k=1
B B
Fig. 12-4 Fig, 12-5

Step 4: Draw the M, circle tangent to both G(w) and line AB at C. Then draw a line CD
perpendicular to the real axis shown in the example Polar Plot shown in Fig. 12-5.

Step 5: Measure the length of line AD along the real axis. The required gain factor K for the
specified M, is given by

1
K, = —
M length of line AD

(12.2)

If the Polar Plot of G for a gain factor K’ other than K =1 is already available, it is not necessary

to repeat this plot for K = 1. Simply apply Steps 2 through 5 and use the following formula for the gain
factor necessary to achieve the specified M,

K'
M length of line AD

(12.3)
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124 LEAD COMPENSATION
The transfer function for a continuous system lead network, presented in Equation (6.2), is
s+a
s+b
where a < b. The Polar Plot of P, for 0 < w < o0 is shown in Fig. 12-6.

p lead

A Im PLead
PLeld(o)
ﬂ/‘/ pum‘(w)
(arb,0) (1,0) Re Ppoay
Fig. 12-6

For some systems in which lead compensation is applicable, appropriate choice of the zero at —a
and the pole at —~ b permits an increase in the open-loop gain factor K, providing greater accuracy (and
sometimes stability), without adversely affecting transient performance. Conversely, for a given K,
transient performance can be improved. In some cases, both steady state and transient response can be
favorably modified with lead compensation.

The lead network provides compensation by virtue of its phase lead property in the low-to-
medium-frequency range and its negligible attenuation at high frequencies. The low-to-medium-
frequency range is defined as the vicinity of the resonant frequency w,. Several lead networks may be
cascaded if a large phase lead is required.

Lead compensation generally increases the bandwidth of a system.

s« EXAMPLE 12.4. The Polar Plot for

kK
s(s+p)(s+py)

is given in Fig. 12-7. The system is stable and the phase margin ¢, is greater than 45°. For a given application,
$pn I8 too large, causing a longer than desired delay time 7, in the system transient response. The steady state
error is also too large. That is, the velocity error constant K, is too small by a factor of A > 1. We shall modify this
system by a combination of gain factor compensation, to meet the steady state specification, and phase lead
compensation, to improve the transient response. Assuming H(s) =1, Equation (9.12) yields

GH,(s) = K.p.p>0

K,= li"(l)[SGHl(s)] =

L2

ﬁ} Im GH,

(-1,0)

Q&“ Re GVHl
Unit
Circle

G”,(w)

Fig. 12-7
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AK,
and hence AK, =
PP
Putting K, = AK|, the open-loop transfer function becomes
K
GH, 2

T s(s+p)(stp)

The system represented by GH, has the desired velocity constant K, =AK,,.
Let us now consider what would happen to K, of GH, if a lead network were introduced. The lead network
acts like an attenuator at low frequencies. That is,
Kya

i GH. - P =
S_I‘l'(l)[s 2(5) Lead(s)] P]P:b

since a/b < 1. Therefore if a lead network is used to modify the transient response, the gain factor K, of GH, must
be increased A(b/a) times in order to meet the steady state requirement. The gain factor part of the total
compensation should therefore be larger than that which would be called for if only the steady state specification
has to be met. Hence we modify GH,, yielding

< A,(l-l

3 AK,(b/a)
~s(s+p)(s+py)

As is often the case, increasing the gain factor by an amount as large as A(b/a) times destabilizes the system. as
shown in the Polar Plots of GH,, GH,, and GH, in Fig. 12-8.

GH,

4Im GH

(-1,0

Re GH

GH,

GH,

GH,
Fig. 12-8

Now let us insert the lead network and determine its effects. GH; becomes
AK (b/a)(s+a)
s(s+p)(s+p)(s+b)

First, lim, _ ,[sGH,(s)]=AK convinces us that the steady state specification has been met. In fact. in the very
low frequency region we have

4

AK,
Jo(jo+p)(jo+p)
=GH,

Hence the GH, contour is almost coincident with the GH, contour in the very low frequency range.
In the very high frequency region,

GHA( j“")'w very small =

AK|(b/a)
GH,( j L= =
s} e e Jo(jo+p)(jw+p;) ’

Therefore the GH, contour is almost coincident with GH, for very high frequencies.
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In the mid-frequency range, where the phase lead property of the lead network substantially alters the phase
characteristic of GH,, the GH, contour bends away from the GH, and toward the GH, locus as w is increased.
This effect is better understood if we write GH, in the following form:

AK,(b/a) Jw+a
‘[jw+b]

Jw(jw+p)(jo+p;)
= GH;( jw) - Py g( jw) = GH,( jw) '|PLcad(j‘°) |g $(w)

where [P (jw)|=y(w’ +a®)/(*+b*), ¢(w)=tan '(w/a)—tan" (w/b), a/b<|P_ (jw)<1, 0°<
¢(w) < 90°. Therefore the lead network modifies GH, as follows. GH, is shifted downwards beginning at GH,( joo)
in a counterclockwise direction toward GH, due to the positive phase contribution of P4 [0° < ¢(w) < 90°]. In
addition, 1t is attenuated [0 < |P,4( jw)| < 1]. The resulting Polar Plot for GH, is illustrated in Fig. 12-9.

GHA(/"*’) =

4 Im GH

Re GH

Fig. 12-9

The system represented by GH, is clearly stable, and ¢py is less than 45°, reducing the delay time T, of the
original system represented by GH,. By a trial-and-error procedure, the zero at —a and the pole at —5 can be
chosen such that a specific M, can be achieved.

A block diagram of the fully compensated system is shown in Fig. 12-10. Unity feedback 1s shown for
convenience only.

R s+a oAb B e K, c
s+b 1 e i : 8(s + p,)(s + pg) -
Lead Gain-factor Original Loop
Network Amplifier Transfer Function
Fig. 12-10

125 LAG COMPENSATION

The transfer function for a continuous system lag network, presented in Equation (6.3), is

als+b

PLag__—E

where a < b. The Polar Plot of Py, for 0 < w < oo is shown in Fig. 12-11.

s+a
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AIm PLa;

(a/b,0) (1,0 R
Pryi=) Prag(0) Re p:m

Fig. 12-11

The lag network usually provides compensation by virtue of its attenuation property in the high
frequency portion of the Polar Plot, since Py ,(0)=1and P (0)=a/b<1. Several lag networks can
be cascaded to provide even higher attenuation, if required. The phase lag contribution of the lag
network is often restricted by design to the very low frequency range. Several general effects of lag
compensation are:

1. The bandwidth of the system is usually decreased.

2. The dominant time constant r of the system is usually increased, producing a more sluggish
system.

3. For a given relative stability, the value of the error constant is increased.
For a given value of error constant, relative stability is improved.

The procedure for using lag compensation to improve system performance is essentially the same as
that for lead compensation.

oyl
iiw EXAMPLE 12.5. Let us redesign the system of Example 12.4 using gain factor plus lag compensation. The
" original open-loop transfer function is

K 1
TS TEETS!
The gain factor compensation transfer function is
AK,
= GG R

Since Py, (0) =1, introduction of the lag network after the steady state criterion has been met by gain factor
compensation does not require an additional increase in gain factor.
Introducing the lag network, we get

. AK (a/b)(s+b)
P s(s+p)(s+py)(s +a)
Now linz)[sGH;(s)] =K,

where K,, = K, /p, p,. Therefore the steady state specification is met by GH;.
In the very low frequency region,

AK,
jw(jw+p,)(jw+p;)

Hence GH; is almost coincident with GH, at very low frequencies, with the lag property of this network
manifesting itself in this range.
In the very high frequency region,

GHJ’(j“’)lw very small = =GH2(./“’)

A(a/b) K,
je(jw+p)(je+p;)

Therefore, the GHJ contour lies above or below the GH, contour in the range, if A > b/a or A < b/a, respectively.
If A =b/a, the GH, and GH, contours coincide.

GHJI(jw)Ioverylargcz =A(a/b)GHl(]w)



306 NYQUIST DESIGN {CHAP. 12

In the mid-frequency range, the attenuation effect of Py, increases as w becomes larger, and there is relatively

small phase lag.
The resulting Polar Plot (with A =b/a) and a block diagram of the fully compensated system are given in

Figs. 12-12 and 12-13.

4 Tm GH
Unit
Circle S,
// \\
/ \
7
// — >
cLog (3 Re GH
// /
[
4
I II
l [
eH;\ leH, lGH,
| I
Fig. 12-12
R ala+ b ey oy e K, C =
3[1 +a] .y a Gy s(e + p,)(s + pg) -
Lag Gain-factor Original Loop
Network Amplifier Transfer Function
Fig. 1213

126 LAG-LEAD COMPENSATION
The transfer function for a continuous system lag-lead network, presented in Equation (6.4), is

_ (s+a)(s+b,)
M s+ b)) (s +a,)

where a,b,/bya,=1, b /a,=b,/a,>1, a,, b,>0. The Polar Plot of P;; for 0 < w < oo is shown in

Fig. 12-14.
AIm PLL
Pr(0) = Ppi(=)
(¢, 0) 1,0) Re Py
1 by by
Ea a
Fig. 12-14

Lag-lead compensation has all of the advantages of both lag compensation and lead compensation,
and only a minimum of their usually undesirable characteristics. Satisfaction of many system specifica-
tions is possible without the burden of excessive bandwidth and small dominant time constants.
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It is not easy to generalize about the application of lag-lead compensation or to prescribe a method
for its employment, especially using Nyquist techniques. But, for illustrative purposes, we can describe
how it alters the properties of a simple type 2 system in the following example.

EXAMPLE 12.6. The Nyquist Stability Plot for
K
s (s+py)

is given in Fig. 12-15. Clearly, the system is unstable, and no amount of gain factor compensation can stabilize it

because the contour for 0 < w < oo always lies above the negative real axis. Lag compensation is also inapplicable
for basically the same reason.

P, K>0

AIm GH Im GHy o4 A
LT 1T | D
y.4 TR Effect of Lead
\ Compensation
\
[

1\ LT | Re GH \_'/ Re GHy..q
/

Fig. 12-15 Fig. 12-16

Lead compensation may succeed in stabilizing the system, as shown in Fig. 12-16. But the desired application
for the compensated system may call for a lower bandwidth than can be achieved with a lead network.
If a lag-lead network is used, the open-loop transfer function becomes

K(s+a)(s+b,)
s2(s+p)(s+b)(s+ay)

and the Polar Plot is shown in Fig. 12-17. This system is conditionally stable if the (—1,0) point falls on the real
axis in the unshaded region. By trial and error, the parameters of the lag-lead network can be chosen to yield good
transient and steady state performance for this previously unstable system, and the bandwidth will be smaller than
that of the lead-compensated system. A computer program control system design (CAD) package, or any program
that readily generates Polar Plots, can be used to help accomplish this task quickly and effectively.

GH{ | =

4Im GH
Stable Region LL
Mﬂ-t—lﬂ Lag Network

Re GH, .
\--.-f/ M\“‘*/

Lead Network
Effect

Fig. 12-17
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127 OTHER COMPENSATION SCHEMES AND COMBINATIONS OF COMPENSATORS

Many other types of physical networks can be used to compensate feedback control systems.
Compensation networks can also be implemented in software, as part of the control algorithm in a
computer-controlled system. PID controllers are a popular class of such controllers (see Examples 2.14
and 6.7 and Section 10.5).

Combinations of gain factors and lead or lag networks were used as compensators in Examples 12.4
and 12.5, and a lag-lead compensator alone was used in Example 12.6 Other combinations are also
feasible and effective, particularly where steady state error requirements cannot be met by gain factor
compensation alone. This is often the case when the open-loop transfer function has too few
“integrators,” that is, denominator terms of the form s’ for continuous systems, or (z— 1)’ for
discrete-time systems as illustrated in the next example.

EXAMPLE 12.7. Our goal is to determine an appropriate compensator G,(z) for the digital system shown in
Fig. 12-18. The resulting closed-loop system must meet the following performance specifications:

1. Steady state error e(x) =1 — c(«) < 0.02, for a unit ramp input.
2. Phase margin ¢py = 30°
3. Gain crossover frequency w, > 10 rad /sec.*

Compensation

[ Gy(2)

r e

Fig. 12-18

The sampling period for this system is 7= 0.1 sec (sampling angular frequency o, =27 /0.1 = 207 rad/sec).

We note first that the plant is a type 0 system, because there is no “integrator” term of the form (z — 1) in
the denominator of G.(z) for />1 (see Section 9.8). To meet the first performance specification, it is
immediately clear that the overall open-loop system type must be increased by a factor of at least 1, that is, the
compensated system must be at least type 1, to achieve a finite steady state error for a unit ramp input. Therefore
we add a single pole at z =1, as G, as a first step in determining appropriate compensation:

. 3(z+1)(z+%)
GG, = 82(2—1)(z+%)

Now, from the table in Section 9.9, the steady state error for a unit ramp input is e() = 7/K ., and the velocity
error constant is K, = 3(2X$)/8(3) = Z. Thercfore e(=) = 0.15, which is larger than the value of 0.02 required by
performance specification 1.
The next obvious question is whether the addition of gain factor compensation would be sufficient to
complete the design. This would require a gain increase by at least a factor of A = 0.1,/(0.02X3) =4, yielding
15 45(z+1)(z+1)

G{'Gy=—G,G; =
PR 2 T 162(2 - 1) (2 + 1)

To check the remaining performance criteria (2 and 3) the gain crossover frequency w, and phase margin ¢py, can
be evaluated from their defining equations in Section 11.11. We have

$p = [180 + arg GG, (w, )] degrees
and «, satisfies the equation
|GG (@) | =1

Now, w, and ¢py could be determined graphically from a Nyquist Stability Plot of G|’G,, as illustrated in Fig.
11-16. But a less difficult task is to solve for w, and ¢py from their defining equations, preferably using a computer

*See Problem 12.16 for further discussion of this performance specification and its relationship to system bandwidth BW.
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program capable of complex numerical calculations. This can be done by first substituting e/“” for z in G{'G,(2),
using the Polar Form, Euler Form, and/or Complex Form substitutions [Equations (/1.2) through (//.4)], and
then solving for w, T such that |G{"G,| = 1. Trial-and-error solution for w,T can be helpful in this regard, which we
used to find w,7 = 2.54 rad after several trials, resulting in G{’G,(w,)= —0.72 + 0.7 and

180 T 44.4°
= °_ 1. - — = — K
Pem A Ton
Clearly, w, =2.54/0.1=25.4>10 rad/sec satisfies performance specification 3, but nor the phase margin
requirement 2, because ¢p, = —44.4 2 30°, the negative phase margin also indicating that the closed-loop system
with G{'G, is unstable.

Introduction of a lag compensator might solve the remaining constraint, because it increases the phase margin
without affecting the steady state error. The transfer function of a digital lag compensator was given in Example

6.12, Equation (6.11), as
1 _p( z - z(
P (z)= 1 (12.4)
“Z.jlZ7Ph

where 2z < p. Note that P (1) = PLas(eJO) =1, which explains why the lag network does not affect the steady
state response of this type 1 system. The Polar Plot of Py,, is shown in Fig. 12-26.

The problem now is to choose appropriate values of z, and p. to render ¢py = 30° and w, > 10 rad/sec.
Again, we accomplished this readily by trial and error, using a computer to evaluate the simultaneous solution for
z, and p_ of the two relations |G, G,(10)|=1 and

dpm = [180 + arg G, G,(10)] = 30°

where G, G, = P ,(G['G,). These equations have multiple solutions and, often, good choices for p, and z, are
values close to 1, because Py, then has minimal effect on the phase of G|'G, at higher frequencies. The pole and
zero of Py, effectively cancel each other at high frequencies when their values are close to 1. After several trials, we
obtained @ = 0.86 and b =0.97, and a final compensator:

1.59( z - 0.86)
(z-1){(z-0.97)

The resulting Polar Plot (for 0 < w < 7) for the compensated system G,G, is shown with ¢, > 30° in Fig, 12-19.

G\(2) =G (2) =

Im GG,

15+

Unit 1
. —_—T

Circle g,r
V4

L _— —» Re G)GZ

Ppy

b o o=

-15¢

Fig. 12-19

Example 12.7 is reworked by root-locus techniques in Example 14.5, and also by Bode methods in
Example 16.6, the latter solution using the w-transform introduced in Section 10.7.
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Solved Problems

FACTOR COMPENSATION

Consider the open-loop transfer function GH = —3 /(s + 1)X(s + 2). Is the system represented by
GH stable or unstable?

Unstable. The characteristic equation is determined from 1 + GH =0 and is given by s>+ 35 — 1 =0.
Since all the coefficients do not have the same sign, the system is unstable (see Problem 5.27).

Determine the minimum value of gain factor to stabilize the system of the previous problem.

Let GH be written as GH = K/(s + 1)(s + 2). Then the characteristic equation is s2 +3s+2+ K=0
and the Routh table (see Section 5.3) is

s? 1 2+K)
st 3 0
s 2+ K)

Hence the minimum gain factor for stability is K= —2 + ¢, where ¢ is any small positive number.

The solution of the previous problem also tells us that the system of Problems 12.1 and 12.2 is
stable for all K> —2. Sketch Polar Plots of this system, superimposed on the same coordinate
axes, for K, = —3 and K, = —1. What general comments can you make about the transient
response of the stable system? Assume it is a unity feedback system.

The required Polar Plots are shown in Fig. 12-20. The M-circle tangent to the plot for K= —1 has
infinite radius; thus M, = 1. This means that the peak overshoot is zero (no overshoot), and the system is
either critically damped or overdamped.

4Im GH

-1 0] (-1,0) =30 ¥ Re GH

\\ \\‘_// \

~—~

Fig. 12-20

Is the system represented by the characteristic equation s>+ 35?+ 3s+ 1+ K =0 ever condi-
tionally stable? Why?

Yes. The gain factor range for stability of this system was determined in Example 53 as —1 < K< 8.
Since both limits are finite, an increase in the gain factor above 8 or a decrease below — 1 destabilizes the
system.
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12.5. Determine the gain factor K of a unity feedback system whose open-loop transfer function is
given by G = K/(s + 1)(s + 2) for a resonant peak specified by M, = 2.

From Equation (/2./) we have ¥, = sin"!() = 30°. The line AB drawn at an angle of 30° below the
negative real axis is shown in Fig. 12-21, a replica of Fig. 12-20 for K= - 1.

ImGA

Polar Plot
M,=2-V for K=-1—7

D e
=40 30° AN Re G
\ )
\
\ 4
\“____./" /
\—/c
B
Fig. 12-21

The circle denoted by M, = 2 has been drawn tangent to both AB and the Polar Plot of K = —1. Using
the scale of this Polar Plot, hne AD has a length equal to 0.76. Therefore Equation (12.3) yields

It is also possible to compute a positive value of gain for M, =2 from a Polar Plot of G(s) for any positive
value of K. The Polar Plot for K =1 is the same as that in Fig. 12-21, but rotated by 180°.

MISCELLANEOUS COMPENSATION
12.6. What kind of compensation is possible for a system whose Polar Plot is given by Fig. 12-227

Lead, lag-lead, and simple gain factor compensation are capable of stabilizing the system and
improving the relative stability.

Im GH |

/f\ g
~NLS

-1,0) Re GH

Fig. 12-22

12.7. Consider the unity feedback system whose open-loop transfer function is given by
Kl

=—" K, >0
s(s+a) @
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How would the inclusion of a minor feedback loop with a transfer function K,s (K, > 0), as
shown in the block diagram in Fig. 12-23, affect the transient and steady state performance of
the system?

R + + K, C
s(s +a)

Kg8 [

Fig. 12-23

Combining the blocks in the inner loop yields a new unity feedback system with an open-loop transfer
function

K
G =
s(s+a+KK,)

The Polar Plots for G and G’ are sketched in Fig. 12-24.

Im 4

G(w)  |G'(w)

Fig. 12-24

The phase margin is clearly larger for the two-loop feedback system G’. Hence the peak overshoot is
smaller, or the damping ratio is larger, and the transient response is superior to that of the uncompensated
system. The steady state performance however, is generally slightly worse. For a unit step input the steady
state error is zero, as for any type 1 system. But the steady state error for a unit ramp or velocity input is
larger [see Equations (9.4) and (9.5)]. The compensation scheme illustrated by this problem is called
derivative or tachometric feedback, and the control algorithm is derivative (D) control.

Determine a type of compensator that yields a phase margin of approximately 45° when added
to the fixed system components defined by

4
H=
s(s*+3.25+64)

An additional requirement is that the high-frequency response of the compensated system is to
be approximately the same as that of the uncompensated system.

The Polar Plot for GH is sketched in Fig. 12-25. It is very close to the negative imaginary axis for
almost all values of w.
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12.9.

12.10.

b}

Mathcad

Im GH |
- A —-
-1,0) X // Re GH
45°
Y7
7/
lag-plus- /
gain-factor
compensated /
syswml‘(\
\
\ GH(w)
|
Fig. 12-25

The phase margin is almost 90°, and either an increase in gain factor and/or a lag compensator is
capable of satisfying the phase margin requirement. But since the lag network may be designed to provide
attenuation at high frequencies and lag in the low-frequency range, a combination of both would be ideal
and sufficient (see Example 12.5), as shown in Fig. 12-25. Of course a lag-plus-gain factor compensator is
not necessary for meeting the design requirements. There are probably an infinite number of different
networks or transfer functions capable of satisfying these specifications. The lag network and amplifier,
however, are convenient due to their standardization, availability, and ease of synthesis.

Outline the design of a servomechanism capable of following a constant velocity input with zero
steady state error and approximately 25% maximum overshoot in the transient state. The fixed
plant is given by G, = 50/5%(s + 5).

Since the plant is type 2, it is capable of following a constant velocity input with zero steady state error
(see Chapter 9). However, the closed-loop system is unstable for any value of gain factor (see Example
12.6). Since no demands on bandwidth have been made, lead compensation should be sufficient (again see
Example 12.6) to stabilize the system and meet the transient specification. But two lead networks in series
are probably required because the phase margin of the unstable system is negative, and 25% overshoot is
equivalent to about +45° phase margin. Most standard lead networks have a maximum phase lead of
approximately 54° (see Fig. 16-2).

Detailed design would be very tedious using Nyquist analysis, if performed manually, because the
Polar Plot usually must be drawn in some detail several times before converging to a satisfactory solution.
If a computer is not available to facilitate this process, this problem may be solved much more easily using
the design methods introduced in Chapters 14, 16, and 18. Actually, two compensating lead networks, each
with a transfer function of approximately P, = (s + 3)/(s + 20), would satisfy the specifications. If the
maximum steady state acceleration error were also specified, a preamplifier would be required with the lead
networks. For example, if X, = 50, then a preamplifier of gain 5(20/3)* would be needed. This preamplifier
should be placed between the two lead networks to prevent, or minimize, loading effects (see Section 8.7).

Outline a design for a unity feedback system with a plant given by

G 2000
27 s(s+5)(s+10)

and the performance specifications:

(1) ¢pm=45°
) K,=50.
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(3) The bandwidth BW of the compensated system must be approximately equal to or not
much greater than that of the uncompensated system, because high-frequency “noise”
disturbances are present under normal operating conditions.

(4) The compensated system should not respond sluggishly; that is the predominant time
constant 7 of the system must be maintained at a value approximately the same as that of
the uncompensated system.

A simple calculation clearly shows that the uncompensated system is unstable (e.g., try the Routh test).
Therefore compensation is mandatory. But due to the stringent nature of the specifications, a detailed
design for this system using Nyquist techniques requires too much effort, if done manually. The techniques
of the next few chapters provide a much simpler solution. However, analysis of the problem statement
indicates the kind of compensation needed.

For G,, K. =lim, _ ;sG,(s) = 40. Therefore satisfaction of (2) requires a gain compensation of 5/4.
But an increase in gain only makes the system more unstable. Therefore additional compensation is
necessary. Lead compensation is probably inadequate due to (3), and lag compensation is not possible due
to (4). Thus it appears that a lag-lead network and an amplifier would most likely satisfy all criteria. The lag
portion of the lag-lead network would satisfy (3), and the lead portion (4) and (1).

What is the effect on the Polar Plot of the system

ﬁ(s+z,)
GH = 5—
[T(s+p)

i=1
where m<n, 0<z,<c0, 05p, <oo, when k finite nonzero poles are included in GH, in
addition to the original n poles?

For low frequencies the Polar Plot is modified in magnitude only, since

ITI(S+Z|) ﬁzi 1

lim GH' = lim | 35 =2 =| 54— | imGH

50 s—0 n+k n+k

—~0
[T(s+p) e \Tln)’
jom 1 i=1 i=1

For high frequencies addition of k poles reduces the phase angle of GH by k /2 radians, since

m w n+k w

lim argGH'(w) = Lim [Z tan“(—) -Y tan“(—)]
w=* 00 W00 | iuy M jm1 Pi
mn  (n+k)n i GH km
= Y

Therefore the portion of the Polar Plot near the origin is rotated clockwise by k7 /2 degrees when k poles
are added.

Draw the Polar Plot of the digital lag compensator given by Equation (72.4):
1-p\[z-2,
PLag(z)=(l_zc)[z_pc] Zc<pc

Let z_=0.86 and p.=0.97, to simplify the task.
At w=0, P =P (eT)=P  ,(1)=1 At wT=m,
;. l—p( _l_z(' 1—zt'pf~(p('_zc)
PLag(ej") = = _ _
lwz(' _l—pl 1 Z(‘p(‘+(p(' z()
At a few intermediate values, P, (e/*)=0.02-;0.03 and Py (e/"/?)=02-;0.012. The resulting

Polar Plot, for 0 < wT < # radians is shown in Fig. 12-26. It is instructive to compare this Polar Plot of the
digital lag compensator with its continuous-time equivalent in Fig. 12-11.

=¢c=02
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Im Py,

0.175 1
0.15¢
0.125
0.1
0.075
0.05 1
0.025 w=0 w=n/T

+ 14

02 041 06 08 RePy,
a/b

Fig. 12-26

12.13. Draw the Polar Plot of the particular digital lead compensator:

= (1) |

oF a\({l—e®T\[1-e"¢T\ a
PLcad(eI )=PLcad(1)=(;) —aT —bT =Z<1

1-¢ l1-e

where a < b.

We have

The remainder of the plot has been drawn by computer, by evaluating P; 4(1/¢) for values of the angle ¢
in the range 0 < ¢ < = radians, for specific values a =1 and b= 2. The result is given in Fig. 12-27, which
should be compared with Fig. 12-6, the Polar Plot of a continuous system lead network.

Im Preaq

Re PLeud
-0.1 1

—02 4
—03 4
~04 4

-0.5 4

Fig. 12-27

This form of the general digital lead compensator, given in Equation (6.9), has a gain factor

K all—e T
Lead bl1- e—aT
This compensator is a direct digital analog of the continuous lead compensator P, .4 = (s + a)/(s + b), in

which the zeros and poles at —a and — b in the s-plane have been transformed directly into zeros and poles
in z-plane z, = e “7 and p, = "7, and the steady state gain (at w = 0) has been preserved as a/b.

12.14. The closed-loop continuous system with both gain factor and lead compensation shown in Fig.
12-28 is stable, with a damping ratio { = 0.7 and dominant time constant 7=4.5 sec (see
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Lead Gain
Network Attenuator Plant

Fig. 12-28

Sections 4.13 and 10.4). Redesign this system, replacing the controller (including summing
junction) with a digital computer, and any other needed components for analog-digital data
conversion. The new system should have approximately the same dynamic characteristics.

The sampling rate of the digital components must be sufficiently fast to reproduce the signals
accurately. The natural frequency w, is estimated from Equation (10.7) as w, = 1/é7=1/(0.7)(4.5) = 0.317
rad/sec. For a continuous system with this «,, a safe angular sampling frequency w, = 20w, = 6.35 = 27
rad/sec, equivalent to f, =1 Hz, because w, = 2xf,. Therefore we choose T=1 sec.

We now replace the continuous lead compensator by the digital lead compensator given in Problem

12.13:
a\[1—e T\ z—e T
PLcad(Z)’_‘(E) loe |77

z—0.82]

=(.55
[ z—-0.14

where a=02 and b=2 from Fig. 12-28. The factor of 0.55 can be obtained with the gain factor

compensator for the continuous system, K =0.81, yielding an overall factor of 0.55 (0.81) =0.45. The

resulting design also needs samplers in the feedback and the input paths, and a zero-order hold in the

forward path, all as shown in Fig. 12-29.

Digital Computer Zero-Order
P S S Hold Plant
| I
(r)

r—/L“_J.:..‘ Sy S k) [T
= i 2.7 045 } Bress 20t
I'=1sec Y 013 | R

| _ | S —
oo J
clk) AN
T=1sec
Fig. 12-29

The digital transfer function P;.4(z) can be implemented for digital computation as a difference
equation between the input and output of P4, using the methods described in Section 4.9. That is, write
P ..q(2) as a function of z7! instead of z, and treat z~! as a unit time-shift operator. Combining the gain
factor 0.45 with P4, we obtain

o4sp 045-039"  u(k)
TPLed Ty 014z 1 T r(k) —c(k)

Then, cross-multiplying terms and letting z 'u(k) = u(k — 1), etc., we obtain the desired difference
equation:

u(k) =0.14u(k—1) +0.45[r(k) —c(k)] - 039 r(k—1) — c(k-1)]

12.15. Digitize the remaining continuous components in Fig. 12-29 and compare the Polar Plot of: (a)
the original continuous plant without compensation, G,(s)=1/s?%, (b) the compensated system
of Fig. 12-28, G,G,(s), and (c) the digital system of Fig. 12-30, G,G,(z).
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The combination of the zero-order hold and the plant G,(s)=1/s? can be digitized using Equation

(6.9):
- (TPl ()]

_-LZ( z+1 )_0.5(z+1)
(z-1) (z-1)°

2
The closed-loop discrete-time equivalent system is shown in Fig. 12-30.
Nyquist Stability Plots (not shown) would indicate that the compensated systems are absolutely stable.
To check relative stability, the Polar Plots of the three systems are shown superimposed in Fig. 12-31, for
« > 0 only. The phase margin of G,G,(s) is $py = 53°, a substantial improvement over that of G,(s). The
Polar Plots for G,G,(s) and G,G,(z) are quite similar, over a wide range of «, and the phase margin for
G,G,(z2) is still quite good, ¢py = 37°.

Im
!
/GZ(.S) =1/5? ) B
-8 -6 -4 -2 Re

_1 4

G,Gy(2) )

A -3

G,G,is)

-4

—54
Fig. 12-31

12.16. Determine the closed-loop system bandwidth BW of the compensated system designed in

fad i3

Mathcad

Example 12.7.

Performance specification 3 was given in terms of the gain crossover frequency w,, as w; > 10 rad/sec.
This may appear somewhat unrealistic, or artificial, given that a specific phase margin ¢, =[180 +
arg GH(w,)] degrees was also given in performance specification 2. Actually, the bandwidth (BW) of the
closed-loop system would be the more likely frequency of interest in control system design. (These design
criteria are discussed in Chapter 10.) However, as noted in Section 10.4, it is often the case that w, is a
good approximation of the closed-loop system bandwidth BW, when it is given its common interpretation
as the range of frequencies over which the magnitude ratio of the system, which in this case means |C/R|,
does not fall more than 3 db from its steady state value, at @ =0 (z = 1). For this problem

1.59( z - 0.86)
ST G0
_ 3(z+1)(z2+1%)
2 8z(z+1)
C_ GG

R 1+GG,
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12.17.

12.18.

12.19.

12.20.

12.21.

12.22.

12.23.

12.17.

12.18.

12.21.

12.22.

NYQUIST DESIGN [CHAP. 12

We easily find that

li ( C) li < 1

m —_ = m —_ =

tim () = 5 5

Now, 3 db down from 1 is 0.707 [see Equation (/0.5)]. Therefore the BW is the frequency wpgy, that satisfies
the equation:

C
= (@sw) [ =0.707

We quickly obtain the solution wyy, = 10.724 rad /sec by trial and error using a computer to evaluate the
magnitude ratio at a few values of w in the vicinity of w, =10. Thus the approximation w, = wpy, is
confirmed as a good one for the problem solved in Example 12.7.

Supplementary Problems
Determine a positive value of gain factor K when M, =2 for the system of Problem 12.5.
Prove Equation (12.1).
Prove Equations (/2.2) and (/2.3).

Design a compensator which yields a phase margin of approximately 45° for the system defined by
GH =84/s(s + 2)(s + 6).

Design a compensator which yields a phase margin of about 40° and a velocity constant K, = 40 for the
system defined by GH = (4 X 10%) /s(s + 20)(s + 100).

What kind of compensation can be used to yield a maximum overshoot of 20% for the system defined by
GH = (4 X 10%) /5% (s + 100)?

Show that the addition of k finite zeros (z, # 0) to the system of Problem 12.11 rotates the high-frequency
portion of the Polar Plot by k7 /2 radians in the counterclockwise direction.

Answers to Some Supplementary Problems

K=312

P s+ 30
Lead ™ ¢ 4120

s+ 20

.4 = ———, no preamplifier required
Lead 5+ 100 p p q

Lag-lead, and possibly lead plus gain factor compensation.



Chapter 13

Root-Locus Analysis

13.1 INTRODUCTION

It was shown in Chapters 4 and 6 that the poles of a transfer function can be displayed graphically
in the s-plane or z-plane by means of a pole-zero map. An analytical method is presented in this chapter
for displaying the location of the poles of the closed-loop transfer function

G
1+GH

as a function of the gain factor K (see Sections 6.2 and 6.6) of the open-loop transfer function GH. This
method, called root-locus analysis, requires that only the location of the poles and zeros of GH be
known, and does not require factorization of the characteristic polynomial.

Root-locus techniques permit accurate computation of the time-domain response in addition to
yielding readily available frequency response information.

The following discussion of root-locus analysis applies identically to continuous systems in the
s-plane and discrete-time systems in the z-plane.

13.2 VARIATION OF CLOSED-LOOP SYSTEM POLES: THE ROOT-LOCUS

Consider the canonical feedback control system given in Fig. 13-1. The closed-loop transfer
function is

H =

Fig. 13-1

Let the open-loop transfer function GH be represented by

KN
GH= —
D
where N and D are finite polynomials in the complex variable s or z and K is the open-loop gain

factor. The closed-loop transfer function then becomes
C G GD

R 1+KN/D D+KN

The closed-loop poles are roots of the characteristic equation
D+KN=0 (13.1)
In general the location of these roots in the s-plane or z-plane changes as the open-loop gain factor X is
varied. A locus of these roots plotted in the s-plane or z-plane as a function of K is called a root-locus.

For K equal to zero, the roots of Equation (13.7) are the roots of the polynomial D, which are the
same as the poles of the open-loop transfer function GH. If K becomes very large, the roots approach

319



it

320 ROOT-LOCUS ANALYSIS [CHAP. 13

those of the polynomial N, the open-loop zeros. Thus, as X is increased from zero to infinity, the loci of
the closed-loop poles originate from the open-loop poles and terminate at the open-loop zeros.

EXAMPLE 13.1. Consider the continuous system open-loop transfer function
KN(s) K(s+1) K(s+1)
D(s)  s2+2s  s(s+2)

GH =

For H =1, the closed-loop transfer function is
C K(s+1)

R =sz+2s+K(s+l)

The closed-loop poles of this system are easily determined by factoring the denominator polynomial:

p=-12+K)+{1+1iK?
=424 K) - 11K

The locus of these roots plotted as a function of K (for K > 0) is shown in the s-plane in Fig. 13-2. As observed in
the figure, this root-locus has two branches: one for a closed-loop pole which moves from the open-loop pole at the
origin to the open-loop zero at —1, and from the open-loop pole at — 2 to the open-loop zero at — co.

4w

HJ

—~OK = =
+K=15

al

K =0

Fig. 13-2

In the example above, the root-locus is constructed by factoring the denominator polynomial of the
system closed-loop transfer function. In the following sections, techniques are described which permit
construction of root-loci without the need for factorization.

13.3 ANGLE AND MAGNITUDE CRITERIA

In order for a branch of a root-locus to pass through a particular point p, in the complex plane, it
is necessary that p, be a root of the characteristic Equation (/3.1) for some real value of K. That is,

D(p,) +KN(p,)=0 (13.2)
KN
or, equivalently, GH= % =—-1 (13.3)
1

Therefore the complex number GH( p,) must have a phase angle of 180° + 360/°, where / is an
arbitrary integer. Thus we have the angle criterion

arg GH( p,) = 180° + 360/° = (2/ + 1) = radians 1=0,+1,+2,... (13.4a)

which can also be written as

N .
a [ (P1)]={(21+1)wrad1ans for K>0 1=0 +1.42,... (13.4b)

ro| — 2~
g D(p,) 2I7 radians for K<0
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In order for p, to be a closed-loop pole of the system, on the root-locus, it is necessary that
Equation (/3.3) be satisfied with regard to magnitude in addition to phase angle. That is, X must have
the particular value that satisfies the magnitude criterion: |GH( p,)|=1, or

D(p,)
N(p))

The angle and magnitude of GH at any point in the complex s- or z-plane can be determined
graphically as described in Sections 4.12 and 6.5. In this way, it is possible to construct the root-locus
manually by a trial-and-error procedure of testing points in the complex plane. That is, the root-locus is
drawn through all points which satisfy the angle criterion, Equation (/3.4b), and the magnitude
criterion is used to determine the values of K at points along the loci. Digital computer programs for
routinely plotting root-loci are widely available. However, manual construction is simplified consider-
ably, using certain shortcuts or construction rules as described in the following sections.

IK|= (13.5)

134 NUMBER OF LOCI

The number of loci, that is, the number of branches of the root-locus, is equal to the number of
poles of the open-loop transfer function GH (for n = m).

EXAMPLE 13.2. The open-loop transfer function of the discrete-time system GH(z) = K(z + })/z*(z + }) has
three poles. Hence there are three loci in the root-locus plot.

13.5 REAL AXIS LOC1

Those sections of the root-locus on the real axis in the complex plane are determined by counting
the total number of finite poles and zeros of GH to the right of the points in question. The following
rule depends on whether the open-loop gain factor K is positive or negative,

Rule for K >0
Points of the root-locus on the real axis lie to the left of an odd number of finite poles and zeros.

Rule for K <0
Points of the root-locus on the real axis lie to the left of an even number of finite poles and zeros.

If no points on the real axis lie to the left of an odd number of finite poles and zeros, then no
portion of the root-locus for K > 0 lies on the real axis. A similar statement is true for K <0.

EXAMPLE 13.3. Consider the pole-zero map of an open-loop transfer function GH shown in Fig. 13-3. Since all
the points on the real axis between 0 and —1 and between —1 and -2 lie to the left of an odd number of finite
poles and zeros, these points are on the root-locus for K > 0. The portion of the real axis between — oo and — 4 lies
to the left of an odd number of finite poles and zeros; hence these points are also on the root-locus for K > 0. All
portions of the root-locus for K> 0 on the real axis are illustrated in Fig. 13-4. All remaining portions of the real
axis, that is, between —2 and —4 and between 0 and o0, lie on the root-locus for K < 0.
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13.6 ASYMPTOTES

For large distances from the origin in the complex plane, the branches of a root-locus approach a
set of straight-line asymptotes. These asymptotes emanate from a point in the complex plane on the real
axis called the center of asymptotes o, given by

n m
Y- 2z
i=1 i=1
0=-—"
e n—m (13.6)
where —p, are the poles, —z; are the zeros, n is the number of poles, and m the number of zeros of
GH.

The angles between the asymptotes and the real axis are given by

(27+1)180
EEP— degrees for K>0
A= (21)180 (137)
degrees for K<0
n—m
for 1=0,1,2,..., n — m~ 1. This results in a number of asymptotes equal to n — m.

EXAMPLE 13.4. The center of asymptotes for GH = K(s + 2)/s%(s + 4) is located at
4-—
g .= = T =-1
Since n — m =3 — 1 =2, there are two asymptotes. Their angles with the real axis are 90° and 270°, for K > 0, as
shown in Fig. 13-5.

l ju

90° Double pole
o ™~
o 270/:;\\

13.7 BREAKAWAY POINTS

A breakaway point o, is a point on the real axis where two or more branches of the root-locus
depart from or arrive at the real axis. Two branches leaving the real axis are illustrated in the root-locus
plot in Fig. 13-6. Two branches coming onto the real axis are illustrated in Fig. 13-7.

4 Im 4 Im

%

e

l Re Re

Fig. 13-6 Fig. 13-7

The location of the breakaway point can be determined by solving the following equation for o,:
n 1 m 1
)> =X

1 le+p) D (op+2z)

where —p, and —z, are the poles and zeros of GH, respectively. The solution of this equation requires

(13.8)
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factorization of an (n + m — 1)-order polynomial in ¢,. Consequently, the breakaway point can only be
easily determined analytically for relatively simple GH. However, an approximate location can often be
determined intuitively; then an iterative process can be used to solve the equation more exactly (see
Problem 13.20). Computer programs for factorization of polynomials could also be applied.

EXAMPLE 13.5. To determine the breakaway points for GH = K/s(s + 1)(s + 2), the following equation must be
solved for a,:
1 1 1

—+ =0
g, o,+1 o,+2

(0,+1)(a,+2) +0,(0,+2) +0,(0,+1)=0

which reduces to 367 + 60, + 2 = 0 whose roots are o, = —0.423, ~ 1.577.

Applying the real axis rule of Section 13.5 for K > 0 indicates that there are branches of the root-locus between
0 and —1 and between —oo and —2. Therefore the root at —0.423 is a breakaway point, as shown in Fig. 13-8.
The value o, = —1.577 represents a breakaway on the root-locus for negative values of K since the portion of the
real axis between —1 and —2 is on the root-locus for K < 0.

Fig. 13-8

13.8 DEPARTURE AND ARRIVAL ANGLES
The departure angle of the root-locus from a complex pole is given by
0,=180° + arg GH’ (13.9)
where arg GH’ is the phase angle of GH computed at the complex pole, but ignoring the contribution of

that particular pole.

EXAMPLE 13.6. Consider the continuous system open-loop transfer function
K(s+2)
T (s+144)(s+1-j)

GH K>0

The departure angle of the root-locus from the complex pole at s = —1 +; is determined as follows. The angle of
GH for s = —1 + j, ignoring the contribution of the pole at s = —1 + j, is —45°. Therefore the departure angle is
0, =180° — 45° =135°

and is illustrated in Fig. 13-9.

\"135° 4 je
-

Q¥

b
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The angle of arrival of the root-locus at a complex zero is given by
8, =180° — arg GH” (13.10)

where arg GH” 1s the phase angle of GH at the complex zero, ignoring the effect of that zero.

EXAMPLE 13.7. Consider the discrete-time system open-loop transfer function

K(z+j)(z-))

K>0
z2(z+1) g

The arrival angle of the root-locus for the complex zero at z=j is 6, = 180° — (—45°) = 225° as shown in
Fig. 13-10.

Jv
225°
j
-1 "
-
Fig. 13-10

13.9 CONSTRUCTION OF THE ROOT-LOCUS

A root-locus plot may be easily and accurately sketched using the construction rules of Sections
13.4 through 13.8. An efficient procedure is the following. First, determine the portions of the root-locus
on the real axis. Second, compute the center and angles of the asymptotes and draw the asymptotes on
the plot. Then determine the departure and arrival angles at complex poles and zeros (if any) and
indicate them on the plot. Next, make a rough sketch of the branches of the root-locus so that each
branch of the locus either terminates at a zero or approaches infinity along one of the asymptotes. The
accuracy of this last step should of course improve with experience.

The accuracy of the plot may be improved by applying the angle criterion in the vicinity of the
estimated branch locations. The rule of Section 13.7 can also be applied to determine the exact location
of breakaway points.

The magnitude criterion of Section 13.3 is used to determine the values of K along the branches of
the root-locus.

Since complex poles must occur in complex conjugate pairs (assuming real coefficients for the
numerator and denominator polynomials of GH ), the root-locus is symmetric about the real axis. Thus
it is sufficient to plot only the upper half of the root-locus. However, it must be remembered that, in
doing this, the lower halves of open-loop complex poles and zeros must be included when applying the
magnitude and angle criteria.

Often, for analysis or design purposes, an accurate plot of the root-locus is required only in certain
regions of the complex plane. In this case, the angle and magnitude criteria need only be applied in
those regions of interest after a rough sketch has established the general shape of the plot. Of course, if
a computer and appropriate software are available, plotting of even very complex root-loci can be a
simple matter.

EXAMPLE 13.8. The root-locus for the closed-loop continuous system with open-loop transfer function

H=——"""7—— K>0

s(s+2)(s+4)
is constructed as follows. Applying the real axis rule of Section 13.5, the portions of the real axis between 0 and —2
and between —4 and — co lie on the root-locus for K > 0. The center of asymptotes is determined from Equation
(13.6) tobe g, = —(2+ 4)/3 = —2, and there are three asymptotes located at angles of 8 = 60°, 180°, and 300°.
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Since two branches of the root-locus for K > 0 come together on the real axis between 0 and — 2, a breakaway
point exists on that portion of the real axis. Hence the root-locus for K > 0 may be sketched by estimating the
location of the breakaway point and continuing the branches of the root-locus to the asymptotes, as shown in Fig.
13-11. To improve the accuracy of this plot, the exact location of the breakaway point is determined from Equation
(13.8):

1 1 1

—+ + =0
g, o,+2 o,+4

which simplifies to 3a7 + 120, + 8 = 0. The appropriate solution of this equation is 6, = —0.845.

|
)
a¥

Fig. 13-11

The angle criterion is applied to points in the vicinity of the approximate root-locus to improve the accuracy of
the location of the branches in the complex part of the s-plane; the magnitude criterion is used to determine the
values of K along the root-locus. The resulting root-locus plot for K > 0 is shown in Fig. 13-12.

Jju ly
<+ }2

Hil

K =48
+K=15
4+K=1

ay

<+ _}l

Fig. 13-12

The root-locus for K < 0 is constructed in a similar manner. In this case, however, the portions of the real axis
between 0 and oo and between —2 and —4 lie on the root-locus; the breakaway point is located at —3.155; and
the asymptotes have angles of 0°, 120°, and 240°. The root-locus for K < 0 is shown in Fig. 13-13.
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i1

=7

+ K =
YK =15

-i14

Fig. 13-13

13.10 THE CLOSED-LOOP TRANSFER FUNCTION AND THE TIME-DOMAIN RESPONSE

The closed-loop transfer function C/R is easily determined from the root-locus plot for a specified
value of open-loop gain factor K. From this, the time-domain response c¢(7) may be determined for a
given Laplace transformable input r(¢) for continuous systems by inversion of C(s). For discrete
systems, c(k) can be similarly determined by inversion of C(z).

Consider the closed-loop transfer function C/R for the canonical unity (negative) feedback system

c_¢ (13.11)

R 1+G '
Open-loop transfer functions which are rational algebraic expressions can be written (for continuous
systems) as

_K_N_K(s+z,)(s+zz)---(s+zm)
T D (s+p)(s+py)--(s+p,)

G has the same form for discrete-time systems, with z replacing s in Equation (/3.12). In Equation
(13.12), —z; are the zeros, —p, are the poles of G, m < n, and N and D are polynomials whose roots
are —z; and —p,, respectively. Then

(13.12)

C KN
R D+KN

(13.13)

and it is clear that C/R and G have the same zeros but not the same poles (unless K = 0). Hence

E_ K(s+z)(s+2y)--(s+2,)
R (s+a)(s+ay) - (s+a,)

where —a, denote the n closed-loop poles. The location of these poles is by definition determined
directly from the root-locus plot for a specified value of open-loop gain K.

ol
»&d EXAMPLE 13.9. Consider the continuous system whose open-loop transfer function is

G= K(s+2)

3 K>0
(s+1)

The root-locus plot is given in Fig. 13-14.
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Several values of gain factor K are shown at points on the loci denoted by small iriangles. These points are the
closed-loop poles corresponding to the specified values of K. For K = 2, the closed-loop poles are —a; = —2 +j and

—a, = —2 —j. Therefore
C 2s+2)

R (s+2+,)(s+2—))

When the system is not unity feedback, then

C G
R 1+GH

KN

and GH=7

(13.14)

(13.15)

The closed-loop poles may be determined directly from the root-locus for a given K, but the
closed-loop zeros are not equal to the open-loop zeros. The open-loop zeros must be computed

separately by clearing fractions in Equation (/3.14).

EXAMPLE 13.10. Consider the continuous system described by

G K(s+2) 1 K(s+2)
s+1 s+1 T (s+1)°

c K(s+1)(s+2) _K(s+1)(s+2)

and —

R (s+1¥+Kk(s+2) (+a)(s+a)

The root-locus plot for this example is the same as that for Example 13.9. Hence for K=2, o =2+ and

a, =2 —j. Thus
C 2(s+1)(s+2)

R (s+2+))(s+2-))

EXAMPLE 13.11. For the discrete-time system with GH(z) = K/z(z — 1), the root-locus for K> 0 is shown in
Fig. 13-15. For K = 0.25, the roots are at z = 0.5 and the closed-loop transfer function is

C 0.25

Fig. 13-15
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13.11 GAIN AND PHASE MARGINS FROM THE ROOT-LOCUS

The gain margin is the factor by which the gain factor X can be multiplied before the closed-loop
system becomes unstable. It can be determined from the root-locus using the following formula:

value of K at the stability boundary

gain margin = (13.16)

design value of K
where the stability boundary is the jw-axis in the s-plane, or the unit circle in the z-plane. If the
root-locus does not cross the stability boundary, the gain margin is infinite.

EXAMPLE 13.12. Consider the continuous system in Fig. 13-16. The design value for the gain factor is 8,
producing the closed-loop poles (denoted by small triangles) shown in the root-locus of Fig. 13-17. The gain factor
at the jw-axis crossing is 64; hence the gain margin for this system is 64,/8 = 8.

Lj2
Rt~ 8 Ci. '
(s + 2)3 3 poles r 71
= K = 8 .
i p
—jt1
+-j2
Fig. 13-16 Fig. 13-17

EXAMPLE 13.13. The root-locus for the discrete-time system of Example 13.11 crosses the stability boundary
(unit circle) for K= 1. For a design value of K = 0.25, the gain margin is 1,/0.25 = 4.

The phase margin can also be determined from the root-locus. In this case it is necessary to find the
point w, on the stability boundary for which |GH|=1 for the design value of K that is,

|D(wl)/N(w1)| = Kdesign

It is usually necessary to use a trial-and-error procedure to locate w,. The phase margin is then
computed from arg GH(w,) as

dpm = [180° + arg GH(w, )] degrees (13.17)

EXAMPLE 13.14. For the system of Example 13.12, |GH(w,)|=(8/(jw; + 2)*| = 1 when w, = 0; the phase angle
of GH(0) is 0°. The phase margin is therefore 180°.

EXAMPLE 13.15. For the continuous system of Fig. 13-18, the root-locus is shown in Fig. 13-19. The point on
the jw-axis for which |GH({w)|=[24/jw,(jw; + H)2|=1 is at «; = 1.35; the angle of GH(1.35) is —129.6°.
Therefore the phase margin is ¢py = 180° — 129.6° = 50.4°.

R = 1 C
. s(s + 4)2

Fig. 13-18
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;
ay

-j1
—j2

Fig. 13-19

13.12 DAMPING RATIO FROM THE ROOT-LOCUS FOR CONTINUOUS SYSTEMS

The gain factor K required to give a specified damping ratio { (or vice versa) for the second-order
continuous system

____ Kk
- (s+p)s+p,)

is easily determined from the root-locus. Simply draw a line from the origin at an angle of plus or minus
8 with the negative real axis, where

GH K.p.p,>0

8=cos1¢ (13.18)

(See Section 4.13.) The gain factor at the point of intersection with the root-locus is the required value
of K. This procedure can be applied to any pair of complex conjugate poles, for systems of second or
higher order. For higher-order systems, the damping ratio determined by this procedure for a specific
pair of complex poles does not necessarily determine the damping (predominant time constant) of the
system.

EXAMPLE 13.16. Consider the third-order system of Example 13.15. The damping ratio { of the complex poles
for K = 24 is easily determined by drawing a line from the origin to the point on the root-locus where K = 24, as
shown in Fig. 13-20. The angle 6 is measured as 60°; hence

{=cosf=05

This value of { is a good approximation for the damping of the third-order system with K= 24 because the
complex poles dominate the response.

Jo
K =24 2
K =24 . 605 L
5 . '—1.33\ jl k3
Fig. 13-20
Solved Problems

VARIATION OF SYSTEM CLOSED-LOOP POLES

13.1. Determine the closed-loop transfer function and the characteristic equation of the unity negative
feedback control system whose open-loop transfer function is G = K(s+ 2)/(s + 1)}(s + 4).
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The closed-loop transfer function is

C G K(s+2)
R 1+G (s+1)(s+4) +K(s+2)

The characteristic equation is obtained by setting the denominator polynomial equal to zero:

(s+1)(s+4)+K(s+2)=0

13.2. How would the closed-loop poles of the system of Problem 13.1 be determined for K = 2 from its
root-locus plot?

The root-locus is a plot of the closed-loop poles of the feedback system as a function of K. Therefore
the closed-loop poles for K = 2 are determined by the points on the root-locus which correspond to K =2
{one point on each branch of the locus).

13.3. How can a root-locus be employed to factor the polynomial 52 + 65 + 18?

Since the root-locus is a plot of the roots of the characteristic equation of a system, Equation (/3.1), as
a function of its open-loop gain factor, the roots of the above polynomial can be determined from the
root-locus of any system whose characteristic polynomial is equivalent to it for some value of K. For
example, the root-locus for GH = K/s(s + 6) factors the characteristic polynomial 52 + 6s + K. For K =18
this polynomial is equivalent to the one we desire to factor. Thus the desired roots are located on this
root-locus at the points corresponding to K = 18.

Note that other forms for GH could be chosen, such as GH = K/(s + 2)(s + 4) whose closed-loop
characteristic polynomial corresponds to the one we wish to factor, but now for X = 10.

ANGLE AND MAGNITUDE CRITERIA

13.4. Show that the point p, = —0.5 satisfies the angle criterion, Equation (/3.4), and the magnitude
£+ criterion, Equation (/3.5), when K = 1.5 in the open-loop transfer function of Example 13.1.

GH K(p+1 1.5(0.5) 180° \GH | 1.5(0.5) )
arg GH(p,) = amg oy =¥ 551y (P)l=|=5509 |
D —-0.5(1.5
or (p) =l U9 _ ook
N(p)) 0.5
Thus as illustrated on the root-locus plot of Example 13.1, the point p, = —0.5 is on the root-locus and is a

closed-loop pole for K=1.5.

13.5. Determine the angle and magnitude of GH( j2) for GH = K/s(s + 2)?. What value of K satisfies
IGH(j2)|=1?

LIy

GH(j2) = 2% " 16

argcﬂ(jz)={‘"‘°° for K>0 |GH(;2)|=

j2Aj2+2)? 0° for K<0

and for |GH(j2)| =1 it is necessary that | K| = 16.

13.6. Illustrate the graphical composition of arg GH( j2) and |GH( j2)|in Problem 13.5.

K] K]

arg GH( j2) = ~90° — 45° — 45° = —180° |GH(j2)| = ——— = —
A7) 16
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Fig. 13-21

13.7. Show that the point p, = —1 +¥3 is on the root-locus for
K

CHG) = T DG D+ 9)

and determine K at this point.

ar N(Pl) —ar 1
E0(p) a1+ 43)(3+43)

The angle criterion, Equation (/3.4b), is thus satisfied for K> 0 and the point p; = -1+ jﬂ is on the
root-locus. From Equation (/3.5),

|03 )
1

= —90° - 60° — 30° = - 180°

= /3412 =12

NUMBER OF LOCI
13.8. Why must the number of loci equal the number of open-loop poles for m < n?

Each branch of the root-locus represents the locus of one closed-loop pole. Consequently there must be
as many branches or loci as there are closed-loop poles. Since the number of closed-loop poles is equal to
the number of open-loop poles for m < n, the number of loci must equal the number of open-loop poles.

13.9. How many loci are in the root-locus for
K(z+3)(z+}4)
2(z+3+j/2)(z~5-j/2)

Since the number of open-loop poles is three, there are three loci in the root-locus plot.

GH(z) =

REAL AXIS LOCI
13.10. Prove the real axis loci rules.

For any point on the real axis, the angle contributed to arg GH by any real axis pole or zero is either
0° or 180°, depending on whether or not the point is to the right or to the left of the pole or zero. The total
angle contributed to arg GH(s) by a pair of complex poles or zeros is zero because

arg(s+ o, +jw,) + arg(s + 0; — jw,) =0
for all real values of s. Thus arg GH(s) for real values of s (s = ¢) may be written as
arg GH(6) = 180n, + arg K

where n, is the total number of finite poles and zeros to the right of o. In order to satisfy the angle
criterion, n, must be odd for positive K and even for negative K. Thus for K > 0, points of the root-locus
on the real axis lie to the left of an odd number of finite poles and zeros; and for K <0, points of the
root-locus on the real axis lie to the left of an even number of finite poles and zeros.
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13.11. Determine which parts of the real axis are on the root-locus of
K(s+2)
s+ D(s+34j)(s+3—))

The points on the real axis which lie to the left of an odd number of finite poles and zeros are only
those points between —1 and —2. Therefore by the rule for K > 0, only the portion of real axis between
—1 and -2 lies on the root-locus.

GH K>0

13.12. Which parts of the real axis are on the root-locus for
K

H= ——
s(s+1)(s+2)

Points on the real axis between 0 and —1 and between —1 and -2 lie to the left of an odd number of
poles and zeros and therefore are on the root-locus for K > 0.

K>0

ASYMPTOTES
13.13. Prove that the angles of the asymptotes are given by

(2/+1)180

P degrees for K>0

= 13.7
A (27)180 ( )
——— degrees for K<0
n—m

For points s far from the origin in the s-plane, the angle contributed to arg GH by each of m zeros is
arg(s + z:)'|s|>|z,| = arg(s)

Similarly, the angle contributed to arg GH by each of n poles is approximately equal to — arg(s). Therefore

MOl - (-
8 50s) =—(n-m)-arg(s)=-(n—m)B

where B8 = arg(s). In order for s to be on the root-locus the angle criterion, Equation (73.4b), must be
satisfied. Thus

N(s) ( Y (2{+ )7 for K>0
= —{n— =
28 D5 i (1) for K<0
and, since + = radians ( +180°) are the same angle in the s-plane, then
(21+1)180
—— degrees for K>0
B - n—m
(2/)180
degrees for K<0
n—m

The proof is similar for the z-plane.

13.14. Show that the center of asymptotes is given by

Z Pi— ZZI
o= — ‘=1 (13.6)
n—m

The points on the root-locus satisfy the characteristic equation D+ KN =0, or
FLES, WIPY Lonb NSRRI S K(s’" +a,_s" +a0) =0
Dividing by the numerator polynomial N(s), this becomes

S+ By =) s"T T 4K =0
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(same for the z-plane, with z replacing s). When the first coefficient of a polynomial is unity, the second
coefficient is equal to minus the sum of the roots (see Problem 5.26). Thus from D(s)=0, b,_, =X[_, p;.
From N(s)=0, a,,_, =X™,z; and —(b,_, —a,_,) is equal to the sum of n — m roots of the characteris-
tic equation.

Now for large values of K and correspondingly large distances from the origin these n —m roots
approach the straight-line asymptotes and, along the asymptotes, the sum of the n — m roots is equal to
~(b,_, — a,,_,). Since b,_, — a,,_, is a real number, the asymptotes must intersect at a point on the real
axis. The center of asymptotes is therefore given by the point on the real axis where n — m equal roots add
up to —(b,_; —a,_;) Thus

n m
by - Yp-Xz
n-1" 8m-1 _ =1 i=1

0. = - =
n—m n—m

For a more detailed proof, see reference [6].

13.15. Find the angles and center of, and sketch the asymptotes for

B K(s+2) 0
CH= DG+ )G +3-Nera)  °7

The center of asymptotes is

1+3+;+3—-5+4-2
%= a-1 -
There are three asymptotes located at angles of 8 = 60°, 180°, and 300° as shown in Fig. 13-22.

/ ﬂ\ jw
/ 2
/ .
x /. 2
/\604
-4 -3\-2 -1 o
X \ + —j1
\\ t -2
\
Fig. 13-22

13.16. Sketch the asymptotes for K > 0 and K <0 for

K
TG+ 2)(s+1+))(s+1—))

The center of asymptotesis 6. = ~(0+2+1+,;+1—-,)/4= -1
For K > 0, the angles of the asymptotes are f = 45°, 135°, 225°, and 315° as shown in Fig. 13-23.
For K <0, the angles of the asymptotes are 8 = 0°, 90°, 180°, and 270° as shown in Fig. 13-24.

GH

N bio | dio
N K>0 Y K<o0o |
\\ / I
x b1 x 4+
\\ // |
90°
N 5% o i\ .
-2 CIAN a s -1 o
/ N |
pd N l
s X \r\-—jl * -
// \\ I
s AN |

Fig. 13-23 Fig. 13-24
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BREAKAWAY POINTS

13.17. Show that a breakaway point 6, satisfies

i 1 n 1
— =y (13.8)
=1 (ob+p:) =1 (O’b+2,)

A breakaway point is a point on the real axis where the gain factor X along the real axis portion of the
root-locus is a maximum for poles leaving the real axis, or a minimum for poles coming onto the real axis,
(see Section 13.2). The gain factor along the root-locus is given by

D

K|=
IKI=|~

(13.5)

On the real axis, s =0 (or z=p) and the magnitude signs may be dropped becausc D(o) and N(a) are
both real. Then
D(o)

K=N)

To find the value of ¢ for which K is a maximum or minimum, the derivative of K with respect to a is set
equal to zero: )
dK d (0+p])...(a+pn)

do doj(o+z) ---(a+z,) B

By repeated differentiation and factorization, this can be written as

Kk & 1 [ D(0) & 1 D(o) B
E_,‘l(o+p,)_N(o)] E:l(o+z,) N(o)]-o

Finally, dividing both sides by D{0)/N(0) yields the required result.

13.18. Determine the breakaway point for GH = K/s(s + 3).

The breakaway point satisfies

1 1 1
+ + =0
g, o+3 o,+3

from which ¢, = — 1.

13.19. Find the breakaway point for
K(s+2)

CH = T B) s+ 1)

From Equation (/3.8),
1 1 1

+ =
a,+1+3 e +1-j/3 o,+2

which gives o] + 40, = 0. This equation has the solution 0, =0 and 0, = —4; 0, = — 4 is a breakaway point
for K> 0 and o, = 0 is a breakaway point for K < 0, as shown in Fig. 13-25.

J.r...' A }u. ‘
K>0 . 1ivs K <o N
-y EE— — - —
o -2 -1 o
| 1o

Fig. 13-25
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13.20.

Find the breakaway point between 0 and —1 for
K
H =
s(s+1)(s+3)(s+4)
The breakaway point must satisfy

1 1 1 1

—+ + + =
o, (o,+1) (0,+3) (0,+4)

0

If this equation were simplified, a third-order polynomial would be obtained. To avoid solving a third-order
polynomial, the following procedure may be used. As a first guess, assume g, = — 0.5 and use this value in
the two terms for the poles furthest from the breakaway point. Then

1 1 1 1

+ +—+-—==0
o, o, +1 25 35

which simplifies to a2 + 3.920, + 1.46 = 0 and has the root o, = —0.43 between 0 and — 1. This value is
used to obtain a better approximation as follows:

11 1 1
+ t—+——=0 2 +3.990, + 1.496 = 0 - —0.424
o, o, +1 257 3.57 % % %

The second computation did not result in a value much different from the first. A reasonable first guess
can often result in a fairly accurate approximation with only one computation.

DEPARTURE AND ARRIVAL ANGLES

13.21.

13.22.

13.23.

13.24.

i+

Mathcad

Show that the departure angle of the root-locus from a complex pole is given by
6,=180° + arg GH’ (13.9)

Consider a circle of infinitesimally small radius around the complex pole. Clearly, the phase angle
arg GH' of GH, neglecting the contribution of the complex pole, is constant around this circle. If 8,
represents the departure angle, the total phase angle of GH at the point on the circle where the root-locus
crosses it is

arg GH = arg GH' - 8,

since — 8, is the phase angle contributed to arg GH by the complex pole. In order to satisfy the angle
criterion, arg GH = arg GH' — 6, = 180° or 8, = 180° + arg GH’ since +180° and —180° are equivalent.

Determine the relationship between the departure angle from a complex pole for K > 0 with that
for K <0.

Since arg GH’ changes by 180° if K changes from a positive number to a negative one, the departure
angle for K < 0 is 180° different from the departure angle for K > 0.

Show that the arrival angle at a complex zero satisfies
f,=180° — arg GH” (13.10)

In the same manner as in the solution to Problem 13.21, the phase angle of GH in the vicinity of the
complex zero is given by arg GH = arg GH” + 8, since 8, is the phase angle contributed to arg GH by the
complex zero. Then applying the angle criterion yields 8, = 180° — arg GH"'.

Graphically determine arg GH’' and compute the departure angle of the root-locus from the
complex pole at s = —2 + for

3 K
C(s+D)(s+2—j)(s+2+))

From Fig 13-26, arg GH' = —135° — 90° = —225°; and 6, = 180° — 225° = —45° as shown in Fig.
13-27.

GH

K>0
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Juh Juwd
1 11 T + 1
_450
135°
- -1 K I v
90°
b <+ —j1 =~ T+ —j1
Fig. 13-26 Fig. 13-27

13.25. Determine the departure angles from the complex poles and the arrival angles at the complex
zeros for the open-loop transfer function

_K(s+1+)(s+1-))
T os(s+25)(s—-2))

K>0
For the complex pole at s =2 j,
arg GH’ = 45° + 71.6° — 90° — 90° = - 63.4° and 9, =180° — 63.4° =116.6°

Since the root-locus is symmetric about the real axis, the departure angle from the pole at s= —2; is
—116.6°. For the complex zero s = —1 +,

arg GH” = 90° — 108.4° — 135° —225° = —18.4°  and 6, =180° — (—18.4°) = 198.4°

Thus the arrival angle at the complex zero s= ~1 - is 8, = —198.4°.

CONSTRUCTION OF THE ROOT-LOCUS

13.26. Construct the root-locus for

i K
GH = - - K>0
Mathcad (s+1)(s+2-4)(s+2+))
The real axis from —1 to — co is on the root-locus. The center of asymptotes is at
-1-2+;-2—-j
o= 3’ I 167

There are three asymptotes (n — m = 3), located at angles of 60°, 180°, and 300°. The departure angle from
the complex pole at s = —2 + j computed in Problem 13.24 is —45°. A sketch of the resulting root-locus is
shown in Fig. 13-28. An accurate root-locus plot is obtained by checking the angle criterion at points along
the sketched branches, adjusting the location of the branches if necessary, and then applying the magnitude
criterion to determine the values of K at selected points along the branches. The completed root-locus is
shown in Fig. 13-29.

K =40

“1K - 145
K

ay

Fig. 13-28 Fig. 13-29
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13.27. Sketch the branches of the root-locus for the transfer function
K(s+2)
T +)(s+3+5)(s+3-))
The real axis between —1 and —2 is on the root-locus (Problem 13.11). There are two asymptotes with
angles of 90° and 270°. The center of asymptotes is easily computed as a. = —2.5 and the departure angle

from the complex pole at s = —3 +j as 72°. By symmetry, the departure angle from the pole at —3 - is
—72°. The branches of the root-locus may therefore be sketched as shown in Fig. 13-30.

GH K>0

Jud

Fig. 13-30

13.28. Construct the root-locus for K> 0 and K < 0 for the transfer function
[I-b K

GH =
head s(s+1)(s+3)(s+4)

For this transfer function the center of asymptotes is simply o, = —2; and n — m = 4. Therefore for
K > 0 the asymptotes have angles of 45°, 135°, 225°, and 315°. The real axis sections between 0 and —1
and between —3 and —4 lie on the root-locus for K> 0 and it was determined in Problem 13.20 that a
breakaway point is located at o, = —0.424. From the symmetry of the pole locations, another breakaway
point is located at —3.576. This can be verified by substituting this value into the relation for the
breakaway point, Equation (/3.8). The completed root-locus for K > 0 is shown in Fig. 13-31.

For K <0, the asymptotes have angles of 0°, 90°, 180°, and 270°. In this case the real axis portions
between oo and 0, between —1 and — 3, and between —4 and — o are on the root-locus. There is only one
breakaway point, located at — 2. The completed root-locus for K < 0 is shown in Fig. 13-32.

K =-40
>
1
I
=

+K=-130 t1-;3

Fig. 13-31 Fig. 13-32
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13.29. Construct the root-locus for K > 0 for the discrete system transfer function
K(z-0.J5)
(z-1)°

This root-locus has two loci and one asymptote. The root-locus lies on the real axis for z < 0.5. The
breakaway points are at z =0 and z = 1. The completed root-locus is shown in Fig, 13-33,

GH(z) =

Jv

-05 0.5 1 B

Fig. 13-33

13.30. Construct the root-locus for K > 0 for the discrete system transfer function
K
(z+0.5)(z—-1.5)

This root-locus has two branches and two asymptotes. The breakaway point and the center of
asymptotes are at z = 0.5. The root-locus is shown in Fig. 13-34.

GH(z)=

jv

Fig. 13-34

13.31. Construct the root-locus for K > 0 for the discrete-time system with H =1 and forward transfer

ﬁ function
athcad K(z+§)(z+1)
G(z) = z(z + %)(z -1)
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The system has one more pole than zero, so the root-locus has only one asymptote, along the negative
real axis. The root-locus is on the real axis between 0 and 1, between — } and — 1, and to the left of ~1.
Breakaway points are located between 0 and 1 and to the left of —1. By trial and error (or computer
solution), breakaway points are found at z = 0.383 and z = —-2.22.

The root-locus is an ellipse between the breakaway points at z =0.383 and z = —2.22. The point on
the jy-axis, where arg G(z) = —180° is found by trial and error to be z =;0.85. Similarly, the point on the
line z = —1 + j», where arg G(z) = —180° is z= —1 +1.26. The root-locus is drawn in Fig. 13-35. The
gain factor along the root-locus is determined graphically from the pole-zero map or analytically by
evaluating G(z).

Jv

Fig. 13-35
THE CLOSED-LOOP TRANSFER FUNCTION AND THE TIME-DOMAIN RESPONSE

13.32. Determine the closed-loop transfer function of the continuous system of Example 13.8 for
K =48, given the following transfer functions for H: (a) H=1, (b) H=4/(s+1), (¢)
H=(s+1)/(s+2).

From the root-locus plot of Example 13.8, the closed-loop poles for K =48 are located at s = -6,
j2.83, and —j2.83. For H=1,

48 C GH 48

G=m ad R =TYGH (5 + 6)(s —j2.83)(s +,2.83)

For H=4/(s+1),
12(s +1) C 1( GH 12(s +1)

S+ )eea E=ﬁ(1+cﬁ)=(s+6)(s—j2.83)(s+j2.83)

For H=(s+1)/(s+2),
48 c 48(s +2)
and

6= s(s+1)(s+4) R (s+1)(s+6)(s-j2.83)(s +,2.83)

Note that in this last case there are four closed-loop poles, while GH has only three poles. This is due to the
cancellation of a pole of G by a zero of H.

13.33. Determine the unit step response of the system of Example 13.1 with K= 1.5,
The closed-loop transfer function of this system is
C 1.5(s+1)
R (s+085)(s+3)
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13.34.

GAIN
13.35.

s

Mmicod

13.36.

13.37.

13.38.
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For R=1/s,
1.5(s+1) 1 -06 -04
- =
s{(s+05)(s+3) s s+05 s5+3

and the unit step response is £ '[C(s)]=c(f) =1—- 0.6e %% — 0.4e™ ¥

Determine the relationship between the closed-loop zeros and the poles and zeros of G and H.
assuming there are no cancellations.

Let G=N,/D, and H=N,/D,, where N, and D, are numerator (zeros) and denominator (poles)
polynomials of G, and N, and D, are the numerator and denominator polynomials of H. Then
C G N.D,
R 1+GH DD, + NN,

Thus the closed-loop zeros are equal to the zeros of G and the poles of H.

AND PHASE MARGINS
Find the gain margin of the system of Example 13.8 for K = 6.

The gain factor at the jw-axis crossover is 48, as shown in Fig. 13-12. Hence the gain margin is
48/6 = 8.

Show how a Routh table (Section 5.3) can be used to determine the frequency and the gain at the
Jjw-axis crossover.

In Section 5.3 it was pointed out that a row of zeros in the s! row of the Routh table indicates that the
polynomial has a pair of roots which satisfy the auxiliary equation As® + B =0, where A and B are the first
and second elements of the s2 row. If 4 and B have the same sign, the roots of the auxiliary equation are
imaginary (on the jw-axis). Thus if a Routh table is constructed for the characteristic equation of a system,
the values of K and w corresponding to jw-axis crossovers can be determined. For example, consider the
system with the open-loop transfer function

K
H=———
s(s+2)
The characteristic equation for this system is
S +457+45+K=0
The Routh table for the characteristic polynomial is
s 1 4
52 4 K
st (16— K)/4
s° K

The s' row is zero for K = 16. The auxiliary equation then becomes
45 +16=0

Thus for K = 16 the characteristic equation has solutions (closed-loop poles) at s = +;2, and the root-locus
crosses the jw-axis at j2.

Determine the phase margin for the system of Example 13.8 (Figure 13-12) for K = 6.

First, the point on the jw-axis for which |GH(jw)|=1 is found by trial and error to be j0.7. Then
arg GH(j0.7) is computed as —120°. Hence the phase margin is 180° — 120° = 60°.

Is it necessary to construct the entire root-locus in order to determine the gain and phase
margins of a system?



CHAP. 13} ROOT-LOCUS ANALYSIS 341

No. Only one point on the root-locus is required to determine the gain margin. This point, at w,,
where the root-locus crosses the stability boundary, can be determined by trial and error or by the use of a
Routh table as described in Problem 13.36. To determine the phase margin, it is only necessary to
determine the point on the stability boundary where |GH( jw)|= 1. Although the entire root-locus plot is
not necessary, it can often be helpful, especially in the case of multiple stability boundary crossings.

DAMPING RATIO FROM THE ROOT-LOCUS FOR CONTINUOUS SYSTEMS

13.39.

13.40.

13.41.
bys
13.42.

13.43.

13.44.

13.45.

Prove Equation (/3.18).
The roots of s° + 2{w,s + w? are 5, , = —{w, ijw,,\/—l_—?. Then
Il =I5zl = 872 + W21 - §) =,
and args, , = :Ftan“(ﬁ/f)EISO%tﬂ

or s, ; =,/ 180° 1 8. Thus cos§ = {w,/w, ={.

Determine the positive value of gain which results in a damping ratio of 0.55 for the complex
poles on the root-locus shown in Fig. 13-12.

The angle of the desired poles is § = cos™! 0.55 = 56.6°. A line drawn from the origin at an angle of
55.6° with the negative real axis intersects the root-locus of Fig. 13-12 at K= 7.

Find the damping ratio of the complex poles of Problem 13.26 for K = 3.5.

A line drawn from the root-locus at K = 3.5 to the origin makes an angle of 53° with the negative real
axis. Hence the damping ratio of the complex poles is { = cos 53° = 0.6.

Supplementary Problems

Determine the angle and magnitude of
16(s + 1)
T s(s+2)(s+4)

at the following points in the s-plane: (@) s=42, () s= —2+,2, (¢) s=—4+2, (d) s=—6,
(e) s=-13.

Determine the angle and magnitude of
GH 20(s + 10 + j10)(s + 10 — j10)
T (s+10)(s+15)(s +25)

at the following points in the s-plane: (a) s =410, (b) s =420, (c) s= —10+,20, (d) s= —20+ 20,
(e) s= —15+/5.

For each transfer function, find the breakaway points on the root-locus:
K(s+5) K(s+1)

(a) GH G+)(s+4)’ =1 9)

- b =
Grosrg & OH
Find the departure angle of the root-locus from the pole at s = —10 + 10 for

K(s+38)
(s +14)(s + 10+ j10)(s + 10 — j10)

GH K>0
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13.46.

13.47.

13.48.

13.49.

13.50.

13.51.

13.52.

13.42.

13.43.

13.44.

13.45.

13.46.

13.47.

13.52.

ROOT-LOCUS ANALYSIS

Find the departure angle of the root-locus from the pole at s = —15 + ;9 for
K

GH = (s+5)(s+10)(s+15+,9) (s + 15— 9)

K>0

Find the arrival angle of the root-locus to the zero at s = —7 + 5 for
K(s+7+j5)(s+7-j5)
T (s+3)(s+5)(s+10)

K>0

Construct the root-locus for K > 0 for the transfer function of Problem 13.44(a).

Construct the root-locus for K > 0 for the transfer function of Problem 13.44(c¢).

Construct the root-locus for K > 0 for the transfer function of Problem 13.45.

Construct the root-locus for K > 0 for the transfer function of Problem 13.46.

[CHAP. 13

Determine the gain and phase margins for the system with the open-loop transfer function of Problem

13.46 if the gain factor X is set equal to 20,000.

Answers to Some Supplementary Problems

(a) atgGH = —99°, |GH|=15; (b) argGH = —153°, |GH|=2.3; (c) argGH = —232°, |GH|=128;

(d) arg GH = 0°, |GH|=1.7; () arg GH = —180°, |GH|=10.7

(a) arg GH = —38°, |GH|=0.68; (b) arg GH = —40°, |GH|=037; (c) argGH = —41°, |GH|=0.60;

(d) arg GH = — 56°, |GH| = 0.95; (e) arg GH = +80°, |GH| = 6.3

(a) o, = —2.25, -17.07; (b) 0,= —327, —-6.73; (¢) 0,=0, -3

8, = 124°

8, = 193°

g, = 28°

Gain margin = 3.7; phase margin = 102°



Chapter 14

Root-Locus Design

14.1 THE DESIGN PROBLEM

The root-locus method can be quite effective in the design of either continuous or discrete-time
feedback control systems, because it graphically illustrates the variation of the system closed-loop poles
as a function of the open-loop gain factor K. In its simplest form, design is accomplished by choosing a
value of K which results in satisfactory closed-loop behavior. This is called gain factor compensation
(also see Section 12.2). Specifications on allowable steady state errors usually take the form of a
minimum value of K, expressed in terms of error constants, for example, K o K,.and K, (Chapter 9).
If it is not possible to meet all system specifications using gain factor compensation alone, other forms
of compensation can be added to the system to alter the root-locus as needed, for example, lag, lead,
lag-lead networks, or PID controllers.

In order to accomplish system design in the s-plane or the z-plane using root-locus techniques, it is
necessary to interpret the system specifications in terms of desired pole-zero configurations.

Digital computer programs for constructing root-loci can be very helpful in system design, as well
as analysis as indicated in Chapter 13.

EXAMPLE 14.1. Consider the design of a continuous unity feedback system with the plant G= K/(s + 1)(s + 3)
and the following specifications: (1) Overshoot less than 20%, (2) K, = 4, (3) 10 to 90% rise time less than 1 sec.
The root-locus for this system is shown in Fig. 14-1. The system closed-loop transfer function may be written

as
C K
R s+ 2fw,s + w0}
'\ dio
K =16
K =13
K=4
17
cos~10.45
-3 -2 -1 o
Y
Fig. 14-1

where { and «, can be determined from the root-locus for a given value of K. In order to satisfy the first
specification, { must be greater than 0.45 (see Fig. 3-4). Then from the root-locus we see that K must be less than
16 (see Section 13.12). For this system, K, is given by K/3. Thus in order to satisfy the second specification, K
must be greater than 12. The rise time is a function of both { and w,. Suppose a trial value of K =13 is chosen. In
this case, { = 0.5, w, =4, and the rise time is 0.5 sec. Hence all the specifications can be met by setting K =13.
Note that if the specification on K , Was greater than 5.33, or the specification on rise time was less than 0.34 sec,
all the specifications could not be met by simply adjusting the open-loop gain factor.

343
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14.2 CANCELLATION COMPENSATION

If the pole-zero configuration of the plant is such that the system specifications cannot be met by an
adjustment of the open-loop gain factor, a more complicated cascade compensator, as shown in Fig.
14-2, can be added to the system to cancel some or all of the poles and zeros of the plant. Due to
realizability considerations, the compensator must have no more zeros than poles. Consequently, when
poles of the plant are cancelled by zeros of the compensator, the compensator also adds new poles to
the forward-loop transfer function. The philosophy of this compensation technique is then to replace
undesirable with desirable poles.

F > G; LE Gz -
Cascade Plant
Compensator

Fig. 14-2

R +

Y

The difficulty encountered in applying this scheme is that it is not always apparent what open-loop
pole-zero configuration is desirable from the standpoint of meeting specifications on closed-loop system
performance.

Some situations where cancellation compensation can be used to advantage are the following:

1. If the specifications on system rise time or bandwidth cannot be met without compensation,
cancellation of low-frequency poles and replacement with high-frequency poles is helpful.

2. If the specifications on allowable steady state errors cannot be met, a low-frequency pole can be
cancelled and replaced with a lower-frequency pole, yielding a larger forward-loop gain at low
frequencies.

3. If poles with small damping ratios are present in the plant transfer function, they may be
cancelled and replaced with poles which have larger damping ratios.

143 PHASE COMPENSATION: LEAD AND LAG NETWORKS

A cascade compensator can be added to a system to alter the phase characteristics of the open-loop
transfer function in a manner which favorably affects system performance. These effects were illustrated
in the frequency domain for lead, lag, and lag-lead networks using Polar Plots in Chapter 12, Sections
12.4 through 12.7, which summarize the general effects of these networks.

The pole-zero maps of continuous system lead and lag networks are shown in Figs. 14-3 and 14-4.
Note that a lead network makes a positive, and a lag network a negative phase contribution. A lag-lead

arg Proq = 8, — 6, > 0 Ao arg Prag = 6~ 6, < 0 dio
— 3y 8y
8
9y fa 8y ¢
—b -a o ~b -a s
s +a . _a/fs+ b -
Plead = Py 0=a<b P, = 3<a+—a> 0=a<b
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network may be obtained by appropriately combining a lag and a lead network in series, or from the
implementation described in Problem 6.14.

Since the compensated system root-locus is determined by the points in the complex plane for
which the phase angle of G = G,G, is equal to —180°, the branches of the locus can be moved by
proper selection of the phase angle contributed by the compensator. In general, lead compensation has
the effect of moving the loci to the left.

i)
un%ad EXAMPLE 14.2. The phase lead compensator G, = (s + 2)/(s + 8) alters the root-locus of the system with the
plant G, = K/(s + 1), as illustrated in Fig, 14-5.

I § 4 Ju
Uncompensated Lead Compensated
4
I e > >
-1 0 -8 -2 J—1 [
4
Fig. 14-5

v'li
shcsa EXAMPLE 14.3. The use of simple lag compensation (one pole at —1, no zero) to aiter the breakaway angles
of a root-locus from a pair of complex poles is illustrated in Fig. 14-6.

4 jo 4jo
174 174
&./ ‘) 1
P = 577
Uncompensated Simple Lag Compensated /
o - 3 -1 ;

3 l =

Fig. 14-6

144 MAGNITUDE COMPENSATION AND COMBINATIONS OF COMPENSATORS

Compensation networks may be employed to alter the closed-loop magnitude characteristic
(|/(C/R) w)|) of a feedback control system. The low-frequency characteristic can be modified by
addition of a low-frequency pole-zero pair, or dipole, in such a manner that high-frequency behavior is
essentially unaltered.

EXAMPLE 14.4. The continuous system root-locus for GH = K/s(s + 2)? is shown in Fig. 147,

Let us assume that this system has a satisfactory transient response with K = 3, but the resulting velocity error
constant, K, = 0.75, is too small. We can increase K, to 5 without seriously affecting the transient response by
adding the compensator G, = (s + 0.1) /(s + 0.015) since

0.75(0.1)

Kl{ = KuGl(O) = 0.015
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K=3
K,=0.75
K=3
-—0 e e -+
-3 -2 -1 k 4
Fig. 14-7 Fig. 14-8

The resulting root-locus is shown in Fig. 14-8. The high-frequency portion of the root-locus and the transient
response are essentially unaffected because the closed-loop transfer function has a low-frequency pole-zero pair
which approximately cancel each other.

A low-frequency dipole for magnitude compensation of continuous systems can be synthesized with
the pole at the origin using a proportional plus integral (PI) compensator, as shown in Fig. 14-9, with
transfer function

s+ K,
e N
- K;/S
+
et
Fig. 14-9

Combinations of various compensation schemes are sometimes needed to satisfy competing
requirements on steady state and transient response performance specifications, as illustrated in the
following example. This example, solved by root-locus methods, is a rework of a design problem solved
by Nyquist methods in Example 12.7, and Bode methods in Example 16.6.

i
v

mathcas EXAMPLE 14.5. Our goal is to determine an appropriate compensator G,(z) for the discrete-time unity feedback
system with

3(z+1)(z+1)
8z(z +0.5)

The resulting closed-loop system must satisfy the following performance specifications:

Gy(z) =

1. Steady state error less than or equal to 0.02 for a unit ramp input
2. Phase margin = ¢\ > 30°
3. Gain crossover frequency w, > 10 rad /sec, where T=0.1 sec.

In order to have a finite steady state error with a ramp input, the system must be type 1. The compensation
must therefore provide a pole at z = 1. Consider the compensator
14

K

17,2

The forward-loop transfer function then becomes
3K ((z+ l)(z + §)
8(z-1)z(z+0.5)

GiG,(z) =

From Section 9.9, the velocity error coefficient is
3K (1+1)(1+1)
© 8(1)(1+0.5)

=0.667K,
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Now, in order for the system to have a steady state error of less than 0.02 with a ramp input, we must have
K, =5, 0r K, 27.5. To investigate the effects of added gain, we consider the root-locus for

K(z+1)(z+1)
2(z+0.5)(z-1)
where K = 3K, /8. This root-locus was constructed in Problem 13.31 and is repeated in Fig. 14-10.

GiGy(2) =

Fig. 14-10

At the point z= —0.18 +j0.98 where the root-locus crosses the unit circle, w,7=1.75 rad and K=1.25
(K, =8K/3=13.33). Since this is less than the gain K, =7.5 needed to make K, =35, simple gain factor
compensation is insufficient.

The next step is to evaluate the magnitude and phase of G{G,(z) at the required minimum gain crossover
frequency, w, = 10, or w,T =1 rad. This is the point z = ¢/*7 = ¢/ on the unit circle. At this point, |G{G,(e’)| =
1.66K and arg G{G,(e’) = —142.5°. If the gain K were adjusted so that |G{G,(e/)| =1, that is, K = 0.6, the phase
margin would be (180 — 142.5)° = 37.5° and the 30° requirement would be met. This requires that K; = 8K/3 = 1.6,
and the velocity constant becomes K, = 0.667K, = 1.067.

To complete the design, additional gain must be added to increase the velocity constant to the required value
of 5 at low frequencies, without significantly altering the desired high-frequency characteristics obtained so far. This
requires an additional gain of 5/1.067 = 4.69, which can be supplied by a lag compensator. The lag compensator
should have a gain at z=1 that is 4.69 times as large as the gain at wT = 1, without adding more than 7.5° phase
lag at wT =1, to satisfy the requirement for ¢py >30°. If a value of 0.97 is chosen for the pole of the lag
compensator, the zero should be located so that

5

1-097

Py = >4.69

or, z; < 0.86. If we set z; = 0.86, then

z-0.86 47 for z=1
P |=|—|={% ‘ T=1
Pl z—0.97' {0.95 for z=e¢ (oT=1)
d P e 088 g0 i j
an arg Puoy = arg| —— —6. or z=¢

The compensator then becomes
K,(z-0.86)
T (z-09(z-1)
Finally, for «,T=1, we need |G,G,(e’)| =1, so K; =1.60/0.95=1.68, to account for the gain of the lag

G
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compensator at w7 = 1. The completed compensator is
1.68(z — 0.86)
‘T (z-09n(z- )
which is nearly the same design obtained by Nyquist methods in Example 12.7.

14.5 DOMINANT POLE-ZERO APPROXIMATIONS

The root-locus method offers the advantage of a graphical display of the system closed-loop poles
and zeros. Theoretically, the designer can determine the system response characteristics from the
closed-loop pole-zero map. Practically, however, this task becomes increasingly difficult for systems with
four or more poles and zeros. In some cases the problem can be considerably simplified if the response
is dominated by two or three poles and zeros.

Effects on System Time Responses

The influence of a particular pole (or pair of complex poles) on the response is mainly determined
by two factors: the relative rate of decay of the transient term due to that pole, and the relative
magnitude of the residue at the pole.

For continuous systems, the real part o of the pole p determines the rate at which the transient term
due to that pole decays; the larger o, the faster the rate of decay. The relative magnitude of the residue
determines the percentage of the total response due to that particular pole.

EXAMPLE 14.6. Consider a system with closed-loop transfer function
C 5
R (s+1)(s+5)
The step response of this system is
c(t)=1-125¢""+025e %

The term in the response due to the pole at s; =0, = —5 decays five times as fast as the term due to the pole at
s, = 6, = — 1. Furthermore, the residue at the pole at s, = —5 is only } that of the one at s, = — 1. Therefore for
most practical purposes the effect of the pole at 5, = ~5 can be ignored and the system approximated by

C 1

R s+1

The pole at 5, = — 5 has been removed from the transfer function and the numerator has been adjusted to maintain
r

the same steady state gain ((C/R)0) = 1). The response of the approximate system is c(¢)=1—-e~".

EXAMPLE 14.7. The system with the closed-loop transfer function
C 55(s+091)
R GDGS)
has the step response
c(t)=1+0125¢"—-1.125¢

In this case, the presence of a zero close to the pole at —1 significantly reduces the magnitude of the residue at that
pole. Consequently, it is the pole at — 5 which now dominates the response of the system. The closed-loop pole and
zero effectively cancel each other and (C/R)(0) =1 so that an approximate transfer function is

C 5

E=s+5

and the corresponding approximate step response is c=1— ¢~ .

For discrete-time systems with distinct (nonrepeated) poles p,, p,,..., the transient portion y,(k)
of the response due to a pole p has the form y,(k)=p* k=0,1,2,... (see Table 4.2). Therefore each
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successive time sample is equal to the previous sample multiplied by p, that is,

yr(k+1) =pyr(k)
The magnitude of a distinct pole therefore determines the decay rate of the transient response, with the

decay rate inversely proportional to |p|: the smaller the magnitude, the faster the rate of decay. For

example, poles near the unit circle decay more slowly than poles near the origin, since their magnitudes
are smaller.

For systems with repeated poles, the analysis is more complicated and approximations may not be
appropriate.

EXAMPLE 14.8. The discrete system with closed-loop transfer function
C 0.45:
R (2-01)(z-105)

has the step response
c(k) =1-1.125(0.5)" + 0.125(0.1)* k=0,1,2,...

For the term in the response due to the pole at z = 0.1, the sample value at time k is only 10% of the sample value
at time k — 1, and it therefore decays five times faster than the term due to the pole at z = 0.5. The magnitude of
the residue at z=0.1 is 0.125, which is one-ninth as large as the magnitude of the residue 1.125 at z=0.5.
Consequently, for many practical purposes, the pole at z = 0.1 can often be ignored and the system approximated
by

C 0.5

R z-05

where the numerator has been adjusted to maintain the same steady state gain

In

C
<=1

and the zero at z=0 was deleted to maintain one more pole than zeros in the approximate system. This is
necessary to give the same initial delay (one sample time) in the approximate system as in the original system. The
step response of the approximate system is c(k) =1 (0.5)%, k=0,1,2,....

Effects on Other System Characteristics

The effect of a closed-loop real axis pole at —p, <0 on the overshoot and rise time 7, of a
continuous system also having complex poles —p_, — p¥* is illustrated in Figs. 14-11 and 14-12. For

P
L 55 (14.1)
{w,
40 1 ]
Pr“?. 7 ' be
(s + P)s2 + 20w,s + W) S
30 5
- /
I
=)
= ‘
2, /
@
2 / (=05 | e
10 V/
;=07
0
1 2 3 4 5 6 7
pr/§“r|

Fig. 14-11
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(=1

P

\ (8 + p,)(s2 4 2tu,s + w)
5 0
-1

i \
-

|
SN

10 to 909¢ normalized rise time — o,T,

2 e —————
¢ 0.3 — ]
0 1 2 3 4 5 6 7
pr/fwu
Fig. 14-12

the overshoot and rise time approach that of a second-order system containing only complex poles (see
Fig. 3-4). Therefore p, can be neglected in determining overshoot and rise time if { > 0.5 and

p,> S5|Rep,| = 5¢w, (14.2)
There is no overshoot if
2, <|Rep|={w, (14.3)
and the rise time approaches that of a first-order system containing only the real axis pole.
The effect of a closed-loop real axis zero at —z, <0 on the overshoot and rise time 7, of a
continuous system also having complex poles —p_, —p* is illustrated in Figs. 14-13 and 14-14. These

graphs show that z, can be neglected in determining overshoot and rise time if { > 0.5 and

z,> S|Rep,.| = 5w, (14.4)

8+ 2,
\ 82 + 2lw,8 + 2

100

80 \
§ 60 \ \ \\
=
8 40 \ \
\ \ $ = 0.5
20
\._ ¢ =07
0
1 2 3 4 5 6 7

2,/ bwy,
Fig. 14-13
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2.0

1.6 / "

7 ) 7

0.8
) &+ z,

04 V ¥ 2as +
P

\

10 to 90% normalized rise time — o, T,

z/fwn

Fig. 14-14

EXAMPLE 14.9. The closed-loop transfer function of a particular continuous system is represented by the
pole-zero map shown in Fig. 14-15. Given that the steady state gain (C/R)(j0)=1, a dominant pole-zero

approximation is

C 4
R s7+25+4
Ju ik
310
X
b 56
X 1iV3
-10 — g s
X 1-iV3
—j5
X
+-i10
Fig. 14-15
This is a reasonable approximation because the pole and zero near s = —2 effectively cancel each other and all

other poles and zeros satisfy Equations (/4.2) and (/4.4) with —p, = -1+ A3 and ¢ =05
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14.6 POINT DESIGN

If a desired closed-loop pole position p, can be determined from the system specifications, the
system root-locus may be altered to ensure that a branch of the locus will pass through the required
point p,. The specification of a closed-loop pole at a particular point in the complex plane is called
point design. The technique is carried out using phase and magnitude compensation.

EXAMPLE 14.10. Consider the continuous plant
K
s(s+2)°

The closed-loop response must have a 10 to 90% rise time less than 1 sec, and an overshoot less than 20%. We
observe from Fig. 3-4 that these specifications are met if the closed-loop system has a dominant two-pole
configuration with { = 0.5 and w, = 2. Thus p, is chosen at —1 + /3, which is a solution of

G,=

pi+ 2w, p+e;=0
for {=0.5 and w,=2. Clearly, pf = —1-;/3 is the remaining solution of this quadratic equation. The
orientation of p, with respect to the poles of G, is shown in Fig. 14-16.

4 ju

————— v

120°
60°

-2 -1

ay

Fig. 14-16

The phase angle of G, is —240° at p,. In order for a branch of the root-locus to pass through p,, the system
must be modified so that the phase angle of the compensated system is — 180° at p,. This can be accomplished by
adding a cascade lead network having a phase angle of 240° — 180° = 60° at p,, which is satisfied by

s+1

Gl=PLcad=s+4

as shown in the pole-zero map of the compensated open-loop transfer function G,G, in Fig. 14-17. The closed-loop
pole can now be located at p, by choosing a value for K which satisfies the root-locus magnitude criterion.
Solution of Equation (/3.5) yields K = 16. The root-locus or closed-loop pole-zero map of the compensated system
should be sketched to check the validity of the dominant two-pole assumption. Figure 14-18 illustrates that the
poles at p, and p{ dominate the response.

4w v
Py Py
V3 K =16 V3
-0.76
AT —A + ’\_A——‘—»
-4 -5.25 -4 -2 -1 a
b ——1 —jV3
P

Fig. 14-17 Fig. 14-18
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14.7 FEEDBACK COMPENSATION

Addition of compensation elements to a feedback path of a control system can be employed in
root-locus design in a manner similar to that discussed in the preceding sections. The compensation
elements affect the root-locus of the open-loop transfer function in the same manner. But, although the
root-locus is the same when the compensator is in either the forward or feedback path, the closed-loop
transfer function may be significantly different. It was shown in Problem 13.34 that feedback zeros do
not appear in the closed-loop transfer function, while feedback poles become zeros of the closed-loop
transfer function (assuming no cancellations).

EXAMPLE 14.11. Suppose a feedback compensator were added to a continuous system with the forward transfer
function
K
G=
(s+D(s+4)(s+5)

in an attempt to cancel the pole at —1 and replace it with a pole at —6. Then the compensator would be
H=(s+1)/(s+6), GH would be given by GH = K/(s + 4)(s + 5)(s + 6) and the closed-loop transfer function
would become

c K(s+6)
R (s+D[(s+4)(s+5)(s+6) +K]
Although the pole at —1 is cancelled from GH, it reappears as a closed-loop pole. Furthermore, the feedback pole

at — 6 becomes a closed-loop zero. Consequently, the cancellation technique does not work with a compensator in the
feedback path.

EXAMPLE 14.12. The continuous system block diagram in Fig. 14-19 contains two feedback paths.

+ K C
8(s + 1)(s + 4)

Kis |=

Fig. 14-19

R + K (&)
8(s + 1)(s + 4)

Kis+1 =

Fig. 14-20

These two paths may be combined, as shown in Fig. 14-20.

In this representation the feedback path contains a zero at s= —1/K,. This zero appears in GH and
consequently affects the root-locus. However, it does not appear in the closed-loop transfer function, which
contains three poles no matter where the zero is located.

The fact that feedback zeros do not appear in the closed-loop transfer function may be used to
advantage in the following manner. If closed-loop poles are desired at certain locations in the complex
plane, feedback zeros can be placed at these points. Since branches of the root-locus will terminate on
these zeros, the desired closed-loop pole locations can be obtained by setting the open-loop gain factor
sufficiently high.
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EXAMPLE 14.13. The continuous system feedback compensator
s2+2s5+4
(s+6)°

is added to the system with the forward-loop transfer function

G K
T s(s+2)
in order to guarantee that the dominant closed-loop poles will be near s = —1 + /'3 . The resulting root-locus is
shown in Fig. 14-21.
djw
——1V3
K = 100
e ¥ >
-6 -2 -4
K =100
——1-iV3
Fig. 14-21

If K is set at 100, the closed-loop transfer function is

100( s + 6)°
(s2+1.725 + 2.96)(s% + 12.35 + 135)

C
R

and the dominant complex pole pair 5, , = 0.86 + ;1.5 are sufficiently close to —1 + 3.

Solved Problems

GAIN FACTOR COMPENSATION

14.1. Determine the value of the gain factor K for which the system with the open-loop transfer

:Ii function
athcad

K

CH= G+ DG+ a)

has closed-loop poles with a damping ratio { = 0.5.

The closed-loop poles will have a damping ratio of 0.5 when they make an angle of 60° with the
negative real axis [Equation (/3.18)]. The desired value of K is determined at the point where the
root-locus crosses the { = 0.5 line in the s-plane. A sketch of the root-locus is shown in Fig. 14-22. The
desired value of K is 8.3.
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Jo &
t =05
i
K =83
K =283 600
~—; Sa > -
- 3
Fig. 14.22 Fig. 14-23

14.2. Determine a value of K for which the system with the open-loop transfer function

H= —
(s+2)(s+3)
satisfies the following specifications: (a) K, > 2, (b) gain margin > 3.

For this system, K, is equal to K/12. Hence, in order to satisfy the first specification, K must be

greater than 24. The value of K at the jw-axis crossover of the root-locus is equal to 100, as shown in Fig.
14-23. Then, in order to satisfy the second specification, K must be less than 100/3 = 33.3. A value of X
that will satisfy both specifications is 30.

14.3. Determine a gain factor K for which the system in Example 13.11 has a gain margin of 2.

As shown in Fig. 13-15, the gain at the stability boundary is K = 1. Therefore, in order to have a gain
margin of 2, K must be 0.5.

CANCELLATION COMPENSATION

14.4. Can right-half s-plane poles of a plant be effectively cancelled by a compensator with a right-half
s-plane zero?

No. For example, suppose a particular plant has the transfer function

K

s—1

G, K>0

and a cascade compensator is added with the transfer function G, = (s — 1 + €)/(s + 1). The € term in the
transfer function represents any small error between the desired zero location at +1 and the actual
location. The closed-loop transfer function is then

C K(s—1+¢)

R s’+Ks+Ke—K—1

By applying the Hurwitz or Routh Stability Criterion (Chapter 5) to the denominator of this transfer
function, it can be seen that the system is unstable for any value of X if ¢ is less than (1 + K)/K, which is
usually the case because € represents the error in the desired zero location.

14.5. For the discrete-time unity feedback system with forward-loop transfer function

G z+1
27 2(z-1)

determine a compensator G, that provides a deadbeat response for the closed-loop system.
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For a deadbeat response (Section 10.8), we want all closed-loop poles at z = 0. A pole-zero map of the
system is shown in Fig. 14-24(a). If we cancel the pole at z = 0 and the zero at z = —1, the root-locus will
go through z = 0, as shown in Fig. 14-24(5). The resulting compensator is then

v Y id

(a) (b)
Fig. 14-24

and the closed-loop transfer function is

R 1+GG,

cC GG 1
Z

PHASE COMPENSATION

14.6. It is desired to add to a system a compensator with a zero at s = —1 to produce 60° phase lead
at s = —2 + 3. How can the proper location of the pole be determined?

With reference to Fig. 14-3, we want the phase contribution of the network to be 8, — 8, = 60°. From
Fig. 14-25, §, = 108°. Hence 8, = 8, — 60° = 48° and the pole should be located at s = —4.7, as shown in
Fig, 14-25.

Fig. 14-25

14.7. Determine a compensator that will change the departure angle of the root-locus from the pole at
s=—05+j to —135° for the plant transfer function

G K
2 s(s2+s5+1.25)

The departure angle of the uncompensated system is —27° To change this to —135° a lag
compensator with 108° phase lag at s = —0.5 + j can be employed. The required amount of phase lag could
be supplied by a simple lag compensator (one pole, no zero) with a pole at s = —0.18, as shown in Fig,
14-26( a), or by two simple lags in cascade with two poles at s = —1.22, as shown in Fig. 14-26(5).
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Fig. 14-26

14.8. Determine a compensator for the discrete-time system with
K
GH(z) = EE)
that provides a phase crossover frequency w,, such that w,T=7/2 rad.

Arg GH at z=¢’"/? = is determined from the pole-zero map in Fig. 14-27 as —225°. In order for the
root-locus to pass through this point, we need to add 45° of phase lead, so that arg GH = +180°. This can
be provided by the compensator

z

PLead(z) = z+1

Jv
/| argGH = -90° — 135° = -225°
90°E>5\135°

t : 2 »* >
-1 1 I

Fig. 14-27

The zero at z =0 provides 90° of phase lead and the pole at z = —1 provides 45° of lag, resulting in a net
lead of 45°.

MAGNITUDE COMPENSATION

14.9. In Example 14.4, the velocity error constant K, was increased by a factor of 63 without
increasing the gain factor. How was this accomplished?

It was assumed that the compensator G, had a high-frequency gain of 1 and a low-frequency (d.c.)
gain of 62. This compensator cannot be mechanized passively because a passive lag compensator has a d.c.
gain of 1. Consequently, G, must include an amplifier. An alternative method would be to let G, be the
passive lag compensator

0015/ s+0.1
“="or | voms)

01 \s+0.015

and then amplify the gain factor by 62. However, when root-locus techniques are employed it is usually
more convenient to assume the compensator just adds a pole and zero, as was done in Example 14.4.
Appropriate adjustments can be made in the final stages of design to achieve the simplest and/or least
expensive compensator mechanization.
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DOMINANT POLE-ZERO APPROXIMATIONS

14.10.

14.11.

14.12.

ol

Mathcad

14.13.

Determine the overshoot and rise time of the system with the transfer function
C 1
R (s+1)(s2+s+1)

For this system, w, =1, {=0.5, p,=1, and p,/{w,=2. From Fig. 14-11 the percentage overshoot is
about 8%. The rise time from Fig. 14-12 is 2.4 sec. The corresponding numbers for a system with the
complex poles only are 18% and 1.6 sec. Thus the real axis pole reduces the overshoot and slows down the
response.

Determine the overshoot and rise time of the system with the transfer function
C s+1
R si+s+1
For this system w,=1, { =05, z, =1, and z,/{w, = 2. From Fig. 14-13 the percentage overshoot is
31%. From Fig. 14-14 the 10 to 90% rise time is 1.0 sec. The corresponding numbers for a system without

the zero are 18% and 1.6 sec. The real axis zero thus increases the overshoot and decreases the rise time,
that is, speeds up the response.

What is a suitable dominant pole-zero approximation for the following system?
C 2(s+38)
R (s+1)(s*+2s+3)(s+6)

The real axis pole at s = —6 and the real axis zero at s = — 8 satisfy Equations (/4.2) and (/4.4),
respectively, with regard to the complex poles ({w, =1 and { > 0.5) and therefore may be neglected. The
real axis pole at s = —1 and the complex poles cannot be neglected. Hence a suitable approximation (with
the same d.c. gain) is

8
s+ 1)(s2+25+3)

C
i

Determine a dominant pole approximation for the discrete-time system with transfer function
C 0.16

R (2-02)(z-08)

The step response is given by
c(k)=1-133(0.8)* +033(02)* £=0,1,2,...

The magnitude 0.33 of the residue at z = 0.2 is four times smaller than the magnitude 1.33 of the residue at
z =0.8. Also, the transient response due to the pole at z = 0.2 decays 0.8/0.2 = 4 times faster than that for
the pole at z = 0.8. Thus the approximate closed-loop system should only have a pole at z = 0.8. However,
to maintain a system response delay of two samples (the original system has two more poles than zeros), it
is necessary to add a pole at z =0 to the approximation. Then

C 0.2

R~ 2(z-038)
The step response of the approximate system is

‘ 0 for k=0
(O =11_12508)* for k>0

Note that the only effect of the pole at z = 0 on the response is to delay it by one sample.



CHAP. 14) ROOT-LOCUS DESIGN 359
POINT DESIGN
14.14. Determine K, a, and b so that the system with open-loop transfer function
£ K(s+a)
Mahead T (s+b)(s+2)(s+4)
has a closed-loop pole at p, = —2 + 3.

The angle contributed to arg GH(s,) by the poles at s= —2 and s = —4is —237°. To satisfy the angle
criterion, the angle contributions of the zero at s = —a and the pole s = —b must total —180° — (—237°)
= 57°. Since this is a positive angle, the zero must be farther to the right than the pole (b > a). Either a or
b may be chosen arbitrarily as long as the remaining one can be fixed in the finite left-half s-plane to give a
total contribution of 57°. Let a be set equal to 2, resulting in a 90° phase contribution. Then b must be
placed where the contribution of the pole is —33°. A line drawn from p, at 33° intercepts the real axis at
6.6 = b, as shown in Fig. 14-28.

djo
13!
— + 43
%
° s
—6.8 —T -2 T
Fig. 14-28
The necessary value of K required to satisfy the magnitude criterion at p, can now be computed using
the chosen values of a and b. From the following calculation, the required value of X is
(p1+68)(P1 +2)"(p1 +9) o
(p1+2) o= 2473
14.15. Determine the required compensation for a system with the plant transfer function

_ K
G2= T 8)(s+ 14)(s + 20)

to satisfy the following specifications: (a) overshoot < 5%, (b) 10 to 90% rise time 7T, <150
msec, (¢) K,>6.

The first specification may be satisfied with a closed-loop transfer function whose response is
dominated by two complex poles with { > 0.7, as seen from Fig. 3-4. A wide variety of dominant pole-zero
configurations can satisfy the overshoot specification; but the two-pole configuration is usually the simplest
obtainable form. We also see from Fig. 3-4 that, if { = 0.7, the normalized 10 to 90% rise time is about
w,T, = 2.2. Thus, in order to satisfy the second specification with { = 0.7, we have T, =22 /w, < 0.15 sec or
w, > 14.7 rad /sec.

But let us choose w, =17 so as to achieve some margin with respect to the rise time specification. Other
closed-loop poles, which may appear in the final design, may slow down the response. Thus, in order to
satisfy the first two specifications, we shall design the system to have a dominant two-pole response with
{=0.7 and w, =17. An s-plane evaluation of arg G,( p,), where p, = —12 + j12 (corresponding to { = 0.7,
w, = 17), yields arg G,( p,) = —245°. Then, to satisfy the angle criterion at p,, we must compensate the
system with phase lead so that the total angle becomes —180°. Hence we add a cascade lead compensator
with 245° — 180° = 65° phase lead at p,. Arbitrarily placing the zero of the lead compensator at s= —8
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results in 8, = 108° (see Fig. 14-3). Then, since we want 8, — 8, = 65°, §, = 108° — 65° = 43°. Drawing a
line from p, to the real axis at the required 6, determines the pole location at s = —25, Addition of the
lead compensator with a =8 and b =25 yields an open-loop transfer function

K
(s +14)(s + 20)(s + 25)

GZGLead =

The value of K necessary to satisfy the magnitude criterion at p, is K= 3100. The resulting positional
error constant for this design is K, = 3100/(14)(20)(25) = 0.444, which is substantially less than the
specified value of 6 or more. K » could be increased slightly by trying other design points (higher w,); but
the required K, cannot be achieved without some form of low-frequency magnitude compensation. The
required increase is 6/0.444 = 13.5 and may be obtained with a low-frequency lag compensator with
b/a =13.5. The only other requirement is that ¢ and b for the lag compensator must be small enough so as
not to affect the high-frequency design accomplished with the lead network. That is,

arg Py (p)) =0
Let 5=1 and a = 0.074. Then the required compensator is
s+1
Croe= 7007
To synthesize this compensator using a conventional lag network with the transfer function
0.074(s + 1)
L= 510074

an additional amplifier with a gain of 13.5 is required; equivalently, the design value of K chosen above
may be increased by 13.5. With either practical mechanization, the total open-loop transfer function is

3100(s + 1)
= (s +0.075)(s + 14)(s + 20) (s + 25)

The closed-loop poles and zeros are shown in Fig. 14-29. The low-frequency pole and zero effectively
cancel each other. The real axis pole at s = —35 will slightly affect the response of the system because
p./{w, for this pole is only about 3 [Equation (14.2)]. However, reference to Figs. 14-11 and 14-12 verify
that the overshoot and rise time are still well within the specifications. If the system had been designed to
barely meet the required rise time specification with the dominant two-pole approximation, the presence of
the additional pole in the closed-loop transfer function may have slowed the response enough to dissatisfy
the specification.

GH

ﬂl Jw

b= ;»jlz

I @

| T

) -

i o

] <

| &,
— —Ofy—— >
- 35 - lil n [4

I @

! o

| ¥

|

A —m ——— +—j12

Fig. 14-29

FEEDBACK COMPENSATION
14.16. A positional control system with a tachometer feedback path has the block diagram shown in

i

athcad

Fig. 14-30. Determine values of K, and K, which result in a system design which yields a 10 to
90% rise time of less than 1 sec and an overshoot of less than 20%.
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H 1 C
s(s + 2)(s + 4) v

'Y

Kys

Fig. 14-30

A straightforward way to accomplish this design is to determine a suitable design point in the s-plane
and use the point design technique. If the two feedback paths are combined, the block diagram shown in
Fig. 14-31 is obtained.

R + 1 C
8(s + 2)(s + 4)

LYo
Rt E)

Fig. 14-31

For this configuration
_ Ky(s+ K /K;)
s(s+2)(s+4)

The zero location at s = — K, /K, appears in the feedback path and the gain factor is K,. Thus for a fixed
zero location (ratio of K, /K,), a root-locus for the system may be constructed as a function of K,. The
closed-loop transfer function will then contain three poles, but no zeros. Rough sketches of the root-locus
(Fig. 14-32) reveal that if the ratio K;/K, is set anywhere between O and 4, the closed-loop transfer
function will probably contain two complex poles (if X, is large enough) and a real axis pole near the value
of — K, /K,.

b Ajo
A

152 152
— ot > — O ————— >
-4 _K -2 4 —4 L -2 _K o

K K,
(a) (b)
Fig. 14-32

A three-pole dominant configuration may then be appropriate for the design. A value of { = 0.5 for the
complex poles will satisfy the overshoot requirement. For { =0.5 and p,/{w, =2, Fig. 14-12 shows a
normalized rise time w,7, =2.3. Thus 7, =2.3/w, <1 sec or w, > 2.3 rad/sec. If p,/{w, turns out to be
greater than 2, the rise time will be faster, and vice versa. In order to have a little margin in case p,/{w, is
smaller than 2, let us choose w,=2.6. The design point in the s-plane is therefore p; = —1.3 +,2.3,
corresponding to { = 0.5 and w,=2.6.
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From Fig. 14-33, the contribution of the poles at s=0, —2, and —4 to arg GH( p,) is —233°. The
contribution of the zero must therefore be —180° — (—233°) = 53° at p, to satisfy the angle criterion at
P1- The zero location is determined at s= —3 by drawing a line from p; to the real axis at 53°. With
K,/K, =3, the gain factor at p, for GH is 7.5. Thus the design values are K, = 7.5 and K, =22.5. The
closed-loop real axis pole is to the left of, but near the zero located at s = — 3. Therefore p,/{w, for this
design is at least 3/1.3 =2.3.

b jw
4
2.8
580
' ¥ + * >
-4 -3 -2 -13 4
Fig. 14-33

14.17. For the discrete-time system with forward-loop transfer function

o ) X
"“‘ii“’ 27 2(z-1)

determine a feedback compensator that yields a closed-loop system with a deadbeat response.

For a deadbeat response (Section 10.8), the closed-loop transfer function must have all its poles at
z = (). Since poles cancelled by feedback zeros appear in the closed-loop transfer function, let H have a zero
at z=0. This eliminates the pole at z =0 from the root-locus but it remains in the closed-loop transfer
function.

For realizability, H must also have at least one pole. If we place the pole of H at z = —1, the resulting
root-locus goes through z = 0, as shown in Fig. 14-34. Then, by setting K = 1, all the closed-loop poles are
located at z = 0 and the system has a deadbeat response.

Jv
=1
M- v—&K o -
-1 1 s
Fig, 14-34
Supplementary Problems

14.18. For the system with the open-loop transfer function GH = K(s + a)/(s*> — 1)(s + 5) determine X and a
such that the closed-loop system has dominant poles with {=0.5 and w,=2. What is the percentage
overshoot of the closed-loop system with these values of K and a?
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14.19.

14.20.

14.21.

14.22.

14.23.

14.18.

14.19.

14.20.

14.21.

14.22.

14.23.

Determine a suitable compensator for the system with the plant transfer function
G 1
2 s(s+1)(s+4)

to satisfy the following specifications: (1) overshoot < 20%, (2) 10 to 90% rise time <1 sec, (3) gain
margin > 5.

Determine suitable compensation for the system with the plant transfer function G, = 1/s(s + 4)? to satisfy
the following specifications: (1) overshoot < 20%, (2) velocity error constant X, > 10.

For the system shown in the block diagram of Fig. 14-35, determine K, and K, such that the system has
closed-loop poles at s = —2 + 2.

R + +
b . [ & | —=O— 8 c.

= T_ s(s + 4)(s + b)
K28

Fig. 14-35

Determine a value of K for the system with the open-loop transfer function GH = K/s(s® + 65 + 25) such
that the velocity error constant K, > 1, the closed-loop step response has no overshoot, and the gain
margin > 5.

Design a compensator for the system with the plant transfer function G, = 63/s(s + 7)(s + 9) such that the
velocity error constant K, > 30, the overshoot is less than 20%, and the 10 to 90% rise time is less than 0.5
sec.

Answers to Supplementary Problems
K =11.25, a=1.6, overshoot = 38%; note that the system has a closed-loop zero at s= —a= —1.6.
G, =24s+1)/(s+4)

G, = 24(s + 0.2) /(s + 0.03)

K,=1, K, =5
K=128
G, = 3(s + 0.5)/(s + 0.05)



Chapter 15

Bode Analysis

15.1 INTRODUCTION

The analysis of feedback control systems using the Bode method is equivalent to Nyquist analysis
in that both techniques employ graphical representations of the open-loop frequency response function
GH(w), where GH(w) refers to either a discrete-time or a continuous-time system. However, Bode plots
consist of two graphs: the magnitude of GH(w), and the phase angle of GH(w), both plotted as a
function of frequency w. Logarithmic scales are usually used for the frequency axes and for |GH(w)|.

Bode plots clearly illustrate the relative stability of a system. In fact, gain and phase margins are
often defined in terms of Bode plots (see Example 10.1). These measures of relative stability can be
determined for a particular system with a minimum of computational effort using Bode plots, especially
for those cases where experimental frequency response data are available.

15.2 LOGARITHMIC SCALES AND BODE PLOTS

Logarithmic scales are used for Bode plots because they considerably simplify their construction,
manipulation, and interpretation.

A logarithmic scale is used for the w-axes (abscissas) because the magnitude and phase angle may
be graphed over a greater range of frequencies than with linear frequency axes, all frequencies being
equally emphasized, and such graphs for continuous-time systems often result in straight lines (Section
15.4).

The magnitude |P(w)]| of any frequency response function P(w) for any value of w is plotted on a
logarithmic scale in decibel (db) units, where

db = 20log,o| P(w)] (15.1)

[Also see Equation (10.4).]
EXAMPLE 15.1. If [P(2)|=|GH(2)| = 10, the magnitude is 201og,10 = 20 db.

Since the decibel is a logarithmic unit, the db magnitude of a frequency response function composed
of a product of terms is equal to the sum of the db magnitudes of the individual terms. Thus, when the
logarithmic scale is employed, the magnitude plot of a frequency response function expressible as a
product of more than one term can be obtained by adding the individual db magnitude plots for each
product term.

The db magnitude versus log w plot is called the Bode magnitude plot, and the phase angle versus
log w plot is the Bode phase angle plot. The Bode magnitude plot is sometimes called the log-modulus
plot in the literature,

EXAMPLE 15.2. The Bode magnitude plot for the continuous-time frequency response function

100[1 + j( w/10)]

P(jw)= 1+ jw

may be obtained by adding the Bode magnitude plots for: 100, 1 +j(w/10), and 1/(1 + jw).
364
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153 THE BODE FORM AND THE BODE GAIN FOR CONTINUOUS-TIME SYSTEMS

It is convenient to use the so-called Bode form of a continuous-time frequency response function
when using Bode plots for analysis and design because of the asymptotic approximations in Section

15.4.
The Bode form for the function

K(jo+z)(ju+zy) - (jw+1z,)
(jw)l(j” +p)(jo+py)--- (ju+p,)

where / is a nonnegative integer, is obtained by factoring out all z; and p, and rearranging it in the
form

(1 +jo/z)(1 +je/z,) -+ (1 +jw/z,)

[Kﬁzi i_lzllp.-

e _ : (15.2)
(jo) (1 +jwo/p )1 +jw/py) -+ (1 +jw/p,)
The Bode gain K, is defined as the coefficient of the numerator in Equation (15.2):
Kl_[ Z;
Ky= —=1 (15.3)
iUlpi

!, 154 BODE PLOTS OF SIMPLE CONTINUOUS-TIME FREQUENCY RESPONSE FUNCTIONS
AND THEIR ASYMPTOTIC APPROXIMATIONS

The constant K, has a magnitude |K,}, a phase angle of 0° if K is positive, and —180° if K is
negative. Therefore the Bode plots for K5 are simply horizontal straight lines as shown in Figs. 15-1 and
15-2.

4
[}
°
2
gc 20 log,y 1K)
E
<
=]
> logpw
Fig. 15-1
4
2 o Ky >0
&% 0 » log e
S
%
o
=
R
Kg<o
—180°
4
Fig. 15-2

The frequency response function (or sinusoidal transfer function) for a pole of order [ at the origin is
1

(jw)'
The bode plots for this function are straight lines, as shown in Figs. 15-3 and 15-4.

(15.4)
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[CHAP. 15

(15.5)

the Bode plots are the reflections about the 0-db and 0° lines of Figs. 15-3 and 15-4, as shown in Figs.
15-5 and 15-6.
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Consider the single-pole transfer function p/(s+ p), p>0. The Bode plots for its frequency

response function

1

Tiiarr (15.6)

are given in Figs. 15-7 and 15-8. Note that the logarithmic frequency scale is normalized in terms of p.
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To determine the asymptotic approximations for these Bode plots, we see that for w/p <1, 0r @ < p,

20lo0g,q —lﬁ =20log,,1 =04db
and for w/p > 1, or w > p,
1 A
20log,, m}z%logm m‘= —20log,, (;)
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Therefore the Bode magnitude plot asymptotically approaches a horizontal straight line at 0 db as w/p
approaches zero and -20log,,(w/p) as w/p approaches infinity (Fig. 15-7). Note that this high-
frequency asymptote is a straight line with a slope of —20 db/decade, or —6 db/octave when plotted
on a logarithmic frequency scale as shown in Fig. 15-7. The two asymptotes intersect at the corner
frequency w = p rad/sec. To determine the phase angle asymptote, we see that for w/p < 1, or w < p,

1 w
arg(—_) = —tan‘l(—)
1+jw/p P

arg

= (°

(a)«p

and for w/p > 1, or w > p,

= —-90°

1 w
SR
1+jw/p p
Thus the Bode phase angle plot asymptotically approaches 0° as w/p approaches zero, and —90° as
w/p approaches infinity, as shown in Fig. 15-8. A negative-siope straight-line asymptote can be used to
join the 0° asymptote and the —90° asymptote by drawing a line from the 0° asymptote at w =p/5 to
the —90° asymptote at = 5p. Note that it is tangent to the exact curves at w = p.

The errors introduced by these asymptotic approximations are shown in Table 15-1 for the
single-pole transfer function at various frequencies.

w>p

1
Table 15-1. Asymptotic Errors for ——————
1+jw/p
w p/3 p/2 p 2p 5p
Magnitude error (db) -0.17 -0.96 -3 -0.96 -017
Phase angle error —11.3° -0.8° 0° +0.8¢ +11.3°

The Bode plots and their asymptotic approximations for the single-zero frequency response
function

Jw
1+ — (15.7)

5

are shown in Figs. 15-9 and 15-10.

20 logypll + jw/7

db magnitude

\— Asymptotic curve |

0.1 0.2 0.5 1 2 3 10

Normalized frequency, w/z,

Fig. 15-9
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The Bode plots and their asymptotic approximations for the second-order frequency response
function with complex poles,

1
1+42fw/w, — ((«)/w,,)2

are shown in Figs. 15-11 and 15-12. Note that the damping ratio { is a parameter on these graphs.

The magnitude asymptote shown in Fig. 15-11 has a corner frequency at w = w, and a high-frequency
slope twice that of the asymptote for the single-pole case of Fig. 15-7. The phase angle asymptote is
similar to that of Fig. 15-8 except that the high-frequency portion is at —180° instead of —90° and the
point of tangency, or inflection, 1s at —90°.

The Bode plots for a pair of complex zeros are the reflections about the 0 db and 0° lines of those
for the complex poles.

0<¢=<1 (15.8)

15.5 CONSTRUCTION OF BODE PLOTS FOR CONTINUOUS-TIME SYSTEMS

Bode plots of continuous-time frequency response functions can be constructed by summing the
magnitude and phase angle contributions of each pole and zero (or pairs of complex poles and zeros).
The asymptotic approximations of these plots are often sufficient. If more accurate plots are desired,
many software packages are available for rapidly accomplishing this task.

For the general open-loop frequency response function

KB(l +j(~‘/21)(1 +jw/22) U (1 'f'j(d/Zm)

GH( ju) = ———— _ _ (15.9)
(Je) (1 +jo/p))( +jw/py) -~ (1 +je/p,)
where / is a positive integer or zero, the magnitude and phase angle are given by
je | Jo
2010g,,|GH(jw)| = 20log,q |K gl + 20log g|1 + — |+ « -+ +20log,y|1 + —
21 Zm
1 1
+20log,o =77 + 20log,y——— + - -+ +20log,, (15.10)

‘(jw),l 1 +jw/pi i1+ jw/p,|
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and _ .
Jw Jw
argGH( juw)=arg K, + arg|1+ — +---+arg(1+—
21 m
+arg — +arg PuEEE— + . +arg E——— .
(jw)' 1+ jw/p, 1+jw/p,

The Bode plots for each of the terms in Equations (/5.10) and (15.11) were given in Figs. 15-1 to 15-12.
If GH( jw) has complex poles or zeros, terms having a form similar to Equation (15.8) are simply added
to Equations (/5.10) and (15.11). The construction procedure is best illustrated by an example.

EXAMPLE 15.3. The asymptotic Bode plots for the frequency response function
10(1 + jw)

(jw)[1+jw/a — (0/8)]

i 20 log,o (10) —— /
20 :
\g“’ 1+ jul :

GH(jo) =
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(]
o
=
o
~100°
-160°
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Frequency w, rad/sec
Fig. 15-14
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are constructed using Equations (/5./0) and (15.11):
1

1+ jw/4 - (w/4)

+ 20log,,

1
201log,,| GH( jw)| = 201og,,10 + 201og,,1 + jw| + 20 logm} T )
w

1
arg GH( jw) = arg(l + jw) + arg(1 jw2+ar )
g GH( jw) = arg(1 + ju) + arg(1/( jwo)’) f;(l+1,w/4~(w/4)2
The graphs for each of the terms in these equations are obtained from Figs. 15-1 to 15-12 and are shown in Figs.
15-13 and 15-14. The asymptotic Bode plots for GH( jw) are obtained by adding these curves, as shown in Figs.
15-15 and 15-16, where computer-generated Bode plots for the frequency response function are also given for
comparison with the asymptotic approximations.

] T 111 11
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hi I |1 g
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| | | |‘| %
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[ 11 ' ' ‘ |
! 4 Ilj | | |
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Fig. 15-15
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15.6 BODE PLOTS OF DISCRETE-TIME FREQUENCY RESPONSE FUNCTIONS
The factored form for the general open-loop discrete-time frequency response function is
K(e*T+z)(eT+z2,) - (e”T+2,)
(eT+p)(e+py) -+~ (e +p,)

GH(e/*T) = (15.12)
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Simple asymptotic approximations, similar to those in Section 15.4, do not exist for the individual terms
in Equation (/5.1/2). Thus there is no particular advantage to a Bode form of the type in Equation
(15.2) for discrete-time systems. In general, computers provide the most convenient way to generate
Bode plots for discrete-time systems and several software packages exist to accomplish this task.

For the general open-loop frequency response function Equation (15.12), the magnitude and phase
angle are given by

20log,o|GH(e/“T)| = 201log,o|K |

+ 20log,le’“" + z;| + - - - +201log,ole’*T + z,,|

+ 2Ologwl—ejwrl—erl + .- +2Ol°g10|e,wrl+ Y (15.13)
and
arg GH(e/*T) = arg K + arg(e/*" + z;) + - --
. 1 1
+arg(e/“’r+zm)+argm+ +arg(‘e—ju—T+—pn‘ (15.14)

It is important to note that both the magnitude and phase angle of discrete-time frequency response
functions are periodic in the real angular frequency variable w. This is true since
eij - e_/(w+2kw/T)T — eijejZkr

thus e/7 is periodic in the frequency domain with period 27/ T. Every term in both the magnitude and
phase angle is thus periodic. It is therefore only necessary to generate Bode plots over the angular range
—7 < wT <7 radians; and the magnitude and phase angle are typically plotted as a function of the
angle w7 rather than angular frequency w.

Another useful property of a discrete-time frequency response function is that the magnitude is an
even function of the frequency w (and w7) and the phase angle is an odd function of w (and «T).

EXAMPLE 15.4. The Bode plots for the discrete-time frequency response function

ho(e”” +1)"

(e (e (e )

GH(e™T) =

are shown in Figs. 15-17 and 15-18.
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15.7 RELATIVE STABILITY

The relative stability indicators “gain margin” and “phase margin” for both discrete-time and
continuous-time systems are defined in terms of the system open-loop frequency response in Section
10.4. Consequently these parameters are easily determined from the Bode plots of GH(w) as illustrated
in Example 10.1, and in Example 15.4 above. Since 0 db corresponds to a magnitude of 1, the gain
margin is the number of decibels that |GH(w)| is below 0 db at the phase crossover frequency w,
(arg GH(w, ) = —180°). The phase margin is the number of degrees arg GH(w) is above —180° at the
gain crossover frequency w; (|GH(w;)|=1). Computer-generated Bode plots should be used to
accurately determine «,, w, and the gain and phase margins.

In most cases positive gain and phase margins, as defined above, will ensure stability of the
closed-loop system. However, a Nyquist Stability Plot (Chapter 11) may be sketched, or one of the
methods of Chapter 5 can be used to verify the absolute stability of the system.

EXAMPLE 15.5. The continuous-time system whose Bode plots are shown in Fig. 15-19 has a gain margin of
8 db and a phase margin of 40°.

20 log,p |GH(jw)| |

|
|

() e o e e e e e e e e o } : | —50°
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EXAMPLE 15.6. For the system in Example 15.4, the gain margin is 39 db, the angle at the phase crossover
frequency w, is w,T=1.57 rad, the phase margin is 90°, and the angle at the gain crossover frequency w, is
;T = 0.02 rad, all as illustrated in Figures 15-17 and 15-18.

158 CLOSED-LOOP FREQUENCY RESPONSE

Although there is no straightforward method for plotting the closed-loop frequency response
(C/R)w) from Bode plots of GH(w), it may be approximated in the following manner, for both
continuous and discrete-time control systems. The closed-loop frequency response is given by

C G(w)
7= To6(e)
If |GH(w)|> 1,
C _ G(w) 1
E(w) |GH(:.:)|>>1= GH(“’) - H(“’)
If |GH(w)| <1,
C -~
E(w) iGH(w>|<<1=G(w)

The open-loop frequency response of most systems is characterized by high gain for low frequencies and
decreasing gain for higher frequencies, due to the usual excess of poles over zeros. Thus the closed-loop
frequency response for a unity feedback system (H = 1) is approximated by a magnitude of 1 (0 db) and
phase angle of 0° for frequencies below the gain crossover frequency w,. For frequencies above w,, the
closed-loop frequency response may be approximated by the magnitude and phase angle of G(w). An
approximate closed-loop bandwidth for many systems is the gain crossover frequency w, (See Example
12.7)

EXAMPLE 15.7. The open-loop Bode magnitude plot and approximate closed-loop Bode magnitude plot for the
continuous-time unity feedback system represented by G(jw) = 10/jw(l + jw) are shown in Fig, 15-20.
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Fig. 15-20
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15.9 BODE ANALYSIS OF DISCRETE-TIME SYSTEMS USING THE w-TRANSFORM

The w-transform discussed in Section 10.7 can be used in the Bode analysis of discrete-time
systems. The algorithm for Bode analysis using the w-transform is:

1. Substitute (1 + w)/(1 — w) for z in the open-loop transfer function GH(z):

GH(z)|,. L+» = GH'(w)

1-w

2. Let w=jw, and generate Bode plots for GH'( jw,,), using the methods of Sections 15.3 through
15.5.

3. Analyze the relative stability of the system in the w-plane by determining the gain and phase
margins, the gain and phase crossover frequencies, the closed-loop frequency response, the
bandwidth, and /or any other frequency-related characteristics of interest.

4. Transform the critical frequencies determined in step 3 to the frequency domain of the z-plane
using the transformation w7 = 2tan " 'w,.

EXAMPLE 15.8. The open-loop transfer function
sz +1)°

(z-1)(z+3)(z+1)

GH(z) =

is transformed into the w-domain by letting

which yields
—is(w-1)

GH'(w) = w(w+2)(w+3)

Note, in particular, that the minus sign contributes —180° of phase angle, and the zero at + 1 contributes +90° at
w,, = 0°. The Bode plots of GH'( jw, ) are shown in Figs. 15-21 and 15-22.
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EXAMPLE 15.9. From the Bode plots of Example 15.8, the gain margin in the w-domain is 39 db and the phase
crossover frequency is w,,, =1 rad/sec. Transforming back to the z-domain, the phase crossover frequency w, is
obtained from

w,T=2tan v, =157 rad

Compare these results with those of Example 15.6, which are the same.

EXAMPLE 15.10. From the Bode plots of Example 15.8, the phase margin is 90° and the gain crossover
frequency is w,, = 0.01 rad/sec. Transforming to the z-domain, the gain crossover frequency w, is obtained from

o, T=2tan ‘o, =0.02 rad
Compare these results with those of Example 15.6, which are the same.

With the wide availability of software for control systems analysis, use of the w-transform for Bode
analysis of discrete-time systems is usually unnecessary. However, for design by analysis, as discussed in
Chapter 16 where insight gained from continuous-time system design techniques is transferred to
discrete-time system design, the w-transform can be a very useful tool.

Solved Problems

LOGARITHMIC SCALES
15.1. Express the following quantities in decibel (db) units: (a) 2, (6) 4, (¢) 8, (d) 20, (e) 25, (f) 140.
From Equation (15.1),
db, = 201og,2 = 20(0.301) = 6.02 db, = 201og,,20 = 20(1.301) = 26.02

db, = 2010g,,4 = 20(0.602) = 12.04 db, = 201og,25 = 20(1.398) = 27.96
db, = 201og, 8 = 20(0.903) = 18.06 db, = 2010g,140 = 20(2.146) = 42.92
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Note that since 4 = 2 X 2, then for part (») we have

20log, 44 = 20log,y2 + 20log;,2 = 12.04

and since 8 = 2 X 4, then for part (c¢) we have

201og,,8 = 20log,,2 + 20log,;4 = 6.02 + 12.04 = 18.06

THE BODE FORM AND THE BODE GAIN FOR CONTINUOUS-TIME SYSTEMS
15.2. Determine the Bode form and the Bode gain for the transfer function
<l
.‘ﬁ K(s+2)
athcad CH= 51>~
s} (s+4)(s+6)

Factoring 2 from the numerator, 4 and 6 from the denominator and putting s = jw results in the Bode
form

_ (K/12)(1 +jw/2)
(o)’ (1 +jw/8)(1 + jw/6)

GH( jw)

The Bode gain is Ky = K/12.

15.3. When is the Bode gain equal to the d.c. gain (zero frequency magnitude) of a transfer function?

The Bode gain is equal to the d.c. gain of any transfer function with no poles or zeros at the origin
[/ =0 in Equation (15.2)].

BODE PLOTS OF SIMPLE FREQUENCY RESPONSE FUNCTIONS
15.4. Prove that the Bode Magnitude plot for ( jw)' is a straight line.
The Bode magnitude plot for (jw)' is a plot of 20log,qw’ versus log,,w. Thus

d(20log,w')  20/d(log,qw)
= =20/
d(log,ow) d(log,ow)

Since the slope is constant for any /, the Bode magnitude plot is a straight line.

slope =

15.5. Determine: (1) the conditions under which the Bode magnitude plot for a pair of complex poles
] has a peak at a nonzero, finite value of w; and (2) the frequency at which the peak occurs.

Mathcad The Bode magnitude is given by

1
1+ 28w/w,— (w/w,)’

201og,,

Since the logarithm is a monotonically increasing function, the magnitude in decibels has a peak
(maximum) if and only if the magnitude itself is maximum. The magnitude squared, which is maximum

when the magnitude is maximum, is

1
[1 - (w/e,)]’ + 4t /w,)?
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Taking the derivative of this function and setting it equal to zero yields
(4w/w,2,)[1 - (w/w,,)z] — 8w /u?
212 2
{[1- (orw )] + 4(5wsa,)’)

wﬂ

w \2
or 1—(—) —28%=0

and the frequency at the peak is w = w,'1 — 2{?. Since w must be real, by definition, the magnitude has a
peak at a nonzero value w only if 1 —2¢*>0 or { < 1//2_ =0.707. For { > 0.707, the Bode magnitude is
monotonically decreasing.

CONSTRUCTION OF BODE PLOTS FOR CONTINUOUS-TIME SYSTEMS
15.6. Construct the asymptotic Bode plots for the frequency response function
1+jw/2 = (w/2)?
Jjo(1+jw/0.5)(1 + jw/4)

GH(jw) =

The asymptotic Bode plots are determined by summing the graphs of the asymptotic representations
for each of the terms of GH( jw), as in equations (/5.10) and (5.11). The asymptotes for each of these
terms are shown in Figs. 15-23 and 15-24 and the asymptotic Bode plots for GH( jw) in Figs. 15-25 and
15-26. The exact Bode plots generated by computer are shown for comparison.
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15.7. Construct Bode plots for the frequency response function

o+ 2
GH(jw) =
— (o) = S T T jar) (1 /)
The asymptotic Bode plots are constructed by summing the asymptotic plots for each term of GH( jw),
as in Equation (/5./0) and (I5.11), and are shown in Figs. 15-27 and 15-28. More accurate curves
determined numerically by computer are also plotted for comparison.
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15.8. Construct the Bode plots for the open-loop transfer function GH = 2(s + 2)/(s® — 1).

it

Mathcad

BODE ANALYSIS

With s = jw, the Bode form for this transfer function is

—4(1 +jwa/2)
(1 +jw)(1 - jw)

GH( jw) =

383

This function has a right-half plane pole [due to the term 1/(1 — jw)] which is not one of the standard
functions introduced in Section 15.4. However, this function has the same magnitude as 1/(1 + jw) and the
same phase angle as 1+ jw. Thus for a function of the form 1/(1 —jw/p), the magnitude can be
determined from Fig. 15-7 and the phase angle from Fig. 15-10. For this problem the phase angle
contributions from the terms 1/(1 + jw) and 1/(1 — jw) cancel each other. The asymptotes for the Bode
magnitude plot are shown in Fig. 15-29 along with a more accurate Bode magnitude plot. The Bode phase

angle is determined solely from arg K = arg(—4) — 180° and the zero at « = 2, as shown in Fig. 15-30.

db magnitude
-]
4
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RELATIVE STABILITY

15.9.

15.10.

it

Mathcad

15.11.

oI+

Mathcad

For the system with the open-loop transfer function of Problem 15.6, find w,, w,, the gain
margin, and the phase margin.

Using the exact magnitude curve shown in Fig. 15-25, the gain crossover frequency is w; = 0.62. The
phase crossover frequency w, is indeterminate because arg GH( jw) never crosses — 180°. (See Fig. 15-26.)
Arg GH( jw,) = arg GH(j0.62) is —129°. Hence the phase margin is —129° + 180° = 51°. Since w, is
indeterminate, the gain margin is also indeterminate.

Determine the gain and phase margins for the systems with the open-loop frequency response
function of Problem 15.7.

From Fig. 15-27, w, = 1.5; and from Fig. 15-28, arg GH( jw,;) = —144°. Therefore the phase margin is
180° — 144° = 36°. From Fig. 15-28, w,=3.2; and the gain margin is read from Fig. 15-27 as
—20log,,|GH( jw,)| =11 db.

Determine the gain and phase margins for the system with the open-loop transfer function of
Problem 15.8.

From Fig. 15-29, w, = 2.3 rad/sec. From Fig. 15-30, arg GH( jw;) = —127°. Hence the phase margin
is 180° —127° = 53°. As shown in Fig. 135-30, arg GH(jw) approaches —180° as w decreases. Since
arg GH(jw) = —180° only at w = 0, then w, = 0. Therefore the gain margin is —20log,,|GH(jw,){= —12
db using the normal procedure. Although a negative gain margin indicates instability for most systems, this
system is stable, as verified by the Nyquist Stability Plot shown in Fig. 15-31. Remember that the system
has an open-loop right-half plane pole; but the zero of GH at —2 acts to stabilize the system for K= 2.

b Im GH

Re Gf?

Fig. 15-31

CLOSED-LOOP FREQUENCY RESPONSE

15.12. For the system of Example 15.7 with H =1, determine the closed-loop frequency response

function and compare the actual closed-loop Bode magnitude plot with the approximate one of
Example 15.7.

For this system, GH = 10/s(s + 1). Then

c 10
E - s2+s5+10
c 1

and 2V = T 10

Therefore the closed-loop Bode magnitude plot corresponds to Fig. 15-11, with {=0.18 and w,=3.16.
From this plot the actual 3-db bandwidth is w/w,=135 in normalized form; hence, since «,=3.16,
BW = 1.5(3.16) = 4.74 rad/sec. The approximate 3-db bandwidth determined from Fig. 15-20 of Example
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15.7 is 3.7 rad/sec. Note that w, =3.16 rad/sec for the closed-loop system corresponds very well with
w; = 3.1 rad/sec from Fig. 15-20. Thus the gain crossover frequency of the open-loop system corresponds
very well with w, of the closed-loop system, although the approximate 3-db bandwidth determined above is
not very accurate. The reason for this is that the approximate Bode magnitude plot of Fig. 15-20 does not
show the peaking that occurs in the exact curve.

15.13. For the discrete-time system with open-loop frequency response function

24 3(z+1)(z+2)
GH(z) = >

8z(z-1)(z+13)

find the gain margin, phase margin, phase crossover angle, and gain crossover angle.

H=1

Mathcad

The Bode plots for. this system are given in Figs. 15-32 and 15-33. The phase crossover angle T is
determined from Fig. 15-33 as 1.74 rad. The corresponding gain margin is found on Fig. 15-32 as 11 db.
The gain crossover angle w,T is determined from Fig. 15-32 as 0.63 rad. The corresponding phase margin is
found on Fig. 15-33 as 57°.
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15.14.

15.15.

15.16.

15.17.

15.18.
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Supplementary Problems

Construct the Bode plots for the open-loop frequency response function
41+ jw/2)
(jw)*(1 +ju/8)(1 + ju/10)

GH(jw) =

Construct the Bode plots and determine the gain and phase margins for the system with the open-loop
frequency response function

4

) = A+ jar3)

Solve Problems 13.35 and 13.37 by constructing the Bode plots.

Work Problem 13.52 using Bode plots.

Work Problem 11.59 using Bode plots.



Chapter 16

Bode Design

16.1 DESIGN PHILOSOPHY

Design of a feedback control system using Bode techniques entails shaping and reshaping the Bode
magnitude and phase angle plots until the system specifications are satisfied. These specifications are
most conveniently expressed in terms of frequency-domain figures of merit such as gain and phase
margin for the transient performance and the error constants (Chapter 9) for the steady state
time-domain response.

Shaping the asymptotic Bode plots of continuous-time systems by adding cascade or feedback
compensation is a relatively simple procedure. Bode plots for several common continuous-time
compensation networks are presented in Sections 16.3, 16.4, and 16.5. With these graphs, the magnitude
and phase angle contributions of a particular compensator can be added directly to the uncompensated
system Bode plots. It is usually necessary to correct the asymptotic Bode plots in the final stages of
design to accurately verify satisfaction of the performance specifications.

Since simple asymptotic Bode plots do not exist for discrete-time systems, the shaping and
reshaping of Bode plots for discrete-time systems is usually not as simple and intuitive as for
continuous-time systems. However, by transforming the discrete-time transfer function into the w-plane,
design of discrete-time systems can be accomplished by continuous-time techniques.

16.2 GAIN FACTOR COMPENSATION

It is possible in some cases to satisfy all system specifications by simply adjusting the open-loop
gain factor K. Adjustment of the gain factor K does not affect the phase angle plot. It only shifts the
magnitude plot up or down to correspond to the increase or decrease in K. The simplest procedure is to
alter the db scale of the magnitude plot in accordance with the change in K instead of replotting the
curve. For example, if K is doubled, the db scale should be shifted down by 20log,,2 = 6.02 db.

When working with continuous-time Bode plots, it is more convenient to use the Bode gain:

K[]-,
i=1
l—]l:pi

Kg=

where —p, and —:, are the finite poles and zeros of GH.

EXAMPLE 16.1. The Bode plots for

Ky

M) = FatT+ja/D
are shown in Fig, 16-1 for K, =1.

The maximum amount K; may be increased to improve the system steady state performance without
decreasing the phase margin below 45° is determined as follows. In Fig. 16-1, the phase margin is 45° if the gain
crossover frequency w, is 2 rad/sec and the magnitude plot can be raised by as much as 9 db before w, becomes 2
rad/sec. Thus K can be increased by 9 db without decreasing the phase margin below 45°.

387
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oI+

Mj%d 16.3 LEAD COMPENSATION FOR CONTINUOUS-TIME SYSTEMS

The lead compensator, presented in Sections 6.3 and 12.4, has the following Bode form frequency
response function:

bY(1+
P jw) = e/ 1)ijw;:/a) (16.1)

The Bode plots for this compensator, for various lead ratios a/b, are shown in Fig. 16-2. These graphs
illustrate that addition of a cascade lead compensator to a system lowers the overall magnitude curve in
the low-frequency region and raises the overall phase angle curve in the low-to-mid-frequency region.
Other properties of the lead compensator are discussed in Section 12.4.

The amount of low-frequency attenuation and phase lead produced by the lead compensator
depends on the lead ratio a/b. Maximum phase lead occurs at the frequency w,, = Vab and is equal to

Omax = (90 — 2tan ! /a/b ) degrees (16.2)
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Lead compensation is normally used to increase the gain and/or phase margins of a system or
increase its bandwidth. An additional modification of the Bode gain K, is usually required with lead
networks, as described in Section 12.4.

EXAMPLE 16.2. An uncompensated continuous-time system whose open-loop transfer function is
H 24 H=1
Cs(s+2)(s+6) -

is to be designed to meet the following performance specifications:
1. when the input is a ramp with slope (velocity) 2« rad /sec, the steady state position error must be less than
or equal to 7 /10 radians.
2. ppy =45°£5°.
3. gain crossover frequency w, > 1 rad/sec.*

Lead compensation is appropriate, as previously outlined in detail in Example 12.4. Transforming GH( jw)

into Bode form,
2

Jo(1+jw/2)(1 +jw/6)

we note that the Bode gain K is equal to the velocity error constant K,; = 2. The Bode plots for this system are
shown in Fig. 16-3.

GH( jw) =

*When using Bode techniques, closed-loop system bandwidth specifications are often interpreted in terms of the gain crossover
frequency w,, which is easily determined from the Bode magnitude plot. The bandwidth and , are not generally equivalent; but,
when one increases or decreases, the other usually follows. As noted in Sections 10.4, and 15.8 and Problem 12.16, w, is often a
reasonable approximation for the bandwidth.
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The steady state error e(cc) is given by Equation (9./3) as 1/K,, for a unit ramp function input. Therefore, if
e(00) < m/10 radians and the ramp has a slope of 27 instead of 1, then the required velocity error constant is

20
7 /10

=20 sec™?

K, >

Thus a cascade amplifier with a gain of A =10, or 20 db, will satisfy the steady state specification. But this gain
must be further increased after the lead network parameters are chosen, as described in Example 12.4. When the
Bode gain is increased by 20 db, the gain margin is —8 db and the phase margin —28°, as read directly from the
plots of Fig. 16-3. Therefore the lead compensator must be chosen to bring the phase margin to 45°. This requires a
large amount of phase lead. Furthermore, since addition of the lead compensator must be accompanied by an
increase in gain of b/a, the net effect is to increase the gain at mid and high frequencies, thus raising the gain
crossover frequency. Hence a phase margin of 45° has to be established at a higher frequency, requiring even more
phase lead. For these reasons we add two cascaded lead networks (with the necessary isolation to reduce loading
effects, if required).

To determine the parameters of the lead compensator, assume that the Bode gain has been increased by 20 db
so that the 0-db line is effectively lowered by 20 db. If we choose b/a = 10, then the lead compensator plus an
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additional Bode gain increase of (b/a)? for the two networks has the following combined form:

e (+jesa)
[10P cq(jw)] = G.(jw) = (1 +jw/10a)’

Now we must choose an appropriate value for o. A useful method for improving system stability is to try to cross
the 0-db line at a slope of —6 db/octave. Crossing at a slope of —12 db/octave usually results in too low a value
for the phase margin. If a is set equal to 2, a sketch of the asymptotes reveals that the 0-db line is crossed at —12
db foctave. If a =4, the 0-db line is crossed at a slope of —6 db/octave. The Bode magnitude and phase angle
plots for the system with @ = 4 rad/sec are shown in Fig. 16-4. The gain margin is 14 db and the phase margin is
50°. Thus the second specification is satisfied. The gain crossover frequency w, = 14 rad/sec is substantially higher
than the value specified, indicating that the system will respond a good deal faster than required by the third
specification. The compensated system block diagram is shown in Fig. 16-5. A properly designed amplifier may
additionally serve the purpose of load-effect isolation if it is placed between the two lead networks.
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Mathcas 16,4 LAG COMPENSATION FOR CONTINUOUS-TIME SYSTEMS
The lag compensator, presented in Sections 6.3 and 12.5, has the following Bode form frequency
response function:
1+ jw/b

T ia/a (16.3)

PLag(jw) =

The Bode plots for the lag compensator, for several lag ratios b/a, are shown in Figure 16-6. The
properties of this compensator are discussed in Section 12.5.
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EXAMPLE 16.3. Let us redesign the system of Example 16.2 using gain factor plus /ag compensation, as
previously outlined in detail in Example 12.5. The uncompensated system is, again, represented by

2
jo(1+je/2)(1 +jw/6)

GH( jw) =

and the specifications are

1. K,>20sec™!

2. Ppy=45°15°

3. w;=1rad/sec

As before, a Bode gain increase by a factor of 10, or 20 db, is required to satisfy the first (steady state)
specification. Hence the Bode plots of Fig. 16-3 should again be considered with the 0-db line effectively lowered by

20 db. Addition of significant phase-lag at frequencies less than 0.1 rad/sec will lower the curve or effectively raise
the 0-db line by an amount corresponding to b/a. Thus the ratio b/a must be chosen so that the resulting phase
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margin is 45°. From the Bode phase angle plot (Fig. 16-3) we see that a 45° phase margin is obtained if the gain
crossover frequency is w, = 1.3 rad /sec. From the Bode magnitude plot, this requires that the magnitude curve be
lowered by 2 + 20 = 22 db. Thus a gain decrease of 22 db, or a factor of 14, is needed. This can be obtained using a
lag compensator with b/a = 14. The actual location of the compensator is arbitrary as long as the phase shift
produced at w, is negligible. Values of a = 0.01 and & = 0.14 rad /sec are adequate. The compensated system block
diagram is shown in Fig. 16-7.

R(w) } 1+ ju/014 L. 3 e
1 + jw/0.01 Jull + ju/2)(1 + ju/6)
Lag compensator Gain of A Uncompensated plant
Fig. 16-7

16.5 LAG-LEAD COMPENSATION FOR CONTINUOUS-TIME SYSTEMS

It is sometimes desirable, as discussed in Section 12.6, to simultaneously employ both lead and lag
compensation. Although one each of these two networks can be connected in series to achieve the
desired effect, it is usually more convenient to mechanize the combined lag-lead compensator described
in Example 6.6. This compensator can be constructed with a single R-C network, as shown in Problem
6.14.

The Bode form of the frequency response function for the lag-lead compensator is

(1+jw/a))(1+jw/b,)
(1 +jw/b)(1 +jw/a,)
with b, > a,, b, > a, and a,b, = b,a,. A typical Bode magnitude plot in which a4, > b, is shown in Fig.
16-8. The Bode plots for a specific lag-lead compensator can be determined by combining the Bode

plots for the lag portion from Fig. 16-6 with those for the lead portion from Fig. 16-2. Additional
properties of the lag-lead compensator are discussed in Section 12.6.

PLL(jw) =

20 logyp [Py Liw)]
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EXAMPLE 16.4. Let us redesign the system of Example 16.2 using lag-lead compensation. Suppose, for example,
that we want the gain crossover frequency w, (approximate closed-loop bandwidth) to be greater than 2 rad/sec
but less than 5 rad/sec, with all the other specifications the same as Example 16.2. For this application, we shall see
that the lag-lead compensator has advantages over either lag or lead compensation. The uncompensated system is,
again, represented by

2
jo(1+jw/2)(1 + ju/6)

GH( jw) =
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The Bode plots are shown in Fig. 16-3. As in Example 16.2, a Bode gain increase of 20 db is required to satisfy the
specification on steady state performance. Once again referring to Fig. 16-3 with the 0-db line shifted down by 20
db to correspond to the Bode gain increase, the parameters of the lag-lead compensator must be chosen to result in
a gain crossover frequency between 2 and 5 rad/sec, with a phase margin of about 45°. The phase angle plot of
Fig. 16-3 shows about —188° phase angle at approximately 4 rad/sec. Thus we need about 53° phase lead to
establish a 45° phase margin in that frequency range. Let us choose a lead ratio of a;/b, = 0.1 to make sure we
have enough phase lead. To place it in about the right frequency range, let a, = 0.8 and », = 8 rad /sec. The lag
portion must have the same ratio a,/b, = 0.1; but the lag portion must be sufficiently lower than g, so as not to
significantly reduce the phase lead obtained from the lead portion; b, = 0.2 and a, = 0.02 are adequate. The Bode
plots for the compensated system are shown in Fig. 16-9; and the block diagram is shown in Fig. 16-10.

We note that the lag-lead compensator produces no magnitude attenuation at either high or low frequencies.
Therefore a smaller gain factor adjustment (as obtained with lag compensation in Example 16.3) and a smaller
bandwidth and gain crossover frequency (as that resulting from lead compensation in Example 16.2) are obtained
using lag-lead compensation.
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16.6 BODE DESIGN OF DISCRETE-TIME SYSTEMS

Bode design of discrete-time systems is based on the same philosophy as Bode design of
continuous-time systems in that it entails shaping and reshaping the Bode magnitude and phase angle
plots until the system specifications are met. But the effort involved can be substantially greater.

It is sometimes possible to satisfy specifications by simply adjusting the open-loop gain factor K, as
described in Section 16.2 for continuous-time systems.

EXAMPLE 16.5. Consider the discrete-time system of Example 15.4, with open-loop frequency response function
da(eT+1)°
(T — 1)( eloT + %)( elel + %)

and H = 1. Figures 16-11 and 16-12 are the Bode plots of GH, drawn by computer, which illustrate the gain and

GH(e’T) =

R |
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phase margins and the gain and phase crossover frequencies. We now show that gain factor compensation alone
can be used to satisfy the following system specifications:

1. dpy = 30°
2. 10 db < gain margin < 15 db.

From Fig. 16-12 we see if w,T can be increased to 1.11 rad, then ¢py, = 30°. To accomplish this, the gain must
be increased by 35 db, as shown in Fig. 16-11, resulting in a gain margin of 39 — 35 = 4 db, which is too small. If
we increase the gain by only 25 db (increase K by a factor of 18), then w,T = 0.35 rad and the phase margin is 70°.
Note that changing K does not change w,T.

For discrete-time system design specifications which cannot be satisfied by gain factor compensa-
tion alone, Bode design in the z-domain is not as straightforward as in the s-domain. Continuous-time
system design methods can, however, be transferred to the design of discrete-time systems using the
w-transform. Based on developments in Sections 10.7 and 15.9, the design algorithm is as follows:

1. Substitute (1 + w)/(1 — w) for z in the open-loop transfer function GH(z):
GH(Z)iz-u tw)/(l-w) = GH'(W)
2. Set w=jw,. and then transform critical frequencies in the performance specifications from the
z- to the w-domain, using:
wT

w, = tan T

3. Develop continuous-time compensation (as in Sections 16.3 through 16.5) such that the system
in the w-domain satisfies the given specifications at the frequencies obtained in Step 2 (as if the
w-domain were the s-domain).

4. Transform the compensation elements obtained in Step 3 back to the z-domain to complete the
design, using w=(z—-1)/(z+ 1).

EXAMPLE 16.6. The unity feedback discrete-time system with open-loop transfer function

3 (z+1)(z+4
G(Z)=GH(Z)='8-(—:(+E.;—)‘—)

and sampling period T = 0.1 sec is to be compensated so that it meets the following specifications:

1. The stcady state error must be less than or equal to 0.02 for a unit ramp input.
2. opy = 30°
3. The gain crossover frequency w, must satisfy w,7 > 1 rad.

This is a type O system and the steady state error for a unit ramp input is infinite (Section 9.9). Therefore the
compensation must contain a pole at z =1 and the new transfer function including this pole becomes

3 (z+1)(z+13)

GH’(Z)=§ 2(z-1)(z+14)

From the table in Section 9.9 the steady state error for the unit ramp is e(w) = T/K,, where K. = GH(1)=
lim, _, (z - DGH'(z) = 3. Thus, with e(x) = 0.15, thc gain factor must be increased by a factor of 15/2 (17.5 db).

The Bode plots for GH' are shown in Figs. 16-13 and 16-14. From Fig. 16-13, the angle at the gain crossover
frequency is w,T = 0.68 rad and the phase margin is 56°. Increasing the gain by 17.5 db would move the angle at
the gain crossover frequency to w,T = 2.56 rad, but the phase margin would then become —41°, destabilizing the
system. Gain factor compensation alone is apparently inadequate for this design problem.

To complete the design, we transform GH(z) into the w-domain, setting z = (1 + w)/(1 — w) and forming

1 (1-w)(l+w/2)

GH"(w) = 3 w(l+w)(1l+w/3)

The Bode plots for GH” are shown in Figs. 16-15 and 16-16.
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Following Step 2 above, the gain crossover frequency specification ;T > 1 rad is transformed into the w-plane
using
w, T

1
W, = tanT > tanE = (.55 rad /sec

From Fig. 16-15 {or from w,, = tan(0.68/2)] the gain crossover frequency is 0.35 rad /sec and the phase margin is
56° (as it was in the z-domain).

To satisfy the steady state error specification, the gain factor must be increased by at least 17.5 db (as noted
earlier), and to satisfy the remaining specifications, the gain crossover frequency should be increased to at least 0.55
rad/sec (Fig. 16-16), and the phase angle at w, =0.55 should be held to at least —150°. This last requirement
implies that no more than 6.5° of lag can be introduced at w, = 0.55 rad/sec. Note that this requires about 4.3-db
gain increase at w_ = 0.55 rad/sec so that this frequency can become the gain crossover frequency.

Lag compensation can satisfy these specifications (Step 3). From Fig. 16-6, a lag ratio of b/a = 5 provides 14
db of attenuation at higher frequencies. To increase the gain crossover frequency, the gain factor is increased by
18.3 db, so that at w,, = 0.55 there is a net increase of 4.3 db. This is clearly adequate to also satisfy the steady state
error specification (17.5 db is needed).

Now the parameter a in the lag ratio can be chosen to satisfy the phase margin requirement. As noted above,
we must keep the phase lag of the compensator below 6.5° at w,. = 0.55 rad/sec. We note that the phase lag of the
lag compensator is

. . wT ) wT
4 =tan  — —tan” " —
¢Ldg b a
Thus, setting ¢;,, = ~6.5°, w=w, =0.55 rad/sec and b= 5a (as above), this equation is easily solved for a.

Choosing the smaller of the solutions generates a dipole (a pole-zero pair) very near the origin of the w-plane, for
a =0.0157. We choose a = 0.015 which gives only 6.2° of phase lag. Thus b = 0.075 and the lag compensator in the
w-plane is given by

0.015 )( w+ 0.075 )

P =
tae (W) (0.075 w +0.015

Py,, is now transformed back to the z-domain (Step 4) by substituting w=(z —1)/(z + 1). The result is

, 02115y 22086046
tag(2) =0. (2—0.97044)

Combining this with the pole at z =1 and the gain factor increase of 18.3 db (a gain factor ratio increase of 8.22),
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the complete compensation element G,(z) is

z — 0.86046
(z - 1)(z —0.97044)

Gy(z) =1.7417

The compensated control system is shown in Fig. 16-17. Note that this design is quite similar to those developed for
this same system and specifications in Examples 12.7 and 14.5.

Fig. 16-17

Solved Problems

GAIN FACTOR COMPENSATION

16.1. Determine the maximum value for the Bode gain K which will result in a gain margin of 6 db
or more and a phase margin of 45° or more for the system with the open-loop frequency
response function

K

GH(jw)=—"—""—

o) T oy

The Bode plots for this system with Ky = 1 are shown in Fig. 16-18.

The gain margin, measured at w, = 5 rad/sec, is 20 db. Thus the Bode gain can be raised by as much
as 20— 6=14 db and still satisfy the gain margin requirement. However, the Bode phase angle plot
indicates that, for ép,, > 45°, the gain crossover frequency w, must be less than about 2 rad/sec. The
magnitude curve can be raised by as much as 7.5 db before w, exceeds 2 rad /sec. Thus the maximum value
of Ky satisfying both specifications is 7.5 db, or 2.37.

16.2. Design the system of Problem 15.7, to have a phase margin of 55°.

i+

< The Bode phase angle plot in Fig. 15-28 indicates that the gain crossover frequency w, must be 0.9

mathcad 1ad/sec for 55° phase margin. From the Bode magnitude of Fig. 15-27, K, must be reduced by 6 db, or a
factor of 2, to achieve w; = 0.9 rad/sec and hence ¢py = 55°.

LEAD COMPENSATION

16.3. Show that the maximum phase lead of the lead compensator [Equation (/6.1 )] occurs at w,, = Vab
and prove Equation (16.2).

The phase angle of the lead compensator is ¢ = arg P, ,.4(jw) =tan ! w/a — tan ' w/b. Then
do 1 1
dw—a[l+(w/a)2] b[l+(w/b)2]

Setting d¢/dw equal to zero yields w? = ab. Thus the maximum phase lead occurs at w,, = yab. Hence
dmax = tan"'y/b/a — tan"' \Ja/b. But since tan '\/b/a=m/2 —tan '\a/b, we have ¢, =
(90 — 2tan 'y/a/b) degrees.
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16.4. What attenuation (magnitude) is produced by a lead compensator at the frequency of maximum

phase lead ©,, = /E ?

The attenuation factor is given by
. (a/b)(1+,yb/a)
‘PLcad(J‘/a_b) l =

(1+a/b)

a [1¥b/a \/7
bV 1+ap Vb

16.5. Design compensation for the system
six 8
GH( jw) =
Mathcad (o) (1+jw)(1 +jw/3)2
which will yield an overall phase margin of 45° and the same gain crossover frequency , as the
uncompensated system. The latter is essentially the same as designing for the same bandwidth, as

discussed in Section 15.8.
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The Bode plots for the uncompensated system are shown in Fig. 16-19.
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The gain crossover frequency «w, is 3.4 rad/sec and the phase margin is 10°. The specifications can be
met with a cascade lead compensator and gain factor amplifier. Choosing a and b for the lead compensator
is somewhat arbitrary, as long as the phase lead at w, = 3.4 is sufficient to raise the phase margin from 10°
to 45°. However, it is often desirable, for economic reasons, to minimize the low-frequency attenuation
obtained from the lead network by choosing the largest lead ratio a/b <1 that will supply the required
amount of phase lead. Assuming this is the case, the maximum lead ratio that will yield 45° — 10° = 35°
phase lead is about 0.3 from Fig. 16-2. Solution of Equation (/6.2) yields a value of a/b =027 But we
shall use a/b = 0.3 because we have the curves available for this value in Fig. 16-2. We want to choose a
and b such that the maximum phase lead, which occurs at w,, = yab , is obtained at w, = 3.4 rad/sec. Thus
Vab = 3.4. Substituting a = 0.3b into this equation and solving for b, we find b = 6.2 and a = 1.86. But this
compensator produces 20log,,1/6.2/1.86 = 5.2 db attenuation at w, = 3.4 rad /sec (see Problem 16.4). Thus
an amplifier with a gain of 5.2 db, or 1.82, is required, in addition to the lead compensator, to maintain w;
at 3.4 rad/sec. The Bode plots for the compensated system are shown in Fig. 16-20 and the block diagram
in Fig. 16-21.
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R(jw) + 0.3(1 + ju/1.86) oliue - 8 Cljw)
" ( ) > 1+ ju/6.2 i | A Fje+ ey -
| —
Lead compensator Amplifier Uncompensated system
Fig. 16-21

LAG COMPENSATION
16.6. What is the maximum phase lag produced by the lag compensator [Equation (16.3)]?
The phase angle of the lag compensator is

-1

w
-1 _
a

w
argPLag(jw)=tan ; — tan = _argPLcad(jw)

Thus the maximum phase lag (negative phase angle) of the lag compensator is the same as the maximum
phase lead of the lead compensator with the same values of a and 5. Hence the maximum also occurs at

w,, = Vab and, from Equation (/6.2), we get

a
Proan = (90— 2tan ! \/g) degrees
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Expressed in terms of the lag ratio b/a, this equation becomes

b
Pnax = (Ztan*1 V - - 90) degrees
a

16.7. Design compensation for the system of Problem 16.1 to satisfy the same specifications and, in
addition, to have a gain crossover frequency w, less than or equal to 1 rad/sec and a velocity
error constant K, > 5.

The Bode plots for this system, shown in Fig. 16-18, indicate that «; = 1 rad/sec for Kz=1.
Hence K, = Kyz=1 for w, = 1. The gain and phase margin requirements are easily met with any
K5 <2.37; but the steady state specification requires K, = K> 5. Therefore a low-frequency
cascade lag compensator with 5/a =5 can be used to increase K, to 5, while maintaining the
crossover frequency and the gain and phase margins at their previous values. A lag compensator
with b = 0.5 and a = 0.1 satisfies this requirements, as shown in Fig. 16-22.

e
b=
)
E
0.05 0.1 0.2 0.4 1 2 4 10
Frequency «, rad/sec
—100°
2
)
ff: —-150°
]
w
=
—opge bt

0.05 0.1 0.2 0.4 1 2 4 10
Frequency w, rad/sec

Fig. 16-22
5(1 + jw/0.5)
jo(l+jw/0.1)(1 +jw/5)

The compensated open-loop frequency response function is

16.8. Design a discrete-time unity feedback system, with the fixed plant

P c 27 (z+1)°
Mathcad Z(Z) - 6_4 (Z+ %)3

satisfying the specifications: (1) K, > 4, (2) gain margin > 12 db, (3) phase margin > 45°.
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The specification on the position error constant K, requires a gain factor increase of 4. This transfer
function is transformed into the w-plane by letting z = (1 + w)/(1 — w) thus forming

Gy

The Bode plots for this system, with the gain factor increased by 20log,,4 = 12 db, are shown in Fig.
16-23.

. -
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o Compensated 1
) |
e —100° | Lo {
o | {
o : i i
«
": |
" 2000

0.04 0.1 0.2 0.4 1 2 4 10
Frequency w,,, rad/sec

Fig. 16-23

The gain margin is 6 db and the phase margin is 30°. These margins can be increased by adding a lag
compensator. To increase the gain margin by 12 db, the high-frequency magnitude must be reduced by 6
db. To raise the phase margin to 45°, w,,; must be lowered to 3.0 rad /sec or less. This requires a magnitude
attenuation of 3 db at that frequency. Therefore let us choose a lag ratio b/a = 2 to yield a high-frequency
attenuation of 20log,,2 =6 db. For a = 0.1 and = 0.2 the phase margin is 65° and the gain margin is 12
db, as shown in the compensated Bode plots of Fig. 16-23.

The compensated open-loop frequency response function is

41+ jw,/0.2)
(1 + jw,/0.1)(1 +jw,)’

The compensation element

41 +w/0.2)

Giw) == o0

is transformed back to the z-domain by letting w = (z — 1) /(z + 1) thus forming

Gl(")zf_‘:((—z—i

oy

[ | wrs
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LAG-LEAD COMPENSATION

16.9.

Determine compensation for the system of Problem 16.5 that will result in a position error
constant K, > 10, ¢py > 45° and the same gain crossover frequency w, as the uncompensated
system.

The compensation determined in Problem 16.5 satisfies all the specifications except that K, is only 4.4
The lead compensator chosen in that problem has a low-frequency attenuation of 10.4 db, or a factor of
3.33. Let us replace the lead network with a lag-lead compensator, choosing a, =186, b, =6.2, and
a,/b, = 0.3. The low-frequency magnitude becomes a,b,/b,a, =1, or 0 db, and the attenuation produced
by the lead network is erased, effectively raising K, for the system by a factor of 3.33 to 14.5. The lag
portion of the compensator should be placed at frequencies sufficiently low so that the phase margin is not
reduced below the specified value of 45°. This can be accomplished with a, =0.09 and b, =0.3. The
compensated system block diagram is shown in Fig. 16-24. Note that an amplifier with a gain of 1.82 is
included, as in Problem 16.5, to maintain w, = 3.4.

R(jw) + a+jwona+jrse || o 8 Cliw)
(1 + ju/0.09)(1 + ju/6.2) ; (1 + jul1 + ju/3)? o
Lag-lead compensator Amplifier Uncompensated system
Fig. 16-24
The compensated Bode plots are shown in Fig. 16-25.
shse o e e mmmagag i
20 |+
;T
B |
2 |
= 0 -
£ |
= !
PO #aaki i [l i s e o U il 649 R it
0.04 0.1 0.2 0.4 1 2 4 10
Frequency w, rad/sec
T s —— ——
a —100 [
g I
9 |.
b SR i e e RS 8 8 SR AR 94 SO IS0 P 6 19 WO SO e A8 RS o 8 K 3
o - | i
R |
200° §
Ill..___.____... i i ——— - ' P e | |

Frequency w, rad/sec
Fig. 16-25
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16.10.

i+
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Design cascade compensation for a unity feedback control system, with the plant
1

Jjo(1 +jw/8)(1 + jw/20)

Gz(j‘*’)=

to meet the following specifications:
(1) K,>100 (3) gain margin > 10 db
(2) w;=10rad/sec (4) phase margin ¢py > 45°

To satisfy the first specification, a Bode gain increase by a factor of 100 is required since the
uncompensated K, =1. The Bode plots for this system, with the gain increased to 100, are shown in Fig.
16-26.

40

20
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=
2
=1

&0 0
«
E
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-
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—100°
=
)
=
=
@

2 —200°
o ]
¥

—300°

bt |

1 2 4 10 20 40 100

Frequency w, rad/sec

Fig. 16-26

The gain crossover frequency w, = 23 rad/sec, the phase margin is —30°, and the gain margin is —12
db. Lag compensation could be used to increase the gain and phase margins by reducing w,. However, w,
would have to be lowered to less than 8 rad/sec to achieve a 45° phase margin and to less than 6 rad /sec
for a 10-db gain margin. Consequently, we would not satisfy the second specification. With lead
compensation, an additional Bode gain increase by a factor of b/a would be required and w, would be
increased, thus requiring substantially more than the 75° phase lead for w, = 23 rad/sec. These disadvan-
tages can be overcome using lag-lead compensation. The lead portion produces attenuation and phase lead.
The frequencies at which these effects occur must be positioned near w, so that w, is slightly reduced and
the phase margin is increased. Note that, although pure lead compensation increases w,, the lead portion of
lag-lead compensator decreases w, because the gain factor increase of b/a is unnecessary, thereby lowering
the magnitude characteristic. The lead portion can be determined independently using the curves of Fig.
16-2; but it must be kept in mind that, when the lag portion is included, the attenuation and phase lead
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may be somewhat reduced. Let us try a lead ratio of a, /b, = 0.1, with ¢, =S and b, = 50. The maximum
phase lead then occurs at 15.8 rad/sec. This enables the magnitude asymptote to cross the 0-db line with a
slope of —6 db/octave (see Example 16.2). The compensated Bode plots are shown in Fig. 16-27 with a,
and b, chosen as 0.1 and 1.0 rad/sec, respectively. The resulting parameters are w, =12 rad/sec, gain
margin = 14 db, and ¢,y = 52°, as shown on the graphs. The compensated open-loop frequency response

function is
100(1 +jw)(1 + jw/5)

Jo(1 +jw/01)(1 +jo/8)(1 +jw,/20)(1 + jw/50)

i
S )
=
=
)
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L
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Fig. 16-27

MISCELLANEOUS PROBLEM

16.11. The nominal frequency response function of a certain plant is
1

Galje) = Jo(l+jw/8)(1 + jw,/20)

A feedback control system must be designed to control the output of this plant for a certain
application and 1t must satisfy the following frequency domain specifications:

(1) gain margin > 6 db
(2) phase margin (¢ py) > 30°

In addition, it is known that the “fixed” parameters of the plant may vary slightly during
operation of the system. The effects of this variation on the system response must be minimized
over the frequency range of interest, which is 0 < « < 8 rad/sec, and the actual requirement can
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be interpreted as a specification on the sensitivity of (C/R)( jw) with respect to |G,( jw)], that is,

(3 20|log,, SR < —10db  for 0 < w < 8rad/sec
10 9G4 ( ju)]

[t is also known that the plant will be subjected to an uncontrollable, additive disturbance input,
represented in the frequency domain by U( jw). For this application, the system response to this
disturbance input must be suppressed in the frequency range 0 < w < 8 rad/sec. Therefore the
design problem includes the additional constraint on the magnitude ratio of the output to the
disturbance input given by

(4) 20log,, < —-20db  for 0<w<8rad/sec

C .
E(Jw)

Design a system which satisfies these four specifications.

The general system configuration, which includes the possibility of either or both cascade and feedback
compensators, is shown in Fig. 16-28.

Ulju)
e +
+ : + p 1
G W w) = = -~ S
RGw) 16%) G1l0) = ST 7B+ Jul20) Clo)
- Cascade Plant
compensator
H(jw) -4
Feedback
compensator
Fig. 16-28
From Fig. 16-28, we see that
c Gz(j“’) c Glcz(.f"’)
v e aGe M RYY T T GGG
192 J"’) R 1+ GG, H( jw)
In a manner similar to that of Example 9.7, it is easily shown that
. 1
S.(G(/R]()’“) -
Gl + GG H( jw)

If we assume that |G,G, H(jw)| > 1 in the frequency range 0 < w < 8 rad /scc (this inequality must be
checked upon completion of the design and, if it is not satisfied, the compensation may have to be
recomputed), then specification (3) may be approximated by

2010g,| /RNy | = 201ogy,

1
G,Gy H( jw)

= —20log,0|G,G, H( jw)| < —10db
or 20log,(| G,G, H( jw)| = 10 db

Similarly, specification (4) can be approximated by

|Gz( Jjw) |
Bio |Gle H( j‘-") |

=20log)o| G,(jw) | — 20log,4| G,G, H( jw)| < —20 db
or 2010g,0| GG, H( jw) | = [20 + 201og,0| G, ( jw) || db

=201lo

C .
20log,, “& (jw)
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Specifications (3) and (4) can therefore be translated into the following combined form. We require that
the open-loop frequency response, G,G, H(jw), lie in a region on a Bode magnitude plot which simultane-
ously satisfies the two inequalities:

20log,| G,G, H( jw)| = 10 db

2010g,0| G,G, H( jw) | = [20 + 2010g,4| G, ( jw) || db

This region lies above the broken line shown in the Bode magnitude plot in Fig. 16-29, which also includes
Bode plots of G,( jw). The design may be completed by determining compensation which satisfies the gain
and phase margin requirements, (/) and (2), subject to this magnitude constraint.

A 32-db increase in Bode gain, which is necessary at w = 8 rad/sec, would satisfy specifications (3)
and (4), but not (/) and (2). Therefore a more complicated compensation is required. For a second trial,
we find that the lag-lead compensation:

100(1 + jw/2.5)(1 + jw/0.25)

(1 +jw/25)(1 + jw/0.025)
results in a system with a gain margin of 6 db and ¢p = 26°, as shown in Fig. 16-29. We see from the
figure that 10° to 15° more phase lead is necessary near w = 25 rad /sec and |G, H'(jw)| must be increased
by at least 2 db in the neighborhood of w = 8 rad/sec to satisfy the magnitude constraint. If we introduce

an additional lead network and increase the Bode gain to compensate for the low-frequency attenuation of
the lead network, the compensation becomes

1+ jw/10
1+ jw/30

Glﬂl(j"-’) =

(1 +jw/2.5)(1 +jw/0.25)
(1 +jw/25)(1 + jw,/0.025)

This results in a gain margin of 7 db, ¢py = 30°, and satisfaction of specifications (3) and (4), as shown in
Fig. 16-29. The assumption that |G,G, H( jw)|> 1 for 0 < w < 8 rad/sec is easily shown to be justified by

G H"( jw) = 300(

[ O 20 logyp |Gyiu)]
0 20 logy, |GiH (j) *+ Gafe)]
a 20 logp [GH” (o) » Gyiw)| |

db magnitude
(=1

—30

—40

-50
0.1 0.2 0.4 1 2 4 10 20 40

Frequency w, rad/sec

@ Arg Gyljw)
0 Arg G H'(juw) * Gy(jw)
' a4 Arg G H"(je) = G,yljw)

P77 |1 ] STUNCTHS B AL i Wy 2L s VR bd Sl 4 2 S Ae S SRR WL

0.1 0.2 0.4 1 2 4 10 20 40

—200°}

Phase angle

Frequency w, rad/sec

Fig. 16-29
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16.16.
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calculating the actual values of the db magnitudes of

C
| and ’v‘f“’

The compensator G, H”( jw) can be divided between the forward and feedback paths, or put all in one
path, depending on the form desired for (C/R)( jw) if such a form is specified by the application.

Supplementary Problems

Design a compensator for the system with the open-loop frequency response function
20

Jo(l +jw/10)(1 + jw/25)(1 + jw/40)

to result in a closed-loop system with a gain margin of at least 10 db and a phase margin of at least 45°.

GH( jw) =

Determine a compensator for the system of Problem 16.1 which will result in the same gain and phase
margins but with a crossover frequency w, of at least 4 rad /sec.

Design a compensator for the system with the open-loop frequency response function
2

(1 +jo)[1+j0/10 - (w/4)?]

which will result in a closed-loop system with a gain margin of at least 6 db and a phase margin of at least
40°.

GH( jw) =

Work Problem 12.9 using Bode plots. Assume a maximum of 25% overshoot will be ensured if the system
has a phase margin of at least 45°.

Work Problem 12.10 using Bode plots.

Work Problem 12.20 using Bode plots.

Work Problem 12.21 using Bode plots.



Chapter 17

Nichols Chart Analysis

17.1 INTRODUCTION

Nichols chart analysis, a frequency response method, is a modification of the Nyquist and Bode
methods. The Nichols chart is essentially a transformation of the M- and N-circles on the Polar Plot
(Section 11.12) into noncircular M and N contours on a db magnitude versus phase angle plot in
rectangular coordinates. If GH(w) represents the open-loop frequency response function of either a
continuous-time or discrete-time system, then GH(w) plotted on a Nichols chart is called a Nichols
chart plot of GH(w). The relative stability of the closed-loop system is easily obtained from this graph.
The determination of absolute stability, however, is generally impractical with this method and either
the techniques of Chapter 5 or the Nyquist Stability Criterion (Section 11.10) are preferred.

The reasons for using Nichols chart analysis are the same as those for the other frequency response
methods, the Nyquist and Bode techniques, and are discussed in Chapters 11 and 15. The Nichols chart
plot has at least two advantages over the Polar Plot: (1) a much wider range of magnitudes can be
graphed because |GH(w)| is plotted on a logarithmic scale; and (2) the graph of GH(w) is obtained by
algebraic summation of the individual magnitude and phase angle contributions of its poles and zeros.
While both of these properties are also shared by Bode plots, |GH(w)| and arg GH(w) are included on a
single Nichols chart plot rather than on two Bode plots.

Nichols chart techniques are useful for directly plotting (C/R)(w) and are especially applicable in
system design, as shown in the next chapter.

17.2 db MAGNITUDE-PHASE ANGLE PLOTS

The polar form of both continuous-time and discrete-time open-loop frequency response functions

GH(w)=|GH(w)|/ arg GH(w) (17.1)

Definition 17.1: The db magnitude-phase angle plot of GH(w) is a graph of |GH(w)), in decibels,
versus arg GH(w), in degrees, on rectangular coordinates with w as a parameter.

EXAMPLE 17.1. The db magnitude-phase angle plot of the continuous-time open-loop frequency response

function
GH(jw)=1+ju=V1+«’ /tan"'w

is shown in Fig. 17-1.

17.3 CONSTRUCTION OF db MAGNITUDE-PHASE ANGLE PLOTS

The db magnitude-phase angle plot for either a continuous-time or discrete-time system can be
constructed directly by evaluating 20log,,|GH(w)| and arg GH(w) in degrees, for a sufficient number of
values of w (or w7T) and plotting the results in rectangular coordinates with the log magnitude as the
ordinate and the phase angle as the abscissa. Available software makes this a relatively simple process.

EXAMPLE 17.2. The db magnitude-phase angle plot of the open-loop frequency response function

L(erT+1)
(e™T—1)(e"+ 1) (e T +1)

GH(e™T) =
is shown in Fig. 17-2. Note that wT is the parameter along the curve.

411
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24 GH(ju) = 1+ j, 15.0
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A graphical approach to construction of db magnitude-phase angle plots is illustrated by
examining the technique for continuous-time systems.
First write GH( jw) in the Bode form (Section 15.3):
Ky(1+je/z) - (1 +jw/z,)
(je)' (1 +je/p)) -+ (1 +jw/p,)

GH( jw) =
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where ! is a nonnegative integer. For K> 0 [if Kz <0, add —180° to arg GH( jw)).

Jw
1+ —
z

m

+ .-+ +20logy,

Jw
1+ —
Zy

20log,4|GH( jw)|=20log), K5+ 20l0g,,

: ! 201 (17.2)
+ 201og,q UW_)I + 20log,, @ + .-+ +20logy, I .2
1+— 1+—
pl Pn
1 s l+j(‘J + !
jw) = +—}+ - 4ar — | +arg| ——
arg GH( jw) = arg ) g . g (o)
! ! (17.3)
+ arg I + --- targ I .
1+ — 1+ —
pl pn

Using Equations (/7.2) and (/7.3), the db magnitude-phase angle plot of GH(jw) is generated by
summing the db magnitudes and phase angles of the poles and zeros, or pairs of poles and zeros when
they are complex conjugates.

The db magnitude-phase angle plot of K is a straight line parallel to the phase angle axis. The
ordinate of the straight line is 20log,; K.

The db magnitude-phase angle plot for a pole of order | at the origin,

1
(jo)'

is a straight line parallel to the db magnitude axis with an abscissa —90/° as shown in Fig. 17-3. Note

that the parameter along the curve is w'.

(17.4)
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The plot for a zero of order | at the origin,

(jw)' (17.5)

is a straight line parallel to the db magnitude axis with an abscissa of 90/°. The plot for ( jw)’ is the
diagonal mirror image about the origin of the plot for 1/( jw)’. That is, for fixed w the db magnitude
and phase angle of 1/( jw)’ are the negatives of those for (jw)".

The db magnitude-phase angle plot for a real pole,

1
1+ jw/p

is shown in Fig. 17-4. The shape of the graph is independent of p because the frequency parameter
along the curve is normalized to w/p.

p>0 (17.6)

Phase angle

~100

-4
-8
-1z 3
3
‘e
&
F - 16 =
£
£
w
-20
- -24
F-23
Fig. 17-4
The plot for a real zero,
Jjw
1+— z>0 (17.7)
z

is the diagonal mirror image about the origin of Fig. 17-4.
A set of db magnitude-phase angle plots of several pairs of complex conjugate poles.

1
1 (w/w,)’ +j2(w/w,)

are shown in Fig. 17-5. For fixed ¢, the graphs are independent of w, because the frequency parameter
1s normalized to w/w,.
The plots for complex conjugate zeros,

w
- (=
w,

are diagonal mirror images about the origin of Fig. 17-5.

0<t<l (17.8)

2

+j2§(wi) 0<f<l (17.9)

n
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Phase angle

db magnitude

F-12

r—16

24

Fig. 17-5

EXAMPLE 17.3. The db magnitude-phase angle plot of
10(1 + jw/2)
(1+jo)[1 ~ (w/2)* +)es2]
is constructed by adding the db magnitudes and phase angles of the individual factors:

Jw 1 1
10 1+= : .
2 1+jw 1 —(w/2) +juw/2

Tabulation of these factors is helpful, as in Table 17.1. The first row contains the db magnitude and phase

GH( jw) =

Table 17.1
Frequency
@ 0 0.4 0.8 1.2 1.6 2 2.8 4 6 8
Term
10 20db 20 20 20 20 20 20 20 20 20
0° 0° 0° 0° 0° 0° 0° 0° 0° 0°
1+ Jw 0db 02 0.6 1.3 2.2 3.0 4.7 7 10 123
2 0° 11° 21°  31° 39° 45° 54° 63° 71° 76°
1 0db -06 -22 -38 -54 -70 -94 -123 -157 —181
1+ jw 0°  —21° —39° —50° -57° —63° —70° —76° —8l° —83°
1 0db 03 0.6 0.9 1.0 0 -48  -12 -195 245
1—(w/2) 4jw/2 | 0°  —12° —26° —46° —68° —90° —126° -—148° ~-160° -—166°
. 20db 199 190 184 178 16 10.5 2.7 -52  -103
Sum = GH.
um () 0°  —22° —44° —65° —86° —108° —142° —161° -—170° —173°
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angle of the Bode gain K, = 10 for several frequency values. The db magnitude is 20 db and the phase angle is 0°
for all w. The second row contains the db magnitude and phase angle of the term (1 + jw/2) for the same values of
w. These were obtained from Fig. 17-4 by letting p = 2 and taking the negatives of the values on the curve for the
frequencies in the table. The third row corresponds to the term 1/(1 + jw) and was also obtained from Fig. 17-4.
The fourth row was taken from the { = 0.5 curve of Fig. 17-5 by letting w, = 2. The sum of the db magnitudes and
phase angles of the individual terms for the frequencies in the table is given in the last row. These values are plotted
in Fig. 17-6, the db magnitude-phase angle plot of GH( jw).

j 4
CHGw) = 101 + jw/2)

{1+ juw) |l — (w/2)% + jw/2]

db magnitude

- R ' R )
—180 " ~120¢ -60

\ Phase angle

Fig. 17-6

17.4 RELATIVE STABILITY

The gain and phase margins for both continuous-time and discrete-time systems are readily
determined from the db magnitude-phase angle plot of GH(w).

The phase crossover frequency w, is the frequency at which the graph of GH(w) intersects the
—180° line on the db magnitude-phase angle plot. The gain margin in db is given by

gain margin = —20log,;|GH(w,)| db (17.10)

and is read directly from the db magnitude-phase angle plot.
The gain crossover frequency w, is the frequency at which the graph of GH(w) intersects the 0-db
line on the db magnitude-phase angle plot. The phase margin is given by

phase margin = [180 + arg GH(w,)] degrees

and can be read directly from the db magnitude-phase angle plot.

In most cases, positive gain and phase margins will ensure stability of the closed-loop system;
however, absolute stability should be established by some other means (for example, see Chapters 5 and
11) to guarantee that this is true.

EXAMPLE 17.4. For a stable system, the db magnitude-phase angle plot of GH(w) is shown in Fig. 17-7. The
gain margin is 15 db and the phase margin is 35°, as indicated.
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17.5 THE NICHOLS CHART

The remaining discussion is restricted to either continuous-time or discrete-time unity feedback
systems. The results are easily generalized to nonunity feedback systems, as illustrated in Example 17.9.
The closed-loop frequency response function of a unity feedback system may be written in polar

form as
C G(w) 1G(w)]/ ¢
- - = 17.11
arg (@) 1+G(0)  1+]G(w)| /9 (17.11)
where ¢, = arg G(w).

The locus of points on a db magnitude-phase angle plot for which

C C
) =[5

C
‘E(w) = M = constant

1s defined by the equation
2 2
|G(w)|cos ¢; +

1G(w) "+ =0 (17.12)

M*-1 M -1
For a fixed value of M, this locus can be plotted in three steps: (1) choose numerical values for |G(w)|;
(2) solve the resultant equations for ¢, excluding values of |G(w)| for which |cos ¢;| > 1; and (3) plot
the points obtained on a db magnitude-phase angle plot. Note that for fixed values of M and |G(w)|, ¢,
is multiple-valued because it appears in the equation as cos ¢;.

EXAMPLE 17.5. The locus of points for which

|5 @)|-12
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or, equivalently,

C
w)|=3db

20log,, E (

is graphed in Fig. 17-8. A similar curve appears at all odd multiples of 180° along the arg G (w) axis.

!
—-180

-210° | -150,/ 120 =90 -GO-
I

—240

db magnitude

; Phase angle 6
[

[ C

Pk 2()Iogwﬁ(w] =3db

Fig. 17-8
The locus of points on a db magnitude-phase angle plot for which arg(C/R) w) is constant or,
equivalently,
C
tan argE(w) = N = constant
is defined by the equation

1
|G(w)|+cos¢c—ﬁsin¢c=0 (17.13)

For a fixed value of N, this locus of points can be plotted in three steps: (1) choose values for ¢.; (2)
solve the resultant equations for G(w); and (3) plot the points obtained on a db magnitude-phase angle

plot.

EXAMPLE 17.6. The locus of points for which arg(C/R)(w) = —60° or, equivalently,
C
tan[arg;(m)] = -3
is graphed in Fig. 17-9. A similar curve appears at all multiples of 180° along the arg G(w) axis.
Phase angle

. P
- 60 -30

-
- 180

F-12

db magnitude

arg %(u) = 60°

-24

Fig. 17-9
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Definition 17.2: A Nichols chart is a db magnitude-phase angle plot of the loci of constant db
magnitude and phase angle of (C/R) w), graphed as |G(w){ versus arg G(w).

EXAMPLE 17.7. A Nichols chart is shown in Fig. 17-10. The range of arg G(w) on this chart is well suited to
control system analysis.

0.25 db
~2q 28
0.5 db
] = 24
<
~§a
1 db 20
;37
Q;? 16
“ i}
./ '\b
2 db =103, "
12
3 db o3
4 db
\‘?ac 8
5 d = Y A
2 _ydb 4 2
12 db =]
_p 4o =
=
_gdb 0
8 3
E
., =2
~a db =
~12 db =5

—18 db -16

24 d

il .

Phase angle
Fig. 17-10

-80
—60°
~10
~20

._'_'__‘_—-_._
—180°
—160° L]
N
50
|
o
(-]
=1

—260°
—240°

-220
200°

~180
140

~100

Definition 17.3: A Nichols chart plot is a db magnitude-phase angle plot of a frequency response
function P(w) superimposed on a Nichols chart.

17.6 CLOSED-LOOP FREQUENCY RESPONSE FUNCTIONS

The frequency response function (C/R)(w) of a unity feedback system can be determined from the
Nichols chart plot of G(w). Values of {(C/R) w)|in db and arg(C/R)(w) are determined directly from
the plot as the points where the graph of G(w) intersects the graphs of loci of constant [(C/R)(w)| and
arg(C/R)(w).
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EXAMPLE 17.8. The Nichols chart plot of GH(w) for the continuous-time system of Example 17.3 is shown in
Fig. 17-11. Assuming that it is a unity feedback system (H =1), values for |(C/R) w)| and arg(C/R)(w) are
obtained from this graph and plotted as a db magnitude-phase angle plot of (C/R)(w) in Fig. 17-12.

0.25 db
28
0.5 db =
=
= 24
e
1 db 7
0.8 0.4 20
1.6, 1%
2
so \ 16
2 db > S\ 2
12
3 N N
L 2.8 03 98
4 db
- . 8
d .56"
= =
g _adp 4 )
12.db 4 =)
50 2
—f db 0 EL
]
- =
6 9 db =
-8
—12 db
-12
=18 db ~16
4 -20
o o
2 i
| —24 db
-24
T § § § 8 &8 % &8 3 3 3 % & °
| | I 1 I [ ] ' !
Phase angle
Fig. 17-11

EXAMPLE 17.9. Assume that the system in Example 17.3 is not a unity feedback system and that

10 w
Gw) = (1+j0)[1 = (0/2)* +jos2) Hw) =147
C 1 GH(w 1 G'(w)
Then rl0)= H(w) [1+GH(m)]= H(w) [1+G’(w)]

where G’ = GH. The db magnitude-phase angle plot of G’(«)/(1 + G'(w)) was derived in Example 17.8 and is
shown in Fig. 17-12. The db magnitude-phase angle plot of (C/R)(w) can be obtained by point-by-point addition
of the magnitude and phase angle of the pole 1/(1 + jw/2) to this graph. The magnitude and phase angle of
1/(1 + jw/2) can be obtained from Fig. 17-4 for p = 2. The result is shown in Fig. 17-13,
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Fig. 17-13
Solved Problems

db MAGNITUDE-PHASE ANGLE PLOTS

17.1. Show that the db magnitude-phase angle plot for a pole of order / at the origin of the s-plane,
1/(jw)’, is a straight line parallel to the db magnitude axis with an abscissa of —90/° for w > 0.

In polar form, jw=w/90° w > 0. Therefore

1 1
=/ % w20
(jw)' o

1
20log,y| ——— | = 20log,,— = —20log, 4w’
jw) “’

and arg1/( jw) = —90/°. We see that argl/( jw)' is independent of w; hence the abscissa of the plot is a
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constant —90/°. In addition, for the region 0 < w < + oo, the db magnitude ranges from + oo t0 — 0. Thus
the abscissa is fixed and the ordinate takes on all values. The result is a straight line as shown in Fig. 17-3.

Construct the db magnitude-phase angle plot for the continuous-time open-loop transfer
function

2

CH= 0+ 91 +s3)

The db magnitude of GH( jw) is

2
ljwl 1 +jwl |l +jo/3|

201o0g,| GH( jw) | = 201og,,
w
9

2
=20log,,2 - ZOIogm[w\/l +wl 1+ ]

wz
=6.02 - 1Ologm[w2(1 + wl)(l + ?)]

The phase angle of GH( jw) is

fw
1+j—

arg[ GH( jw)] 3

—arg[ jw] — arg[1l + jw] — arg

w
~90° — tan ‘w—lan"(g)

The db magnitude-phase angle plot is shown in Fig. 17-14.

Using the plots in Fig. 17-3 and Fig. 17-4, show how the plot in Fig. 17-14 can be approximated.
We rewrite GH( jw) as

1 1 1
o= )| o 757
The db magnitude of GH( jw) is

Jw

20log, | GH( jw)|=201og,,2 + 201log,, + 201log,q

1
— | + 201
1+jw’ Ologyq

1
1+jw/3
The phase angle is

1 1 1
GH( jw) = 2) + — |+ + —_—
arg GH( jw) = arg(2) a_rg( jw) arg( 1 +jw) arg( ] +jw/3)

We now construct Table 17.2.

The first row contains the db magnitude and phase angle of the Bode gain Kz = 2. The second row
contains the db magnitude and phase angle of the term 1/jw for several values of w. These are obtained
from Fig. 17-3 by letting /=1 and taking values from the curve for the frequencies given. The third row
corresponds to the term 1 /(1 + jw) and is obtained from Fig. 17-4 for p = 1. The fourth row corresponds to
the term 1/(1 + jw/3) and is obtained from Fig. 17-4 for p = 3. Each pair of entries in the final row is
obtained by summing the db magnitudes and phase angles in each column and corresponds to the db
magnitude and phase angle of GH( jw) for the given value of w. The values in the last row of this table are
then plotted (with the exception of the first) and these points are joined graphically to generate an
approximation of Fig. 17-14.
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Table 17.2
Frequency
w 0 0.1 0.2 0.5 1.0 1.5 2.0 30
Term
5 6 db 6 6 6 6 6 6 6
00 00 00 00 00 00 00 00
1 0 20 14 6 0 -36 -6 -95
Jjw -90°  —90° —90° —90° -90°  —90° -90° —90°
1 0 -01 -03 -10 -30 -52  -70 -10
1+ jw 0° -55°  —11° -26° —45°  —-57° —63° —T2°
1 0 0 -01  -02 -05 10 -16 =30
1+jw/3 0° —2° —4° —9°  —175° —26° -33°  —45°
. 0 259 19.6 10.8 2.5 -38 —86 —165
=GH Y
Sum=CGH(jw) | _g00 _g750 _105° —-125° <—152.5° ~173° —186° —207°




424 NICHOLS CHART ANALYSIS [CHAP. 17

17.4. Construct the db magnitude-phase angle plot for the open-loop transfer function
25 4(s+0.5)
GH= 5 ———"7
Mathcad sH(s?+ 25+ 4)
The frequency response function is
4( jw +0.5)

(jw)((jw)’ +2jw+4)

GH( jw) =
A computer-generated db magnitude-phase angle plot of GH( jw) is shown in Fig. 17-15.

24
0.2

- 20

0.6

PPM *1?

Gain
margin

2.0

w

£
db magnitude

0.5(1 + jw/0.5)

Hijw) = —5—t—————
GHUW = R - (/22 + jol2]

- -12
F-16
b -20

-2
- 28

T T ‘ T T T T
280 —260- 5.0 -240 -220° ~200 ~180° - 1607 - 150~
Phase angle
Fig. 17-15

17.5. Construct the db magnitude-phase angle plot for the discrete-time open-loop transfer function

sl

Mathcad GH(Z)=%(Z+1)(Z+%)

(z-1D(z+1)
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The open-loop frequency response function is
3 (e T +1)(e T +14)
8 (eT—1)(eT +1)

A computer-generated db magnitude-phase angle plot of GH is shown in Fig. 17-16.

GH(e’T) =

-20
0.1
F1
Iy, 0
1.0 o
1.5 -]
--10 E
&0
o
£
L
25p-20 ©
F—30
3.1
r - 40

r T T T T
—-90° -88° -—-86° -—84° -—82° -80° -78°
Phase angle

Fig. 17-16

GAIN AND PHASE MARGINS

17.6. Determine the gain and phase margins for the system of Problem 17.2.

4 The db magnitude-phase angle plot for the open-loop transfer function of this system is given in Fig.

e 17-14 (Problem 17.2). We see that the curve crosses the 0-db line at a phase angle of —162°. Therefore the
phase margin is ¢p,, = 180° — 162° =18°.
(The gain crossover frequency w, is determined by interpolating along the curve between w = 1.0 and
w = 1.5 which bound w, below and above, respectively. w, is approximately 1.2 rad/sec.)
The curve crosses the —180° line at a db magnitude of —6 db. Hence gain margin = —(—6) =6 db.
(The phase crossover frequency w, is determined by interpolating along the curve between w = 1.5 and
w = 2.0 which bound w, below and above. w, is approximately 1.75 rad/sec.)

17.7. Determine the gain and phase margins for the system of Problem 17.4.

ol
= The db magnitude-phase angle plot for the open-loop transfer function of this system is given in Fig.

mathcad 17-15 (Problem 17.4). We see that the curve crosses the 0-db line at a phase angle of —159°. Therefore the
phase margin is ¢py, = 180° — 159° = 21°,
(The gain crossover frequency w; is found by interpolating along the curve between w=1.0 and
w = 1.5 which bound w, below and above, respectively. w, is approximately 1.2 rad/sec.)
The curve crosses the —180° line at a db magnitude of —3.1 db. Hence gain margin = 3.1 db.
(The phase crossover frequency w, is determined by interpolating between w = 1.5 and w = 2.0 which
bound w, below and above, respectively. w, is approximately 1.7 rad/sec.)

17.8. Determine the gain and phase margins for the system defined by the open-loop frequency
response function

1+ jw/0.5

GH(jw) = jo[1 = (0/2)* +jw/2
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db magnitude

1+ jo/0.6 P8

GHU) = oI = /2R + jai?)

F-12

T T T T T -20
—180- -160° —140> —120¢ -100° —80° —60° - 50°

Phase angle
Fig. 17-17

The db magnitude-phase angle plot of GH( jw) is given in Fig. 17-17. We see that the curve crosses the
0-db line at a phase angle of —140°. Hence the phase margin is ¢py, = 180° — 140° = 40°.
The curve does not cross the —180° line for the range of db magnitudes in Fig. 17-17. However, as

w — 00,
Jjw/0.5 8
GH( jw) > ———==—/ —180°
(jw) —jw(w/Z)z wzé_

The curve approaches the —180° line asymptotically but does not cross it. Therefore the gain margin is
indeterminate. This implies that the gain factor can be increased by any amount without producing
instability.

17.9. Determine the gain and phase margins for the discrete-time system of Problem 17.5.

24 The db magnitude-phase angle plot for the open-loop transfer function of this system is given in Fig,
I 17-16 (Problem 17.5). We see that the curve crosses the 0-db line at a phase angle of —87°. Therefore the
phase margin ¢py, = 180° — 87° = 93°,
The gain crossover angle w,T can be determined by interpolating along the curve between w7 =0.5
and T = 1.0 which bound w,T below and above, respectively. ,T = 0.6 rad.
The curve never crosses the — 180° line, so the gain margin is indeterminate as is the phase crossover

angle.

NICHOLS CHART

17.10. Show that the locus of points on a db magnitude-phase angle plot for which the magnitude of
the closed-loop frequency response (C/R) w) of either a continuous-time or discrete-time unity
feedback system equals a constant M is defined by Equation (17.12).
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Using Equation (/7.11), {C/R)(w)} can be written as

‘c ‘ 16(w)|/ 8
1+]G(0)/ ¢
Since |G(w)|/d,;=|G(w)|cos ¢, + j|G(w)|sind;, this can be rewritten as
[G(w)|cos ¢ +j]G(w) |sing;
1+|G(w)|cos ¢ +j|G(w)[sing,

1G(w) P cos? ¢ +]G(w) | sind ¢, V/ 1G(w) [}

0

()] -

\/ [1+]6(w)|cosdg]’ +|G(w) [*sin’ & "V 14 216(w) fcos o, +]G(w) [}

If we set the last expression equal to M, square both sides, and clear the fraction, we obtain
M2[|G(0) [ +2G(w) cos g + 1] =|G(w)
which can be written as
(M*=1)|G(w) [} +2M?|G(w) |cos b + M2 =0
Dividing by (M’ — 1), we obtain Equation (/7.12), as required.
17.11. Show that the locus of points on a db magnitude-phase angle plot for which the tangent of the

argument of the closed-loop frequency response function (C/R) w) of a unity feedback system
equals a constant N is defined by Equation (17.13).

Using Equation (/7.11), arg(C/R)(w) can be written as
c 1G(@)|/ ¢,
o S]] 1oL

1+]G(w)] /4
Since |G(w)|/ ;= G(w)lcos g, +jIG(w)fin s,

|G(@) |cos ¢; +1G(w) [sin,
1+|G(w)|cos¢; +j|G(w)[sind;

arg[%(w)] =arg

Multiplying numerator and denominator of the term in brackets by the complex conjugate of the
denominator yields

[ C ] (|G(‘°)|C°5¢G +j1G(w) Isin%-)(l +[G(w) |C05¢(;_J.|G(“’)|5in¢(;) ]
arg| —(w) | =arg 5 5
R (1+]G(w)|cos ¢)" +|G(w)['sin’ &,

Since the denominator of the term in the last brackets is real, arg[(C/R)(w)] is determined by the
numerator only. That is,

C
arg[;(w)] = arg[({G(w)[cos 6 +/1G(w) Ising ) (1 +]G(w)[cosd; = 1G(w) Ising )]

2. .
= arg[|G(w) |eos ¢ +{G(w) [ + /]G (w) Isin ]
using cos” ¢, + sin’ ¢; = 1. Therefore
C |G () sing,
tan|arg—(w)| = 5
R [G(w)|cos ¢; +|G(w) |
Equating this to N, cancelling the common |G(w)| term and clearing the fraction, we obtain

N[cosd; +|G(w)|] =sing,

which can be rewritten in the form of Equation (77.13), as required.

17.12. Construct the db magnitude-phase angle plot of the locus defined by Equation (/7.72) for db
magnitude of (C/R)(«) equal to 6 db.
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20log,,(C/R)w)|=6 db implies that |(C/R)(w)|=2. Therefore we let M =2 in Equation (/7.12)
and obtain

, 8 4
|G(w)]| + 5]6(w)|cos¢(l-+ 3 =0

as the equation defining the locus. Since |cos ¢;| < 1, |G(w)| may take on only those values for which this
constraint is satisfied. To determine bounds of |G{w)|, we let cos ¢ take on its two extreme values of plus
and minus unity. For cos ¢,; = 1, the locus equation becomes

(G} + 316(a)] + 3 =0

with solutions |G(w)|= —2 and |GH(w)}= — %. Since an absolute value cannot be negative, these solutions
are discarded. This implies that the locus does not exist on the 0° line (in general, any line which is a
multiple of 360°), which corresponds to cos ¢; = 1.

For cos ¢, = — 1, the locus equation becomes

, 8 4
[G(w)|" - '3'|G(w)| +3=0

with solutions |G(w)|=2 and |G(w){= %. These are valid solutions for |G(w)| and are the extreme values
which |G(w)| can assume.
Solving the locus equation for cos ¢, we obtain

-[s+16(a) 1]

$1G(w)]
The curves obtained from this relationship are periodic with period 360°. The plot is restricted to a single
cycle in the vicinity of the — 180° line and is obtained by solving for ¢, at several values of |G(w)| between

the bounds 2 and . The results are given in Table 17.3
Note that there are two values of ¢, whenever |cos ¢;| < 1. The resulting plot is shown in Fig. 17-18.

Cos ¢; =

Table 17.3
[G(w)l 2010g,1G(w)] cos ¢; b
20 6 db -1 - 180° —
1.59 4 -0.910 —204.5° - 155.5°
1.26 2 -0.867 —209.9° -150.1°
1.0 0 —0.873 -209.2° —-150.8°
0.79 -2 —-0.928 ~201.9° —-158.1°
0.67 -35 ~1 —180° —

db magnitude

N

T T T T T
210 -220 - 200 -180 -160° -140° -120
Phase angle
Fig. 17-18
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17.13.

{

Construct the db magnitude-phase angle plot of the locus defined by Equation (17.13) for
tanfarg(C/R)(w)| = N = — o0,

tanfarg(C/R)(w)] = — oo implies that arg(C/R)}w)= —90 + k360°, k=0,+1,+2,..., or
arg(C/R)w) = —270° + k360°, k=0,+1, +2,.... We will plot only the cycle between —360° and 0°,
which corresponds to k = 0. Setting N = — oo in Equation (/7.13), we obtain the locus equation

{G(w)|+cos¢;=0 or cos¢.=—|G(w)]|
Since jcos ¢,| < 1, the locus exists only for 0 < {G(w)| <1 or, equivalently,
- ® < 20log,y|G(w)| <0

To obtain the plot, we use the locus equation to calculate values of db magnitude of G(w)
corresponding to several values of ¢,;. The results of these calculations are given in Table 17.4. The desired
plot is shown in Fig. 17-19.

Table 17.4
% cosd; | 1G] | 20lognlG(w)
- 180° — -1 1 0db
- 153° -207° -0.893 0.893 -1.0
—135° —222.5° -0.707 0.707 -3
-120° -240° -0.5 0.5 -6
-110.7° —249.3° -0.354 0.354 -9
~104.5° —255.5° -0.25 0.25 -12
-100.3° -259.8° -0.178 0178 -15
A
F o
Lo B
3
e
-8 o
g
£
F-12 ©
Fo-16
—r T T T T T T +— —-20
—280 -260° —240° —220° ~200° -180° - 160 ~140- -120° -100-

Phase angle
Fig. 17-19

CLOSED-LOOP FREQUENCY RESPONSE FUNCTIONS

17.14. Construct the db magnitude-phase angle plot of the closed-loop frequency response function

ois

Mathcad

(C/R) jw) of the unity feedback system whose open-loop transfer function is

2
= a0+
oy = G(jw) 6 B 6
R T156(w) ~ (o) +a(jo) +3j0+ 6 (6-40d) +j(3w- o)
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Therefore
201 C( w) [ =101 C( ! )2 101 3¢
080l 35 LJw)| = 10logypi —(Jw)i = 10log
Y1 R | R l0(6—4«:2)2+('3w.)—w3)2
4 [C( ] ---13"’_“’3
. = —t
an arg| - (Jjw) an
A computer-generated db magnitude-phase angle plot of (C/R)(jw) is shown by the solid line in Fig.
17-20.
10
5
J—— . 0
]
2
2
. &
g
L
~
F -0
-15
-320- —280° —-240° -200 - 160 - 120° -80° —40° 0°

Phase angle
Fig. 17-20

17.15. Solve Problem 17.14 again, using the technique discussed in Section 17.6.

i+

The Nichols chart plot of G( jw) is shown in Fig. 17-21. We determine values for the db magnitude of
et KC/R)(jw)| and arg[(C/R)(jw)] by interpolating values of db magnitude and phase angle on the Nichols
chart plot for w =0,0.2,0.5,1.0,1.25,1.5,2.0,3.0. These values are given in Table 17.5.

Table 17.5
C . C .
w 201lo0g,, E(Jw) arg E(Jw)
0 0db 0°
0.2 0.2 —-6°
0.5 1.2 —-15°
1.0 6.0 —42°
1.25 10.0 —90°
1.5 6.0 —155°
20 —40 —194°
30 -15.0 —-212°
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32
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Phase angle
Fig. 17-21

The db magnitude-phase angle plot of (C/R)( jw), graphed using the values in the table, is illustrated
by the broken line in Fig. 17-20. The differences between the two curves is due to the interpolation
necessary to obtain values of db magnitude and phase angle.

Supplementary Problems

17.16. Construct the db magnitude-phase angle plot for the open-loop transfer function

5(s+2)

CH = 73 +9)

17.17. Construct the db magnitude-phase angle plot for the open-loop transfer function

10
H= 155/ 5/50)
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17.18.

17.19.

17.20.

17.21.

17.22.

17.23.

17.19.

17.20.

17.21.

17.22.

NICHOLS CHART ANALYSIS [CHAP. 17

Construct the db magnitude-phase angle plot for the open-loop transfer function
1+5/2
T s(1+5)(1 +s/4)(1 +5/20)

GH

Determine gain and phase margins for the system of Problem 17.17.

Determine the resonance peak M, and resonant frequency w, for the system whose open-loop transfer
function is

1
T 51+ 5)(1 +s/3)

GH
Determine the gain and phase crossover frequencies for the system of Problem 17.17.

Determine the resonance peak M, and the resonant frequency w, of the system in Problem 17.17.

Let the system of Problem 17.17 be a unity feedback system and construct the db magnitude-phase angle
plot of (C/R)(jw).

Answers to Some Supplementary Problems
Gain margin = 9.5 db, ¢py, = 25°
M,=13db, w, =09 rad/sec
w, =7 rad/sec, w, = 14.5 rad/sec

M,=38db, w, =72 rad/scc



Chapter 18

Nichols Chart Design

18.1 DESIGN PHILOSOPHY

Design by analysis in the frequency domain using Nichols chart techniques is performed in the
same general manner as the design methods described in previous chapters: appropriate compensation
networks are introduced in the forward and /or feedback paths and the behavior of the resulting system
is critically analyzed. In this manner, the Nichols chart plot is shaped and reshaped until the
performance specifications are met. These specifications are most conveniently expressed in terms of
frequency-domain figures of merit such as gain and phase margin for transient performance and the
error constants (Chapter 9) for the steady state time-domain response.

The Nichols chart plot is a graph of the open-loop frequency response function GH(w). for a
continuous-time or discrete-time system, and compensation can be introduced in the forward and/or
feedback paths, thus changing G(w), H(w), or both. We emphasize that no single compensation scheme
is universally applicable.

18.2 GAIN FACTOR COMPENSATION

We have seen in several previous chapters (5, 12, 13, 16) that an unstable feedback system can
sometimes be stabilized, or a stable system destabilized, by adjustment of the gain factor K of GH.
Nichols chart plots are particularly well suited for determining gain factor adjustments. However, when
using Nichols techniques for continuous-time systems, it is more convenient to use the Bode gain K,
(Section 15.3), expressed in decibels (db), than the gain factor K. Changes in K, and K. when given in
decibels, are equal.

EXAMPLE 18.1. The db magnitude-phase angle plot for an unstable continuous-time system, represented by
GH( jw) with the Bode gain K =5, is shown in Fig. 18-1. The instability of this system can be verified by a sketch
of the Nyquist plot, or application of the Routh criterion. The Nyquist plot in Example 12.1 chapter 12. illustrates
the general shape for all Nyquist plots of systems with one pole at the origin and two real poles in the left-half
plane. This graph indicates that positive phase and gain margins guarantee stability and negative phase and gain
margins guarantee instability for such a system, which implies that a sufficient decrease in the Bode gain stabilizes
the system. If the Bode gain is decreased from 20log,,5db to 20log;,2db, the system is stabilized. The db
magnitude-phase angle plot for the compensated system is shown in Fig. 18-2. Further decrease in gain does not
alter stability.

Note that the curves for Ky = S and K, = 2 have identical shapes, the only difference being that the ordinates
on the K, =5 curve exceed those on the K; =2 curve by 20log,, (5/2) db. Therefore changing the gain on a db
magnitude-phase angle plot is accomplished by simply shifting the locus of GH( jw) up or down by an appropriate
number of decibels.

Even though absolute stability can often be altered by gain factor adjustment. this form of
compensation is inadequate for most designs because other performance criteria such as those
concerned with relative stability cannot usually be met without the inclusion of other types of
compensators.
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18.3 GAIN FACTOR COMPENSATION USING CONSTANT AMPLITUDE CURVES

[CHAP. 18

db magnitude

The Nichols chart may be used to determine the gain factor K (for a unity feedback system) for a
specified resonant peak M, (in decibels). The following procedure requires drawing the db magnitude-

phase angle plot only once.

Step 1: Draw the db magnitude-phase angle plot of G(w) for X =1 on tracing paper. The scale of
the graph must be the same as that on the Nichols chart.

Step 2: Overlay this plot on the Nichols chart so that the magnitude and phase angle scales of

each sheet are aligned.

Step 3: Fix the Nichols chart and slide the plot up or down until it is just tangent to the constant
amplitude curve of M, db. The amount of shift in decibels is the required value of K.

EXAMPLE 18.2. In Fig 18-3(a), the db magnitude-phase anglc plot of the open-loop frequency response
function of a particular unity feedback system with K =1 is shown superimposed on a Nichols chart. The desired
M, is 4 db. We see in Fig. 18-3(b) that, if the overlay is shifted upward by 4 db, then the resonant peak M, of the

system is 4 db. Thus the desired K is 4 db.
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mnsad 184 LEAD COMPENSATION FOR CONTINUOUS-TIME SYSTEMS
The Bode form of the transfer function for a lead network is
s
(a/b)(l + ;)
PLead = K3 (181 )

1+ b
where a/b < 1. The db magnitude-phase angle plots of P4 for several values of b/a and with the
normalized frequency w/a as the parameter are shown in Fig. 18-4.

For some systems in which lead compensation in the forward loop is applicable, appropriate choice
of a and b permits an increase in K, providing greater accuracy and less sensitivity, without adversely
affecting transient performance. Conversely, for a given K, the transient performance can be
improved. It is also possible to improve both the steady state and transient responses with lead
compensation.

The important properties of a lead network compensator are its phase lead contribution in the
low-to-medium-frequency range (the vicinity of the resonant frequency w,) and its negligible attenua-
tion at high frequencies. If a very large phase lead is required, several lead networks may be cascaded.

Lead compensation generally increases the bandwidth of a system.
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EXAMPLE 18.3.
is

The uncompensated continuous-time unity feedback system whose open-loop transfer function
2
TS+ s)(1+5/3)
is to be designed to meet the following performance specifications:
L.

When the input is a unit ramp function, the steady state position error must be less than 0.25.
2. oy = 40,
3.

GH

Resonance peak =4 db.

Note that the Bode gain is equal to the velocity error constant K,. Therefore the steady state error for the
uncompensated system is e() = 1 /K, = } [Equation (9.13)]. From the db magnitude-phase angle plot of GH in
Fig. 18-5, we sce that ¢y = 18° and M, =11 db.

The steady state error is too large by a factor of 2; therefore the Bode gain must be increased by a factor of 2
(6 db). If we increase the Bode gain by 6 db, we obtain the plot labeled GH, in Fig. 18-5. The phase margin of GH|
is about zero and the resonant peak is near infinity. Therefore the system is on the verge of instability.
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Phase lead compensation can be used to improve the relative stability of the system. The compensated
open-loop transfer function is

_ Kp(a/b)(1 +s5/a) 4(1 +s/a)
GH, = s(1+s5)(1+s/3)(1 +s/b)  s(1+5)(1+5/3)(1+5s/b)

where K, = 4(h/a) to satisfy the steady state error.

One way of satisfying the requirements on ¢py and M, is to add 40° to 50° of phase lead to the GH, curve in
the region 1 < w < 2.5 without substantially changing the db magnitude. We have already chosen Kz = 4(b/a) to
compensate for a/b in the lead network, Therefore we need concern ourselves only with the effect that the factor
(1 +s5/a)/(1 + s/b) has on the GH, curve. Referring to Fig. 18-4, we see that in order to provide the necessary
phase lead we will require b/a > 10. We note that the curves of Fig. 18-4 include the effect of a/b of the lead
network. Since we have already compensated for this, we must add 20 log,,(b/a) to the db magnitudes on the
curve. In order to keep the db magnitude contribution of the lead network small in the region 1 < w < 2.5, we let
b/a =15 and choose a so that only the lower portion of the curve (w/a < 3.0) contributes in the region of interest
1 < w < 2.5. In particular, we let a = 1.333. Then the compensated open-loop transfer function is

_ 41 +5/1.333)
GH, = s(1+s)(1 + s/3)(1 +5/20)
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The db magnitude-phase angle plot of GH, is shown in Fig. 18-5. We see that ¢y, = 40.5° and M, = 4 db. Thus
the specifications are all met. We note, however, that the resonant frequency w, of the compensated system is
about 2.25 rad /sec. For the uncompensated system defined by GH it is about 1.2 rad /sec. Thus the bandwidth
has been increased.

A block diagram of the fully compensated system is shown in Fig. 18-6.

R .. s + 1.333 30 2 C .-
i 8 + 20 i N s(1 + s)(1 + 8/3) =2
Lead Gain-factor Original Loop
Network Amplifier Transfer Function

Fig. 18-6

i+

mathcad 18.5 LAG COMPENSATION FOR CONTINUOUS-TIME SYSTEMS
The Bode form transfer function for a lag network is
1+s/b

P = —
e (18.2)
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where a <b. The db magnitude-phase angle plots of P, for several values of b/a and with the
normalized frequency w/a as the parameter are shown in Fig, 18-7.

The lag network provides compensation by attenuating the high-frequency portion of the db
magnitude-phase angle plot. Higher attenuation is provided by cascading several lag networks.

Several general effects of lag compensation are:

1. The bandwidth of the system is usually decreased.

2. The dominant time constant 7 of the system is usually increased, producing a more sluggish |
system.

3. For a given relative stability, the value of the error constant is increased.

4. For a given error constant, relative stability is improved.

e The procedure for using lag compensation is essentially the same as that for lead compensation.
Mathcaa EXAMPLE 18.4. Let us redesign the system of Example 18.3 using gain factor plus lag compensation. The steady
state specification is again satisfied by GH,. The db magnitude-phase angle plot of GH, is repeated in Fig. 18-8.
Since Py ,,(j0) =1, introduction of the lag network after the steady state specification has been met by gain factor
compensation does not require an additional increase in gain factor.

Incorporating the lag network, we get the open-loop transfer function

G 4(1 + 5/b)
s +5)(1 +5/3)(1 + s/a)
01 - 32
- 28
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— 24
- 20
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- 16
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One way of satisfying the requirements on ¢py, and M, is to choose a and b such that the GH, curve is attenuated
by about 12 db in the region 0.7 < @ < 2.0 without substantial change in the phase angle. Since the lag network
introduces some phase lag, it is necessary to attenuate the curve more than 12 db. Referring to Fig. 18-7, we see
that if we choose b/a=6, a maximum of 15.5-db attenuation is possible. If we choose a=0.015, then at a
frequency w = 0.5 (w/a = 33.33) 15.4 db of attenuation is obtained from the lag network, with a phase lag of —9°.

GH, can now be written as
4(1+5/0.09)

T s(1+ s)(1 +5/3)(1 +5/0.015)
where b = 6a = 0.09. The db magnitude-phase angle plot of GH, is given in Fig. 18-8. We see that ¢py = 41° and

M, = 4, which satisfy the specifications. We note that the resonant frequency @, of the compensated system is
about 0.5 rad/sec. For the uncompensated system defined by GH, w, is about 1.2 rad /sec. A block diagram of

the fully compensated system is shown in Fig. 18-9.

GH,

R 4 1 + 8/0.09 NS 2 e .
1+ 8/0.015 ji . s(1+s)(1+8/8)
Lag Gain-factor Original Open-loop
Network Amplifier Transfer Function
Fig. 18-9

18.6 LAG-LEAD COMPENSATION

The Bode form transfer function for a lag-lead network is
(1+s/a)(1 +s/b
= 1)( / 2) (183)
(L+s/b,)(1+s/a,)
where b,/a, = b,/a,>1. The db magnitude-phase angle plots of Py, for a few values of b,/a;
(=b,/a,), when a,/a,=6,10,100, and with the normalized frequency w/a, are shown in Fig.
18-10(a), (b), and (c)
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Fig. 18-10(a)
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Additional plots of P for other values of b;/a, and a,/a, can be obtained by combining plots of
lag networks (Fig. 18-7) and lead networks (Fig. 18-4).

Lag-lead compensation has all of the advantages of both lag and lead compensation and a
minimum of their usually undesirable characteristics. For example, system specifications can be satisfied
without excessive bandwidth or sluggish time response caused by phase lead or lag, respectively.

EXAMPLE 18.5. Let us redesign the system of Example 18.3 using gain factor plus lag-lead compensation. We
add the additional specification that the resonant frequency w, of the compensated system must be approximately
the same as that of the uncompensated system. The steady state specification is again satisfied by

4
T3 +s)1+s/3)

as shown in Example 18.3. Since P, (0) = 1, introduction of the lag-lead network does not require an additional
increase in gain factor.
Inserting the lag-lead network, we get the open-loop transfer function
41 +s/a))(1+s/b,)
s(L+sY1+s/3)1+5/8,)(1 +5/a;)

From Fig. 18-5, we see that for the uncompensated system GH, w, = 1.2 rad/sec. From the db magnitude-phase
angle plot of GH, (Fig. 18-11) we see that, if GH,(j1.2) is attenuated by 6.5 db and has its phase increased by 20°,
the resonant frequency w, = 1.2 is shifted to M, =4 db. Referring to Fig. 18-10(a), we sce that the desired
attenuation and phase lead are obtained with b, /a, =b,/a,=3, a,/a, =10, and w/a, = 12. The constants a,,
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a,, b, and b, are determined by noting that

w, 1.2
az=l—2-=T2—=0.1 a,=10a,=1 b, =3a,=03 and b, =3a =3

GH; then becomes
41+5)(1+5s/0.3) 4(1 +5/0.3)

T (L) (1 +5/3) (1 +5/3)(1 +5/00)  s(1 +5/3)%(1 +5/0.1)

The complete db magnitude-phase angle plot of GHj is shown in Fig. 18-11. We see that ¢py = 40.5°, M, = 4 db,
and the resonant frequency w, = 1.15. Thus all specifications have been satisfied.

GH,

8.7 NICHOLS CHART DESIGN OF DISCRETE-TIME SYSTEMS

As with Bode methods (Section 16.6), design of discrete-time systems using Nichols charts is not as
straightforward as the design of continuous-time systems using either of these approaches. But, again,
the w-transform can facilitate the process as it did for Bode design of discrete-time systems. The
method is the same as that developed in Section 16.6.

EXAMPLE 18.6. The uncompensated discrete-time unity feedback system with plant transfer function

is to be designed to yield an overall phase margin of 40° and the same gain crossover frequency w, as the
uncompensated system. Since both of these specifications are in the frequency domain, we transform the problem
directly into the w-domain by substituting z = (1 + w)/(1 — w), thus forming

72
(w+1)(w+3)

The db magnitude-phase angle plot for this system is shown in Fig. 18-12. The gain crossover frequency obtained
from this plot is w,, = 3.4 rad/sec and the phase margin is 10°. A lead compensator with somewhat arbitrary a
and & can be chosen as long as the phase lead at w,, = 3.4 rad/sec is sufficient to raise the phase margin from 10°
to 40°. The minimum b/a ratio that yields 30° of phase lead is about 3.3 from Fig. 18-4. We choose a and b so
that the maximum phase lead occurs at w,, = 3.4 rad/sec. From Section 16.3, this occurs when w,, = 3.4 =Vab.

Since b=33a, we find b=6.27 and a=1.90. This compensator produces about 20log,;,/6.27/1.90 =5 db of
attenuation at w,; = 3.4 rad/sec. Thus an amplifier with gain of 5.2 db, or gain factor 1.82, is required in addition

Gi(w) =

10° = Phase Margin —

40 o0 -0

i
S
db magnitude

100.0 -—80

- 100

I T ¥ T T T
—-300° -250° -200° —180°-150° -100° -50° 0°
Phase angle

Fig. 18-12
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to the lead compensator to maintain w,, at 3.4 rad/sec. The w-domain transfer function for the compensator is

therefore given by 1.82(w + 1.90)
. w+ 1.

w+6.27
This is transformed back to the z-domain by letting w = (z — 1) /(z + 1), thus forming
0.7229( z + 0.3007)

G(w) =

Gl =~ Tomm
The compensated control system is shown in Fig. 18-13.
R * &
Fig. 18-13
Solved Problems

GAIN FACTOR COMPENSATION
18.1. The db magnitude-phase angle plot of the open-loop continuous-time frequency response
£ix  function [ ( 5 ]
Kpll —(w/2)" +jw/2
Mathcad GH(jw)= B / )2 Jjo/
Jje(l+jw/0.5)(1+jw/4)

is shown in Fig. 18-14 for K= 1. The closed-loop system defined by GH( jw) is stable for
Ky = 1. Determine a value of K for which the phase margin is 45°.
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18.2.

18.3.
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dpy = 180° + arg GH(jw,), where w, is the gain crossover frequency. For ¢py = 45°, w; must be
chosen so that arg GH( jw,) = —135°. If we draw a vertical line with abscissa of —135°, it intersects the
GH( jw) curve at a point w} = 0.25 rad/sec, where arg GH( jw{) = —135°. The ordinate of this point of
intersection is 10.5 db. If we decrease Kz by 10.5 db, the gain crossover frequency becomes wj, and
$pm = 45° A decrease of 10.5 db implies that 20log,o Ky = —10.5, or K =10"'%/2 =03, Further
decrease in K increases ¢y, beyond 45°.

For the system in Problem 18.1, determine the value of K, for which the system is stable and the
gain margin is 10 db.

Gain margin = —20log,,|GH( jw,)| db, where w, is the phase crossover frequency. Referring to Fig.
18-14, we see that there are two phase crossover frequencies: w’ = 0.62 rad/sec and w?’ = 1.95 rad /sec. For
;= 0.62, we have 20 log,[GH(jw, )| = — 3 db. Therefore the gain margin is 3 db. It can be increased to 10
db by shifting the GH( jw) curve downward by 7 db. The phase crossover frequency o/, is the same in the
new position, but 20 log,o|GH( jw,)|= — 10 db. A gain decrease of 7 db implies that K, =10"7/2 = 0.447,
Since the system is stable for Ky =1, it remains stable when the GH( jw) curve is shifted downward.
Absolute stability is not affected unless the GH( jw) curve is shifted upward and across the point defined by
0 db and —180°, as would be necessary if —20log,;, GH( jw.’) =10 db.

For the system of Problem 18.1, determine a value for K, such that: gain margin > 10 db,
Ppm = 45°.

In Problem 18.1, it was shown that ¢, = 45° if Kz <0.3; in Problem 18.2, gain margin > 10 db if
Ky < 0.447. Therefore both requirements can be satisfied by setting K5 < 0.3. Note that if we had specified
gain margin = 10 db and ¢p,, = 45°, then the specifications could not be met by gain factor compensation
alone.

18.4. Assume that the system of Problem 18.1 is a unity feedback system and determine a value for
K such that the resonant peak M, is 5 db.
i+
Mathcad L 20
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The db magnitude-phase angle plot of GH( jw) for Kz =1 is shown in Fig. 18-15 along with the locus
of points for which |(C/R)(jw)| =2 db (M, =2 db). We see that if K, is decreased by 8 db, the resulting
GH( jw) curve is just tangent to the M, = 2 db curve. A decrease of 8 db implies that Kz =10 */20 =0.40.

18.5. The db magnitude-phase angle plot of the open-loop frequency response function
Kg(1+jw/0.5)

(jo)*[1~ (@/2)* +ju2]

is given in Fig. 18-16 for Kz = 0.5. The closed-loop system defined by GH( jw) is stable for

K g =0.5. Determine the value of Ky which maximizes the phase margin.

GH(jw) =

0.2
L 20
L6
arg GH(ju)) = —147 "
GHGw) = . 0312 )05 -8
Gl 'L = (w/2)? + jul2]
— \
4.6db
1 <
¢ 3
=
s
Lo &
S
L
_8 ge}
12
3.0
-186
20
- 21
5.0 . 28
PR 3 T
2807 —260° —240  -220° -200° —180° -160" —140"

-130~

Phase angle
Fig. 18-16

dpy = 180° + arg GH( jw,), where w, is the gain crossover frequency. Referring to Fig. 18-16, we see
that arg GH( jw) is always negative. Therefore if we maximize arg GH( jw,), ¢py will be maximized. Fig.
18-16 indicates that arg GH(jw) is maximum when w = w] = 0.8 rad/sec and arg GH( jw}) = —147°. The
ordinate of the point GH( jw() is 4.6 db. Therefore if K, is decreased by 4.6 db, the phase crossover
frequency becomes w}; and ¢p,, takes on its maximum value: ¢py = 180° + arg GH(jw])=33°. A
decrease of 4.6 db in K, implies that 20log,,(K5/0.5) = — 4.6 db or K;/0.5=10"*%?° Then K, = 0.295.

18.6. For the system in Problem 18.5, determine a value of K for which the system is stable and the
gain margin is 8 db.
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Gain margin = —20log,,| GH( jw, )| db. Referring to Fig. 18-16, we see that the gain margin is 3.1 db.
This can be increased to 8 db by shifting the curve down by 4.9 db; w, remains the same, as it is
independent of K. A decrease of 4.9 db in K, implies that 20log,,(K5/0.5) = —4.9 or Kz =0.254.

PHASE COMPENSATION

18.7. The db magnitude-phase angle plot of the open-loop transfer function G(jw) for a particular

oI+ unity feedback system has been determined experimentally as shown in Fig. 18-17. In addition,
the steady state error e(«) for a unit ramp function input was measured and found to be

Mathead o(0) = 0.2. The open-loop transfer function is known to have a pole at the origin. Determine a
combination of phase lead plus gain compensation such that: M, = 3.5 db, ¢py = 40°, and the
steady state error for a unit ramp input is e(ec) = 0.1.

0.1
2
0.2 24
01
~ 20
0.5 0.2+ 18
0.2
- 12
M, =35 db
1.0 0.5
1.0 ~8
M, =5db L, 3
1.5 1.0 15 2
2.0 S
— 0 o
g
2.0 =
o
-4
30 ,1.57 3.0
2.0 - -8
[ dpm = 337
© G(jw) Uncompensated - -12
O G(jw) Gain compensated
® G,(jw) Phase and gain comp |-~ —16
® G.(jw) Phase and gain comp
T T 1 T | T -2
—240° —220° -200° —180° —160° —140° —120° —100° &
I
Phase angle
Fig. 18-17

Since e(o0)=1/K,=1/Ky, the steady state requirement can be satisfied by doubling K,. The
compensation has the form

K'(a/b)(1+s/
K,PLead(jw)= ( lj-(s/bs a)

Hence K is doubled by letting K'(a/b)=2, or K’ = 2(b/a).
The db magnitude-phase angle plot for the gain compensated open-loop frequency response function
Gi(jw) =2G( jw)

is shown in Fig. 18-17. G,(jw) satisfies the steady state specification. To satisfy the specifications on M,
and ¢py, the G,(jw) curve must be shifted to the right by about 30° to 40° in the region 1.2 € w < 2.5
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without substantially changing the db magnitude. This is done by proper choice of a and b. Referring to
Fig. 18-4, we see that, for b/a = 10, 30° phase lead is obtained for w/a > 0.65. Since the lead ratio a/b of
the lead network is taken into account by designing for the gain factor K’ = 2(b/a) = 20, we must add
20log(b/a) = 20log;,10 = 20 db to all db magnitudes taken from Fig. 18-4.

To obtain 30° or more phase lead in the frequency range of interest, we let a = 2. For this choice we
have w=(2)(0.65)=1.3 and obtain 30° phase lead. Since b/a =10, then b=20. The compensated
open-loop frequency response function is

. 2(1 +jw/2) )
Gy(jw) = WG(N)
The db magnitude-phase angle plot of G,(jw) is shown in Fig. 18-17. We see that M, =4.0 db and
dpm = 36°% therefore the specifications are not satisfied by this compensation. We need to shift G,(jw) 5°
to 10° further to the right; hence additional phase lead is needed. Referring once more to Fig. 18-4, we
see that letting b/a = 15 increases the phase lead. Again, we let a = 2; then b = 30. The db magnitude-
phase angle plot of
2(1 +jw/2)
Gi(jw)= ——F=G(Jj
sUw) = 75a30 L)
is shown in Fig. 18-17. We see that ¢py =41° and M, = 3.5 db and hence the specifications are met by
the compensation
2(1 +5/2)

30Pioa= 73 s/30

18.8. Solve Problem 18.7 using lag plus gain compensation.

db magnitude

® G (jw) Gain comp
0 G ,4(jw) Phase and gain comp F— -12
O G(jw) Phase and gain comp

20 i£

T T T T T I
—220° —200° —180° —160° -140° -120° —100°%
I

Phase angle

Fig. 18-18
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18.9.

In Problem 18.7 we found that the Bode gain K, must be increased by a factor of 2 to satisfy the
steady state specification. But the Bode gain of a lag network is

fim P " 1+s/b 1
s—?}) L"g_s—[}:)l+s/a_

Therefore the compensation required in this problem has the form 2(1 + s/a)/(1 + s/b) where the twofold
gain factor increase is supplied by an amplifier and a and b for the lag network must be chosen to satisfy
the requirements on M, and ¢py. The gain-compensated function is shown as G,(jw) = 2G(jw) in Fig.
18-18; G,(jw) must be shifted downward by 7 to 10 db in the region 0.7 < w < 2.0, with no substantial
increase in phase lag, to meet the transient specifications.

Referring to Fig. 18-7, we see that, for b/a = 3, we can obtain a maximum attenuation of 9.5 db. For
a=0.1, the phase lag is —15° at w =0.7 (w/a=7) and —6° at w = 2.0 (w/a = 20), that is, the phase lag is
relatively small in the frequency region of interest. The db magnitude-phase angle plot for

A1 +jw/03)

Gl o) = o1 Oe)

is also shown in Fig. 18-18, with M, =35 db and ¢py = 32°; hence this system does not meet the
specifications. To decrease the phase lag introduced in the frequency region 0.7 < w < 2.0, we change a to
0.05 and b to 0.15. The phase lag is now 9° at @ = 0.7 (w /a = 14). The db magnitude-phase angle plot for

21 +jw/015)

Gi(jw) = —mc(ﬂ)

is shown in Fig. 18-18. We see that M, = 3.5 db and ¢pp = 41°. Thus the specifications are satisfied. The
desired compensation is given by

) 2(1 + 5/0.15)
L™ 1 45/0.05

Solve Problem 18.7 using lag-lead plus gain compensation. In addition to the previous specifica-
tions, we require that the resonant frequency w, of the compensated system be approximately the
same as that for the uncompensated system.

In Problems 18.7 and 18.8 we found that the Bode gain K; must be increased by a factor of 2 to
satisfy the steady state specification. The frequency response function of the lag-lead plus gain compensa-
tion is therefore given by

2(1 +jw/a,)(1 +je/b,)
(1 +jw/b)(1 +jw/ay)

2P (jw) =

We must now choose a,, by, b,, and a, to satisfy the requirements on M,,, ¢py and w,. Referring to Fig.
18-17, we see that the resonant frequency for the uncompensated system is about 1.1 rad/sec. The db
magnitude-phase angle plot of G,(jw)=2G( jw) shown in Fig. 18-19 indicates that, if the G;(jw) curve is
attenuated by 6.5 db and 10° of phase lead is added at a frequency of w = 1.0 rad/sec, then the resulting
curve will be tangent to the M, =2 db curve at about 1 rad/sec. Referring to Fig. 18-10, if we let
b /a,=b,/a,=3, a; =6a,, and w/a, = 6.0 for w = 1, we obtain the desired attenuation and phase lead.
Solving for the remaining parameters, we get a, =1/6 =0.167, b, =3a, =0.50, a, = 6a,=1.0, b, = 3q,
= 3.0. The db magnitude-phase angle plot for the resulting open-loop frequency response function

2(1 +jw)(1 +jw/0.5)
(1 +jw/3)(1 +jw/0.167)

Gy(jw) = G(jw)

is shown in Fig. 18-19, where M, =3.5 db, ¢py = 44°, and w,, = 1.0 rad /sec. These values approximately
satisfy the specifications.
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18.10. Design compensation for the discrete-time system with open-loop transfer function

K(z+1)

GH(z)= ——m————
(2) (z—l)(z+§)2

such that the following performance specifications are satisfied:

1

2.
3.
4

gain margin > 6 db

phase margin ¢py > 45°

gain crossover frequency w, such that w,T < 1.6 rad

velocity constant K, > 10

The Nichols chart plot of GH shown in Fig. 18-20 indicates that w,7=1.6 rad for K= —3 db. The

gain and phase margins are met if K < 4.7 db; but the steady state specification requires that K > 10.8 db
(gain factor of 3.47). Substituting z = (1 + w)/(1 — w), we transform the open-loop transfer function from
the z-domain to the w-domain, thus forming

GH'(w) 36 K
W)= —————5
25 w(l + w/5)°
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In the w-domain the gain crossover frequency specification becomes

w, T
W, = tan( %) =1.02 rad/sec

451

A low-frequency cascade lag compensator with b/a=3.5 can be used to increase K, to 10, while

t

maintaining the gain crossover frequency w,; and the gain and phase margins at their previous values. A lag

compensator with b =0.35 and a = 0.1 satisfies the requirements.
The lag compensator in the w-plane is
3.5(1 + w/0.35)
Gi(w) = T
w/0.1
This is transformed back into the z-domain by substituting w = (z — 1)/z + 1), thus forming
z—0.4815 )

G,(z) = 1.2273(———2 YT

The db magnitude-phase angle plot for the compensated discrete-time system is shown in Fig. 18-21.

r 100
0.01

T
|
wn
S
db magnitude
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31
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Fig. 18-21
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Supplementary Problems

Find a value of K, for which the system whose open-loop transfer function is
H= Ko
s(1+ 5/200)(1 + 5/250)
has a resonant peak M, of 1.4 db. Ans. K;=1194.

For the system of Problem 18.11, find gain plus lag compensation such that M, <1.7, ¢py > 35°, and
K, >50.

For the system of Problem 18.11, find gain plus lead compensation such that M, < 1.7, ¢py > 50°, and
K. =50

For the system of Problem 18.11, find gain plus lag-lead compensation such that M, < 1.5, ¢py > 40°, and
K, > 100.

Find gain plus lag compensation for the system whose open-loop transfer function is
Ky

CH = S 5/10)(1+5/5)

such that K, =30 and ¢py > 40°.

For the system of Problem 18.15, find gain plus lead compensation such that X, > 30 and ¢, > 45°. Hint.
Cadcade two lead compensation networks.

Find gain plus lead compensation for the system whose open-loop transfer function is

Ky

GH=0+57)

such that K, = 20 and ¢py, = 45°.



Chapter 19

Introduction to Nonlinear Control Systems

19.1 INTRODUCTION

We have thus far confined the discussion to systems describable by linear time-invariant ordinary
differential or difference equation models or their transfer functions, excited by Laplace or z-transform-
able input functions. The techniques developed for studying these systems are relatively straightforward
and usually lead to practical control system designs. While it is probably true that no physical system is
exactly linear and time-invariant, such models are often adequate approximations and, as a result, the
linear system methods developed in this book have broad application. There are many situations,
however, for which linear representations are inappropriate and nonlinear models are required.

Theories and methods for analysis and design of nonlinear control systems constitute a large body
of knowledge, some of it quite complex. The purpose of this chapter is to introduce some of the
prevailing classical techniques, utilizing mathematics at about the same level as in earlier chapters.

Linear systems are defined in Definition 3.21. Any system that does not satisfy this definition is
nonlinear. The major difficulty with nonlinear systems, especially those described by nonlinear ordinary
differential or difference equations, is that analytical or closed-form solutions are available only for very
few special cases, and these are typically not of practical interest in control system analysis or design.
Furthermore, unlike linear systems, for which free and forced responses can be determined separately
and the results superimposed to obtain the total response, free and forced responses of nonlinear
systems normally interact and cannot be studied separately, and superposition does not generally hold
for inputs or initial conditions.

In general, the characteristic responses and stability of nonlinear systems depend qualitatively as
well as quantitatively on initial condition values, and the magnitude, shape, and form of system inputs.
On the other hand, time-domain solutions to nonlinear system equations usually can be obtained, for
specified inputs, parameters, and initial conditions, by computer simulation techniques. Algorithms and
software for simulation, a special topic outside the scope of this book, are widely available and therefore
are not developed further here. Instead, we focus on several analytical methods for studying nonlinear
control systems.

Nonlinear control system problems arise when the structure or fixed elements of the system are
inherently nonlinear, and /or nonlinear compensation is introduced into the system for the purpose of
improving its behavior. In either case, stability properties are a central issue.

EXAMPLE 19.1. Fig. 19-1(a) is a block diagram of a nonlinear feedback system containing two blocks. The
linear block is represented by the transfer function G, =1/D(D + 1), where D = d/dt is the differential operator.
D is used instead of s in this linear transfer function because the Laplace transform and its inverse are generally
not strictly applicable for nonlinear analysis of systems with both linear and nonlinear elements. Alternatively,
when using the descnibing function method (Section 19.5), an approximate frequency response technique, we

+ } f(e)
r 2y« R s [N 6o
D(D +1) o L il |
N |
Nonlinear Linear . 1' | -
elements elements | 1 e
I
—_——1
(a) (&)
Fig. 19-1

453
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usually write
G ' =
20J0) jo(jw+1)

The nonlinear biock N has the transfer characteristic f(e) defined in Figure 19-1(5). Such nonlinearities are called
(piecewise-linear) saturation functions, described further in the next section.

EXAMPLE 19.2. I[f the earth is assumed spherical and all external forces other than gravity are negligible, then
the motion of an earth satellite lies in a plane called the orbir plane. This motion is defined by the following set of
nonlinear differential equations (see Problem 3.3):

d’6 dr dé

s + ZE e 0 (transverse force equation)
d*r a8\’ 2 .
i r( —(17) =-— (radial force equation)
pr

The satellite, together with any controller designed to modify its motion, constitutes a nonlinear control system.

Several popular methods for nonlinear analysis are summarized below.

19.2 LINEARIZED AND PIECEWISE-LINEARIZED APPROXIMATIONS
OF NONLINEAR SYSTEMS

Nonlinear terms in differential or difference equations can sometimes be approximated by linear
terms or zero-order (constant) terms, over limited ranges of the system response or system forcing
function. In either case, one or more linear differential or difference equations can be obtained as
approximations of the nonlinear system, valid over the same limited operating ranges.

EXAMPLE 19.3. Consider the spring-mass system of Fig. 19-2, where the spring force f,(x) is a nonlinear
function of the displacement x measured from the rest position, as shown in Fig. 19-3.

The equation of motion of the mass is M(d”x/dt*) + f,(x) = 0. However, if the absolute magnitude of the
displacement does not exceed x,, then f (x)= kx, where k is a constant. In this case, the equation of motion is a
constant-coefficient linear equation given by M(d2x/dr*) + kx = 0, valid for |x] < x,,.

fs(x)
kxg-——
F————ex :
[
—%o |
Sprin ! x x
Z 'v'\ap’v'v';‘ M ! ’
]
I
e ——— A
Fig. 19-2
'8 Fig. 19-3

EXAMPLE 19.4. We again consider the system of Example 19.3, but now the displacement x exceeds x,. To treat
this problem, let the spring force curve be approximated by three straight lines as shown in Fig. 19-4, a
piecewise-linear approximation of f,(x).

The system is then approximated by a piecewise-linear system; that is, the system is described by the linear
equation M(d’x/dt*)+ kx =0 when |x] < x,, and by the equations M(d>x/dt*) + F, =0 when |x|> x,. The +
sign is used if x > x; and the — sign if x < —x,.

Nonlinear terms in a system equation are sometimes known in a form that can be easily expanded
in a series, for example, a Taylor or a Maclaurin series. In this manner, a nonlinear term can be
approximated by the first few terms of the series, excluding terms higher than first degree.
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Fig. 19-4 Fig. 19-5

EXAMPLE 19.5. Consider the nonlinear equation describing the motion of a pendulum (see Fig. 19-5):
d?6
it

where / is the length of the pendulum bob and g is the acceleration of gravity. If small motions of the pendulum

about the “operating point” 6 =0 are of interest, then the equation of motion can be linearized about this

operating point. This is done by forming a Taylor series expansion of the nonlinear term (g//)sin@ about the point
6 = 0 and retaining only the first degree terms. The nonlinear equation is

+§[-sin0=0

4% g a0 g = 65| &t

o= 43y | Z (sing

ar T T e 1,§0k! 267 (" )0_0
a0 g , 6° 0
__d12+7 _§+... =

The linear equation is d°8 /dr? + (g/1)8 = 0, valid for small variations in 4.

It is instructive to express the linearization process more formally for Taylor series applications, to
better establish its applicability and limitations.

Taylor Series

The infinite series expansion of a general nonlinear function f(x) can be quite useful in nonlinear
systems analysis. The function f(x) can be written as the following infinite series, expanded about the
point Xx:

df _ .
f(X)=f(X)+£x_i(x—x)+2!E (x—x)"+
= (x-x)" a¥
o (19.1)

where (d*f/dx*)| _; is the value of the kth derivative of f with respect to x evaluated at the point
x = x. Clearly, this expansion exists (is feasible) only if all the required derivatives exist.

If the sum of the terms of Equation (19.1) second-degree and higher-degree in (x — x) are
negligible compared with the sum of the first two terms, then we can write

(x=x) (19.2)

X=X

1) =12+ o

This approximation usually works if x is “close enough” to X, or, equivalently. if x — X is “small
enough,” in which case higher-degree terms are relatively small.
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Equation (/9.2) can be rewritten as

d
f(x) - f(3) =

o x_i(x—f) (19.3)
Then if we define
Ax=x-Xx (19.4)
Af=f(x)—f(%) (19.5)
Equation (/9.3) becomes
df
Afsa X_;Ax (19.6)

If x=x(¢) is a function of time ¢, or any other independent variable, then in most applications ¢
can be treated as a fixed parameter when performing the linearization computations above, and
Ax=Ax(t)=x(t) — x(1), etc.

EXAMPLE 19.6. Suppose y(r) = f[u(t)] represents a nonlinear system with input u(¢) and output y(¢), where
1 > t, for some 1, and df/du exists for all u. If the normal operating conditions for this system are defined by the
input u=1u and output y =}y, then small changes A y(¢)=y(s) — () in output operation in response to small
changes in the input Au(t) = u(t) — u(r) can be expressed by the approximate linear relation

d
Ay(t);?d% __()Au(t) (19.7)

for t > ¢,.

Taylor Series for Vector Processes

Equations (/9./) through (/9.7) are readily generalized for nonlinear m-vector functions of
n-vector arguments, f(x), where

h X

X

f= f.z X = .2
£ x,

and m and n are arbitrary. In this case, Ax = x — X, Af = f(x) — f(X), and Equation (/9.6) becomes

df
Af=— Ax (19.8)
dx X=X
where df /dx is a matrix defined as
(o o N
a | P
- = : : . : (19.9)
dx - . . .
o  Ofm 3fm
ax, dx, o dx,

EXAMPLE 19.7. For m=1 and n =2, Equation (/9.9) reduces to
df af of

E 5X—1 3x2
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and Equation (19.8) is

af Ax, af
- T 19.10
[axl sz][sz] A+ 5 Ax (19.10)

Equation (/9.10) represents the common case where a nonlinear scalar function f of two variables, say x; = x and
x, =y, are linearized about a point {X, 7} in the plane.

Linearization of Nonlinear Differential Equations

We follow the same procedure to linearize differential equations as we did above in linearizing
functions f(x). Consider a nonlinear differential system written in state variable form:

dx
z=f[x(t),u(t)] (19.11)

where the vector of n state variables x(¢) and the r-input vector u(tz) are defined as in Chapter 3,
Equations (3.24) and (3.25), and ¢ > ¢,. In Equation (/9./1), f is an n-vector of nonlinear functions of
x(2) and u(1).
Similarly, nonlinear output equations may be written in vector form:
y(r) = glx(1)] (19.12)

where y(¢) is an m-vector of outputs and g is an m-vector of nonlinear functions of x(1).

EXAMPLE 19.8. One example of a nonlinear SISO differential system of the form of Equations (/9.//) and

(19.12) 1s
dx, "
? =fi(x,u) = cyux, — e, %]
dx, C3X,
dr =fi(x.u) = cqt+x
y=8(x) = csxi

The linearized versions of Equations (19.1/1) and (/9.12) are given by

d(Ax) of af (19.13)
=97 [x-x Ryl PN :
dt ax u_‘_.(('; a u_ﬁ((’;
Ay(t) = Ax (19.14)
ax x=X(r)

where the partial derivative matrices in these equations are defined as in Equations (/9.9) and (/9.10),
each evaluated at the “point” {X,u}. The pair X = X(¢) and u = u(z) are actually functions of time, but
they are treated like “points” in the indicated computations.

Linearized equations (/9./3) and (/9./4) are usually interpreted as follows. If the input is
perturbed or deviates from an “operating point” (¢) by a small enough amount Au(r), generating small
enough perturbations Ax(¢) in the state and small enough perturbations in the output Ay(s) about their
operating points, then the linear equations (1/9.13) and (19.14) are reasonable approximation equations
for the perturbed states Ax(¢) and perturbed outputs Ay(r).

Linearized equations (/9.13) and (19.14) are often called the (small) perturbation equations for the
nonlinear differential system. They are linear in Ax and (An), because the coefficient matrices:

af ot dg

e |x=%(r) A | x=%(n) e
IX | izan dulizoh ax

x=%(1)

having been evaluated at X(¢z) and /or i(?), are not functions of Ax(t) [or Au(?)).
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Linearized equations (/9.13) and (19.14) are also time-invariant if %(1) = u = constant and X(t) =X
= constant. In this case, all of the methods developed in this book for time-invariant ordinary
differential systems can be applied. Nevertheless, the results must be interpreted judiciously because,
again, the linearized model is an approximation, valid only for “small enough” perturbations about an
operating point and, generally speaking, “small enough” perturbations are not always easy to ascertain.

EXAMPLE 19.9. The linearized (perturbation) equations for the system given in Example 19.8 are determined as
follows from Equations (/9.13) and (19.14). For convenience, we first define

af 3f
o lx=xn = AT
Ix u_m:] dx
etc., to simplify the notation. Then
d(Ax,) aj:l ajl 3f-1 - _ -
o =5-x—lel+E;Ax2+EAu= —2¢,% Ax; 4+ culx, + %, Au
Similarly,
d(Ax;) afz af:z afz
—— & —Ax;+ —Ax,+ —A
dt ax, M dax, R P
G4, 30, Ax
. UL
(ca+X) (cs+ %)
and the output perturbation equation is
ag 92 -
Ay = a—x[ Axl + a—xz sz = 2(‘5x, Axl

Linearization of Nonlinear Discrete-Time Equations

The Taylor series linearization procedure can be applied to many discrete-time system problems,
but sufficient care must be taken to justify the existence of the series. The application is often justified if
the discrete-time equations represent reasonably well-behaved nonlinear processes, such as discrete-time
representations of continuous systems with state variables expressed only at discrete-time instants.

EXAMPLE 19.10. The time-invariant discrete-time system represented by the nonlinear difference equation
x(k + 1) =ax?(k), with a < 0 and x(0) # 0, is easily linearized, because the nonlinear term ax?(k) is a smooth
function of x. We have

x(k+1)=ax?(k) =f(x)

Af=f(x) - f(X)
af
x|,

x(k) =x(k) +Ax(k)
X(k+1) =ax?(k)
Substitution of these equations into Equation (/9.6) and rearranging terms yields
Ax(k+1)=2ax(k)Ax(k)

which is linear in Ax, but time-varying in general.

=2ax

19.3 PHASE PLANE METHODS

In Sections 3.15 and 4.6, the state variable form of linear differential equations was introduced and
shown to be a useful tool for analysis of linear systems. In Section 19.2, this representation was applied
to nonlinear systems via the concept of linearization. In this section, phase plane methods are developed
for analyzing nonlinear differential equations in state variable form, without the need for linearization.
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A second-order differential equation of the form:
d’x dx (19.15)
dr? =/ (x’ dt) '

can be rewritten as a pair of first-order differential equations, as in Section 3.15, by making the change
of variables x = x, and dx/dt = x,, yielding

dx,
— =% (19.16)
dx,
7=f(x1,x2) (19.17)

The two-tuple, or pair of state variables (x,, x,), may be considered as a point in the plane. Since
x; and x, are functions of time, then as t increases, (x,(t),(x,(t)) describes a path or trajectory in the
plane. This plane is called the phase plane, and the trajectory is a parametric plot of x, versus x,
parametrized by ¢.

If we eliminate time as the independent variable in Equations (/9.16) and (/9.17), we obtain the
first-order differential equation

dx, X,
dx,  f(x),x;)
Solution of Equation (/9.18) for x, as a function of x, (or vice versa) defines a trajectory in the phase

plane. By solving this equation for various initial conditions on x; and x, and examining the resulting
phase plane trajectories, we can determine the behavior of the second-order system.

(19.18)

EXAMPLE 19.11. The differential equation

d*x dx \? 0
—_— + —_— =
dr’ ( dt
with the initial conditions x(0) = 0 and (dx/dr)|,., = 1, can be replaced by the two first-order equations
dx,
4 =X x(0) =0
dx,
b’ x(0) =1
where x = x; and dx/dt = x,. Eliminating time as the independent variable, we obtain
dx, x, 1 dx,
== or dx;, = — —
dx, x5 X3 X,

Integration of this equation for the given initial conditions yields

X X3 dx§ )
f dx{=x,= — — =-Inx, or x,=e ™
x(0)=0 x3(0)=1 X3

The phase plane trajectory defined by this equation is plotted in Fig. 19-6. Its direction in the phase plane is

~2 4
1.0
0.5
0 T T T T T
0 0.5 1.0 1.5 20 25 Xy

Fig. 19-6
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determined by noting that dx,/dt= —x3 <0 for all x,# 0. Therefore x, always decreases and we obtain the
trajectory shown.

On-Off Control Systems

A particularly useful application of phase plane methods is designing on-off controllers (Definition
2.25), for the special class of feedback control systems with linear continuous-time second-order plants,
as in Fig. 19-7 and Equation (/9.19).

d’ de 0 (19.19)
—_tag— = > .
i a il az
The initial conditions ¢(0) and (dc/dt)|,_, for Equation (/9.19) are arbitrary. The on-off controller
with input e = r — ¢ generates the control signal u which attains only two values, u= t 1.

’
N € On Off u Plant c
Controller

Fig. 19-7

On-Off Controller Design Specifications

If the reference input r is a unit step function applied at time zero, typical design specifications for
the system of Fig. 19-7 are the following. The control input u to the plant must drive the plant output
c(1) 1o ¢(t’)=1, and its derivative dc/dt to (dc/dt)|,., =0, simultaneously, and in the minimum
possible time 1’. The steady state error becomes zero at ¢* and remains zero if the control signal is
turned off (u=0).

Since 1’ is required to be minimum, this is an optimal control problem (see Section 20.5). It can be
shown that ¢ is minimized only if the control signal u switches values, from +1 to —1 or from —1 to
+ 1, at most once during the time interval 0 <t < ¢’.

On-Off Controller Design

In solving this design problem, it is convenient to use the error e =r — ¢, where r=1(¢), as the
variable of interest, rather than the controlled output ¢, because e =0 and de/dt = 0 when ¢ =1 and
dc/dt = 0. Therefore requiring that the error ¢ and its derivative go to zero in minimum time is
equivalent to our original problem.

To solve the problem, we first generate a differential equation for e:

de d de

dt_dz(r C)__dt

d? d% de de

e s e (19.20)

with initial conditions e(0) =1 - ¢(0) and (de/dt)|,_o = —(dc/dt)|,.,- Then we replace Equation
(19.20) with two first-order differential equations, by letting e = x, and de/dt = x,:

dx,
- =% (19.21)
dx

2=—ax2—u (19.22)

dr
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with initial conditions x,(0) =e(0)=1—c(0) and x,(0)=(de/dt)|,.,= —(dc/dt)|,_,- Eliminating
time as the independent variable, we obtain
dx, ax,+u X, dx,

= - or dx, = —
dx, Xy ax,+u

(19.23)

This equation plus the initial conditions on x,(0) and x,(0) define a trajectory in the phase plane.

Since the control signal « switches (+1 to —1 or —1 to +1) no more than once, we can separate
the trajectory into two parts, the first prior to the switching time and the second after switching. We
consider the second part first, as it terminates at the origin of the phase plane, x; = x,=0. We set
u= 41 1n Equation (/9.23) and then integrate between a general set of initial conditions x,(r) and
x,(¢) and the terminal conditions x, = x, = 0. To perform the integration, we consider four different
sets of initial conditions, each corresponding to one of the quadrants of the phase plane.

In the first quadrant, x; > 0 and x, > 0. Note that dx,/dt = x, > 0. Thus x| increases when x, is
in the first quadrant, and when x, goes to zero, x, cannot be zero. Therefore trajectories which start in
the first quadrant cannot terminate at the origin of the phase plane if w does not switch.

An identical argument holds when the initial conditions are in the third quadrant, that is. if x, <0
and x, < 0, the trajectory cannot terminate at the origin if u does not switch.

In the second quadrant, x; <0 and x,> 0. Since dx,/dt=x,>0, x, will increase as long as
x,>0. Since a> 0, then —ax, <0 and thus dx,/dt <0 for u= +1 whenever x, > 0. Integration of
Equation (/9.23) with u = +1, initial conditions in the second quadrant, and terminal conditions
x; =x,=0, yields

/O dx, = —x,(t) = -fo X 4x;

(1) xinax,+1

0 x,(1)

1 1
or xl(t)=F[ax2+l—ln(ax2+1)] +Fln[ax2(z)+l] (19.24)

xy(1)

where x,(r) <0, x,(¢) 2 0. This equation defines a curve in the second quadrant of the phase plane
such that, for any point on this curve, the trajectory terminates at the origin if ¥ = +1. That is. the
control signal ¥ = +1 drives x, and x, to zero simultaneously.

By an identical argument, there exists a curve in the fourth quadrant defined by

x,(1 1
x(t)=— 22 )—?ln[—axz(t)-%l] (19.25)
where x,(£) >0, x,(¢) <0 such that for any (x,(¢), x,(1)) on this curve the control signal u= —1

drives x; and x, to zero simultaneously.

The curves defined by Equations (/9.24) and (/9.25) join at x, = x, =0 and together define the
switching curve for the on-off controller. The switching curve divides the entire phase plane into two
regions, as indicated in Fig. 19-8. The part of any trajectory after switching always starts on this curve,
moves along the curve, and terminates at x, = x, = 0.

X,

Fig. 19-8
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Now we consider the part of the trajectory prior to switching. First, we explore a monotone
property of the switching curve. In the second quadrant, where u= +1. x, > 0, and the slope of the
curve is negative:

dx, 1 )
— =~—la+—| <0
dx, X,

In the fourth quadrant, where u= -1, x, <0, and
dx, ( 1 )
—=—la-—| <0
dx, X

Therefore the slope of the entire switching curve is negative for all (x;, x,) on the curve, that is, the
switching curve is monotone decreasing. Thus, corresponding to any specific value of x|, there is one and
only one corresponding value of x,. Because of the monotone property of the switching curve, the
region above the switching curve is the same as the region to the right of the switching curve, that is, it
consists of the set of points (x|, x,) such that

x, 1
x> = —+ —lIn(ax, +1) (19.26)
a a
when x, > 0 and
xy, 1
x> —7—?ln(—ax2+1) (19.27)

when x, < 0.

We consider the part of the trajectory prior to switching, when the conditions (x,(0), x,(0)) lie
above the switching curve. For this case, u = +1 and the first part of the trajectory is obtained by
integration of Equation (/9.23) with u= +1 between the initial conditions (x,(0), x,(0)) and an
arbitrary pair of points (x,(¢), x,(¢)) which satisfy the inequalities (/9.26) and (/9.27). We obtain the
trajectory by integrating Equation (/9.23), which yields

(1)
(1) Xpdxy

f‘l“)dxl =x,(t) —XI(O) — _f = — %[axz'*' 1 —]n(ax2+ 1)]

) x;(0) @X3+ 1 (0

or x, (1) = x,(0) +

x,(0) x,(1)
a a

1 1
—?ln[ax2(0)+1] - +?ln[ax2(t)+1] (19.28)
Note that this part of the trajectory has the same shape as that in Equation (/9.24), but that it is shifted
to the right. So, when x,(1)=0, x,(¢) = x,(0) + (1/a)[x,(0) — (1/a)In(ax,(0) + 1)], which is greater
than 0 because of inequality (79.26).

Thus, when (x,(0), x,(0)) lies above the switching curve, the on-off controller develops a control
signal ©= +1 and the resultant trajectory (x,(t), x,(¢)) is defined by Equation (/9.28). When this
trajectory intersects the switching curve, that is, when (x,(f), x,(¢)) satisfies Equations (/9.25) and
(19.28) simultaneously, the on-off controller switches the control signal to u = —1 and the trajectory
continues along the switching curve to the origin of the phase plane.

By identical reasoning, if the initial conditions lie below the switching curve, that is,

0 1
x,(0) < ~ xzi ) + ;ln[axz(()) +1]
when x,(0) = 0. or
0 1
x,(0) < - xzi ) - ;J—zln[—axz(()) +1]

when x,(0) <0, then the on-off controller develops a control signal u= —1 and the trajectory
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(x,(#), x,(1)) satisfies

x,(1) = x,(0) +

+ —_— —_ —_
. azln[ ax,(0) + 1]

xz(O) 1 Xz(l') —lzln[—axz(t)Jrl] (19‘29)
a a

When this trajectory intersects the switching curve, that is, when (x,(¢), x,(z)) satisfies Equations
(19.24) and (19.29) simultaneously, the on-ofl controller switches the control signal to ¥ = +1 and the
trajectory moves along the switching curve in the second quadrant and terminates at the origin of the
phase plane.

Recalling that x, = e and x, = é, the switching logic of the on-off controller is as follows:

5 1
(a) Whené>0and e+ — — —In(aé+1)> 0, then u= +1
a

1
(b) Whené<Oand e+ — + —In(—aé+1)>0, then u= +1
a
1
(¢) Whené>0and e+ — — —In(aé+1)<0, then u= -1
a

(d) Whené<0and e+

Sl |en |

1
+ pln(—aé+1)<0, then u= —1

EXAMPLE 19.12. For the feedback control system depicted in Fig. 19-7 and plant defined by Equation (79.1/9)
with parameter 2 = 1, the switching curve is defined by

e=—é+In(e+1) for é>0
e=—-é—-In(-é+1) for 6<0

and the switching logic for the on-off controller is given in Table 19.1.

Table 19.1

é>0 f(e)=e+é—In(é+1)>0 f(e)=e+é+1In(—é+1)>0 "

No No No -1
No No Yes +1
No Yes No -1
No Yes Yes +1
Yes No No -1
Yes No Yes -1
Yes Yes No +1
Yes Yes Yes +1

Generalization

Phase plane methods apply to second-order systems. The approach has been generalized to third-
and higher-order systems, but the analysis is typically much more complex. For example, to design
on-off controllers in this way for third-order systems, switching curves are replaced by switching
surfaces and the switching logic becomes far more extensive than that given in Table 19.1 for
second-order systems.

194 LYAPUNOV’'S STABILITY CRITERION

The stability criteria presented in Chapter 5 cannot be applied to nonlinear systems in general,
although they may be applicable if the system is linearized, as in Section 19.2, if the perturbations Ax
are small enough, and if u(r) and X(¢) are constant, that is, if the linearized equations are time-
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invariant. A more general method is provided by the Lyapunov theory, for exploring the stability of
system states x(¢) and outputs y(z) in the time domain, for any size perturbations Ax(r). It can be used
for both linear and nonlinear systems described by sets of simultaneous first-order ordinary differential
or difference equations, which we write concisely here in state variable form:

x=1f(x,u) (19.30)
or x(k+1) =f[x(k),u(k)] (19.31)

The following stability definitions are for unforced systems, that is, for u = 0, and for simplicity we
write x = f(x) or x(k + 1) = f[x(k)].

A point x for which f(x_) = 0 is called a singular point. A singular point x is said to be stable if,
for any hyperspherical region S; (e.g., a circle in two dimensions) of radius R centered at x, there
exists a hyperspherical region S, of radius r < R also centered at x, in which any motion x(t) of the
system beginning in S, remains in S, ever after.

A singular point x is asymptotically stable if it is stable and all trajectories (motions) x(¢) tend
toward x_ as time goes to infinity.

The Lyapunov stability criterion states that, if the origin is a singular point, then it is stable if a
Lyapunov function V(x) can be found with the following properties:

(a) V(x)> 0 for all values of x + 0 (19.32)
(b) dV/dt <0 for all x, for continuous systems, or AV[x(k)] = V[x(k+1)] - V[x(k)] <0,
for all x, for discrete-time systems (19.33)

Furthermore, if dV /dt (or AV) is never zero except at the origin, the origin is asymptotically stable.

EXAMPLE 19.13. A nonlinear continuous system represented by

d*x dx dx\’
—+t—+|—5) +x=0
dt dr dt
or, equivalently, the pair of equations
dx, dx,
a7 dt
where x, = x, has a singular point at x, = x, = 0. The function ¥ = x{ + x3 is positive for all x, and x,, except
X, = x5 = 0 where ¥ = 0. The derivative
dv dx, dx,
= 2x17 + 2x27 =2xx, + 2x2( —x,—x3— ,\‘1) = —2x3-2x3
is never positive. Therefore the origin is stable.

=~x2—x§—x1

EXAMPLE 19.14. The nonlinear system shown in Fig. 19-9 is represented by the differential equations {with
x (1) = —c(n)]:

X1= ‘X1+X2

X, = —f(x, +r)

Nonlinear f(x;)
Element

o |

s+1

Fig. 19-9
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Also, f(0)=0 for this particular nonlinear element. If r is constant, we can make the changes of variables
x{ =x;+r, x;=x,+r, and the state equations become

X =—x{+x;
x5 = —f(x])

The origin x{ = x; =0 is a singular point since x{ = x} =0 at the origin. The Lyapunov function is defined by
V=2[yf(e)de+ x;2>0 for all x{, xj+0,if x{f(x{)> 0 for all x{ # 0. Differentiating V',

V=2f(x{) 5 + 2xpi5 = 20 ()= x{ + x3) = 2x3 /(x{) = = 2x{f(x{)

Thus, if we restrict x{f(x;)>0, to maintain ¥ >0, ¥ <0 for x{ # 0. Therefore the system is stable for any
nonlinear element satisfying the conditions

f(0)=0
x(f(x{}>0 for x{#0

Note that this result is very general in that only the conditions above are required to assure stability.
If r is not constant, the solution for x,(¢) and x,() corresponding to r(r) is in general not constant. But, if
the solution were known, the stability of the solution could be analyzed in a similar way.

EXAMPLE 19.15. For the discrete-time system
x(k+1)=x,(k)
x(k+1) = —f[x,(k)]

"where f(x,) is the saturation nonlinearity in Fig. 19-1(5), the origin is a singular point because x,(k) = x1(k) =0
implies x (k + 1) = x,(k + 1) = 0. Let ¥'= x? + xZ, which is greater than zero for all x,, x, # 0. Then

AV=xl(k+1) +x3(k+1) — x{(k) — x3(k)
=x3(k) +f*[x (k)] - x{ (k) - x3(k)
= —x{(k) +f2[)‘1(k)]

Since f2(x,;) < x} for all x,, AV <0 for all x,, x, and therefore the origin is stable.

Choosing Lyapunov Functions

For many problems, a convenient choice for the Lyapunov function V(x) is the scalar quadratic
form function V(x) = xTPx, where xT is the transpose of the column vector x and P is a real symmetric
matrix. To render V > 0, the matrix P must be positive definite. By Sylvester’'s theorem [7], P is positive
definite if and only if all its discriminants are positive, that is,

Py >0
Py Py, >0
Py Py
Py o P,
- >0 (19.34)
Py Tt

For continuous systems % = f(x), the derivative of V(x) = xTPx is given by
V(x) =x"Px + x"Px =1 T(x) Px + x"Pf(x)
For discrete systems, x(k + 1) = f{x(k)) and
AV(k)=V(k+1)-V(k)=x"(k+1)Px(k+1) —xT(k)Px(k)
=1T[x(k)] Pf[x(k)] - xT(k)Px(k)
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EXAMPLE 19.16. For the system represented by x = Ax with 4 = [ _g _ :1;] let ¥=x"Px with P = [ 1 (1)]

Then 0
V=xT[ATP+PA]x=xTH -2 _%] + [ -2 _;]]x
V=xT[_g _2]x=—xTQx

where Q=[_; _g]

Since P is positive definite, V> 0 for all x # 0. The discriminants of Q are 4 and (24 — 9) = 15. Therefore Q is
positive definite and — Q is negative definite, which guarantees that V' <0 for all x # 0. The ongin is therefore
asymptotically stable for this system.

19.5 FREQUENCY RESPONSE METHODS

Describing Functions

Describing functions are approximate frequency response functions for the nonlinear elements of a
system, which can be used to analyze the overall system using frequency response techniques developed
in earlier chapters.

A describing function is developed for a nonlinear element by analyzing its response to a sinusoidal
input A sin wt, which can be written as a Fourier series:

Y. B, sin(nwt+ ¢,) (19.35)

n=1

The describing function is the ratio of the complex Fourier coefficient B,e/* of the fundamental
frequency of this output, to the amplitude 4 of the input. That is, the describing function is the complex
function of w, (B,/A)e’*, a frequency response function of an approximation of the nonlinear
element. Thus the describing function represents the effective gain of the nonlinear element at the
frequency of the input sinusoid.

In general, B, and ¢, are functions of both the input frequency w = 27 /T and the input amplitude
A. Therefore we may write B, = B|(A, w), ¢, = ¢,( A, w) and the describing function as

Blef¢1 BI(A,(.J)(.’N’](A‘“)

19.36
y y (19.36)

N (A,w) =
To apply the method, we replace system nonlinearities by describing functions and then apply the

frequency domain techniques of Chapters 11, 12, and 15 through 18, with some modifications to
account for the dependence of B, and ¢, on A.

EXAMPLE 19.17. The output of the nonlinear function f(e)=e® in response to an input e = Asinw! is

AJ
f(e) = A’sin’ wr = —4—(3sinwt — sin’ wt)
From Equation (/9.36), the describing function for f(e) is
N(A M
(4=,

Note that this nonlinearity produces no phase shift, so that ¢,(4, w)=0.
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Hysteresis

A common type of nonlinearity called hysteresis or backlash is shown in Fig. 19-10. In electrical
systems, it may occur due to nonlinear electromagnetic properties and, in mechanical systems, it may
result from backlash in gear trains or mechanical linkages. For another example, see Problem 2.16.

0.9 1 I —90°

Output 0.8 -~ 80
0.7 , - —-70°
I¥ o

0.6 - —60

N(4)| 054 L 500 ¢(4)

Kd _ [N (4)]

/ Slope = K 0.4 1 - —40°

-d _ L 30°
0.3 oA 30

» Input
/d P 0.2 L — 20°
0.1 L —10°

Fig. 19-10 Fig. 19-11

The describing function characteristic for hysteresis, normalized to dead zone parameter d =1 and
slope K = 1, is shown in Fig. 19-11. The phase lag ¢,(4) of this describing function is a function of the
input amplitude A, but is independent of the input frequency w.

The describing function technique is particularly well suited for analysis of continuous or discrete-
time systems containing a single nonlinear element, as illustrated in Fig. 19-12, with open-loop transfer
function GH = N(A, w)G(w). Frequency response analysis of such systems typically entails first
determining whether there exist values of 4 and w that satisfy the characteristic equation, 1+
N(A4, ©)G(w) =0, or

1
G -
(@) N(A4, w)
B - ¢
| Element | Gle)
3 = ..i-.-.\. s 4 T
Fig. 19-12

that is, values of 4 and w permitting oscillations. Nyquist, Bode, or Nichols chart plots of G and
—1/N separately can be used to resolve this problem, because the plots must intersect if such 4 and w
exist. Relative stability can also be evaluated from such plots, by determining the additional gain (gain
margin) and /or phase shift (phase margin) required to have the curves intersect.

It must be kept in mind that the describing function is only an approximation for the nonlinearity.
The accuracy of describing function methods, using frequency response analysis based on linear system
methods, depends upon the effective filtering by the plant G(w) of the (neglected) higher than
first-order harmonics produced by the nonlinearity. Since most plants have more poles than zeros, it is
often a reasonable approximation.

EXAMPLE 19.18. Consider the system of Fig. 19-12 with G(w) = 8/jw( jw + 2)? and the saturation nonlinearity
of Problem 19.17. Polar plots of G(w) and —1/N(A) are shown in Fig. 19-13.
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Im
_ 1
N(A) A=2 0sA4Ax]1
-t Re
-2 -1 w =2
Glw)
Fig. 19-13

There are no values of 4 and « for which the two plots intersect, indicating that the system is stable and
sustained oscillations of constant amplitude are not possible. However, if the forward-loop gain were increased by a
factor of 2, from 8 to 16, the plots would intersect at (—1,0) for w=2 and 0 < 4 < [, and sustained oscillations
would be possible. Thus an approximate gain margin for this system is 2 (6 db).

Popov’s Stability Criterion

This criterion was developed for nonlinear feedback systems with a single nonlinear element in the
loop, for example, as shown in Fig. 19-12. Such systems are stable if the linear element G is stable,
Re G(w)> —1/K, and the nonlinear element f(e) satisfies the conditions: f(0)=0and 0 < f(e)/e <K
for e # 0. Note that this criterion does not involve any approximations. Nyquist analysis is particularly
well suited for its application.

EXAMPLE 19.19. For the system of Fig. 19-12, with G = 1/(jw + 1)°, the Polar Plot is shown in Fig. 19-14. For
all w, Re G > —1/4. Therefore the nonlinear system is stable if K <4, f(0)=0,and 0 < f(e)/e< K for e #0.

ImG
1+ /0.5
-1.0 -0.75-0.5 -0.25 025 05 075 1.0
w=1
Fig. 19-14

EXAMPLE 19.20. For the nonlinear system in Fig. 19-12, with a stable discrete-time plant G =1/z,
G(e*Ty=e T =cos 0T — jsinwT

The circular Polar Plot of G is shown in Fig. 19-15, and
ReG(e'“’T)>‘71 for K<1

Thus the system is stable if f(0)=0and 0 < f(e)/e<K <1 for e+ 0.
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LN
N

-J

Fig. 19-15

Solved Problems

NONLINEAR CONTROL SYSTEMS

19.1. Several types of control laws or control algorithms were presented in Definitions 2.25 through

2.29. Which of these are nonlinear and which are linear, from the viewpoint of their input-output
characteristics?

The on-off (binary) controller of Definition 2.25 is clearly nonlinear, its output being a discontinuous
function of its input. The remaining controllers, that is, the proportional (P), derivative (D), integral (/)
and PD, PI, DI, and PID controllers given in Definitions 2.26 through 2.29, are all linear. Each of their

outputs are defined by linear operations, or linear combinations of linear operations, on each of their
inputs.

19.2. Why is the thermostatically controlled heating system described in Problem 2.16 nonlinear?

The thermostat controller in this system is a nonlinear binary device, with a hysteresis input-output
characteristic, as described in Problem 2.16. This controller regulates the room temperature output of this
control system in an oscillatory manner between upper and lower limits bracketing the desired temperature
setting. This type of behavior is characteristic of many nonlinear control systems.

LINEARIZED AND PIECEWISE-LINEAR SYSTEM APPROXIMATIONS
19.3. The differential equation of a certain physical system is given by
dy dYy
—+4—+ =0
ar’ dr? ()

The function f(y) is nonlinear, but it can be approximated by the piecewise-linear graph
illustrated in Fig. 19-16. Determine a piecewise-linear approximation for the nonlinear system
differential equation.

..
|
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The nonlinear system can be approximated by the following set of five linear equations over the
indicated ranges of y:

‘:—2’+4‘:—j2y~1=0 y< -2
%+4%—y—2=0 -2<y< -1
%+4i:j—:+y=0 -lgy<l
%+4%~y+2=0 1<y<2
Z—j{+4‘:——2+1=0 <y

19.4. A solution of the nonlinear differential equation
=i+
d?y
Mathcad — tycosy=u
* I Gt

with input 4 =0, is y = 0. Linearize the differential equation about this input and output using a
Taylor series expansion of the function d?y/dt? + ycos y — u about the point ¥ =y = 0.

The Taylor series expansion of cos y about y =0 is

%) yk dk 1
cosy= 3. —|——(cos y) =1——ypt4 .-
ieo k! [dy“ =0 2!
d? d? 2
Therefore ;ﬁy+ycosy-u=}t—{+y(1~%+...)_u

Keeping only first-degree terms, the linearized equation is dy/dt? + y = u. This equation is valid only for
small deviations (perturbations) about the operating point u =y = 0.

19.5. Write the perturbation equations determined in Example 19.9 in vector-matrix form. Why are
they linear? Under what conditions would they be time-invariant?

d(Ax,) .= o
d(Ax) _ 7 _ 22;:1(’) ju(r) . lez(’)] N
dt d(Ax,) m 0
dt

Ay =[2¢,%,(1) 0] Ax

These equations are linear because the matrices premultiplying Ax and Au are independent of Ax and
Au. They would be time-invariant if the parameters ¢, ¢,, ..., ¢ were constant and the “operating point” of
the system, for w = u(r) and x = x(¢), were also constant. This would be the case if ¥ = constant.



CHAP. 19] INTRODUCTION TO NONLINEAR CONTROL SYSTEMS 471

19.6. Derive the linearized Equations (/9.13) and (19./4) for the nonlinear differential system given
by (19.11) and (19.12).

We consider changes Ax in x as a result of changes Au in u, each about operating points X and 1,
respectively, that is,
x(1) =%x(1) + Ax(7)

u(t) =u(r) + du(1)

In these equations, ¢ is considered a parameter, held constant in the derivation. We therefore suppress ¢, for
convenience. Substitution of X + Ax for x and u + Au for u in (/9.11) gives

dx dx d(Ax) (% + Ax.T+ Ay
—_— =t —— =f(x + +
dt dt dt (X ! )

Now we expand this equation in a Taylor series about {X,u}, retaining only first-order terms:

of

x=X(r) +3—

u=au(r}

dx  d(&x) di
JR— __~_f Y 1 + _—
i &9+ 33

x=X(!)
u=u’)

Then, since dX/dt = f(X,u), Equation (19.11) follows immediately after subtracting these corresponding
terms from both sides of the equation above. Similarly, for

y = 8(x)

2 J
y=y+Ay=g(i+Ax)zg(i)+a—’g‘. Ax =y + Ax

78
ax

X=X

Subtracting ¥ from both sides finally gives

19.7. The equations describing the motion of an earth satellite in the orbit plane are

r
pr

da 2dr dé d*r dé\’ k?
— + _—— = _— — —

dr? dt dr dr? r( dt )
(See Problem 3.3 and Example 19.2 for more details.) A satellite is in a nearly circular orbit
determined by r and d6/dt = w. An exactly circular orbit is defined by

r = r, = constant W = wy = constant

Since dr,/dt =0 and dw,/dt = 0, the first differential equation is eliminated for a circular orbit.
The second equation reduces to ryw? = k?/pré. Find a set of linear equations which approxi-
mately describes the differences

dr=r-r, Sw=w-w,
In the equations of motion we make the substitutions
r=ry+8r w=w,+ 8w
and obtain the equations
d(wy + 8w) d(r,+8r)
+2
dt dr

d*(ry+ 8r k
—(°—2-—)-(r0+sr)(w0+sw)2= ——
dt p(ry+8r)

(ro+8r)

(wy+8w)=0
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We note that
d(r,+8r) d(8r) di(r,+8r) d*(8r) d(wy +8w) d(dw)
d > 4 dt T

since both r, and w, are constant. The first differential equation then becomes

d(dw) d(w) d(dr) d(br)
T +(8r) a T a T a

w =
Since the differences 8r, 8w and their derivatives are small, the second-order terms (87 )(d(8w)/dt) and
2(d(8r)/dt) 8w can be assumed negligible and eliminated. The resulting linear equation is

d(8w) d(ér)
o 7 2wy a =0

which is one of the two desired equations. The second differential equation can be rewritten as

d2(8r) 2 2
i i — 2rwgbe — ry(8w)” — wlbr — 2wp(8r)(8w) — (8w)’sr
k 2k8r
= — — — —5— + higher-order terms in 8- and §w
44} o

where the right-hand side is the Taylor series expansion of —k/pr? about r,. All terms of order 2 and
greater in 8r and 8w may again be assumed negligible and eliminated leaving the linear equation

d*(8r) , 5 5 k 2kér

—a — rowy — 2Rwedw — wydw — wydr = -W - F

In the problem statement we saw that rw? = k/pr?. Hence the final equation is

d*(8r) s 2k8r
i 2rwebw — wydr= —

3
P

which is the second of the two desired lineanzed equations.

PHASE PLANE METHODS

19.8. Show the equation d%x/dt? = f(x, dx/dt) can be equivalently described by a pair of first-order

differential equations.

We define a set of new variables: x, = x and x, = dx, /dt = dx/dt.

dx  d'x,  dx, dx dx,
- x, =f
arr  dt dt ( ) (

= Z xl’—z—)=f(xlv'x2)

The two desired equations are therefore

dx, dx,
ar X3 7=f(xl'x2)

19.9. Show that the phase plane trajectory of the solution of the differential equation

oIt

Mathcad

d?x

-7 +x=0

dt
with initial conditions x(0)=0 and (dx/dr)|,_o=1 is a circle of unit radius centered at the
origin.



CHAP. 19] INTRODUCTION TO NONLINEAR CONTROL SYSTEMS 473

Letting x = x; and x, = dx, /dt, we obtain the pair of equations

dx;
7 =X xl(O) =0
dx,
& X% x,(0) =1

-— or xdx; + x,dx, =0

Integrating this equation for the given initial conditions, we obtain

Xl ’ ’ xl !’
f x{ dx{ + f X3
0 1

which is the equation of a circle of uni

dj=1xt+1x-1=0 or x+xi=1

t radius centered at the origin.

19.10. Determine the equation of the phase plane trajectory of the equation

with the initial conditions x(0) =0

d*x dx
—_ + —_ =
drr  dr

and (dx/dt)|,—o=1.

0

With x, = x and x, = dx, /dt we obtain the pair of first-order equations

dx,
ks x(0)=0
dx,
o - x x(0) =1

We climinate time as the independent variable by writing

—_— =1 or dx, +dx,=0

dx,
Then

X2

Xy X2
f dxl’+f dxj=x+x,-1=0 or x+x,=1
0 1

which is the equation of a straight line

, as shown in Fig. 19-17. The direction of the motion in the phase

plane is indicated by the arrow and is determined by noting that, initially, x,(0) = 1; therefore dx, /dt > 0
and x, is increasing, and dx,/dt < 0 and x, is decreasing. The trajectory ends at the point (x,, x,) = (1,0),
where dx, /dt = dx,/dt =0 and thus motion terminates.
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19.11. Design an on-off controller for the system given by Equation (/9.19) and Fig. 19-7, with a =0.
For a = 0 in Equation (/9.19), Equation (/9.23) becomes

x,dx

dx, = N
u

The switching curve is generated by integrating this equation in the second quadrant with u= +1 and

terminating at the origin, yielding

) x3() é?
t)y= — = - —
x( 3 or e 5
and integrating in the fourth quadrant with u = —1 and terminating at the origin, yielding
x2(1) é?
x (1) = 5 or  e=-—
The switching curve is sketched in Fig. 19-18. The switching logic of this on-off controller is given in Table
19.2.
x,=¢
x, =e
Fig. 19-18
Table 19.2
>0 et+é2/2>0 e—¢é2/2>0 u
No No No -1
No No Yes +1
No Yes No -1
No Yes Yes +1
Yes No No -1
Yes No Yes -1
Yes Yes No +1
Yes Yes Yes +1

LYAPUNOV'S STABILITY CRITERION

19.12. Find the singular points of the pair of equations

dx, dx,
—— =s8lnx — =Xx;+x
dt g a 77
Singular points are found by setting sin x, =0 and x; + x, =0. The first equation is satisfied by
x,=+nn, n=0,1,2,.... The second is satisfied by x, = — x,. Hence the singular points are defined by

xy=%Fnw,x,=tnm n=0,1,2,. ..

19.13. The origin is a singular point for the pair of equations

dx, I,
—t=ax1+bx2 — =cx, +dx,

dt
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Using Lyapunov theory, find sufficient conditions on a, b, ¢, and d such that the origin is
asymptotically stable.

We choose a function
V= xl2 + x%
which is positive for all x|, x, except x; = x, = 0. The time derivative of V is
EK = Zfoﬁ + 2):2ijig =2ax? + 2bx;x; + 2¢x, x5 + 2dx3
dt dt dt
To make dV/dr negative for all x,, x,, we might choose a <0, d<0, and b= —c. In this case,

dv 5 s
7 2ax{ +2dx; <0

except when x, = x, = 0. Hence one set of sufficient conditions for asymptotic stability are a <0, d <0,
and b= —c. There are other possible solutions to this problem.

19.14. Determine sufficient conditions for fhe stability of the origin of the nonlinear discrete-time
system described by ’

x(k+1)=x,(k) "f[xl(k)]
Let V{x(k))=[x,(k)]*, which is greater than O for all x # 0. Then

AV = x2(k+1) = x}(k) = (x,(k) - f[x(K)])" - x}(k)
- —xl(k)f[xl(k)l(Z—M)

Therefore sufficient conditions for AV < 0 and thus stability of the system are

X f(x) =20

f(x) forall x,
<2

X

19.15. Determine sufficient conditions for the stability of the system
. _|1-2 -1 |1
X=Ax+bf(x,) where 4 [ 0 _2],b [2]

Let V=x"Px and P= [Z ;] Then

V=x"(PA+ ATP)x + x"Pbf(x,) + f(x,)b'Px

—4a  -a-4
=xT[—a—a4c —gc—z x+2(a+20)x f(x) +2(c+2)x, f(x))

To eliminate the cross-product term x, f(x,), set ¢ = —2. Then
V=—-x"Qx+2(a—4)x,f(x)

where Q = [a4~ag a 6 8]. For Q >0, a= 8. The resulting V is

7= —32x] + 8x,f(x,) = —8x,2(4— f(xi))

1

Then ¥ <0 and the system is stable if f(x,)/x, <4 for all x, # 0.
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19.16. Determine sufficient conditions for stability of the nonlinear discrete-time system
x(k+1) = Ax(k) + bf [x (k)]

11 1 _ 0
whereA—[O _l]andb—[_ ]

Let ¥V =x"Px, where P = [? i] Then

AV=V[x(k+1)] - V[x(k)] =x(k +1)"Px(k +1) — x(k)"Px(k)
= [ [ (k)07 + x(k)TAT] P Ax(k) + bf [x,(k)]] = x(k)TPx(k)

=xT(ATPA — P)x + f(x)b'Pbf(x;) + f(x )bTPAx + xTATPbf( x,)

where

ATPA—P=[a_02C z:%z] and  bWPA=[-¢ 1-c]

Now, in order for ATPA — P <0, we set a=2¢ and, to eliminate the cross-product term x, f(x,). we set
¢=1. Then ATPA — P =0 and

AV:lf(xl)]z_lef(xl) = _xxf(xl)(z— L(:;))

1

Sufficient conditions for AV < 0 and stability of the origin are then

f(xl)

X

xf(x)=20 and <2 for all x,.

FREQUENCY RESPONSE METHODS

19.17. Show that the describing function for the piecewise-linear saturation element in Example 19.1 is
given by

2 1 1 1

1 I .
—e/ = —|sin"!'— + — cossin" ! —
A 7 A A A

We see from Fig. 19-1(b) that, when the magnitude of the input is less than 1.0, the output equals the
input. When the input exceeds 1.0, then the output equals 1.0. Using the notation of Example 19.1, if

e(t) = Asinwt A>1

then f(r) is as shown in Fig. 19-19 and can be written as

O<r<y
Asinwt L<t<t
()= L<t<2n/w
1 L<tst,
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19.18.
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4
AlL___ A sin wf
P \/‘/
’ A \
1.04-— : ) 1)

]

| A 27

; L\ b by .

t ty : { t
! |
I ]
.
\ ¥4

s /
N
Fig. 19-19
The time ¢, is obtained by noting that
) 1 1
Asinwrp =1 or t|=—sm";
Similarly,
7 1 1 m 1 1 2m o
t,=—— —sin ' — ty=—+—sin ' — ty=— — —sin
W w A w W A w w
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The magnitude B, and phase angle ¢, of the describing function are determined from the expression for

the first Fourier coefficient:

w n/w
B, =—f2 / f(t)sinwrdr
7 Jo

Since f(¢) is an odd function, the phase angle ¢, is zero. The integral defining B, can be rewritten as

worn L, W o,
Bl=—f A sin wtdt+—f sinwrdt
L

W ey . W oy, W dnfw
+ -f A sinfwr dt — ——f‘sm wtdt + —f A sinfwr dt
Ty Ty, ™I,
I . 2n/w . 1 1 3
But f‘A sin‘wrds =/ A sintwrdr = Ef A sintwt dt
0 ty 5

5 .
and fzsm wrdt =

Lt

We can thus write B, as

4w 40 rpr20 2
B, = — [“Asitwrdr+ — | /2 Sinwrdr = —[
7 Jo 7T Iy T

KRN

fe . /2w |
- f *sinwrdt = 2/ sin wit dt
n

3

A

Substituting f, = (1/w)sin '(1/4) and simplifying, we obtain

2
B =-
Finally, the describing function is
B 2
A =

1 1
Asin™'— +cossin™' —
g A A

1 1 1
sin"!— + —cossin”! —

A A A

Awty — EsinZ wt, + 2cos wi,

Determine the amplitude A and frequency w for which oscillations could be maintained in the

system of Example 19.18 with the forward-loop gain increased to 32 from 8.
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The Polar Plots of

G( ) — i_
jo(jw+2)°

and —1/N(A) are shown in Fig. 19-20. The two loci intersect at A =2.5 and w = 2, the conditions for
oscillation.

Im

———————————+ Re

Fig. 19-20

19.19. Determine the amplitude and frequency of possible oscillations for the system of Fig. 19-12 with
it f(e)=e? and

Mathcad G(w)= m
From Example 19.17, the describing function for this nonlinearity is
— 342 1 4
N(A4)= e and - Y]

From the Polar Plots shown in Fig. 19-21, G(w) and —1/N intersect for w=1.732 and 4 =3.27, the
conditions for oscillation.

Im

Fig. 19-21

19.20. Determine the amplitude and frequency of possible oscillations for the system of Fig. 19-12, with
the hysteresis nonlinearity shown in Fig. 19-22, and G(w) = 2 /jw(jw + 1).

The system block diagram can be manipulated as shown in Fig. 19-23, so that the hysteresis element is
normalized, with a dead zone of 1 and a slope of 1. Figure 19-11 can then be used to construct the Polar
Plot of —1/N, shown in Fig. 19-24 with the Polar Plot of 2G(w), rather than G(w), because the loop
transfer function excluding the nonlinearity is 4G(w)/2 = 2G(w).
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Qutput

N4
L/[gz Input

Fig. 19-22

fle) [
4 : G(w)

» Re

Fig. 19-24

The two curves intersect for w = 1.2 rad/sec and A4 = 1.7, the conditions for oscillation of the system.
Note that A is the amplitude of the input to the normalized nonlinearity. Therefore the amplitude for
oscillations is 3.4, in terms of e.

Supplementary Problems

19.21. Determine the phase plane trajectory of the solution of the differential equation

d’x 2dx . 0
— 42— +4x=
dr? dt *

19.22. Using Lyapunov theory, find sufficient conditions on a, and u, which guarantee that the point x =0,
dx/dt = 0 is stable for the equation

d*x dx
F +aIE +£10X=0



Chapter 20

Introduction to Advanced Topics in Control
Systems Analysis and Design

20.1 INTRODUCTION

This final chapter is an introduction to advanced topics in control systems science. Each subject is
discussed only briefly here to familiarize the reader with some of the terminology and mathematical
level of advanced methodologies. It should also provide some of the motivation for advanced study.
Time-domain state variable techniques, introduced in Chapters 3 and 4 and used extensively in Chapter
19, predominate in advanced methodological developments, mainly because they provide the basis for
solving broader classes of control system problems, including far more complex problems than are
amenable to frequency-domain methods.

20.2 CONTROLLABILITY AND OBSERVABILITY

Much of modern control theory is developed in the time domain, rather than the frequency domain,
and the basic linear and time-invariant plant (controlled process) model is typically given a state
variable description (Chapter 3), Equation (3.25b): dx(1)/dr = Ax(t) + Bu(t) for continuous system
plants, or Equation (3.36): x(k + 1) = Ax(k) + Bu(k) for discrete-time system plants. For either type
of model, the output equation may be written as y = Cx, where y = y(¢) or y(k), x = x(¢) or x(k), and
C 1s a matrix of compatible dimension. We mention in passing that this basic model form is often used
to represent time-varying linear systems, with matrices A, B, or C having time-varying elements, and
(less often) nonlinear systems, with A, B, or C having elements that are functions of the state vector x.

The concept of controllability addresses the question of whether it is possible to control or steer the
state (vector) x from the input u. Specifically, does there exist a physically realizable input u that can be
applied to the plant over a finite period of time that will steer the entire state vector x (every one of the
n components of x) from any point x, in state space to any other point x,? If yes. the plant is
controllable; if no, it is uncontrollable.

The concept of observability is complementary to that of controllability. It addresses the question of
whether it is possible to determine all of the n components of the state vector x by measurement of the
output y over a finite period of time. If yes, the system is observable; if no, it is unobservable. Obviously,
if ¥ = x, that is, if all state vaniables are measured, the system is observable. However, if y # x and C is
not a square matrix, the plant may still be observable.

The controllability and observability properties of the plant have important practical consequences
in analysis and, more importantly, design of modern feedback control systems. Intuitively, uncontrol-
lable plants cannot be steered arbitrarily; and it is impossible to know all of the state variables of
unobservable plants. These problems are clearly related, because together this means that unobservable
states (or state variables) cannot be individually controlled if the control variable u is required to be a
function of x, that is, if feedback control is needed.

Linear, time-invariant plant models in state variable form [Equations (3.25b) or (3.36)] are
controllable if and only if the following controllability matrix has rank » (n linearly independent
columns), where n is the number of state variables in the state vector x:

[B 4B 4 .. 47 'B] (20.1)

Similarly, the plant model is observable if and only if the following observability matrix has

480
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rank n (n linearly independent rows):

C
CA

CA? (20.2)
CAn—l

X
EXAMPLE 20.1. Consider the following single-input single-output (SISO) plant model, with x = [X]z] and

4y, a,,, 4,, each nonzero:

dx a,;, ap, 1

To test if this model is controllable, we first evaluate the matrix given by Equation (20.1):

LRGN

By Definition 3.11, the two columns [(1)] and [0(1)1] would be linearly independent if the only constants « and 8

for which
ofo]+# 7] - o]

where a = 8= 0. This is clearly not the case, because a =1 and 8= —1/a,, satisfies this equation. Therefore the
two columns of [B AB] are linearly dependent, the rank of {B AB]=1#2=n, and this plant is therefore
uncontrollable.

Similarly, from Equation (20.2),

114, 2
CA a;, ap

For this matrix, the only a« and B for which a[l 0]+ B[a;, a,,]=[0 0] are a=B8=0, because a,,#0.

Therefore the rank of 54 is n = 2 and this plant is observable.

20.3 TIME-DOMAIN DESIGN OF FEEDBACK SYSTEMS (STATE FEEDBACK)

Design of many feedback control systems may be accomplished using time-domain representations
and the concepts of controllability and observability discussed above. As noted in earlier chapters,
particularly Chapter 14, Root-Locus Design, linear control system design is often performed by
manipulating the locations of the poles of the closed-loop transfer function (the roots of the characteris-
tic equation), using appropriate compensators in the feedforward or feedback path to meet performance
specifications. This approach is satisfactory in many circumstances, but it has certain limitations that
can be overcome using a different design philosophy, called state feedback design, that permits arbitrary
pole placement, thereby providing substantially more flexibility in design.

The basic idea underlying state feedback control system design is as follows for single-input
continuous plants dx/df = Ax + Bu. The procedure is the same for discrete-time systems.

With reference to Fig. 2-1, we seek a state feedback control:

=~Gx+r (20.3)

where G is a 1 X n feedback matrix of constant gains (to be designed) and r is the reference input.
Combining these equations, the closed-loop system is given by

dx
—;—=(A—BG)x+Br (20.4)
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If the plant is controllable, the matrix G exists that can yield any (arbitrary) set of desired roots for
the characteristic equation of this closed-loop system, represented by |[AI — A4 + BG|{= 0, where the A
solutions of this determinant equation are the roots. This is the basic result.

EXAMPLE 20.2. A block diagram of the state feedback system given by Equations (20.3) and (20.4) is shown in
Fig. 20-1.

Plant

%‘--Ax-i-h

Constant Gain
Feedback Matrix

G

Fig. 20-1

To implement a state feedback design, the entire state vector x must somehow be made available,
either as x exactly, or as an adequate approximation, denoted %. If the output is y = x, as in Fig. 20-1,
there obviously is no problem. But, if all states are not available as outputs, which is more common,
then observability of the plant model differential and output equations (dx/dt = Ax + Bu and y = Cx)

is required to obtain the needed state estimate or observer X. The equations for a typical state observer
system are given by

A

ax
dr

where A, B, and C are matrices of the plant and output measurement systems and L is an observer
design matrix to be determined in a particular problem.

=(4-~LC)X+ Ly+ Bu (20.5)

EXAMPLE 20.3. A detailed block diagram of the state observer system given by Equation (20.5) is shown in Fig.

20-2, along with the plant and measurement system block diagram (upper portion) for generating the needed input
signals for the observer system (lower portion).

Plant

Observer

Fig. 20-2

EXAMPLE 20.4. Under suitable conditions, which include controllability and observability of the plant to be
controlled, a separation principle applies and the state feedback portion (matrix G) and observer portion (matrix

L) of a state feedback control system (with y # x) can be designed independently. A block diagram of the
combined systems is shown in Fig. 20-3.
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Fig. 20-3

We have omitted many details in this introductory material, and state feedback control systems are
often more complex than described above.

204 CONTROL SYSTEMS WITH RANDOM INPUTS

System stimuli often include random or otherwise “unknown” components. This means that input
functions may sometimes be more appropriately described probabilistically than deterministically. Such
excitations are called random processes. System disturbances n (Definition 2.21), illustrated in several
previous chapters, are sometimes represented by random process models in modern control theory and
practice.

A random process can be viewed as a function of two variables, ¢ and 7, where ¢ represents time
and n a random event. The value of n is determined by chance.

EXAMPLE 20.5. A particular random process is denoted by x(t,n). The random event 7 is the result of tossing
an unbiased coin; heads or tails appears with equal probability. We define

a unit step function if n = heads
a unit ramp function if n = tails

X(t,n)E{

Thus x(t,7n) consists of two simple functions but is a random process because chance dictates which function
occurs.

In practice, random processes consist of an infinity of possible time functions, called realizations,
and we usually cannot describe them as explicitly as the one in Example 20.5. Instead, they must be
described, in a statistical sense, by averages over all possible functions of time. The performance criteria
discussed previously have all been related to specific inputs (e.g., K, is defined for a unit step input, Mp
and ¢py for sine waves). But satisfaction of performance specifications defined for one input signal
does not necessarily guarantee satisfaction for others. Therefore, for a random input, we cannot design
for a particular signal, such as step function, but must design for the statistical average of random input
signals.

EXAMPLE 20.6. The unit feedback system in Fig. 20-4 is excited by a random process input » having an infinity
of possibilities. We want to determine compensation so that the error e is not excessive. There are an infinity of
possibilities for r and, therefore, for ¢. Hence we cannot ask that each possible error satisfy given performance
criteria but only that average errors be small. For instance, we might ask that G, be chosen from the set of all
causal systems such that, as time goes to infinity, the statistical average of e*(t) does not exceed some constant, or
is minimized.

Fig. 20-4
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The study of random processes in control systems, often called stochastic control theory, is an
advanced level subject in applied mathematics.

20.5 OPTIMAL CONTROL SYSTEMS

The design problems discussed in earlier chapters are, in an elementary sense, optimal control
problems. The classical measures of system performance such as steady state error, gain margin, and
phase margin are essentially criteria of optimality, and control system compensators are designed to
meet these requirements. In more general optimal control problems, the system measure of perfor-
mance, or performance index, is not fixed beforehand. Instead, compensation is chosen so that the
performance index is maximized or minimized. The value of the performance index is unknown until
the completion of the optimization process.

In many problems, the performance index is a measure or function of the error e(t) between the
actual and ideal responses. It is formulated in terms of the design parameters chosen, to optimize the
performance index, subject to existing physical constraints.

EXAMPLE 20.7. For the system illustrated in Fig. 20-5 we want to find a K > 0 such that the integral of the
square of the error e is minimized when the input is a unit step function. Since e = e(¢) is not constant, but a
function of time, we can formulate this problem as follows: Choose K > 0 such that j°e®(¢) dt is minimized, where

e(,)=w[i]=

sT+25+ K

e 'sin(vK-1t+tan"'YyK-1)

K-1

Fig. 20-5

The solution may be obtained for K> 1 using conventional minimization techniques of integral calculus, as
follows:

K

fwez(t)dt=—K—1fw[e_'sin(vK—1t+tan‘1vK—1)}zdt
0 - 0
Integration yields
- K \feX cos(2WK=11+2tan"WK—1 —tan }(—vK—-1)) ||”
fez(t)dt=(—) — -1~
0 K-1 4 VK .
K|, cos(2tan" 'YK -1 —tan"!( -VK - 1))
Tak-n| T K
But
cos(2tan 'YK -1 —tan '(-VK-1)) = ~cos3YK—1 =3cosyK — 1 — doos’VK — 1
3K-4
KK
Therefore
o K 3K -4 K (K-1)(K+4) K+4
fez(t)dt= + — | = : -
0 4(K-1) K 4(K-1) K 4K
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The first derivative of [e’(¢) dt with respect to K is given by
d [K+4 1
dK ( 4K K?

Apparently, [&e?(t) dt decreases monotonically as K increases. Therefore the optimal value of K is K = oo, which
is of course unrealizable. For this value of K,

e (P g e (2]
m 1) dt = =—
Jm ety de= lim | —m =

Note also that the natural frequency w, of the optimal system is «w, = VK = co and the damping ratio ¢ = 1/w, =0,
making it marginally stable. Therefore only a suboptimal (less than optimal) system can be practically realized and
its design depends on the specific application.

Typical optimal control problems, however, are much more complex than this simple example and
they require more sophisticated mathematical techniques for their solution. We do little more here than
mention their existence.

20.6 ADAPTIVE CONTROL SYSTEMS

In some control systems, certain parameters are either not constant, or they vary in an unknown
manner. In Chapter 9 we illustrated one way of minimizing the effects of such contingencies by
designing for minimum sensitivity. If, however, parameter variations are large or very rapid, it may be
desirable to design for the capability of continuously measuring them and changing the compensation
so that system performance criteria are always satisfied. This is called adaprive control design.

EXAMPLE 20.8. Figure 20-6 depicts an example block diagram of an adaptive control system. The parameters A
and B of the plant are known to vary with time. The block labeled “Identification and Parameter Adjustment”
continuously measures the input u«(z) and output ¢(¢) of the plant to identify (quantify) the parameters 4 and B.
In this manner, ¢ and & of the lead compensator are modified by the output of this element to satisfy system
specifications. The design of the Identification and Parameter Adjustment block is the major problem of adaptive
control, another subject requiring advanced knowledge of applied mathematics.

E 3 o s+a |«
BEELE

Lead
Compensation

Fig. 20-6
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Appendix A

3 Some Laplace Transform Pairs Useful

for Control Systems Analysis

F(s) f(n >0
1 () unit impulse
e T s5(t—-T) delayed impulse
1
e"ul
s+a
! L ptew pe1.2.3
Gta) o) e n=1.23,...
1 1
@l __ bt
Gra)s+b) p_at® )
s 1 —ar _p — bt
(s+a)(s+b) a—b(ae e
L [(Z _a)e*al_(z _b)e—bll
(s+a)(s+b) b—a " !
1 e Y e bt e
+ +
(s+a)(s+b)(s+c) (b—a)(c—a) (c—b)(a-b) (a-c)(b-c)
s+ 2z (z, —a)e ™ (zy-b)e ™ (z;—¢c)e

(s+a)(s+b)(s+c)

(b-a)(c—a)  (c—b)a=b) ' (a-o)(b-c)

sin w!
sTHw
s
CcOs wi
PERFINS
s+ 2 2+ .
3 5 3 sin{w? + ¢) ¢=tan (w/z))
s+ w” W

ssing + wcos ¢

sin(wt + ¢
s+ Wt ( )
1 1 .
P E— —e “sinwr
(s+a) +o w
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LAPLACE TRANSFORM PAIRS FOR CONTROL ANALYSIS

APP, A}
F(s) (o) >0
! L I
_ —e *“"sinw,f w,=wyl -
5T+ 2tw,s + W? w, d a =
e Y coswt

s+a

(s+a) +

(n-a)’ +o . ,
——— ¢ “sin(wt + $) ¢ = tan
3 —a

=

1
s(s+a)’

s+ 2z
(s+a) +u w’
1 .
Z 1(1) unit step
s
1
—e It 1(t—-T) delayed step
s
~(l—-e ™ (H-1:-T) rectangular pulse
1 1 *al)
s(s+a) a( ¢
1 1 be ¢ age ™
—_— JR— — +
s(s+a)(s+b) ab b—a b-a
s+2z 1 b(zy—a)e " a(z,—b)e "')
s(s+a)(s+b) b\’ b-a b-a
1 1 !
— — ({1 - H
s(s?+ &) wz( cos i)
s+2z 2y 212+m2 -1 )
- —_ = 1+ =1t z
s(s% + w?) w? w? cos(wt + ) ¢=tan “(w/2
1 1
1 — - et sin(wyt + ¢)
w:v W, &y
s(s2+ 28w,s + w}) —_—
wy=wyl - ¢ ¢p=cos '¢
1
— (1 —e " ~ate™ ")
a

1
—lz —ze " +a(a—z)e |

s+ 2z,
s(s+a)’
1
- t unit ramp
52
1 1 1 ,
- —(at—1+e "
s*(s+a) az(a e
: 1,2,3 . 0'=1
o n=1,.23,... W '=
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Appendix B

= Some z-Transform Pairs Useful

for Control Systems Analysis

F(2) k th term of time sequence f(k), k=0,1,2,...
z A 1at k, O elsewhere
(Kronecker delta sequence)
z
T, — e akT
Te al,
_ kTe-—ukT
(Z —e uT)‘
Tle uTz z+e al
( ) (kT)ZeAu/\T

P—_—
(Z_e ur)

o
P4

(k+1)(k+2)"'(k+”_1)A/.

(z—4)" (n-1)!
(A is any complex number)

: 1 1 (unit step sequence)

Tz
—_— kT (unit ramp sequence)
(z-1)

T’z(z+1
—(_'T) (kT)2
(z-1)

2" (k+1)(k+2) ---(k+n-1)
(z-1" (n—1)!
zsinwT

, sinwkT
z-—2zcoswT +1
z2(z — coswT)
coswkT

722 —2zcoswT +1

ze “TsinwT o
2 =2z “TeoswT +e 27 e " sinwkT
2(z—e “"coswT) )
22— 2ze “TcoswT +e 24T e ““TcoswkT
1 Ofork=0
m (ak~l_bk-X) fOrk)O
a-b
. p
(z—a)(z-b) paya )
z(1 -a) y
(z—-1}z-a) a
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Appendix C

SAMPLE Screens From
The Companion Interactive Outline

As described on the back cover, this book has a companion Interactive Schaum’s Outline using
Mathcad® which is designed to help you learn the subject matter more quickly and effectively. The
Interactive Outline uses the LIVE-MATH environment of Mathcad technical calculation software to give you
on-screen access to approximately 100 representative solved problems from this book, along with summaries
of key theoretical points and electronic cross-referencing and hyperlinking. The following pages reproduce a
representative sample of screens from the Interactive Outline and will help you understand the powerful
capabilities of this electronic learning tool. Compare these screens with the associated solved problems from
this book (the corresponding page numbers are listed at the start of each problem) to see how one

complements the other.

In the Interactive Schaum's Qutline, you’ll find all related text, diagrams, and equations for a particular
solved problem together on your computer screen. As you can see on the following pages, all the math
appears in familiar notation, including units. The format differences you may notice between the printed
Schaum’s Outline and the Interactive Outline are designed to encourage your interaction with the material or

show you alternate ways to solve challenging problems.

As you view the following pages, keep in mind that every number, formula, and graph shown is
completely interactive when viewed on the computer screen. You can change the starting parameters of a
problem and watch as new output graphs are calculated before your eyes; you can change any equation and
immediately see the effect of the numerical calculations on the solution. Every equation, graph, and number
you see is available for experimentation. Each adapted solved problem becomes a worksheet you can modify
to solve dozens of related problems. The companion Interactive Outline thus will help you to learn and retain
the material taught in this book more effectively and can also serve as a working problem-solving tool.

The Mathcad icon shown on the right is printed throughout this Schaum’s Outline, indicating % 2

which problems are included in the Interactive Outline. Mathcad

For more information about system requirements and the availability of titles in Schaum's Interactive

Outline Series, please see the back cover.

Mathcad is a registered trademark of MathSoft, Inc.
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Stability of Discrete-Time Systems
(Schaum'’s Feedback and Control Systems, 2nd ed., Solved Problem 5.22, pp. 124 - 125)

Statement Is the system with the following characteristic equation stable?

z4+2-z3+ 3-zz+z+ 1.0=0

System In this problem, a numerical root-finding method is used which is justified

Parameters in detail in Appendix D. For now, you may want to just follow along, and
concentrate on the stability question. Create a vector of the polynomial
coefficients, up to the n - 1 power in the equation, starting with the
zeroth-order term.

1.0 1.0
coeff O ; | :2
2] 23
Coefficient of the nth power term: A -1
Solution Find the number of coefficients in the vector, and create a subdiagonal

matrix of ones.

n =0.. length(coeff) - 2 Cn+l,n =1
0 0
1 0 This is the subdiagonal matrix. For more

C= information on the range variables and matrix
oo | functions used here, see A Mathcad Tutorial.
00 1!

Solve for the eigenvalues of the matrix constructed from € and the
coefficient vector. These are the roots of the equation.

Z -eigenvals (augment(C . _coc;ff))
A
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The roots of the equation are

-0.043 + 0.641i
-0.043 - 0.641i
-0.957 + 1.227i
1-0.957 - 1.227i

In order to graph these solutions, index them with a range variable:
i =0.length(Z) - 1
Since this is a discrete-time system, the stability requirement is that

the roots lie inside the unit circle. This will be graphed parametrically
using sines and cosines, so define the range for 6.

0 =0,01'n..2'm

The z-plane diagram for this system is

Yy

A
W,

|
"t

X roots
™ Real axis

Because not all the roots are inside the unit circle, the system is unstable.
You should take time to carefully examine the numerical root-finding
technique shown here; it will be used throughout this Electronic Book.

Also, try changing the numbers in the vector of coefficients, coeff. See
what sorts of discrete-time systems are stable. Can you find one? Can
you find one that's marginally stable? What happens when you change the
coefficient of the nth term, A?
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Lag Compensator
(Schaum's Feedback and Control Systems, 2nd ed., Solved Problems 6.13 and 6.16,
pp. 138 and 139)

Statement (a) Derive the transfer function of the R-C network implementation of the lag
compensator shown in the figure below. (b) Derive the transfer function of two
simple lag networks connected in cascade.

System o WW—————— :
Q:
Parameters /N C ohm

R, WE=10 % farad

|

In order to graph the results, we use the following specific circuit element
values, which are defined globally with the graphs below.

R | =200-Q R, =50-Q C =25+YF

Solution Kirchhoft's voltage law and constitutive relationships (Ohm's law) for the loop
yield the equation

t
Clo

(a) assuming zero initial conditions. Taking the Laplace transform of these two
equations results in the equation

1
R 1 + R2+— é;)](8)=v l(S)

Notice that this is the same expression which would have resulted if we
used the expression 1/(Css) for the impedance of the capacitor in

Kirchhoff's voltage law. Since the transfer function is the ratio of the output
to the input, find P aG(s) = Vo(s)Vj(s):

1
V=R — 1 I{
0( 2+C~s> s)
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This gives

a :; b:;

(Rj+Ry)C R,-C

where -a is the pole of the system. To graph the frequency response, define
a suitable range for o.

_l‘rad rad ]4~rad

590
sec s€C sec

w

By changing the values of circuit elements below, examine their effect on the
characteristics of the frequency response curves shown in the figures.

R l':ZOO-Q R2£50-Q C=25-pF
Magnitude Phase
| = ) =g -
8
\ —20—
|P L}\GG (:J)i 0.5 \ M)
L deg
| _ ~40 \
¥ 1 10 100 JUU{I'ILI4 k | 10 - 100 H.)(}l:IU'1
w w

Notice that these graphs are in semilog scate. We can see that this is a lag
compensator from the graph of the phase: the response lags the input for all
frequencies. It is possible to examine the simple lag network by setting Rg

equal to zero.
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(b) Suppose we examine the situation in which two simple lag
networks are connected in cascade.

Rl Rz

T T

Using a voltage divider and the Laplace transform expression for the

+

impedances,
-1
v, 1 1
R2+ ! !
Cys Cys
V2=
1 P!
R 1 + +
Ry - [
(L C 2 S 1 S
simplifies to
VI(R 2'C2'S+ l>
A"/ 2=

2
S“R“C RyCo+ (RCy+RyCy+RCh)stl

Using a second voltage divider, we obtain

1

V2v
V0= =
R,+ I (RyCys+t)
C2‘S

which, after expansion, becomes

Vi

2

V0=
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The expression for V, results in the transfer function

P(s) = - : —

2 B ' )
&RYCYR?Crr@1C1+R2C2+RrCﬁ$+1

Experiment with the two capacitor values to see their effect on the lag
compensator output.

C =25uF C 5=20-uF
Magnitude Phase
1 =5 0 i Bl
hh
I
' (P ) I
PG )| o5t agPy o) _ o
deg
\ N
0 — ~200LLL —
1 10 100 100C1°10 | 10 100 100110
w

w

Compare the single-stage and two-stage simple lag compensators:

P single(S) = _(Rl_éls : 1)'

_ 1
Pdouble(s) " _ -
yRYCrR2C2+@4C1+RZC2+RYCﬁs+1

The second-order pole on the two-stage compensator greatly increases the
amount of lag achieved in phase. Think about how you would use this
information to best implement a compensator. s the two-stage system
stable? What would you do if you wished to add lag to a circuit operating at

higher frequencies (notice that the response is almost zero at 1000
rad/sec)?
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Frequency vs. Time-Domain Specifications
(Schaum's Feedback and Control Systems, 2nd ed., Example Problems 10.2 and 10.3,
pp- 233 - 235)

Statement Using the second order system shown first in Chapter 3, compare the
frequency and time-domain specifications and plots.

System rad
w,=100"— =0.2 dB -1
Parameters n sec ¢

{These parameters are defined globally next to the graphs at the end of the
problem, so you may experiment with them and watch the change in the
graphs simultaneously.)

Solution Beginning with the frequency-domain, examine the resonant peak, the cutoff
frequency, and the bandwidth. The equation for the magnitude of the impulse
response of the canonical second-order system is

2

©p

Y(s) -

2
n

S+ 2o s+
The magnitude of the response, in dB, is

MAG(®) =20-log(|Y(j -@)])

To find the peak value, take the derivative, as was done in Chapter 10.
d . ) W g
D(w) =< |Y(j ‘)] Guess: o =if{|¢>5,—., 0
do 2

Find the frequency at which the derivative is zero.

© = [root(D(w), 0)| 0, =95915-24

P sec

Check: D(w )=8.938-10*° *sec

p

This is very close to zero, so ®p is a good approximation of the resonant
frequency.
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The magnitude of the resonance peak is given by

MPI:|Y(j -(op)! M, =2.552

The magnitude of the peak could be used to calculate the bandwidth, but
since this is a lowpass system, it's probably best to base the bandwidth
calculation on the value of the transfer function at dc.

In this case,
]Y(o.'id)’ -1 or, in decibels, MAG(o-ﬂ) =0-dB
S€C sSeC
Yo%) "
@, = oot |Y(j ‘@) - =/ 0 © , =150.958

c T -
Check: MAG(m c) =-3.01

which corresponds, as we expect, to a 3 decibel drop. The bandwidth is equal
to the cutoff frequency, in this case, since the first cutoff frequency is zero.

The time-domain output of the system is

-Gw et

) o e
04 =0 A1-8 envelope(t) @ ——

@y

(0]
y(t) =1 - envelope(t)-sin @ 4t + atan —d
g'(l) n

In the time-domain, examine the overshoot and the dominant time constant.
The dominant time constant is given by inspection of the solution, from which
you can see that the transient response is the decaying exponential. The
time constant is the multiplier in this exponential, described as the function
envelope(t) above.

1t =0.05sec
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The overshoot, as defined in Chapter 10, is the maximum difference between
the transient and steady state solutions for a unit step input. We can find this
value using derivatives and the root function, as above:

D(1) 123—)!(0 Guess: p=
t

Find the time at which the derivative is zero.
tos = root(D(t),t) tos =0.032-sec
The value at this point is
value ‘= y(t OS) value =1.527
The steady-state value is approximately the value after 5 time constants:
F -y(51) F =0.995
So the overshoot is
overshoot - F - value

Now plot both the time and the frequency response, and display the various
specifications on the graphs with markers.

Create a time scale: t =0-sec,.1-1..4:1

To evenly space points on a logarithmic scale, use the following definitions to
create the frequency range.

number of points: N =100 i=0.N-1
.01(!) n ]

step size: r:=log -—
2@ N

n

range variable: ® 2 107
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Lo
MAG(mi) 0 - '-’-/‘/L -lo.dB
dB | I
| ~43.dB
Change -]
these: 1 10 100 1000
d “
ra
o =100—
sec
{=2
3
tos T
!+ envelope(t) - ‘/'-\_-:_ --------------------------- valuef
I - envelope(t) 1 — — E———
T . - - _M— _____________________ 1-.37.H
) -
-1
0 0.125 0.25

Experiment with the values of the natural frequency and the damping ratio
defined next to the graphs. As always, the accuracy of the answers you get
will depend somewhat on the guess value you choose for the root-finding
routines. An effort has been made to build a guess which works for most
values, but be careful to check that answers make physical sense. You may
need to adjust the guess in some extreme cases.

What happens to the various specifications as the damping ratio changes?
What about the natural frequency? What does this tell you in terms of
system design?
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Nyquist Analysis of Time-Delayed Systems
(Schaum's Feedback and Control Systems, 2nd ed., Supplementary Problem 11.80, p. 296)

Statement

System
Parameters

Solution

Plot the Nyquist diagram for the following for time delayed GH(s) shown below

-8

GH(s) - —=
s(s+ 1)

Parametrize the path in the s-plane in four pieces:
Number of points per segment: n =500 m =0..n
Small deviation around pole: p =2
Radius of semicircle in the s-plane: R =100
Draw a semicircle around the pole on the jo-axis.
=
n 2

s =P
mpe

Draw a line on the jw-axis from small radius p to large radius R.

(m-(R— ) 1
SRR
n ]

S ; !»
n+m

Draw a semicircle of radius R.

: <,n.m n)
i +=
=R-e "ol

2n4+m

Draw a line on the jw-axis from large radius R to small radius p.

S]-n+m - J 1R~

m‘“‘;ﬂ}

n

Close the path and index it: S, =8 k:=0.4n
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Here is the Nyquist diagram for this system. Each part of the path above is
mapped with a different line type (solid, dashed, etc.).

Imaginary GH(s) T

-2 § 4

Real GH(s)

Here's an expanded view of the central structure:

) é@

(o)

The time delay introduces a diminishing spiral to the Nyquist plot of the
open-loop transter function, which spirals in with increasing frequency along
the Nyquist path, and back out as the Nyquist path frequency returns to
zero. This spiral is superimposed upon the familiar structure you've seen

before for a type 1 system in Chapter 11.
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Gain Factor Compensation Using the Root Locus Method
(Schaum's Feedback and Control Systems, 2nd ed., Solved Problem 14.1, p. 354)

Statement

System
Parameters

Solution

Determine the value of the gain factor K for which the system with the
open-loop transfer function GH(8) below has closed loop poles with a
damping ratio of {.

GH(s,K) =—— % {req =05

s(s+4)(s+2)

The closed loop poles will have a damping ratio of { when they make an angle
of @ degrees with the negative real axis, where 6 is defined below.

0 L= acos(?;req>
0 ¢ =60°deg

We need the value of K at which the root-locus crosses the { line in the
s-plane. Do this graphically and analytically in order to verify the answer.
Refer to Chapter 13 to review how to plot root-loci in Mathcad.

K

E= GH(s) r g___ s(s+4)(s+2)
' K

R 1+ GH(s)
s(s+4)(s+2)

~

1+

Load the Symbolic Processor from the Symbolic menu. Then, select the
expanded equation for C/R above, and choose Simplify from the Symbolic
menu. This produces the expression for the system characteristic equation

(Chapter 6) in the denominator:

K
(s3 + 652+ 85+ K)

C.
R

3 2 - o
s +68 +8s+ Ki-O num oo =
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Solving for the roots of this equation, as shown in Appendix D,

j=0.num .~ 2 1y
-K
coeff(K) =[-8 k=0..num .~ 1
-6
i '=0..500 K =1
' 10

R = eigenva]s(augment(C , coeff (Kl)))

The graph of the { line is simply a graph of a line with a slope of 8 degrees,
where the angle was found above. Plot that line by defining x and y(x) and
including them on the root-locus plot.

X =-25,-24.0 y(x) 12“‘"('9&)"‘
p:75 Kp=7.5

Change p to see the direction in which the root locus moves with change in
gain. This moves the boxes on the trace.

et \_/
¥

yo oo

-4

Rc(Rk,i) .Re(Rk'p) X
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If you change the value of p so that one of the boxes moves onto the
intersection point of the loci and the damping line, you'll find an approximate
value for the desired gain factor, Kp. You can graphically read the value of s

at which the intersection occurs. Use these values as starting guesses for
a Solve Block:

s = 0.5+ 0.8 K:=75

Use the three constraints on the values of 8 and K:
Given

arg(s)=n- 0 4 damping ratio constraint

arg(GH(s,K))=-1'n angle constraint (Chapter 13)

|GH(s,K)|=1 magnitude constraint (Chapter 13)
s ] s -0.667 + 1.155i
= Find(s, K) =
K K 8.296

Check the solution:

arg(s) =120-deg - 9§= 120+deg
arg(GH(s,K)) =-1"n
|GH(s,K)| =1

You should try changing the required value of the damping ratio to see
the way the required gain compensation changes. If you do this,
remember that you may have to change the guess values for s and K to
get a correct answer from the Solve Block above. See A Mathcad
Tutorial for more information on Solve Blocks.
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acceleration error constant, 217
accelerometer, 144
accuracy, 4
actuating signal, 18, 156
A/D converter. 19, 38
adaptive control systems, 485
addition rule, 180
airplane control. 3
algebraic design (synthesis) of digital systems, 238
analog

computer, 204

control system, 5
analog signal, 4
analog-to-digital (A /D) converter, 19
analysis methods

Bode, 364

Nichols. 411

Nyquist, 246

root-locus, 319

time-domain, 39-73, 453-466
angle criterion, 320, 330
arnival angles, 324, 335
asymptotes (root-locus), 322, 332
asymptotic

approximations, 368, 380

errors, 369
asymptotically stable, 464
autopilot. 3, 28
auxiliary equation, 116
automobile driving control system, 3, 27
automobile power steering apparatus, 22

backlash, 467
bandwidth, 4, 232, 241, 302, 305, 306, 314, 317, 376, 439
baroreceptors, 146
bilinear
equation, 41
transformation, 119, 236, 377, 395
binary signal, 5
biological control systems, 2, 3, 7, 10, 13, 27, 28, 32, 33, 35,
37,59, 146, 176
block, 15
block diagram, 15, 23, 154
reduction, 160, 164, 170, 187, 199
transformations, 156, 166
blood pressure control system, 32
Bode
analysis, 364
analysis and design of discrete-time systems, 377, 395
design, 387
form, 365, 379
gain, 365, 379, 387
magnitude plot, 364
phase angle plot, 364
plots, 364, 379, 387
sensitivity, 209
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branch, 179
breakaway points, 322, 334

calibrate. 3
cancellation compensation, 344
canonical (form) feedback system, 156, 164
cascade compensation, 2335
Cauchy’s integral law, 134
causal system, 45, 57, 73, 148
causality, 57, 73
cause-and-effect, 4
center of asymptotes, 322
characteristic equation, 42, 52, 62, 156, 184, 319
distinet roots, 43
repeated roots, 43
characteristic polynomial, 42, 62, 80, 81, 128, 132
classification of control systems, 214, 224
closed contour, 248
closed-loop. 3, 9
frequency response, 376, 384, 419, 429
poles, 327, 329
transfer function, 155, 156, 326, 339
cofactor, 53
coffeemaker control system, 12
command, 1, 21
compensation
active, 236
cancellation, 344, 355
cascade, 235
feedback, 235, 353, 360. 408
gain factor, 299, 301, 310, 343, 354, 387, 399, 433, 434,
444
lag, 304, 345, 392, 402, 438
lag-lead, 306. 311, 393, 405, 440
lead, 302, 311, 345, 388, 399, 435
magnitude, 345, 357
passive, 236
phase, 344, 356, 447
tachometric, 312
compensators, analog and digital
derivative (D), 312
integral (7). 22
lag, 130, 133, 138, 139, 314, 392, 438
lag-lead. 130, 138, 393, 440
lead, 129, 132, 137, 210, 388, 435
PID, 22, 130, 308
proportional (P), 22
complex
convolution, 76, 102
form, 250
function, 246
plane, 95
translation, 76
component, 15
compound interest, 12, 39
computer-aided-design (CAD), 236
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computer controlled system, 20, 35
conditional stability, 301
conformal mapping, 249, 272
conjugate symmetry, 252
continued fraction stability criterion, 117, 123
continuous-time (-data)

control system, 5

signal, 4
contour integral, 75, 87
control, 1

action, 3, 9

algorithms (laws), 22, 469

ratio, 158

signal, 17

subsystem, 2

system, 1

system engineering problem, 6

system models, 6
controllability, 430

matrix, 480
controllable, 480
controlled

output, 17

system, 17

variable, 4
controllers, 22 (see aiso compensators, compensation)
convolution

integral, 45, 56, 72, 76

sum, 53, 70, 87
corner frequency, 369
cutoff’

frequency, 232

rate, 233

D/A converter, 20, 38
damped natural frequency, 48, 98
damping

coefficient, 48

ratio, 48, 98, 264, 329, 341
data hold, 19
db magnitude, 364
db magnitude-phase angle plots, 411, 421
d.c

gain, 130, 132

input, 130

motor, 143
deadbeat

response, 239, 355, 362

system, 239, 362
dead zone, 467
decibel, 233
degree of a polynomial, 267
delay time, 232, 234
departure angles, 323, 335
derivative controller, 22
Descartes’ rule of signs, 93, 107
describing functions, 466, 476

design
by analysis, 6. 236
Bode, 387, 395

methods, 236
Nichols, 433, 443
Nyquist, 299
objectives, 231

point, 352, 359
root-locus, 343
by synthesis, 6, 236
determinant, 53
difference equations, 39, 51, 54, 69
differential equations, 39
linear, 41, 57, 62
nonlinear, 41, 62, 457
ordinary, 40
solutions, 44, 51, 65, 91, 104
time-invariant, 40, 61, 458
time-vaniable (time-varying), 40, 61
differential operator, 42
diffusion equation, 39
digital
data, 4
filter, 20
lag compensator, 133, 314, 347
lead compensator, 132, 315, 316
signal (data), 4, 18
digital control system, 5
digital-to-analog converter, 20, 38
dipole, 345
discrete-time (digital) data
signal, 4
control system, 5
discrete-time (digital) system “integrators,” 254
discretization of differential equations, 55
disturbance, 21, 483
dominant pole-zero approximations, 348, 354, 358
dominant time constant, 234, 305, 306, 439

economic control systems, 10, 12, 13, 175
element, 15
emitter follower, 35
enclosed, 248, 274
entire functions, 266
equalizers, 235
error
detector, 21
ratio, 158
signal, 18, 484
error constants, 218, 225
acceleration, 217, 227
parabolic, 219, 227
position, 216, 227
ramp, 216, 218, 227
step, 218, 227
velocity, 216, 227
Euler form, 250
experimental frequency response data, 246, 251, 277
exponential order, 86
external disturbances, 2, 4

Faraday's law, 57

feedback, 3, 4, 9, 481
characteristics, 4
compensation, 235, 353, 481
loop, 182
path, 17, 182
potentiometer, 29
transfer function, 156

feedforward, 17

fictitious sampler, 134, 244



Final Value Theorem, 76, 88, 132
first-order hold, 152
forced response, 45, 66, 70, 80, 81, 91
forward -

path, 17, 182

transfer function, 156
free response, 44, 66, 70, 80, 81, 91
frequency

corner, 369

cutoff, 232

damped natural, 48, 98

gain crossover, 231, 263, 416

phase crossover, 231, 262, 416

scaling, 76, 77

undamped natural, 48, 98
frequency-domain specifications, 231

methods for nonlinear systems, 466, 476
frequency response, 130, 133

continuous time, 130, 141

discrete-time, 133, 142

methods for nonlinear systems, 466, 476
fundamental set, 43, 52, 63, 73
fundamental theorem of algebra, 42, 83
furnace, 2

gain, 131, 133, 182

crossover frequency, 231, 263, 416

margin, 231, 241, 262, 328, 340, 375, 384, 386, 416, 425
gain factor, 129

compensation, 299, 310, 343, 387, 399, 433, 434, 444
general input-output gain formula, 184, 194
generalized Nyquist paths, 254
generator (electrical), 7
generic transfer function, 251
graphical evaluation of residues, 96
gyroscope, 145

heading, 3

heater control, 2, 5

hold, 19, 60, 134

homogeneous differential equation, 42, 43, 44
hormone control systems, 33, 35

Horner’s method, 93, 107

Hurwitz stability criterion, 116, 122

hybrid control systems, 5

hysteresis, 34, 467, 478

I-controller, 22
impulse train, 60
independent variable, 4
initial
conditions, 44
value problem, 44, 51
initial value theorem, 76, 88
input, 2
node, 181
input-output gain formula, 184
insensitive, 209
instability, 4
integral controller, 22
intersample ripple, 240
inverse
Laplace transform, 75, 100, 107
z-transform, 87

509

Jury
array, 118, 125
test, 118, 125

Kepler's Laws, 58
Kirchhoff's Laws, 58, 111, 183
Kronecker delta
response, 53, 91, 132, 142
sequence, 53, 89

lag
compensation, 304, 345
compensator, 130, 133, 392, 438
continuous, 130
digital, 133, 314
lag-lead compensator, 130, 306, 393, 440
Laplace transform, 74, 99, 486
properties, 75, 100
tables, 78, 486
lateral inhibition, 59
law of supply and demand, 10, 175
lead compensation, 302, 345
lead compensator, 129, 132, 345, 388, 435
continuous, 129
digital, 132, 315
left-half-plane, 96
liftbridge control system, 13
lighting control system, 11, 31
Lin-Bairstow method, 94, 108
linear
differential equations, 41, 57, 62
equation, 41
system, 56
system solutions, 65, 79
term, 41
transformation, 56, 75, 87
linearity, 56, 71
linearization
of nonlinear digital systems, 458
of nonlinear equations, 457, 469
linearly dependent, 42, 481
linearly independent, 42, 63, 481
loading effects, 29, 155, 164, 187, 198
logarithmic scales, 364
loop gain, 182
Lyapunov function, 464
Lyapunov's stability criterion, 463, 474, 479

magnitude, 250

compensation, 345

criterion, 321
manipulated variable, 17
mapping, 247, 249, 266
marginally stable, 114
matrix exponential function, 51, 69
M-circles, 263, 290, 301
microprocessor, 18
MIMO, 21

system, 50, 55, 167
minimum phase, 129
mirror, 1
mixed continuous /discrete systems, 134, 155
modulated signal, 60
multiinput-multioutput, 21, 50, 55, 171
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multiple inputs, 159, 167 performance specifications, 231, 484
multiple-valued function, 271 frequency-domain, 231
multiplication rule, 181 steady state, 234

multivariable system, 21 time-domain, 234

transient, 234, 484
perspiration control system, 2
perturbation equations, 457, 470
phase
angle, 250
compensation, 344
crossover frequency, 231, 262, 416
margin, 231, 241, 263, 328, 340, 375, 384, 386, 416, 425
plane, 458, 459, 572

N-circles, 263, 290

negative encirclement, 249

negative feedback, 18, 156
system, 156

Newton’s method, 94, 108

Newton's second law, 39

Nichols chart, 417, 419, 426

design, 433
. . . photocell detector, 11
design of discrete-time systems, 443 . :
physically realizable, 57
plot, 419 PI controller, 22
node, 179 ’

PID controller, 22, 130, 308
piecewise-continuous, 19
piecewise-linearization, 454, 469
pilot, 3
plant, 17
point design, 352, 359
pointing (directional) control system, 2
polar form, 250
Polar Plot, 250, 276, 291

properties, 252, 276

noise input, 2, 21
nominal transfer function, 208
nonlinear
control systems, 453
differential system (of equations), 457
equation, 41
output equations, 457
nth-order differential operator, 42
number of loci, 321

Nyquist
i poles, 95
:::i] y:siqz()“ pole-zero map. 95, 109
v polynomial

Path, 253, 279, 287, 297

Stability Criterion, 260, 286

Stability Plots for continuous systems, 256, 279
Stability Plots for discrete-time (digital) systems, 259

factoring, 93, 330
functions, 93, 267, 330
Popov’s Stability Criterion, 468

position
error constant, 215, 227
observability, 480 servomechanism, 22, 29
matrix, 480 positive
observable, 480 definite matrix, 465
observer design matrix, 482 direction, 248
Ohm’s law, 39 encirclement, 248
on-off controller, 22, 34, 460 feedback, 18, 156
open-loop, 3, 9 feedback system, 156
frequency response function, 231, 232, 251 power steering, 22
transfer function, 156, 231 prediction, 73
optimal control systems, 460, 484 primary
order, 44 feedback ratio, 156
ordinary differential equation, 40 feedback signal, 18, 156
oscillation, 4 principle
output, 2 of arguments, 249, 273
node, 182 of superposition, 56, 72
sensitivity, 213 process, 17
oven temperature control, 12, 35 proportional controller, 22
overshoot, 49, 69, 234 P(s)-plane, 247

P(z)-plane, 247

parabolic error constant, 219 pulse transfer function, 147

partial
differential equation, 40 radar controlled systems, 13
fraction expansion, 83, 85, 90, 105 radius of convergence, 86

path, 181 ramp error constant, 218
gain, 182 random

P-controller, 22 event, 483

PD controller, 22 inputs, 483

pendulum equations, 455 processes, 483

performance index, 484 rational (algebraic) functions, 81, 83, 89, 95, 96, 268



real
function, 246
vanable, 246
realizations, 483
rectangular form, 251
reference input, 17
refrigeration control, 12
regulate, 1
regulating system, 23, 36
regulator, 23
relative stability, 114, 262, 289, 375, 384, 416
residues, 84
graphical evaluation of, 96, 109, 140
resonance peak, 233, 264
right-half-plane, 96
rise time, 234, 242
R-L-C networks, 36
robust, 213
robustness, 213
root-locus
analysis, 319
construction, 324
design, 343
roots, 42
distinct, 43
of polynomials, 93
repeated, 43
Routh Stability Criterion, 115, 121
Routh table, 121
rudder position control system, 13

sampled-data control systems, 5, 36
sampled-data signal, 4, 19, 149
samplers, 18, 60, 112, 147, 155, 173, 177
samplers in control systems, 112, 147, 155, 173, 177
sampling theorem, 233
satellite equations, 58, 454, 471
saturation function, 454
screening property, 47
second-order systems, 48, 68, 98, 110
self-loop, 182
sensitivity, 208

closed-loop, 211, 407

coefficient, 213

frequency response, 208, 221, 407

normalized, 209

open-loop, 211

output, 213

relative, 209

time-domain, 213, 223

transfer function, 208, 221
separation principle, 482
servoamplifier, 29
servomechanisms, 22, 29, 35
servomotor, 29
setpoint, 2, 6, 23
settling time, 234
shift operator, 52
shift theorem, 88, 112
signal flow graphs, 179, 189
simple hold, 19
singular point, 248, 464
singularity, 248

INDEX

singularity functions, 47, 67
sink, 182

sinusoidal transfer function, 246, 251

SISO, 16

source, 181

speed control system, 30
s-plane, 247

spring-mass system equations, 454

stability, 114, 464
asymptotic, 464

continued fraction, 117, 123

criteria, 114, 463

Hurwitz, 116, 122

Jury test, 118, 125

Lyapunov, 463, 479

marginal, 114

Popov, 468

relative, 114

Routh, 115, 121, 126
state

estimator, 482

feedback control design, 481

observer, 482
space, 480
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variable representations (models), 50, 54, S5, 69, 457,

464, 480

vector, 50, 55

vector solutions, 51, 55
steady state

errors, 225, 229

response, 46, 54
step error constant, 218
stimulus, 21

stochastic control theory, 484
stock market investment control system, 12

suboptimal, 485
subsystem, 2

summing point, 15, 27
superposition, 56, 71, 159
switch (electric), 2, 26
switching curve, 461
Sylvester’s theorem, 465
system, 1

tachometer
feedback, 165
transfer function, 144
takeoff point, 16

Taylor series approximations, 455, 470
temperature control system, 5, 27, 34

term, 40
test input, 21
thermostat, 2, 5, 27, 34

thermostatically controlled system, §

time
constant, 48

delay, 73, 76, 126, 246, 284

response, 21, 130, 139
scaling, 76, 102

time domain
design, 481

response, 51, 55, 91, 104, 326, 339

specifications, 234
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time-invariant equations, 40, 458
time-variable (time-varying) equations, 40
toaster, 3, 35
toilet tank control system (WC), 11, 28
total response, 46, 54, 65, 67
traffic control system, 10, 31
trajectory, 459
transducers, 21, 35
transfer functions, 128
continuous-time, 128, 135, 136
derivative of, 247
discrete-time, 132
feedback, 156
forward, 156
loop, 156
open-loop, 156
transform
inverse Laplace, 75
inverse z-, 87
Laplace, 74
z-, 86
transformation, 247
transient response, 46, 54
transition
matrix, 51
property, 51
translation mapping, 266
transmission
function, 179
rule, 180
type / system, 215

undamped natural frequency, 48, 98

unified open-loop frequency response function, 231, 251

uniform sampling, 233
unit circle, 117, 255, 339
unit impulse
function, 47, 67
response, 48, 67, 85

INDEX

unit ramp
function, 47, 68
response, 48, 68
unit step
function, 47, 68
response, 48, 68
unity
feedback systems, 158, 167, 301, 434
operator, 52
unobservable, 480
unstable, 114

valve control system, 29, 36
variation of parameters method, 70
vector-matrix notation, 50, 69, 82
velocity
error constant, 216
servomechanism, 30
voltage divider, 9

washing machine control systems, 7, 8
weighting
function, 45, 56, 57
sequence, 53, 57, 70
Wronskian, 63
w-transform, 119, 236, 243, 377, 443, 450
design, 236, 377, 443, 450

zero-order hold, 19, 60, 134, 147, 150, 151
zeros, 95
z-plane, 247
z-transform, 86
inverse, 87, 92
properties of, 87
tables, 89, 488
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