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Preface 


Dear Student, 

Feeling butterflies at the thought of. beginning your Calculus course? Or worse? 
Well you’re not alone. There’s a long tradition of students suffering from ‘Calculus 
Syndrome.’ I myself took Calculus in 1968 and hated every minute of it. I somehow 
survived the agony, passed the course barely respectably, and sold that fat, heavy 
textbook right away -who needed memories of humiliation? I went on to major in 
languages so that I could never again be traumatized by numbers. 

And so, when 25 years later Dr. Eli Passow approached me to edit a companion 
volume to Calculus texts, I laughed and told him straightforwardly: “You’ve come to 
the wrong address. I’m allergic to mathematics.” 

But Dr. Passow convinced me that I was just the person he was looking for. He had 
developed a simple and clear conceptual approach to Calculus and wanted to test out 
his ideas on someone who was absolutely certain that Calculus could never penetrate 
her brain. Okay, so he had the right address after all. 

I approached “Understanding Calculus Concepts” with all the skepticism Dr. Pas-
sow could have wished for - it came quite naturally - but I was quickly surprised. 
Lightbulbs of understanding started going on in my head that should have lit up a 
quarter century ago! Dr. Passow’s d-R-C approach (Approximation, Refinement, 
Limit - I’ll let him explain it) to all the major concepts of Calculus quickly led me 
to the crucial awareness of the unity of the subject, a soothing substitution for my 
past experience of Calculus as a zillion different kinds of problems, each demanding a 
different technique for solution. With the d-R-L method, the approach to a wide 
variety of problems is the same; learning takes place in a comprehensive way instead of 
in unrelated fragments. 

And most important, in Dr. Passow’s writing I heard the voice of a real teacher, the 
teacher we all wish we had, especially for Calculus. He has a gift for simplifying and 
a knack for presenting illuminating illustrations and examples that help each concept 
click into place, even in a mind that was determined not to understand. 

So, don’t panic. You’re in good hands. ‘Calculus Syndrome’ has a cure and you’re 
holding it right now. 

Good luck! 

Rachel Ebner 
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ChaDter I 


What It’s All About 

1.1 Introduction 

For many students, calculus is a frightening subject, frightening even before the course 
begins! For one thing, you are handed (or, more correctly, you buy at a handsome 
price) an intimidating 1000-page volume chock-full of complicated material for which 
you will be responsible over the next two or three semesters. The material itself has the 
reputation of being far more difficult than any mathematics you’ve previously studied, 
filled with a bewildering assortment of apparently unrelated techniques and methods. 
Last but not least, the high failure rate in calculus is notorious; students repeating the 
course are clearly in evidence around you. So you’re probably asking yourself, “What 
am I doing here?)’ 

Yet, as we’ll see in section 1.3, calculus need not be a difficult course, at least not 
when properly presented. Nonetheless, you might ask yourself, “Why should I bother 
studying this stuff, anyway?” I know that it’s a requirement for many of you, but I’ll 
try to come up with a better answer than that. 

What would a world without calculus look like? Well, on the positive side, you 
wouldn’t be taking this course. But you would be living in a world without most of the 
modern inventions that (for better or for worse) we rely upon: Cars, planes, television, 
VCRs, space shuttles, nuclear weapons, and so forth. It would also be a world in which 
much of medicine would be practiced on the level of the 17th Century: No X-rays, no 
CAT scans, nothing that depends upon electricity. And it would be a world without 
the statistical tools which both inform us and allow us to make intelligent decisions, 
and without most of the engineering feats and scientific and technological advances of 
the past three centuries. For some strange reason that we do not fully understand, 

nature obeys mathematics. 

And among all of mathematics, calculus stands out for its applicability, its relevance 
to the practical world. So even if you’re not entering a technical or scientific field, 
calculus is (or should be) a part of your general education, to enable you to understand 
the above features of the modern world, just as everyone - including mathematicians 
and scientists -should be exposed to Shakespeare, Plato, Mozart, and Rembrandt to 
appreciate the richness of life. However, calculus is such a vast subject and so filled with 
technical mathematical details, that it will take some time before you can understand 
how many of these applications of calculus arise. Be patient; we’ll get there. 

Among other things, calculus includes the study of motion and, in particular, 
change. In life, very few things are static. Rivers flow, air moves, populations grow, 
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2 WHAT IT’S ALL ABOUT [CHAP. 1 

chemicals react, birds fly, temperature changes, and so on and so on. In fact, in many 
situations, the change of a quantity is at least as important as the quantity itself. For 
example, while the actual temperature of a sick person is important, the rise or fa l l  
(change) in temperature may be a crucial indicator of whether an illness is worsening 
or coming under control. In another context, companies ABC and XYZ may currently 
have identical profits. However, if ABC’s profits are increasing rapidly, while those of 
XYZ are barely increasing, then this difference in the rates of change of the profits of 
the two companies will make the Board of Directors of ABC much happier than those 
of company XY2. 

In fact, you are probably already familiar with some aspects of calculus, since no- 
tions of change have entered our everyday vocabulary, as well as that of many disciplines 
in the sciences, social sciences, and business. Terms such as speed and acceleration from 
physics, inflation rate and marginal profit from economics, reaction rates from chem- 
istry, and population growth rate from biology all involve change and, as we’ll see, they 
are all examples of one of the most important concepts in calculus, the derivative, which 
we will study in Chapter 2. 

1.2 Functions 

Change involves a relationship between two quantities that vary. For example, if you 
deposit $100 in a bank, then the amount you will have in your account a year later 
depends upon the interest rate the bank pays. If the rate is fixed, but your deposit 
differs from $100, then the amount depends upon the size of your initial deposit. A 
$200 deposit will grow to an amount twice that of a $100 deposit, while a $1000 deposit 
will be 10 times as large. 

Similarly, if you drop a ball from a window, then its speed when it hits the ground 
depends upon the height of the window above the ground. So does the time it takes 
for the ball to reach the ground. 

Each of these examples involves two quantities that can vary and, as one of them 
changes, the second one usually does as well. We call such quantities variables, and the 
relationship between the variables is called a function. Referring back to our examples, 
we say that the amount of money in your bank account is a function of the interest 
rate if the size of the deposit is fixed, but is afunction of the deposit if the interest rate 
is fixed. The speed of the ball when it hits the ground is a function of the height from 
which it was dropped, and so is the time it takes to reach the ground. 

Now suppose that one variable is a function of a second one. As is usual in math- 
ematics, we find it convenient to introduce symbolic notation to represent this rela- 
tionship. The usual way of denoting a variable is by a letter, if possible, one which 
relates to the specific variable. In the bank account example we might let A stand for 
the amount in the account and i for the interest rate. We would then say that “ A is 
a function of i.” But having to write “ A is a function of i” is still too clumsy, and we 
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want an even shorter notation. This is done symbolically by writing A = f ( i ) (read “ A  
equals f of i”), with the letter f being the name of the function, and f ( i ) its value at 
2. 

For example, if the interest rate, i, is 6%( .06) and $100 is deposited, then the amount 
A in the account at the end of one year will be $106. Thus, we write f(.06) = $106. 
Similarly, f(.08) = $108, since the $100 deposit will grow to this amount if the interest 
rate is 8% (.08). 

When studying functions in a general context, where the variables may not have 
specific meaning, we often use the familiar x and y,  writing y = f(z),as in y = x2 or 
y = sinx. 

Important: A function is allowed only one value for any x. 

Keep in mind, also, that not every function can be expressed by a neat formula; 
sometimes the relationship consists of measurements taken from time to time. An 
example is the measure of inflation known as the Consumer Price Index (CPI), which 
is computed monthly by the Department of Labor. No formula can be used to describe 
the CPI or to predict its value precisely in subsequent months. Nevertheless, the CPI 
can be analyzed using techniques that we’ll develop in this course. 

The equation y = f(z)is an dgebraic entity. However, if we plot in the plane the 
set of all points (5,y) whose coordinates satisfy this equation, then the curve we obtain 
is called the graph of the equation y = f(z)(or the graph of the function, f). Plotting 
the graph allows us to apply geometrical ideas in the study of functions. For example, 
the graph of every equation of the form, y = mx + b is a straight line. (As a result, 
such equations are called linear equations.) Frequently, the geometrical picture gives us 
insight lacking in the algebraic formula. 

Now, the concepts of calculus apply to functions in general. Here’s an example 
(you haven’t been introduced to the terminology yet, but don’t worry about that): If 
two functions are differentiable, then their sum is also differentiable. In symbolic form, 
we write: If f and g are differentiable, then f + g is differentiable. This is a general 
statement which is valid for any two functions, f and g. Calculus, whose purpose is to 
analyze functions in many different ways, is filled with statements of this type. 

But calculus also goes beyond the general to the particular. There are a number 
of functions which appear so frequently in important applications that they deserve 
‘names,’ rather than just the anonymous f or g. Examples include polynomials (such 
as x2 or 3x5 + 4x2 - 7x + 2), trigonometric functions (sin x or cos x), and exponential 
functions (2” or 10”). The functions which are prominent enough to warrant special 
names are called the elementary functions; a list of the ones you will encounter is 
contained in the table ‘The Cast of Characters,’ which follows. Although much of your 
work in calculus will involve learning how to manipulate the elementary functions, the 
general results that underlie these manipulations constitute the heart of the course. 
Learning to do computations with the elementary functions is part of your job; equally 
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important is understanding tlie broad geiieral concepts. 

The Cast of Characters 


Function Type Examples 

Linear 2s+5, - 3 x + 4  

Power 5 4 ,  6x3  

PolyII onii a1 s 3 - 2 x + 1 ,  31t .5+2x4-7x3+x+4 ' 

Rat iorial (s2 + 3$ - 2)/623 - 1) 

Algebraic Jx, (x2 + 5x)'/3 

Trigonomet ric sin x, cos x, tan x 

Inverse trigonometric sin-' x, tan-' x 

Exponentia1 10z, e x ,  2-" 

Logaritlimi c lO&()X, l n x  

Hyperbolic sin11x, cosh x 

Inverse liyperbolic sinh-' x, tanh-' x 

1.3 Calculus: One Basic Idea 

I said earlier that calculus need not be a difficult course. The reason for this is that cal- 
culus is founded upon just one fuiidaiiieiital and easily understood idea, which threads 
its way through almost every topic we will encounter. The idea is that of approximation. 
Many of the concepts in this course evolve in tlie following patterii: We begin with a 
familiar idea, which works well in relatively simple cases. We wish to generalize this 
idea to a inore complicated situation. However, we do not have the mathematical tools 
to tackle the more difficult problem, so ratlier than atteniptiiig to solve it exactly, we 
clioose, instead, to be temporarily satisfied wit11 an approxitrzate solution. This approx- 
imation is then rcfincd, or  ixnproved, so as to provide a better estimate of tlie desired 
quantity. We continue to refine the approximation, finally reacliing a concept known as 
tlie limit. All of these ideas will be niade precise when we get to specific examples, but 
for now, take coiiifort from tlie fact that ~iiucliof calculus can be broken down into a 
siniple t11ree- stage process : 
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Approximation -Refinement -Limit 

which we abbreviate as A--R-L. The details, of course, differ from case to case, but 
the basic pattern repeats throughout calculus. As you begin to understand and work 
with A-R-L, you will experience calculus as a unified subject, rather than just as a 
collection of techniques for solving a variety of problems. 

Now, the idea of approximation is very common in everyday life. We use it when 
trying to find an entry in a dictionary, when checking the temperature of the water 
in a bathtub, or when weighing ourselves on a doctor’s scale. In each case, our initial 
approximation is refined several times, each time moving closer (hopefully!) to our 
goal, until we reach a satisfactory conclusion-the correct word, the right temperature, 
the correct weight. Scientific theories are also approximations which describe physical 
situations with a certain degree of accuracy, and which are continually being refined to 
more exactness. So the idea of approximation is not new to you. 

1.4 Conceptual Development 

The development of any concept, not just in mathematics, goes through a number of 
stages. For mathematical concepts these stages include: 

0 Motivation 

0 Definition 

0 Notation 

0 Computational Techniques 

0 Applications 

Since these distinctions may be unfamiliar, we’ll elaborate a bit. But first, we need 
to recognize that a mathematical concept is much more than just a procedure or op-
eration for solving a particular problem. Generally, the concepts of calculus are deep 
ideas, which took the mathematical community many centuries to discover, develop, 
and understand. These ideas have widespread applications; new ones continue to arise, 
more than 300 years after the foundations of calculus were discovered by Newton and 
Leibniz. Let’s now walk through the five stages mentioned above. 

Motivation: What need existed which led to the creation of this concept? Often, 
several apparently diflerent problems, drawn from a variety of fields within and outside 
mathematics, turn out to be closely related, and lead us to the formulation of a gen-
eral concept. Similar situations occur outside of mathematics. For example, consider 
the notion of democracy. If there were but one democratic country in the world (all 
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tlie others being monarchies or dictatorships), it is doubtful if tlie word ‘democracy’ 
would even exist. However, there are many deiiiocratic countries, although their forms 
of government differ significantly (parliamentary systems, presidential systems, and so 
forth). As a result, tlie general concept of deiiiocracy is studied intensively. 

Definition: After recognizing tlie siiiiilarities in  tlie problems that motivated the study, 
we eveiitually extract the concept or idea common to all of them, and give it a name. 
That’s all a definition is. The definition is general, including as special cases those 
problems which originally motivated tlie development of tlie concept. 

Notation: Symbolic notation plays a powerful role in conceptual development. No-
tation certaiiily provides a coiicise form of shorthand, but, more importantly, good 
notation enhances our understanding of a concept and facilitates our computational 
abilities. For example, compare tlie inultiplication of 387 by 834 in our system of 
numeration with the ainount of work tlie Ronians would have to do in their system 
(CCCLXXXVI I times DCCCXXXIV). 

Computational Techniques: As we will see over and over, the formal definitions are 
generally too cluinsy to be of much use when we actually try to apply them to specific 
cases. As a result, we search for alternate procedures or shortcuts, which make the com- 
putations more efficient. (Aside: This problem occurs outside of mathematics, as well. 
For example, here is a dictionary definition of tlie word ‘cat): “A long-domesticated 
carnivorous niaiiiiiial that is usually regarded as a distinct species though probably 
ultimately derived by selection from among tlie hybrid progeny of several small Old 
World wildcats, that occurs in several varieties distinguislied chiefly by length of coat, 
body form, and presence or absence of tail, a id  that makes a pet valuable in controlling 
rodeuts and other siiiall verniiu but tends to revert to a feral state if not housed and 
cared for.” Now, how niucli use will this definition be to us if we see an animal on the 
street and ask whether it actually is a cat?) 

Applications: Most of the concepts i n  calculus have applications that go far beyond 
the probleins that provided the original motivation. Many of these applications arose 
decades or centuries after tlie concept was uncovered. For example, the concept of the 
integral, which we’ll study in Chapter 4, was motivated by tlie need to solve specific 
problem in physics and astroxioIny, dealing wi th  planetary iiiotion. Soon after that, it 
was found to have otlier applications, aiiioiig them computing tlie volumes of certain 
solids. But in the 19GO’s, 300 years after tlie discovery of calculus, an application of 
tlie integral, known as the Fast Fourier Transforin (FFT), was developed. Tlie FFT 
has important consequences in bioniedical engineering, the design of aerodynamically 
efficient aircraft, and many others. Tlie original payer which introduced the FFT has 
been cited in well over 1000 articles in a large variety of scientific journals. We will 
have more to say about tlie FFT in Chapter 5. 
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A true knowledge of calculus is possible only if you learn 
to distinguish these various aspects of the concepts of 
calculus. This book will assist you in reaching that goal. 

1.5 About this Book 

The purpose of this book is to aid you in learning the concepts of calculus. It is intended 
as a companion to your text. I’ve written it in a casual style, with full explanations, 
and many examples and diagrams to illustrate and help you visualize the concepts. In 
it, you will find relatively few details or techniques, since they can be found in the 
text you are using. Many standard calculus books do an adequate job of presenting 
this material; I hope that yours is one of tlieni! But to u n d ~ r s t a n dthe concepts, you 
will find it useful to return to this book on many occasions. I suggest that you read 
each chapter just before you begin the parallel one in the text. Then review before a 
test to help fix the concepts in your mind. Finally, go tlirough the relevant chapters of 
this book one more time at the end of the seniester in preparation for the final exam. 
In particular, I suggest that you make frequent use of the table which is found at the 
end of this chapter. It reveals many of the topics you will be covering in the course, 
and shows how the ‘difficult’ concept is obtained from the ‘easy’ or ‘known’ one by 
approxiniation. I t  thus serves as both aii overview of what will be coming, as well as a 
summary of the material. 

At various places in the book you will notice a box in tlie margin of the page, just 
like the one here. The purpose of these boxes is to help you coordinate the material 
in this book with that in your text. The boxes occur in places where I refer you to 
your text for tlie proof of a tlimreni, coiiiputational procedures, additional examples, r l  
or the development of a topic that will not be covered in this book. You will find it 
useful to fill in the box with the page nuniber of the corresponding section in your 
text, which contains details and exteiisioiis of the concepts introduced here. If you do 
this consistently, tlieii you will find it quite easy to jump back and forth between the 
books, which will be of great help, especially when you are prcparing for exams. In 
other places, you will fiiid the letters d , R ,  or C in the margin. As you might expect, 
these symbols alert you to tlie fact that the d-R-C process is underway, and take 
you tlirough these three steps. 

The book is structured as follows: Each of tlie three main chapters, Chapter 2 
(The Derivative), Chapter 4 (The Integral) and Chapter 7 (Infinite Series) is divided 
into 5 sections, following the format: Motivation, Definition, Notation, Computational 
Techniques, and Applications. However, while we do xiieiition the iiuiiierous applications 
of the derivative and integral in chapters 2 and 4, in each case we devote a separate 
chapter to tlie developruelit of the details of two of tlie applications, wliich are found in 
Chapters 3 and 5 ,  respectively. Chapter 6 includes important additional topics which 
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involve the integral. You call use this book no matter wliat order your instructor 
arranges the material. It is also worth noting that all of tlie topics in this book, even 
the applications, adhere to the Approximation-Refinement-Limit framework (d-
R-L). 

A word about tlie problems. There are both solved problems and supplementary 
problems in each chapter. Some are coniputational, others are of a conceptual nature, 
and still others are extensions of tlimretical iiiaterial not contained in the body of the 
text. 

In conclusion, constantly keep in mind the organizing framework of both the book 
and calculus: First, tlie breakdown of each concept into its five stages, 

0 Motivation 

0 Definition 

0 Notation 

0 COriipu t at iona1 Tecliiiiques 

0 Applications 

and second, of course, 

0 Approximation 

0 Refinement 

0 Limit 

A-R-C 
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Known Concept Undefined Concept Approximation Technique 

Secant line Tangent to a curve Secants approximate tangent 

Slope of a line Slope of a curve Slopes of secants approximate 
slope of tangent 

Average velocity Instantaneous velocity Average velocities approximate 
instantaneous velocity 

Area of rectangle Area of curved region Rectangles approximate region 

Length of a line Length of a curve Broken lines approximate curve 

Work (constant force) Work (variable force) Constant forces approximate 
variable force 

Volume of cylinder Volume of solid Cylinders approximate solid 

Integral (proper) Improper integral Proper integrals approximate 
improper integral 

Addition Infinite series Finite sums approximate infinite 
series 

Root of linear function Newton’s method 

Trapezoidal Rule 

l b ( c x 2+ dx + e)dx Simpson’s Rule 



The Derivative 

0 2.1 Motivation 

Let us now put our organizing principles to work. We consider two apparently unrelated 
problems which will motivate our first concept, known as the derivative. The first is 
geometric, dealing with the slope of curves, while the second, instantaneous velocity, is 
physical. 

2.1.1 Slopes and Tangent Lines 

What we know: Slope of a straight line. 

What we want to know: Slope of an arbitrary curve. 

How we do it: Approximate the curve with certain straight lines. 

We are familiar with the notion of the slope of a straight line. Every line has 
associated with it a single number which represents the slope. Intuitively, the slope 
represents the steepness of the line; a line with large positive slope is steeper than 
one with smaller positive slope, while a line with negative slope is falling as we move 
from left to right (Figure 2-1). Now why should anyone other than a mathematician 

positive slope (large) negative slope __t 

/ \  
Figure 2-1: Slopes of various lines 

be interested in slopes? Well, the slope of a line involves change and, as we saw in 
Chapter 1, change plays a prominent role in calculus. But just how are slope and 
change connected? To answer this question, let’s recall the definition of the slope of a 

10 
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straight line. If a line passes through the points (20,yo) and (21,y1) (Figure 2-2), then 
its slope is defined by 

Y1 - Yo m =  (2.1)
$1 - $0 

(Nobody seems to know exactly why we use the letter m for the slope of a straight line 
rather than S, but this notation is common and we generally adhere to it.) 

Figure 2-2: Slope of a line 

Let’s look at the slope rn that we’ve just calculated. The numerator, y1 -yo, is the 
change in y which occurs when x changes from xo to 2 1 .  Mathematicians often use 
the symbol A to denote change. Thus, we write y1 - yo = Ay (read “delta-y”) and 
XI - xo = Ax. Using this notation, we obtain from (2.1) 

--AY m =  Y1 -Yo -
2 1  - = C O  Ax’ 

Now Ay/Ax tells us how fast y is changing with respect to x. In other words, it 
represents the rate of change of y with respect to x. For example, if Ay/Ax = 2, 
then y is increasing twice as fast as x,while if AylAx = -3, then y is decreasing by 
three units as x increases by one unit. In particular, if, say, the line is the graph of 
the profits of a company over a period of several years, then the slope represents the 
change in profits, which may be increasing or decreasing, rapidly or slowly, depending 
on the sign and size of the slope. The notion of rate of change is fundamental and 
widespread throughout the sciences, engineering, business, and the social sciences, and 
includes such topics as velocity and acceleration in physics, changes in profit and the 
inflation rate in business and economics, and reaction rates in chemistry. A discussion 
of the many applications of rates of change in various fields will be found later on in 
this chapter (page 35). 

However, real-world situations rarely generate straight line graphs. Few companies 
have profits that regularly increase or decrease linearly. So we are faced with the 
problem of extending the notion of slope to general curves. To do so, let us recall that 
for any specific line, the slope is independent of the choice of points; that is, the slope is 
the same everywhere on the line. Thus, the slope of a straight line is a single number, 
which can be calculated by choosing any two points on the line, (20,yo) and (51,yl), 
and applying (2.1). A glance at a picture, however, makes it clear that we cannot 
expect a single number to represent the steepness of a curve, which changes from point 
to point. For example, it is obvious that the curve in Figure 2-3 is much steeper near 
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Figure 2-3: The steepness of a curve varies 

point A than near point B. So does it make sense to speak about the slope of a curve 
at  a point? In other words, can we assign numbers to the curve at the points A and B 
which reflect the fact that the curve is steeper at A than it is at B? We now come to 
one of the main features of calculus. 

When faced with a difficult problem, we initially abandon 
our attempt to solve it exactly and, instead, look for an 
upproximate solution. 

How can this principle be applied in our situation? Well, currently all we know 
about slopes is how they work for straight lines, so this information must somehow be 
used in the solution of the problem. In the following, we shall see that this knowledge 
is sufficient to acconiplish our purpose. 

We wish to define the slope of any curve at a point. This is expressed mathematically 
as follows: Suppose that the curve can be represented by the equation y = f (z) ,  and 
the point, P ,  by the coordinates (xo,yo), where $0 is any value of J: and yo = f(z0) 
(Figure 2-4). We will define the slope of the curve at P to be equal to the slope of the 

I I * XI 

XO 


Figure 2-4: Graph of the function y = f(s) 

line tangent to the curve at P.  But what do we mean by the tangent line? This term 
is familiar from high school geometry, where the tangent to a circle is defined as a line 
which touches the circle at exactly one point. 

This definition of the tangent, while adequate for the circle, does not extend directly 
to other curves, and it is another of its properties which is more useful in calculus: The 
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tangent to the circle at P is the line which ‘stays closest’ to the circle near P ,  or, in other 
words, among all lines passing through P ,  it is the one which best approximates the 
circle near P. In order to understand just what we mean by this, we introduce another 
line which will be of importance to us, the secant, a line which touches the circle at two 
points (Figure 2-5). Now, let’s examine a small section of the circle in Figure 2-5 near 

1 secant 

/ 
secant 

tangent--7+-

Figure 2-5: Tangent and secant to a Figure 2-6: Magnified view of an arc 
circle of the circle 

P with a very powerful magnifying glass. What we see resembles Figure 2-6. In words, 
.while the tangent and arc of the circle are almost indistinguishable near P ,  the secant 

may be clearly differentiated from the circle. It is in this sense that the tangent ‘best 
approximates’ the circle near P.  

The Greeks gave a definition which is similar to this: The tangent, T ,  is a line with 
the property that it is impossible to ‘fit’another line through P lying between T and 
the curve (Figure 2-7). In other words, the tangent is a line which ‘hugs’ the curve. 

No room in/ here for 

Figure 2-7: Greek definition of a tangent 

Here’s another approach to the tangent. Suppose a car is moving along a curved 
. road at night. In what direction do the headlights point? That’s right, n the direction 

of the tangent to the curve. 

So the tangent line determines the direction of the curve 
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We now turn to the problem of computing the slope. We will assume, initially, that 
for our curve the tangent line exists (it doesn’t always), and our question is merely that 
of finding its slope, which we denote by m. We use the following procedure (Figure 2-8). 
Choose a second point on the curve reasonably close to P ,  say Q = (z, y). Analogous 

I I I 
1 1 

5 0  5 

Figure 2-8: Initial approximation of the slope of T 

to the. circle, we call the line through the two points P and Q a secant, which we denote 
by L. Because we know two points on L,  we can find its slope, S, which is given by 

(Why do we denote the slope of the secant line by the letter S, rather than by m, 
which is the customary symbol for the slope of a line? We do this because we will be 
discussing the slopes of both the tangent and secant lines and we need different symbols 
to distinguish between them.) We consider the line L to be an approximation to the 
tangent line, T , and its slope, S, to be an approximation to rn, the slope of T .  

Where are we? We have produced a line, L ,  and a number, S, which presumably 
are close to the tangent, T , and its unknown slope, m, respectively. In other words, L 
and S are initial approximations to T and m. However, since we may not be satisfied 
with these approximations, we now enter the second stage, refinement. To get a better 
estimate, we move the point Q closer to P than before, and recompute the slope, S.  
We hope that this value of S is a better approximation to m than the previous one 
(Figure 2-9). The refinement process now continues by moving the point Q even closer 
along the curve toward P (Figure 2-10). We expect that the corresponding secants 
and slopes obtained are successively better approximations to T and m (Figure 2-11). 
Indeed, by choosing Q sufficiently close to P ,  we hope that the approximation will 
become as accurate as we wish. But how do we finally obtain the tangent, T , and the 
exact value of the slope? .For this, we enter the third stage, called passing to the limit. 
We will not discuss any of the technical difficulties which can crop up in this stage, 

because our purpose is to achieve a broad understanding of the topic, rather than to 
carry out an exhaustive logical analysis. More details can be found in your text. 
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Y L
4 


L 

I 1 > X1I 50 

Figure 2-9: Refined approximation of the slope of T 

4 


L 

I1 1I * X  

$0 -3 


Figure 2-10: Further refinement of the approximation 

I I '51I 2 0  

Figure 2-11: The secants are approaching the tangent 

We adopt, instead, an intuitive approach. Just imagine that the process of moving 
Q along the curve closer and closer to P continues indefinztely. For each choice of the 
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point, Q ,  we obtain a corresponding secant line, L ,  with slope S, given by 

Notice from Figure 2-10 that as Q approaches P ,  x approaches 20. Hence, we can define 
the slope, m, of the curve at the point P as the limit of the slope of the secant L as 2 

approaches $0. Mathematicians express this symbolically by writing 

c Y - Yo m = lim - (2.4)X d X O  x - 20 ’ 
which is read as follows: m equals the limit, as x approaches xo, of the fraction y - yo 
divided by x - 20. 

Now recall that the equation of the curve is y = f(x), so that yo = f(s0).As a 
result, equation (2.4) can be rewritten as 

provided this limit exists. 
We’ll soon give a concrete example illustrating these general ideas, but first let’s 

review. Since we were unable to find the slope of the tangent to the curve at P ,  we 
decided to seek an approximate solution, obtained by choosing a second point, &, on 
the curve. Having two points allowed us to use the simple notion of the slope of a line, 
since the two points, P and Q determine a line, which we called the secant, L.  We took 
the slope, S, of the secant to be an initial approximation to the quantity, rn,we were 
seeking, and then refined our approximation by choosing points Q closer and closer to 
P. Finally, we obtained the exact value of the slope by passing to the limit. 

Observe how we have gone through the three important stages, approximation, 
refinement and limit (d-R-L). This pattern appears repeatedly in calculus, although 
the details differ (sometimes markedly) from topic to topic. 

Remark 2.1 The point Q in Figure 2-10 is shown approaching P from the right, 
which is called a right-hand limit. Similarly, if we let Q approach P from the le f t ,  then 
we obtain the left-hand limit. We say that the limit exists at P if and only if both the 
right-hand and left-hand limits exist and are equal to each other. This requirement will 
make a crucial difference in Example 2.3, page 20. 

Before beginning our first example, let’s talk a bit about mirrors. It is a principle 
of physics that if a ray of light hits a straight mirror at an angle, a, then it reflects 
off the mirror at the same angle: The angle of reflection equals the angle of incidence 
(Figure 2-12). Now what happens if the mirror is not a straight line, but a curve. 
Then the same principle holds: The angle of reflection equals the angle of incidence. 
But, hold on! Angles have two sides, both of which are straight lines. So what do we 
mean by the angle between a line and a curve? By now, however, this is easy for us. 
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Figure 2-12: Light reflecting from a straight mirror 

Just construct the line tangent to the curve, T ,  at the point of incidence, P.  Then the 
angle of incidence is the angle between the incoming light ray and the tangent, and the 
angle of reflection is the angle between the rejected ray and the tangent (Figure 2-13). 
Simple? 

Figure 2-13: Light reflecting from a curved mirror 

Now that we’ve seen another application of tangents we turn to our example, which 
involves a parabola. As we’ll see in a moment, parabolic mirrors have important appli- 
cations, which is why we have to understand them in detail. Parabolas are a class of 
curves, some of which have equations of the form y = ax2 + bz + c,  where a ,  b, and c 
are constants. However, we’re going to restrict ourselves in this example to a parabola 
with a particularly simple equation, y = x2. Now, associated with every parabola is 
a point, F ,  called the focus (Figure 2-14). The focus is well-named because of the 
following property. Suppose we have a mirror in the shape of a parabola and a distant 
light source (such as the sun), whose rays coming in to the parabola are parallel. Then 
the reflections of the rays off the mirror are all focused at the point F .  Conversely, 
if a light source such as a bulb is placed at the focus, then the rays emanating from 
the bulb reflect off the parabola in a parallel fashion. (This is the mathematics behind 
parabolic reflectors which capture solar energy and parabolic automobile headlights!) 

Example 2.1 What is the slope of the parabola whose equation is y = x2 at the point 
P = (2 ,4)  (Figure 2-15)? 

Solution: To find a point Q close to P(2,4)  on the curve y = x 2 ,  we choose a value 
of x close to 2, and compute the corresponding value of y from the equation y = x2. 
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Figure 2-14: Focus of a parabola 

Figure 2-15: Slope of y = x2 at (2,4) 

For example, if we choose x = 3, then y will be equal to 9, so that the point Q has 
coordinates (3,9) (Figure 2-16). Then, from equation (2.3), the slope, S, of the secant 

\ 
y = x2 

Figure 2-16: Initial choice of the point Q 

line QP is given by 

9 - 4s=-- - 5. 
3 - 2  
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Next, we move Q closer to P along the curve, by choosing x equal to, say, 2.5. Since 
2.52 = 6.25, the new Q is (2.5,6.25). Again, from (2.3), 

6.25 - 4
S =  = 4.5.

2.5 - 2 

We continue in a similar fashion to obtain the following table: 

X Y 5 
3.0000 9.00000000 5.0000 

2.0010 4.00400100 4.0010 
2.0001 4.00040001 4.0001 

Now let’s take some points which approach 2 from the left. 

Y 


It is clear from the tables that the slopes of the secant lines are approaching 4 as 2 
approaches 2, which is therefore the slope of the tangent to the curve at the point P ,  
thereby completing the solution. 

Having computed the slope of the tangent, rn = 4, however, we now turn to finding 
the equation of this line at (2,4). We use the point-slope formula, y - yo = m(x - xo), 
with 20 = 2,yO = 4, and m = 4, to obtain y - 4 = 4(x - 2) (or y = 4x - 4), as the 
equation of the tangent line. 

Example 2.2 Find the slope of the curve y = x 2  at the point P = (20,yo) (Figure 2-
17). 

Solution: For a nearby point Q = (x,y) the slope of the secant is 

Y -s = - Yo 
x - 20 

x2 - xo2--
x - 20 

-- (x- xo)(x + 2 0 )  (factoring the nurnemtor)
x - 20 

= x + q .  (cancelling x - xo) 
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Figure 2-17: Slope of y = x 2  at (so, yo) 

Hence, for any point Q = (x,y )  on the curve, the slope of the secant line joining Q with 
P is 

s = x + xo. (2.6) 
As Q approaches P ,  it is clear that x approaches 20. Hence, the limit of S as x 
approaches xo is equal to 2x0. For example, the slope at the point (3 ,9)  is 2 3 = 6, 
while the slope at ( -5 ,25 )  is 2 ( - 5 )  = -10. We have thus found the slope at any 
point on the curve y = x2. 

We can now use this result to obtain the equation of the tangent line at any point 
(xo,xi). From the point-slope formula, y - yo = m(x - so), so all we need do is substi- 
tute m = 2x0, yo = x i 7 obtaining y = xi + 2xO(x -Q) or y = 2 x 0 ~- $2. 

We mentioned earlier that our expectation that the approximation improves as x 
approaches xo is not always fulfilled. But how can it go wrong? The answer lies in 
the fact that the slope is not always defined. As we’ll see in the following example, 
which involves the absolute value function, f(s)= 1x1,curves that have sharp corners 
are among those for which the slope may fail to exist (at least at certain points). The 
absolute value function is important because la - bl measures the distance between the 
points a and b. 

Example 2.3 Find the slope at the origin of the curve with equation y = 1x1 (Figure 2-
18). 

Solution: Recall that 1x1 = x if x 2 0, but that 1x1 = -x if x < 0. (Thus, for example, 
151 = 5 ,  I - 51 = - ( - 5 )  = 5, and 101 = 0.) Since y = 1x1,an alternate way of expressing 
this relationship is with a split formula: 

Now both halves of this split formula represent straight lines: For x 20, the graph of 
the equation y = x is a line with slope 1 passing through the origin, while for x < 0, the 
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Y 


\ I "=)I/ 
slope = -1 

;-2 
;-2
0 

Figure 2-18: The slope of y = 1x1 is undefined at x = 0 

graph of y = -z is a line with slope -1 which also passes through the origin. Putting 
these two lines together gives us the graph in Figure 2-18. 

Let's try to compute the slope of this curve at the origin,  P = (0,O). First let Q 
approach P from the right, so that the coordinates of Q are (x,x).The slope is thus 

Since the slope is 1 for every secant line, the right-hand limit of these slopes is also 1. 
However, when Q approaches P from the left, its coordinates are (z, -x), which yields 
a slope of 

y - y o  - x - 0-- - = -1. 
x - z o  x - 0  

Again, the slope of every secant line is constant, but this time the constant is -1, 
producing a left-hand limit of -1. Finally, since the right- and left-hand limits do not 
agree, the slope at the origin is not defined. This is not the same as saying that the 
curve has slope 0 at the origin. For y = 1x1, no number represents the slope at the 
origin. (Notice, also, that the slope does exist at every other point; for x > 0 the slope 
is 1 and for z < 0 the slope is -1.) The failure of this particular function to have a 
slope at 0 is not unusual. Any function which has a sharp corner fails to have a slope 
at that point. We see from this example that even for relatively simple functions such 
as 1x1 the limiting process cannot be taken for granted. 

The example we've just considered allows us to take a closer look at the problem 
of finding the slope of a curve. Suppose that the slope of a function f exists at a 
point 20. What happens if we examine the graph of f in a small neighborhood of =CO 

under a powerful microscope? In other words, what happens if we zoom in on the point 
xo? (Most graphing calculators have a zoom button which allows you to magnify the 
graph. Those of you who own such a calculator can duplicate the steps we're about to 
perform.) Since f has a slope at $0, it has a tangent at that point. We saw earlier in 
the case of a circle (Figures 2-5 and 2-6, page 13) that, as we zoom in, the tangent and 
the arc of the circle become almost indistinguishable. A similar phenomenon occurs for 
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curves generally, which means that in the small, a curve that has a slope at a point zo 
is ‘nearly a straight line’ in a small interval surrounding 20. In this situation, we say 
that the curve is ‘locally linear’ near 20. The function 1x1,however, is not locally linear 
in a vicinity of 2 = 0, for, no matter how much we zoom in on the function near the 
origin, all we see is a repetition of Figure 2-18. 

2.1.2 Finding the Instantaneous Velocity 

0 

1 

What we know: Average velocity of a moving body. 

What we want to know: The velocity of a moving body at a particular instant 
(known as the instantaneous velocity). 

How we do it: Approximate the instantaneous velocity by the average velocity 
over shorter and shorter time intervals. 

Remember the familiar rate problems from high school algebra? (Perhaps you’d 
prefer to forget them!) They are all based upon the fundamental formula: 

distance = rate x time ( d  = r t )  

or 
rate = distance/time ( r  = d / t ) .  

Thus, if a car travels at a rate r = 30 miles per hour for t = 2 hours, then the distance 
covered is d = 30 x 2 = 60 miles. Similarly, if the car travels for t = 2 hours and covers 
d = 100 miles, then the rate, or average velocity, is 

r = d / t  = 100/2 = 50 miles per hour. 

Note the emphasis on the words ‘average velocity.’ Most cars travel at variable rates 
during a trip, but it is only an average velocity that we can calculate from the given 
informat ion. 

Now, without looking ahead, try to precisely answer the following: 

Explain the meaning of a reading of 50 miles per hour on your speedometer. 

The notion of average velocity is easy to comprehend and compute; it is nothing 
more than distance divided by time. So we approximate the instantaneous velocity by 
computing the average velocity of the car over say, one minute. But we may need to 

R. refine this approximation, which may not be very good, since this time period is not very 
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short-there is plenty of room within it to change speed. Hence, to refine or improve 
the approximation, we take the average over a shorter time period, say 30 seconds. We 
continue to improve the approximation by taking shorter and shorter time periods, say 
15 seconds, 10 seconds, 1 second, 0.1 second, and so forth. We anticipate better and 
better approximations as the time interval shrinks. But how do we obtain the precise 
value? We do this by continuing the process indefinitely, or, in mathematical parlance, 
by passing to the limit. More explicitly, 

instantaneous velocity is equal to the limit of average velocity, as the time 
interval shrinks to 0. 

Before introducing the details of the computations, take note once again of the 
3-step process underlying the concept of instantaneous velocity: We began with an 
approximation of what we wanted; we refined the approximation; finally, we obtained 
the exact value by taking the limit (d-R -L). 

We’re going to consider the case of motion along a straight line. While this restric- 
tion may seem artificial, there are situations in which it is realistic. For example, there 
are streets which are straight over long segments, and the motion of a bus or trolley 
traveling up and down such a street can be analyzed by the methods we are about to 
develop. Moreover, once we understand motion along a straight line, we can extend our 
study to the more usual case of motion along a curve, and the concepts of velocity and 
acceleration that we introduce here can be generalized to that situation. In this book, 
however, we will not discuss that generalization. 

So suppose a body moves along a straight line, beginning at time t o  at the point so, 

and ending at t l ,  at which time it is at s1 (Figure 2-19). Then the distance traveled, 

0 (position at time t o )II 
Figure 2-19: Motion along a straight line 

d, is equal to s1 - so, and the elapsed time, t ,  is equal to tl - to.  Hence, the average 
velocity, r ,  is given by 

Now suppose that its position at any time, t ,  is given by the function s = f ( t ) .  

c 
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Remark 2.2 It is vital to keep in mind that even though the motion of the body is 
along a straight line, the position function, f,which tells where on this straight line the 
body is located at any time, t ,  generally is not linear. Thus, the graph of s = f ( t )  is 
usually not a straight line, but rather is a curve, which measures the distance between 
the body and some fixed reference point which corresponds to the origin on the s-axis 
(Figure 2-20). For example, the origin could represent your home, so that s measures 

Figure 2-20: Graph of s = f ( t )  

how far you are from home. Let’s suppose that your home, J 0 r office, a restaurant 70u 
like to eat at, and a stadium you attend all lie on a straight road. If you travel from 
your office, which is 5 miles north of your home to a baseball game at the stadium, 
which is 12 miles north of your home, then you have moved from s = 5 to s = 12, 
a distance of 12 - 5 = 7 miles. If, however, you began your trip at the restaurant, 3 

12 (stadium) 

- - 5 (office) 

- - 0 (home) 

- - -3 (restaurant) 

Figure 2-21: Total distance covered 

miles south of your home (that is, s = -3, since your home corresponds to s = 0 ) ,  
and from there you drove to the stadium (s = 12), then your total distance would be 
12 - (-3) = 15 miles (Figure 2-21). 
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We want to compute the instantaneous velocity of the body at time, to .  Choose a 
time t close to t o ,  and suppose that the body is at position s at this time. Then, over 
the time interval from t o  to t ,  the body has moved from so to s (Figure 2-22). From 

S 

Figure 2-22: Initial approximation of the velocity 

(2.7), the average velocity over this time interval is given by 

s - so r = -. 
t - t o  

Since s = f ( t )and so = f ( t o ) ,  equation (2.8) can be rewritten as 

Here, f ( t )- f ( t 0 )  represents the distance traveled in the time interval from to  to t ,  
whose duration is t - t o .  We obtain the instantaneous velocity from (2.9) by letting the 
time interval shrink to 0. Hence, the instantaneous velocity at time t o  is equal to 

(2.10) 

Now, notice something interesting. Looking at Figure 2-23, we see that expression 
(2.8), which represents the average velocity from time t o  to time t , also has a geometrical 
interpretation, namely, it is the slope of the line segment joining the points (to,so) and 
( t ,s) .  In other words, it is the slope of the secant line joining these two points. What is 
striking about this observation is that the identical operation has arisen in what appear 
to be totally diflerent contexts, and this is another clue that there is actually a close 
relationship between the two problems. In fact, compare expression (2.8) with equation 
(2.2), S = ( y  -ya)/(z - zo), from Section 2.1.1, and also (2.10) with (2.5), which reads 
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S 

t 

I \  slope = (s - so)& - to)  

3 t 

Figure 2-23: Geometric interpretation of average velocity 

Except for the insignificant change of letters, each pair is identical in form. We see, 
when viewed properly, that the notions of slope and velocity, one geometrical, the other 
physical, are closely related. When expressions which are so similar occur in apparently 
different contexts, there is often a general principle underlying both of them. We shall 
soon see just what that principle is in this case. 

Before leaving the subject of velocity, however, we briefly turn our attention to 
a related concept, acceleration. This topic is also familiar to us from our everyday 
experience with cars. In fact, the gas pedal of a car is often referred to as the accelerator. 
But just what is acceleration? It’s nothing more than the change in velocity. Thus, if a 
car is moving at a constant velocity of 40 miles per hour, then its acceleration is zero. 
When a car begins to move, its velocity increases, so that its acceleration is positive. 
Conversely, when you hit the brakes, you slow down and your acceleration is negative. 

How does calculus enter here? Well, we just said that acceleration is the change in 
velocity. Just as we defined instantaneous velocity to be the limit of the average velocity, 
so we define instantaneous acceleration to be the limit of the average acceleration. We’ll 
pursue these ideas further in subsequent sections. 

2.2 Definition of the Derivative 

We now turn to the task of giving a name to the concept we have been discussing. If f 
is a function defined on an interval [ q b ] ,and if xo is a point in this interval, then the 
derivative of f at xo is defined as 

(2.11) 

provided this limit exists. Notice that (2.11) is identical to (2.5) from Section 2.1.1 and 
differs from (2.10) only in the replacement o f t  by x. 

For computational purposes, a slight variation of (2.11) is often more convenient. If 
we let h = x -zo, the distance between x and 20, then we have x = xo +h,  and x + xo 
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I I ,xI 
$0 h 5 

I 

Figure 2-24: h = x - xo 

causes h + 0 (Figure 2-24). Hence, we can rewrite (2.11) as 

(2.12) 

Let’s use the name we’ve given to our concept to describe the situations introduced 
in the previous section. Thus, the slope of a curve denoted by y = f (z)  at a point 
P = (xo,yo) is equal to the derivative of the function f at 20. The instantaneous 
velocity at time to  of a moving body whose position function is s = f ( t )  is equal to 
the derivative of f at to .  The instantaneous acceleration of the same body is equal 
to the derivative of the velocity function and, hence, is the second derivative of the 
position function, f .  (We’ll have more to say about the second derivative in subsequent 
sect ions .) 

Referring back to our discussion at the end of Example 2.3 (page 21), we are re- 
minded that if a function f is differentiable at a point 20, then f is locally linear near 
$0. This means that a small segment of the graph of f in the vicinity of 20 is very 
nearly a straight line. 

2.3 Notation for the Derivative 
Our new concept needs a notation. For the derivative there are a number of different 
symbols in common use, and while this can cause some initial confusion, it actually re- 
flects the richness of the concept, since each notation emphasizes another of its aspects. 
We introduce here two of the most popular notations for the derivative, and discuss 
some of the advantages and disadvantages of each. 

The most common notation for the derivative of f at the point xo is f‘(zo), (read 
“f prime of xo”) which has the advantage of clarity in two respects: Both the function, 
f ,  and point, 50, are specified. 

Example 2.4 Find the derivative of the function f (x) = x2 at the point x = 5 0 .  

Solution: We saw earlier (Example 2.1) that the slope of the curve y = x2 at the point 
20 = 2 is 4. Since f (x)  = x2, we have f’(2) = 4. Similarly, since the slope at a general 
point 20 was found to be 2x0 (Example 2.2), we have f’(z0) = 2x0. 

Remark 2.3 Notice that since the point xo is completely general, we can simplify 
the notation somewhat by dropping the subscript and writing f’(s) = 22. However, 
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some caution is necessary in doing so, because it is possible to lose sight of the original 
meaning of the derivative, which was defined on a point-by-point basis (see equations 
(2.10) and (2.12)). In other words, we initially spoke about the derivative off at  a point, 
xo, while now we are referring to the derivative of the function f. The danger lies in 
thinking of the operation of differentiation as nothing more than a formal manipulation 
of symbols; i.e., of simply saying that the derivative of f(x) = x2 is 22. There is no 
harm done in this, since we can recover the value of the derivative at a specific point by 
substitution. All too often, however, students quickly forget the original significance of 
the derivative and concentrate, instead, on the manipulative aspects. So be forewarned! 

Under this more general approach to the derivative, equation (2.12)takes the form 

(2.13) 


A second, commonly used notation for the derivative requires a switch of empha-
sis from functions to variables. We write y = f(x), and return to formula (2.2) in 
Section 2.1.1,in which we computed 

Y - Yo (2.14)S=-. 
x - 20 

Earlier we denoted the quantity x -20 by Qx and y -yo by Ay.Then S= Ay/Ax,and 
since the slope of the tangent line, m, is obtained by taking the limit of (y -yo)/(x -xo) 
as x -+ 20, we have 

m = Y - Yolim -
XOx--rxCg 3 -

= AYlim -, 
AX+O A x  (2.15) 

The use of deltas leads naturally to the following notation for the derivative: 

AY = lim -.dY-
dx Ax+o AX (2.16) 

This notation emphasizes a key aspect of the derivative, namely, it represents the rate 
of change of y with respect to x. On the other hand, a serious deficiency in the notation 
is that there is no place to indicate the point at which the derivative is sought. 

Example 2.5 Find dyjdx for  y = x2. 

Solution: For y = x2, we have dy/dx = 22. This is fine when we are looking for the 
derivative of the junction y = x2. But how would we indicate, say, the derivative of 
this function when x = 2? The most common way of doing this is to write 

dyl -- 2x1x=2= 4. 
dx xc=2 
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Of course, this is clumsier than writing f ’ (2) .  So why do we have two separate notations 
for the same concept? One answer is historical: Different mathematicians used different 
notations, and no single one has achieved universal acceptance. But a second reason is 
that each notation has its own advantages in different situations, and it is therefore a 
good idea to become comfortable with both notations and to recognize where each is 
better used. We will discuss this later on in the chapter. 

Other notations for the derivative include j ,  (read “y-dot”; this is Newton’s notation, 
but is rarely seen today), df /dx, Df,Dry, and D J ,  among others. 

Now that we have a notation for the derivative, we can obtain a general formula 
for the equation of the tangent to a curve y = f(z),  at a point (xo,f(zo)). Using the 
point-slope formula, y - yo = m(x - zo), we substitute yo = f(z0)and m = f’(s0) 

(since the derivative at $0 is the same as the slope of the tangent line), yielding 

or 

y = f(z0)+ f ’ ( zo) (x- 20). (2.17) 

How do we denote the second derivative, which we introduced at the end of the last 
section? For the prime notation, we write f”(z). Thus, if f(z)= x2, then f’(x) = 22 
and f”(x) = 2. The alternate notation for the second derivative is 

So for the same example, if y = x2,then 

dY- = 2x 
dx 

@ Y  
dx2 - 2. 

2.4 Calculating Derivatives 

When we try to apply the definition of the derivative given in Section 2.2 to actual 
computations, we immediately encounter difficulties of an algebraic nature, which do 
not preclude our ability to perform the calculations, but certainly encourage us to seek 
alternate methods. In the next example, look at how much work is needed to compute 
the derivative of a relatively simple function. 

Example 2.6 Find k ’ ( x ) for  k ( z ) = (32 - 1)/(x + 4).  
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Solution: From (2 .13 ) ,  

lim k ( x  + h )  - k ( x )k ' (x)  = 
h-+O h 

[ 3 ( ~+ h )  - 1 ) / ( ( ~+ h )  + 41 - [ (3x- 1 ) / ( x  + 4 ) ]
= lim 

h-+O h 
( 3 2  + 3h - l ) ( ~+ 4) - ( 3 s  - 1 ) ( ~+ h +4 )  

(combining)= lim 
h-0 (5+ h + 4 ) ( x  + 4 ) h  

+ 12h - x - 4 - 3x2 - 3 h ~  122 + x + h + 43x2 + 122 + 3 h ~  -
= lim 

h-+O (3+ h + 4)(x + 4 ) h  

13h 
= lim + 4 ) h  

(cancelling in numerator)
h-0 (X + h + 4 ) ( ~  

13 
= lim (cancelling h)  

h-0 (X+ h + 4 ) ( x  + 4 )  

13 --
(5  + 4)2'  

(since h + 0 )  

So the mechanical aspects of differentiation are complex (and tedious!). We desper-
ately need shortcuts for computing derivatives, which avoid using the formal definition. 
To accomplish this, we will consider the various ways in which two functions may be 
combined to form a new function. There are practical reasons for studying such com-
binations. For example, if R ( x ) is the revenue (income) a company receives if it sells 
x cars and C ( x )is the cost of manufacturing them, then P ( x )  = R ( x )- C ( x ) is the 
profit it makes on these cars. Hence, subtraction is one method of combining functions. 
Division is another, as we saw in Example 2.6, where the function (3s-1) is divided by 
the function (x+ 4 ) .  Other ways of combining two functions f and g include addition 
(f+g), multiplication (fg) and composition (f o g). The last one means the following: 
(f o g ) ( x )  = f ( g ( x ) ) .  The techniques for handling such combinations are generally 
known as rules of differentiation, but are actually theorems, whose proofs are found in 
all standard calculus texts. There are a number of such rules, the most important of 
them being the following: 

Constant Multiple Rule: The derivative of cf (where c is a constant) is cf'. 

Sum Rule: The derivative of f + g is f' + g'. 
Difference Rule: The derivative of f -g is f' -9'. 

Product Rule: The derivative of fg is f'g + fg'. 

Quotient Rule: The derivative of f / g  is 
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Chain Rule: The derivative of the composite function f o g is (f'o g )  g' (so that 

(f O S W )  = f ' (s(x)>* g'(x))* 

Power Rule: The derivative of xn is nxn-l. 

The last of these rules, which applies to a specific class of functions, is somewhat 
different from the first six, which may be used for any differentiable functions f and 
g. The power functions are important enough, however, to accord them a special 
rule. For reference, we include a table of derivatives (page 32) of most of the basic 
functions that you'll encounter in a calculus course. These specific results, together 
with the general rules outlined above, allow us to compute derivatives of all sorts 
of complicated functions which are constructed from these basic ones. It may seem 
incredible, but the only functions you'll see in this course for which derivatives are 
calculated using the definition are xn, sinx, er ,  and lnx. The derivatives of all the 
others are computed mainly by using the rules introduced above. This is possible 
because more complicated functions are built up from these basic ones algebraically. For 
example, every polynomial is obtained by adding or subtracting constant multiples of 
the power functions, xn. We can thus compute the derivative of any polynomial through 
use of the Constant Multiple, Sum, Difference, and Power Rules. Similarly, rational 
functions are quotients of two polynomials, so their derivatives may be calculated by 
applying the Quotient Rule to the polynomials. The derivative of cos x is obtained from 
that of sinx through a trigonometric identity, and the other trig functions are simple 
combinations of sin x and/or cos x. 

Example 2.7 Let f (x )  = 3x - 1, g(x) = x + 4, and c = 7 .  Then f ' ( x )  = 3 and 
g'(x) = 1, so that the derivative of 

a. cf is 7 . 3 ;  

b. f + g i s 4 ;  

c. f - g i s  2; 

d. fg  is 3 (x + 4) + (3x - 1)  - 1 = 62 + 11; 

e. f / g  is (3 (x + 4) - (3x - 1)  l ) / ( x  + 4)2 = 13/(x + 4)2; 

f. f o g i s 3 . 1 = 3 .  

(e .  is confirmed by our earlier, lengthy calculation.) 

Example 2.8 Find the equation of the line tangent to the curve y = x3-4x2+ 42 + 1 
at the point (1'2). 

Solution: Letting f ( x )  = x3 - 4x2 + 42 + 1, we obtain f'(x) = 3x2 - 82 + 4 from the 
Constant Multiple, Sum, and Power Rules, so that f'(1) = -1 .  Hence, from (2.17), the 
equation of the tangent line is y = 2 - (x- 1)  or y = -x + 3 (Figure 2-25). 
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f 

sin x 

cos x 

tan x 

cot x 

sec x 

csc x 

ex 

ax 

In x 

sin-’ x 

cos-’ x 

tan-’ x 

cot-l x 

sec-’ x 

csc-* x 

Table of Derivatives 

F F 

cos x 

- sinx 

sec2 x 

- csc2 x 

sec x tan x 

- csc x cot x 

ex 

ax l n a  

1 -
X 

1 
di=7 

-1 

di=7 

1 
1 +x2 

-1 
1 + x *  

1 

X d 2 = - l  

-1 
x xp-=i 
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Y 


Figure 2-25: Tangent to y = x3 - 4x2 + 42 + 1 at (1,2) 

Example 2.9 Let f (x)  = x2 and g(x) =' sinx. Find the derivatives of the various 
combinations off and g, as in Example 2.7. 

Solution: Here, f'(x) = 22 and g'(x) = cosx, yielding the following table of the 
derivatives of various combinations of f and g. 

Function Derivative Reason 
x2 + sinx 2x + cos x Sum Rule 
x2 - sinx 22 - cos5 Difference Rule 
x2 sin x 2x sin x + x2 cos x Product Rule 
x2/ sin x (22 sin x - x2 cos x) /  sin2 x Quotient Rule 
sin x/x2 (x2 cos x - 2x sin x)/x4 Quotient Rule 

= (x cos x - 2 sin x)/x3 
sin(x2) cos(x2) 2x Chain Rule 
(sin x) 2 sin x cos x Chain Rule 

The last two results perhaps need some elaboration. We obtain sin(x2) by the compo- 
sition of the functions f and g in the order g o f = sin(f )  = sin(x2), while f o g  = g2 = 
sin^)^. Now, by the Chain Rule, the derivative of g o f is 

(9' 0 f )  f' = cos(x2) 22, 

while the derivative of f o g is 

(f' o g) g' = 2(sin x) cos x. 

Exercise 2.1 Let f (x)  = x4 and g(x) = cosx. Find the derivatives of all the combi- 
nations as in Example 2.9. 

Example 2.10 Find the derivative of x3 + tan x/x. 
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Solution: Let f (x )  = x3 and g(x) = tanx/x.  The derivative we want is thus the 
derivative of the function f +g ,  which is f’+g’ by the Sum Rule. Now f‘(x) = 3x2 (by 
the Power Rule), but g itself is a combination of two functions, t anx  and x. So we let 
h(x) = t a n x  and k(x) = x. With this notation, g is equal to h /k ,  so that the Quotient 
Rule may be applied. Since the derivative of tan x is sec2x, we obtain 

sec2x - x - tan x --
2 2  

Hence, 

3x2 + sec2x x - tan x 
= 

X2 

3x4 + x sec2x - tan x--
X2 

Example 2.11 Find the first and second derivatives of f (x) = x2sin x. 

Solution: Using the Product Rule, we obtain 

f’(x) = 2x sin x + x2cos x 

and 

f”(x) = 2 s i n x + 2 x c o s x + 2 x c o s x - x  2 s i n x = 2 s i n x + 4 x c o s x - x 2 s i n x .  

Remark 2.4 An analysis of the Chain Rule enables us to examine in closer detail 
the advantages of the alternate notation for the derivative. Suppose y = f(g(x)). The 
Chain Rule states that dy/dx = (f’o g )  a g‘, but this is a mixture of the two notations. 
How will this rule appear in the alternate notation? Recall that the derivative of f o g 
at the point x is f’(g(z)) . g’(x). Now introduce an intermediate variable, U = g(z). 
Then we have y = f ( u ) ,  where U = g(x). Hence, f’(g(z)) = f’(u) = dy/du, and 
g’(x) = du/dx, so that we obtain 

dy - dydu 
(2.18)

dx dudx’  

This approach also helps us understand the origin of the name ‘Chain Rule’: The 
variable U is the link in the chain between the variables x and y. 

Example 2.12 Find the derivative of d m .  
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Solution: Let y = d w ,and let U = 1+ x2. Then, y = & = u1I2and U = 1+ x2. 
Hence, from (2.18))we obtain 

-dY d y  du 
dx du dx 

= (1/2)u-‘/2 - ( 2 2 )  

= x ( l  + x 2 ) - 1 / 2 .  

Exercise 2.2 Find the derivative of (sin x + 12: cos x)lI2,  

The Chain Rule also gives us an opportunity to elaborate on the notion of rate of 
change, which we’ve seen is an important aspect of the derivative. dyldx measures the 
rate at which the variable y is changing with respect to the variable x .  The follow- 
ing examples drawn from various fields illustrate how important and widespread this 
concept is. 

If P = f ( t )  is the profit of a company in the year t ,  then dP/dt measures how fast 
the company’s profits are changing with respect to time. (Hopefully, the change 
is positive, indicating growing profits!) 

If P = g(x)  is the profit of a company when it produces x items, then dPldx 
is known in economics as the marginal profit, that is, the additional profit (or 
loss, if dPldx is negative) that comes from producing one more item when the 
production level is currently x units. 

If R = f ( t )  is the amount of radioactive substance in a landfill at time t ,  then 
dRldt represents the rate at which this substance is increasing (if new radioac- 
tive material is added), or decreasing (if no new material is added, so that the 
substance is allowed to decay). 

If v = f ( t )is the velocity at time t of a car moving in a straight line, then dvldt is 
the change in velocity, or the acceleration of the car. If dvldt is positive, then the 
car is speeding up, while if it is negative, then the car is slowing down. (What’s 
going on if dvldt = O?) 

In chemistry, the reaction rate is the rate of change of concentration of a chemical 
substance. 

In the study of electricity, current is the rate of change of the amount of electrical 
charge as a function of time. 

Finally, perhaps the best known of all, is the.inflationrate, which measures the 
change in prices. 
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The interpretation of the derivative as a rate of change leads to a simple, but easily 
accessible, understanding of the Chain Rule. Suppose we have three variables, y ,  U ,  and 
x ,  with y a function of U ,  and U a function of x .  Then y is indirectly a function of x .  
Now, suppose that at a certain point, y is changing 3 times as fast as U and U is changing 
5 times as fast as x. Then, clearly, y is changing 3 5 = 15 times as fast as x. But this 
is just the Chain Rule! For the rate of change of y with respect to U is given by d y / d u  
and of U with respect to x by duldx.  Hence, dy/dx  = (dy /du ) (du /dx )= 3 - 5 = 15. 

2.5 Applications of the Derivative 

The examples just introduced give us a good indication of the widespread applicability 
of the derivative in the sciences, engineering, medicine, and the social sciences. You 
will find many additional applications in your text, including the solving of maximum- 
minimum and motion problems, the graphing of functions, related rates, and many 
others. We will consider two important mathematical applications of the derivative. 
The first is a powerful method for solving equations, developed by Isaac Newton. The 
second, known as Taylor polynomials, leads to efficient numerical computation of many 
functions, such as the trigonometric, exponential, and logarithmic functions. Because 
of the length of the exposition of these topics, we devote a separate chapter to these 
applications. 

Solved Problems 

Before introducing the solved problems, it will be useful to discuss some additional 
aspects of the derivative. As usual, you can consult your text if you feel you need more 
details, but the presentation will be adequate for solving the problems which follow. 

0 The derivative conveys useful information about the graphs of functions. Recall 
that a line which rises has a positive slope and vice versa. While the slope of a 
curve generally changes from point to point, a differentiable function rises over 
an intervd [a,b] if and only if it has a positive derivative on [a ,b] .  Similarly, a 
function decreasing on an interval has a negative derivative there. If we know 
where the derivative of a function is positive and where it is negative, then we 
will know where its graph is increasing and where it is decreasing. Conversely, 
knowledge of the rise and fall of the function (say we have been presented with 
the graph of the function) yields important information about its derivative. 

0 An important consideration in the topic of graphing is the curvature of a function, 
or how it bends. A curve such as the parabola y = x2 is said to be concave up; 
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the ‘inverted parabola,’ y = -x2, is concave down. Calculus enters here because 
of the connection between the concavity of a function and its second derivative: 
A function, f ,  is concave up on an interval [a ,b]if and only if f ” ( x )  2 0 for all 
x in [a ,b]. However, many, if not most, functions that we’ll encounter change 
concavity; they are concave up on an interval, but then concave down on an 
adjacent one. We can use the second derivative to determine the concavity of the 
function. 

0 Another fact to take note of is that not every function is given by a formula. Situa- 
tions exist in which the graph of a function is presented, and we must then answer 
questions about its behavior and that of its derivative. We will see problems of 
this type in this section. 

2.1 Find the slope of the curve y = 2x3 at the point P = (4,128), directly from the 
definition. 

Solution: If we choose Q = (5,250), then the slope S of the secant joining P 
and Q is 

250 - 128
S =  = 122.

5 - 4  

Choosing a sequence of points approaching P yields the following table. 

X Y S 
5.000 250.000000 122.00 

I 4.001 I 128.096024 I 96.024 I 

The values of S are approaching 96 as x approaches 4 from the right. (Compute 
the values of S for x = 4.0001 and 4,00001 to convince yourself of this.) A similar 
calculation from the left (which you should perform) confirms this result. Hence 
the slope of the curve y = 2x3 at (4,128) is 96. 

2.2 Find the derivative of f (x )  = d w at the point x = 3 directly from the defini- 
tion of the derivative. Then check your answer using the rules of differentiation. 

Solution: 

d m - 2  
= lim 

h-4 h 
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= lim ( G - 2 ) ( d r n + 2 )  
h+O h ( r n + 2 )  


4 + h - 4  

= lirn 

h+O h ( d m+ 2) 
h 


= lim 
h-+o h(dm'+ 2) 

1 
= lim 

h - 4  d m  + 2 
1 -
4 '  

Using the chain rule, we obtain 

y = f i , where U = 1+ x. 
Hence, 

dy dy du 1 1 1 1-----= U-p (1) = --
dx du dx 2 f i - 2 d F x '  


Now setting x = 3,we obtain 1/(2&) = 1/4. 

2.3 Prove the Sum Rule for differentiation: The derivative of f + g is f' + 9'. 

Solution: By the definition of the derivative, to find the derivative of f + g we 
must evaluate the following limit: 

h-0 h 

= f'(x) + g'(x). 

2.4 Find f' and f" for the following functions: 

a. f(x) = x4 + 2x3 - 2 + 5 

b. f(x) = ex2 
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Solution: 

a. f’(x) = 4x3 + 6x2 - 1 and f”(x) = 12x2+ 122. 

b. f is a composite function, so we’ll need the Chain Rule. We first rewrite the 
function in variable form (which is more convenient when using the Chain 
Rule), obtaining 

X2y = e .  

We apply the Chain Rule by introducing an intermediate variable, U ,  as 
follows: 

y = eu, where U = x 2 . 
Now, 

dy dydu-----= e u .  2 2  = ex2 . 2x .  
dx dudx  

We now use the Product Rule to find the second derivative. Letting g(x)  = 
ex2 and h(x) = 22, we have 

which is equal to f“(x). 

2.5 At which points does the function defined by the split formula 

{ 2 x - 1  x < o  
f ( x )  = x - 1  O L X L 2  

32-5  2 < x  

fuil to have a derivative? Sketch the graph of the function. 

Solution: When we investigated the function Izl at the origin (page ZO), we saw 
that a function which has a sharp corner has no derivative at that corner. In 
this problem, f has sharp corners at 3 = 0 and 2. At x = 0 the slope changes 
from 2 to 1, while at x = 2 it changes from 1 to 3. The sketch of the graph is 
left to the reader. 

2.6 

Solution: By the product rule, 

h’(0) = f’(O)g(O) + f(O)g’(O) = (-2) * 7 + 3 . 4  = -2. 
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Similarly, using the quotient rule, we obtain 

2.7 Suppose f and g are differentiable functions with g(0 )  = -2, g’(0) = 2 and 
f’(-2) = 112. Let h = f o g .  Find h‘(0). 

Solution: Since h = f o g,  we need the chain rule to find h‘. Hence, h’(0) = 
f ’ ( g ( 0 ) )  * g’(0) = f’(-2) 2 = (1/2) * 2 = 1. 

2.8 f is a function whose derivative is sin(x2). (Don’t try to figure out what f is -
it’s not an elementary function.) Find the derivative of f(ln x). 

Solution: Let y = f(1nx) and U = lnx. Then 

y = f (u) ,  U = Inx. 

Apply the chain rule: 

dy dy du 1---- -= f’(u)-1 = sin((lnx)2)-.
dx du dx 2 X 

2.9 Find dyldx and express it solely in terms of x: 

y = f i ,  u = u  3 + I ,  v = s i n x .  

Solution: 

dY dy du du 
-

dx du dv dx 

3 sin2x cos x 

- 2 J S r n ’  

2.10 Figure 2-26 contains the graph of a function given by the equation f (x )  = 
ux3 + bx + c. What are the values of a ,  b, and c? 

Solution: First note that f ( 0 )  = 0. Since f(0) = c ,  we see that c = 0, thereby 
reducing f (x )  to ax3 + bx. We need 2 additional conditions to determine a and 
b, and we get them from the fact that f(1) = -1 and f’(1) = 0. Thus, 

f ( l )  = a + b = -1 and f ’ (1)  = 3u + b = 0. 



41 CHAP. 21 THE DERIVATIVE 

Y 


Figure 2-26: Graph of y = ax3 + bx + c 

The solution to this simultaneous system of equations is a = 1/2, b = -3/2, so 
that f (x)= x3/2 - 3x/2 is the desired function. 

2.11 The line T is tangent to the curve y = f(x) in Figure 2-27. 

Y 


y = f(x> 

Tx4,5)
' I  

Figure 2-27: A curve and its tangent 

a. Find f(0). 
b. Find f'(4). 

Solution: 

a. f(0) can be read off the graph: It's the place where the curwe crosses the 
y-axis, which occurs at y = 2. Hence, f(0) = 2. 

b. The derivative f'(4) is equal to the slope of T ,  the line tangent to the curve 
y = f(x) at x = 4. The slope of T = (5  - 3)/(4 - 0) = 1/2. 

2.12 Show that the graph of the function f ( x )  = x3 + x - 4 is always increasing. 

Solution: We first calculate the derivative of f, obtaining f'(x) = 3x2 + 1, 
which is always positive. Hence, by our earlier remarks, the graph of f increases 
for all x. 
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2.13 Determine where the graph of the function f is increasing and where it is de- 
creasing for each of the following: 

a. f(z)= 2z3 - 3z2 - 12x + 3 

b. f(x) = 2sin x - x,for x E [0,27r]. 

Solution: 

a. f ’ ( x ) = 6z2-6x-12 = 6(z+l)(x-2). This quantityis ,< 0 for -1 5 x 5 2, 
and positive otherwise. Hence, the graph of f is falling for -1 5 z 5 2 and 
rising elsewhere. 

b. f ’ ( x )  = 2cosx - 1. In the interval [0,2n], cosx 2 1/2 for 0 5 x 5 x/3 
(7r/3 = 60’) and for 57r/3 5 x 5 2x, and is < 1/2 for all other values. Thus, 
the graph of f is increasing for x E [0,n/3] U [57r/3,2n], and decreasing in 
[7r/3,5~/3](Figure 2-28). 

1 -2 
x- -5 x  
3 3 

Figure 2-28: Where f(x)= 2 sin x - x increases and decreases 

2.14 Show that the function f(x) = x + cosx has no local maximum or minimum 
points, even though its derivative is 0 infinitely often. 

Solution: f’(x) = 1 - sinx, which is 0 whenever sinx = 1. This occurs at 
x = 7r/2 + 2k7r, where k = 0, f l ,f 2 , .  . . , so that there are an infinite number of 
such points. However, f ’ ( x )  > 0 for all other x, so that the curve is constantly 
rising. (It will be instructive for you to draw a sketch of the curve.) 

2.15 True or False: if f and g are both increasing functions on [a ,b], then fg must 
also increase on [a ,b]? 

Solution: False! Let h = fg. Then, by the product rule, h‘ = f ‘ g  + fg‘. If 
f and g are both negative increasing functions, then h‘ will also be negative on 
[a ,b] ,  and so will be decreasing. An example of this is f(x) = g(z) = sin x on 
[-7r/2,0]. The product, fg = sin2 x, which decreases from 1to 0 on this interval. 



-- - - - --- - - -  - 

CHAP. 21 THE DERIVATIVE 43 

2.16 A mold has a mass of 3t2 grams after t hours of growth. 

a. How much does it grow during the time interval [3,3.01]? 

b. What is its average rate of growth during this time interval? 

c, What is its instantaneous rate of growth when t = 3? 

Solution: 

a. At t = 3 hours the mold weighs 27 grams, while at t = 3.01 hours its weight 
is 27.1803 grams, so it has grown by .1803 grams in this time interval. 

b. The average rate of growth is .1803/.01 = 18.03 grams per hour. 

c. To find the instantaneous rate of growth when t = 3, we calculate the 
derivative of 3t2 and evaluate it at t = 3. The derivative is 6t which equals 
18 when t = 3. 

2.17 A point is moving along the curve y = J;c in such a way that its x-coordinate 
is increasing at the rate of 4 feet per second. 

a. At what rate is its y-coordinate changing when x = 4? 

b. At what rate is its slope changing when x = 4? 

Solution: 

a. We are told that dx/dt  = 4, and we want to find dy/dt .  So we use the chain 
rule: 

d y  d y  dx 1 dx 2 
dt  dx dt 2& dt  &’ 

Thus, when x = 4, d y / d t  = 1. 

b. The slope of the curve is given by dyldx.  Call this quantity z : z = dy/dx .  
Again, by the chain rule, 

At x = 4, 2 = -(4)-”12 = -:. Looking at the graph of y = ,/Z (Figure 3-
6 ,  page 63),  we see that this makes sense: As x moves to the right, y 
increases (that’s why d y l d t  > 0), but the slope decreases. 

2.18 Consider the following table, which involves the Consumer Price Index (CPI), 
a measure of inflation: 



44 TlIE DERIVATIVE [CHAP. 2 

Month CPI Change in Index % Change in Index 
April 400 - -

May 402 2 .5 % 
June 403 1 2 5  % 

Are the following statements correct? Explain. 

a. Prices rose in June. 

b. Inflation rose in June. 

Solution: 

a. Since the CPI is higher in June than in May, the statement is correct. 

b. The inflation rate is a measure of how fast  prices are increasing (or decreas- 
ing, although decreases are extremely rare). The table indicates that while 
prices a,re still rising in June, they are rising at  a more moderate rate than 
previously. Thus, prices rose in June, b u t  inflation fell in June. (Now that 
you know calculus, keep your ears open for how often broadcasters confuse 
these two statements and announce the wrong one!) 

2.19 A motorist enters a turnpike, and his distance from the entrance is given by 
s ( t )  = 15t2 + 25t ,  where t is measured in hours and s in miles. 

a. At  what time will he reach the speed limit of 55 miles per hour? 

b. Suppose the motorist will be on the turnpike for 50 miles. Will he exceed 
the speed limit? 

So1utio11 : 

a. v = ds /&  = 30t + 25.  Set this equal to 55 and solve, obtaining t = 1 hour. 

b. After 1 hour, his distance from the entrance is 40 miles. A t  this time his 
velocity is 55 MPH, and it continues to increase, since v is a linear function 
with positive slope. Hence, he will exceed the speed limit. 

2.20 The position of a particle moving i n  a straight line is shown in Figure 2-29. Fill 
in the blanks in the following table by inserting a + or - in each space: 

I time I position I velocity 1 acceleration 1 
I t2 I 
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Figure 2-29: Position of a moving particle 

Solution: The position can be determined by whether the curve lies above or 
below the t-axis, the velocity by whether the curve is increasing or decreasing, 
and the acceleration from the concavity of the curve. We obtain 

I time I position I velocity I acceleration I 
I tl  I t I + 
I m 2  I - I + I t 
I t3 I + I - + 

2.21 A particle is moving along a horizontal line according to the formula s ( t )  = 
t3  - 9t2 + 24t - 10, t > 0, where s ( t )  gives the position of the particle as a 
function of time. 

a. Find the position of the particle after 3 seconds. 

b. Find the instantaneous velocity of the particle as a function of time. 

c. At what time(s) does the particle momentarily come to rest? 

d. When is the particle moving to the right? To the left? 

e. Find the acceleration of the particle as a function of time. 

Solution: 

a. 4 3 )  = 33 -9 32 + 24 3 - 10 = 8. 

b. The instantaneous velocity is the derivative of the position function. Thus, 
~ ( t )~ ' ( t ) 3t2 - 18t + 24.= = 

c. The particle comes to rest when its velocity is 0. So we set ~ ' ( 2 )  = 0 and 
solve the resulting equation. We obtain 

3t2 - 18t + 2 4  = 0 

3(t  - 2 ) ( t  - 4 )  = 0 

t = 2, 4. 
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So the particle comes to a momentary stop at t = 2 and 4. 

d. The particle is moving to the right when its velocity is positive, and to the 
left when the velocity is negative. Solving the inequality 3t2- 18t +24 > 0, 
we find that v is positive for 0 5 t < 2 and t > 4. v is negative for 2 < t < 4. 

e. The acceleration is the derivative of the velocity function: v'(t) = 6t - 18. 

2.22 A mountain climber stumbles and as a consequence a small rock falls over the 
edge of a cliff which is 576 feet high. In t seconds the rock drops 16t2 feet. 

a. How long does it take for the rock to reach the ground? 

b. What is the average velocity of the rock while it is falling? 

c. What is the instantaneous velocity of the rock at the moment it hits the 
ground? 

Solution: 

a. Solve the equation 16t2 = 576, obtaining t = 6 seconds. 

b. The rock travels 576 feet in 6 seconds, so its average velocity is 576/6 = 96 
feet per second. 

c. The instantaneous velocity is computed by taking the derivative of the 
distance function, s ( t )  = 16t2. We find that w(t) = 32t, so that v(6) = 192 
feet per second. 

2.23 Figure 2-30 is a graph showing the speeds of two runners at various times during 
a race. 

speed 

= time (in minutes) 

Figure 2-30: Speed of the runners 

a. Which runner is going faster at time 6 minutes? At time 8 minutes? 

b. Is runner 1 going faster at time 2 or 6 minutes? 
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c. In the time from 4 to 8 minutes, do the runners get farther apart or closer 
together? 

d. If the race were to continue for another 10 minutes, which runner do you 
think will win? 

Solution: The important thing to keep in mind while solving this problem is 
that the vertical axis represents speed and not position. This means that the 
slopes of the curves do not represent velocity, but rather acceleration. 

a. Runner 1 is going faster throughout the time period from 0 to 8 minutes. 
At 8 minutes, the second runner’s speed finally reaches that of the first 
runner. 

b. Each runner’s speed is increasing throughout the time period. 

c. Since the first runner is always going faster, the distance separating them 
keeps increasing. 

d. This is a hard one! In fact, we don’t have enough information to answer 
the question, but we can analyze the situation. At the end of 8 minutes, 
runner 1 is well ahead of runner 2, since his speed has always been greater. 
At the 8 minute mark their speeds are equal. However, the second runner’s 
acceleration is much greater than that of the first runner, and he finally 
begins to narrow the gap between them. Certain questions need to be 
answered before we can determine who will win the race. For example, 
will the second runner continue his now rapid pace while the first slows 
down? Is there enough time remaining for the second runner to make up 
the distance that he trails after 8 minutes? 

2.24 One might think that the following is an alternate procedure for finding the 
slope of a curve at a point P.  The usual definition, which we have adopted, 
arises from computing the slope of the secant line joining P with a second point 
&, and then allowing & to move along the curve toward P. This leads to the 
definition of the derivative 

f (x  + h )  -f(4f’(x) = lim 
h+O h 

We could, instead, choose 2 points, Q1 and Q2, on either side of P ,  symmetrically 
placed (see Figure 2-31), compute the slope of the secant line joining &I and 
&2, and then let &1 and Q2 approach P simultaneously. Doing so would lead to 
the evaluation of the following limit: 

f(z+ h )  - f(5 - h )f*(x) = lim 
h d O  2h 

(We use the symbol f* to distinguish this limit from f’.) 
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/ 

I
1 II

x’h X x h 


Figure 2-31: Symmetric approximation 

a. Show that if f’(x) exists, then so does f*(z).(This says that if f is dif-
ferentiable in our original sense, then it is also “differentiable” in this new 
sense.) 

b. Show, by example, that the two procedures are not equivalent; that is, find 
a function for which f* exists at a point P ,  but f‘ does not. 

Solution: 

a. Suppose f’(s)exists. Then 

= f’(z). 

b. Let f(z)= 1x1 and let P be the origin. We know that f’(0) does not exist. 
However, 

f(z+ h)  = f (0  + h)  = f ( h )  = lhl 

so that 
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2.25 Let f(x) = x(x(. 

a. Explain why the product rule cannot be used to find f’(0).  

b, Find f ’ ( 0 )  directly from the definition of the derivative. 

Solution: 

a. The product rule allows us to compute the derivative f = gh, provided both 
of the functions g and h are differentiable. In our case, however, 1x1 fails to 
have a derivative at x = 0, so that we cannot apply the product rule. 

b. By definition, 

hlhl - 0 
= lim 

h-+O h 

= limJhl= 0. 
h-+O 

2.26 Find an example of a function which has a derivative at x = 0, but which fails 
to have a second derivative at x = 0. 

Solution: We saw in Example 2.3 that 1x1 has no derivative at x = 0, while in 
the previous solved problem we showed that f ( x )  = ~1x1is differentiable there. 
We’ll see that f can serve as the desired example. We first rewrite f as 

If x + 0 we can easily compute f’. For x > 0, we have f’(z) = 2x, while for 
x < 0, f’(z) = -22. From the previous problem f‘(0) = 0. Putting this all 
together, we obtain 

But this is nothing more than 21x1,which we know is not differentiable at x = 0. 

2.27 Always-sometimes-never: 

a. The instantaneous velocity of a moving body is less than the 
average velocity. 

b. If the derivative of a function is always 0, then the function is a 
constant. 

c .  The instantaneous velocity of a moving body equals its average 
velocity at some time. 
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d. The derivative of fg is f '!It* 

e. The derivative of (f(x))" is equal to n (f(x))'+l. 

Solution: 

a. sometimes 

b. always 

c. always (use the Mean Value Theorem) 

d. never 

e. sometimes (the statement is true if and only if f (x)  = x). 

Supplementary Problems 

2.28 Find the slope of the curve y = 2x3 at the point P = (XO,yo). 

2.29 Find the derivatives of the following functions: 

a. sin4x 

b. (x' - 7x)/(x4 + 2) 

c. x l n x  

d. eZs+ x2 
e. tan(x2 + 1) 

f. JiiiGTi 
g. ( x - 3 5  

2.30 For each of the following functions find the equation of the line tangent to the 
curve y = f ( x ) at the point ( a ,  f ( a ) ) :  

a. f (x )  = x3 - 2x at (2,4). 

b. f (x) = cos x at (f,0). 

c. f(x) = xe" at (-1, -;). 1 

2.31 For each of the following functions find intervals on which the function is in-
creasing and intervals on which it is decreasing: 
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a. f(x) = 2x3 - 3x2+ 2 

b. f(x) = xe-x 

2.32 Find the 29th and 30th derivatives of x2’ + x28+ x27 + - 0 - + x2 + x + 1. (No 
computations necessary!) 

2.33 The following problem concerns the variation in the number of hours of daylight 
as the seasons change. 

a. Make a rough sketch of the graph of a function in which the horizontal axis 
represents months of the year (January, February, etc.) and the vertical 
axis represents the number of hours of daylight in your city at the corre- 
sponding time. (You can obtain these numbers from an almanac, or just 
use approximate figures based upon your experience.) Do this for a 2-year 
period. 

b. At what time of the year are the days longest? 

C .  At what time of the year is the length of the day (that is, the number of 
hours of daylight) increasing at the most rapid rate? 

2.34 Sketch graphs of functions on an interval [a,b] which satisfy: 

2.35 Figure 2-32 is the graph of a function f .  

y y 

Y = f ( s )  

Figure 2-32: 

a. Sketch the graph of f’. 
b. Sketch the graph of a second function, g, which satisfies g(0)  = 0, g’(x) = 

f’(x) for all x in [0,5]. 

2.36 Suppose a car is moving on a straight road, with s ( t )  representing the distance 
traveled after t minutes. Describe in words the meaning of each of the following 
conditions: 
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a. s'( t)  is negative. 

b. d ( t ) is constant. 

c .  s ' ( t )  = O for 10 5 t 5 12. 

d. s'( t)  and s"(t) are both positive. 

2.37 Draw a graph of a function which describes the following trip taken by a motorist 
over a 3-hour period. The horizontal axis should be t for time in hours and the 
vertical one s for distance in miles. 

0 The motorist drives at a constant speed for 1: hours. 

0 He then stops for coffee for 15 minutes. 

0 When he resumes his trip he finds himself in a bit of a traffic jam. However, 
the traffic jam eases gradually, so that he is able to increase his speed 
continually over the next 15 minutes. 

He resumes the speed that he drove at in part 1, until he arrives at  his 
destination 45 minutes later. 

2.38 The total number (in thousands) of bacteria present in a culture after t hours 
of growth is given by N ( t )  = 2t(t - 10)2 + 50. 

a. Find N ' ( t ) .  

b. At what rate is the population of bacteria changing when 

( i )  t = 8 hours? 

(i i)  t = 11 hours? 

c .  One of the answers in (b) is positive while the other is negative. (If you got 
different results, check your calculations!) What does this mean in terms 
of the population of bacteria? 

2.39 Figure 2-33 shows the growth of bacteria in two different colonies. 

a. Which dish has more bacteria after 10 minutes? 

b. Which bacteria colony is growing faster after 10 minutes? 

c .  If the two colonies continue to grow at the rates indicated, which of them 
will be larger at the end of 1 hour? 

d. What is the average rate of growth of the bacteria in dish 1 over the first 
15 minutes? Of those in dish 2? 

e.  From the graph, estimate the instantaneous rate of growth of the two 
colonies at time 15 minutes. (State your answer in bacteria per minute.) 
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bacteria (in thousands) 

40 

30 

20 

10 10 °20 30 2 time (in minutes) 

Figure 2-33: Growth of bacteria 

2.40 Let C ( t )be the Consumer Price Index (CPI), where the time, t ,  is given in 
months. The CPI is used to measure inflation. Translate each of the follow- 
ing sentences into a statement about C ( t )and its derivatives. Draw a graph 
illustrating each case. 

a. Prices are still rising, but the inflation rate dropped last month. 

b. For the first time in many years, prices dropped last month. 

c. While inflation is modest now, we anticipate a much bigger rise in prices in 
the next few months. 

2.41 Prove the Constant Multiple Rule: The derivative of cf is cf'. 

Answers to Supplementary Problems 

2.28 6xi 

2.29 a. 4cos4x. 

b. (-2x5 + 21x4 + 4x - 14)/(x4+ 2)2. 

c. l n z  + 1. 

d. 2e2"+2x. 

e. sec2(x2+ 1) 4 22. 

f. cos x / ( 2 & G G 7 ) .  
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g* 5 ( x  - $)"(l+ 3).  
2.30 a. y = 1Oa: - 16. 

b. y = - x + ; .  

C .  y = 4 J e .  

2.31 a. Increasing on (-00, 0) and (1,oo),decreasing on (0,l). 

b. Increasing on (-00, l ) ,  decreasing on (1,oo). 

2.32 The 29th derivative is the constant 29 28 - 27. Q 3 a 2 - 1, so the 30th is 0. 

2.33 b. The days are longest in June (in the Northern Hemisphere). 

c. The length of the day is increasing most rapidly in March. 

2.36 a. The car is moving backward. 

b. The car is traveling at a constant speed. 

c. The car has stopped for two minutes. 

d. The car is moving forward at ever increasing speed. 

2.38 a. N'( t )  = 6t2 - 80t + 200. 

b. (i)  "(8) = -56. 
( i i)  "(11) = 46. 

c. The colony of bacteria is diminishing at t = 8, but growing at t = 11. 

2.39 a. Dish 2. 
b. Dish 1. 

c. Dish 2. 

d. 667 per minute for each colony. 

e. Dish 1: 1000 per minute; dish 2: 0. 
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Answers to Exercises 

2.1 (Page 33) 
I Function I Derivative I 

x4 + cos x 4x3 - sinx 
x4 - cos2 4x3 + sinx 
x 4  cos x 4x3cos x - x4 sin x 
x4/ cos x (4x3cos x + x4 sin x)/ cos2x 
cos x 1x4 (-x4 sin x - 4x3cos x)/xa 

= (-x sin x - 4 cos x)/x5 
cos (x 4 )  - sin(x4) 4x3 
(cos x ) 4  -4 cos3x sin x 

2cosx - xs inx  
2.2 (Page 35) 

2&in x + x cos x 



Chapter 3 


Applications of the Derivative 

3.1 Newton’s Method 

What We Know: How to solve the linear equation ux + 6 = 0. 

What We Want To Know: How to solve the equation f(x) = 0, 
for an arbitrary function, f .  

How We Do It: We approximate the solution of f(x) = 0 with a 
sequence of solutions of certain linear equations. 

3.1 1 Introduction 

From our high school courses we have learned the importance of solving equations. A 
good deal of emphasis was placed on the solution of linear and quadratic equations, 
such as 22 - 5 = 0 or 2x2 - 72 + 4 = 0, and techniques were developed for solving 
such equations. But in calculus more complicated equations arise, for example, in 
the solution of maximum-minimum problems. How can we solve equations such as 
x3 -42 + 11 = 0,or x -cos x = O? Is there some general way in which we can solve the 
equation f(x) = 0 for an arbitrary function, f ?  In this section we will discuss a very 
powerful method, discovered by Isaac Newton, which will enable us to solve many such 
equations. In addition, Newton’s method will provide us with an important application 
of the derivative, as well as another example of the key role of our organizing principle: 
Approximation - Refinement - Limit ( A-R -L). 

Before we begin, it is necessary to elaborate a bit on what we mean by a solution 
of f(x) = 0. From our high school work, we are used to obtaining exact solutions of 
both linear and quadratic equations. Thus, for example, the solution of 2x - 5 = 0 is 
x = 5/2 or 2.5, while the solutions of 2x2 - 72 + 4 = 0 are x = (7 km)/4.While 
the latter is an expression for the exact solutions of the quadratic equation, it is not 
of much practical value. An engineer, for example would need to turn that expression 
into a numerical (decimal) value, and in doing so would have to approximate J1‘Fi to 
whatever number of decimal places is desired. For the engineer, the approximation is 
generally more useful than the exact expression. 

56 
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But even for the mathematician, who is usually happy with the exact expression, 
there are pitfalls. While every quadratic equation can be ‘solved’ as above, this is not 
true for equations in general. True, there are (much more complicated) formulas and 
procedures for solving third and fourth degree equations. However, it was shown in the 
early part of the 19th century that no formula comparable to the quadratic formula 
exists for solving equations of degree five and higher, such as x5-6x3+7 x 2+ 1l x  +13 = 
0. This famous result precludes the possibility of obtaining exact solutions of such 
equations. Similarly, an equation such as x - cosx = 0 cannot be solved exactly, and 
the best we can hope for is an approximation to whatever  degree of accuracy w e  desire.  
Newton’s method, which we are about to develop, provides just such a procedure. 

Amazingly, Newton’s method requires nothing more than knowledge of how to solve 
the simplest of equations: ax + b = 0. The steps will, by now, seem familiar. We 
construct an appropriate linear equation, whose solution provides an a p p r o x i m a t i o n  to 
the desired root of f ( x )  = 0. Repeating this procedure produces a sequence of refined 
approximations, and the exact solution is obtained (at least, theoretically) by passing 
to the limit (provided it exists). We proceed now with the details. 

3.1.2 The Method 
The basic idea is best presented geometrically. Consider the graph of the function 
y = f(x) (Figure 3-1), and suppose that f ( r )  = 0. We want to find r.  Let xo be 

I 

L 

/ 

Figure 3-1: Initial approximation 

an initial guess, or an approximat ion  to r. If f ( ~ )= 0 (in other words, our guess 
is an incredibly lucky one!), then we are done. But, more likely, f(x0) # 0. Now A 
construct the tangent, To, to y = f(x) at the point (zo,f(xo)) (Figure 3-2). Let $1 

be the point at which To crosses the x-axis. (It is here that we will have to solve a 
linear equation.) We consider x1 a re f inement  of our initial approximation. To further 
refine this approximation, construct the tangent, 7’1, to y = f(x) at (x1,f(x1)),and let 
x2 be the intersection of Tlwith the x-axis’(Figure 3-3). Continuing our refinement R 
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Figure 3-2: Refined approximation 

Figure 3-3: Further refinement 

process in this way yields a sequence of points xo,x1,x2,.. .. To obtain the exact value 
of r ,  we pass to the limit. Under certain conditions, it can be shown that this sequence 
approaches r as the process is continued indefinitely. In other words, 

r = lim z,,. 

But how do we actually compute xl,  22,23,. . .? To do this, we need the equations of 
the tangent lines, To,T1,T2,. . .. Since for any n, Tnpasses through the point ( x n ,f(xn)), 
its equation, from the point-slope formula, is 

Y - f(xn) = f‘(xn)(x - 5,) 

or 
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To find the next element in the sequence, xn+1, we set this equation equal to 0 and 
solve for x :  

f ‘ ( xn )x+ ( f  ( x n )- xnf ’ (xn) )= 0 

or 

Hence, 

We see that each term in the sequence is determined by the previous term, a process 
called iteration. 

Perhaps the best known application of Newton’s method is to the rapid calculation 
of square roots. 

Example 3.1 Use Newton’s method to compute a. 
Solution: To calculate a,let f ( x )  = x 2  - A and set f(z) = 0. (The solution is 

= a.)clearly x The above equation (3.1))in this particular case, becomes 

or 

or 

As a special case, let A = 2, and let the initial approximation, xo, be 1. Then 

X I  = (1  + 2112 = 1.500000000 
5 2  = (1.5 + 2/1.5)/2 = 1.416666667 
2 3  = (1.416666667 + 2/1.4166666&7)/2 = 1.414215686 
~4 = (1.414215686 + 2/1.414215686)/2 = 1.414213562, 

which is the value of Jz,correct to 9 decimal places. The speed with which we obtained 
this highly accurate approximation (just four iterations) is typical of Newton’s method. 

Example 3.2 Use Newton’s method to solve the trigonometric equation x -cos x = 0. 
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Figure 3-4: Graphs of y = cosx and y = x 

Solution: From the graphs of y = x and y = cosx (Figure 3-4), it appears that there 
is a root (solution) in the general vicinity of x = 1 .  So we let xo = 1 be the initial 
approximation. Since f ( 5 )= z - cos x, we have f'(x) = 1 + sin z, so that the general 
iteration formula (3.1), 

becomes 

or 
X, sin xn + COS X n  

Xn+1 = 1 + sinx, (3.4) 

Four iterations of (3.4) yield 

2 0  = 1.0000000000 

2 1  = 0.7503638678 

2 2  = 0.7391128909 

2 3  = 0.7390851334 

2 4  = 0.7390851332, 

which is accurate to 10 decimal places. 

Since the method is both easy to apply and very efficient, it would be nice if it always 
worked. Unfortunately, this is not the case. Indeed, a number of things can go wrong. 
The next example illustrates one of the pitfalls; others will be found among the Solved 
Problems. 

Example 3.3 Return to Example 3.1, where we calculated a,but this time choose 
xo = 0, rather than zo = 1.  Now, f ' ( 0 )  = 0 for f (x )  = x2 - A ,  so that the iteration 
breaks down at the very first step because f'(xn) appears in the denominator of (3.1). 
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Of course, in this case we can avoid this calamity by a more careful choice of 20 (any 
positive value will do), but there are other situations in which the problem is inherent. 

Newton’s method is exceptionally powerful, but must be used with care. Precise 
conditions which guarantee the convergence of the method can be found in most text- 
books. 

0
3.2 Linear Approximation and Taylor Polynomials 

Take out a scientific calculator (any one with a cosine button will do), turn it on, and 
put it in radian mode. (Calculators have radian and degree modes for trigonometric 
calculations-the instruction booklet will tell you how to place yours in radian mode.) 
Now compute some values, such as sin1 or cos.5. Depending on how many decimal 
digits your calculator displays, you will obtain something like this: 

sin1 = .8414710 or sin1 = .8414709848 
cos .5 = .8775826 or cos .5 = .8775825619. 

Now try a,yielding either 5.0990195 or 5.099019514. Where do these numbers 
come from? Does the calculator have a complete table of sines, cosines and square roots 
built in? (If so, it must be a very extensive table, for if you ask it to calculate, say, 
sin 1.26898560157, it pops right back with .9547998172.) Before we begin investigating 
this problem in detail, please perform the following calculation: 

1 1 1 11 - - + - - -
6 120 5040 362,880+ 

The result is .8414710, which, surprisingly, agrees with the value of sin1 to 7 decimal 
places, Similarly, the computation 

(.5)2 (.5)4 (.5)6 +-(.5)8
1-- +---2 24 720 40320 

yields 3775826, the value of cos .5 to 7 decimal places. But what do these sums have 
to do with sines and cosines? We’ll soon see that they have a great deal to do with 
these functions. In fact, there are no tables built into our calculators, but rather, they 
employ methods for computing these functions. (The calculations we’ve just performed 
are indications of these methods.) In this section, we’ll learn just how calculators got 
to be so smart (and fast). 

When introducing the derivative, we mentioned that the tangent to a curve is the 
line which best approximates the curve near the point of tangency (page 13). We’ll 
pursue this remark in the current section, and will see that this fundamental idea has 
far-reaching consequences. 
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x - a )  

/ a 
X 

Figure 3-5: Tangent to y = f ( x )  

Recall from (2.17) in Section 2.3, that the equation of the tangent to the curve 
y = f ( x )  at ( a ,  f ( a ) )  (Figure 3-5) is given by 

We denote the function on the right-hand side of (3.5) by P l ( x ) .  Hence, 

We use the letter P because this function is a polynomial, and the subscript 1 because 
it is a polynomial of degree 1; that is, the highest power of x that occurs is 1. Later 
on, in a generalization of what we’re doing here, we’ll encounter polynomials of degrees 
2,3 ,4 , .  . ., which we’ll denote by P ~ ( x ) ,  . . .. To be more exact, we should P&), P ~ ( x ) ,  
denote this polynomial by PI ( x ;a ) ,since different values of a yield different polynomials. 
Although this notation is used by some authors, we prefer the simpler version, P l ( x ) ,  
unless there is a chance for confusion, in which case we, too, will write P l ( x ;  a ) .  

Approximation by  polynomials is of great importance. As opposed to trigonometric, 
logarithmic and exponential, and other functions, numerical values of polynomials are 
especially easy to compute, requiring only the basic arithmetic operations. This advan- 
tage of polynomials over their less fortunate ‘cousins’ has become even more prominent 
with the development of high-speed computers. 

We now wish to make precise what we meant earlier when we said that the tangent, 
T ,  to the curve y = f ( x )  at x = a ‘approximates’ the curve. But before looking at this 
problem in general terms, let’s look at a special case. 

Example 3.4 Find the tangent line approximation to f ( x )  = fi at  the point (25,5) ,  
and use it to approximate and (Figure 3-6). 

Solution: Since f ( x )  = f i = x1 /2 ,we have f’(s)= ( l /2)x-’ l2 .  Thus, f ( 2 5 )  = 5 and 
f’(25) = 1/10 = .l. From (3.6), 

PI(.) = f ( 2 5 )+ f‘(25)(X - 25) 
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I I I I 

I 25 2‘6 30 =,x 

Figure 3-6: Tangent line approximation 

or 
Pi(.) = 5 + . l ( ~25). (3.7)-

Let us now use PI to approximate m.From (3.7),weobtain P1(26) = 5+.1(26-25) = 
5.1. We saw earlier that a calculator value of is 5.0990195, so that the error in this 
approximation, 5.1 - 5.0990195 = .0009805 is quite small. 

At x = 30, however, the error is larger. From (3.7),we see that PI (30) = 5 + .1(30-
25) = 5.5, while the true value of &% (to 7 decimal places) is 5.4772258, yielding an 
error of .0227744. So we see that the error, in general, depends upon x. 

We measure .how well one function, g, approximates a second, f ,  on an interval 
[u,v]as follows: Let x be any point in the interval [ u , ~ ] ,and consider If(.) - g(x)l, 
the absolute value of the difference between these two functions at the point x. In 
other words, we are computing the vertical distance between the graphs of the two 
functions (Figure 3-7). g is a good approximation to f over the interval [ u , ~ ]if the 

I I  

l u  
1 
I 

20 
I 
I 

V 
* x  

Figure 3-7: Error in approximating f by g 

error, If($) - g(x)1, is ‘small’ for every x in [U,v] .  In general, the approximation 
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varies from point to point. For example, at a place where the two graphs touch, the 
approximation is perfect (error = 0), since the two functions are equal there. Let’s now 
examine how well PI approximates f (Figure 3-8). Approximation using the tangent 

Figure 3-8: Approximation of f by PI 

line is also known as linear approximation, since PI is a linear function. (While we 
shall discuss this topic in some depth, additional details and examples can be found in rl your text.) At the point of contact, a, there is no error, since P&z) = f ( a ) .  We see 
from Figure 3-8, however, that as x moves away from a, an error occurs; near a the 
error is small, but it grows rapidly for values of x remote from a.  We want to get a 
handle on the size of the error, by finding an estimate of how large it can possibly be, 
a so-called error bound. We denote the error at the point x by E&); that is, 

What features determine the error, El(x)? Figure 3-8 made clear that the distance 
between x and a is important. Thus, it makes sense that the term x - a should appear 
in the error estimate, but exactly how is not obvious. The dependence might appear 
in the form ( x  - a )  or (z - a)2 or d K  or any other expression which yields 0 when 
z = a. And what else influences the error? Does it depend on f in any way? How? 
Consider the following two diagrams (Figures 3-9 and 3-10). In Figure 3-9 the error is 
quite large, even for values of x reasonably close to a, while in Figure 3-10 the error is 
moderate, even for values of x far from a. What is it about the function g in Figure 3-
10 which makes the approximation by its tangent line, T,, so much better than the 
approximation of f by TJ in Figure 3-9? It’s due to the fact that the graph of y = g ( 5 )  
does not bend much, it is close to being a straight line, while f curves sharply. If g 
was, indeed, a linear function, then the error would be 0 everwhere, since Tgwould then 
coincide with y = g ( x ) .  Since g is not exactly linear, there is an error, but it is small 
in comparison with the error in approximating f. 

Now what is the calculus way of saying that a function is ‘nearly linear’? A linear 
function is one with constant slope; a nearly linear function is one whose slope is nearly 
constant. But what in the world do we mean by that? 

Let’s go a step further. Since a linear function, I ,  has constant slope, its derivative is 
a constant function. Thus, 1‘(x) = C, and its derivative, denoted by Z”(x), is 0, because 
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Y 


Figure 3-9: Poor approximation 

Figure 3-10: Good approximation 

the derivative of a constant function is identically 0. Since the second derivative of a 
linear function is identically 0, by a 'nearly linear' function we mean one whose second 
derivative is small. Hence, we see that the second derivative of f also plays an important 
role in the formula for El. 

After this long discussion, we finally pull these ideas together and state the result 
which contains the error estimate we are after. (See your text for the precise derivation.) 

Theorem 3.I Suppose the second derivative ofthe function f exists. Let El = f- PIj rlwhere Pl(x)= f ( a )  + f'(a)(x - a ) .  Then, for each x, there exists a point c between a 
and x, such that 

(Figure 3-11). 

Remark 3.1 Equation (3.9) is reminiscent of the Mean Value Theorem, which states 
that if f is differentiable on [a ,b ] , then, for each x in [a ,b] ,there exists a point c between 
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Y 


Figure 3-11: The error in linear approximation 

a and x, such that 

(3.10) 

In fact, (3.9) can be viewed as a generalization of the Mean Value Theorem. (For 
those interested, a discussion of this remark can be found at the end of this section on 
Page 76.) Moreover, (3.10) and (3.9) are merely the first two steps in a much more 
extensive process, the development of which is the main purpose of this section. 

Remark 3.2 Although we use the same letter c in both (3.9) and (3.10), these points 
are generally different. 

Remark 3.3 In both (3.9) and (3.10), the point c depends on x. As II: varies, so does 
c ,  often in complicated ways. In general, we cannot locate the point c precisely in either 
(3.9) or (3.10). However, we do know that it lies between a and z, and we will now see 
that even this limited knowledge often suffices to enable us to utilize these expressions 
in a practical way. 

For example, let f (z )  = sinx, a = 0 (Figure 3-12). Then f(0)  = sin0 = 0, while 
f ’ ( ~ )= COSII:, so that f’(0) = cos0 = 1. Hence, PI(.) = f(0) + f’(0)z = 5, so that 
y = x is the equation of the required tangent line. What about El(x)?We first compute 

for some c between 0 and x. Hence, 

- sin c x2 

E&) = 2 

(3.11) 



-- 
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Y y = x  

Figure 3-12: Graph of f(x) = sinx 

But we don’t know c, so what good is (3.11)? Well, we can use it to get an estimate of 
El(x),as follows. Regardless of the location of c,  I - sin cI 5 1.  Hence, 

(3.12) 

(3.12) tells us that we can control the error by keeping x sujjiciently close to 0. For 
example, if we want to use PI(.) = x as an approximation to sinx, say in the interval 
[-7r/6,7r/6], then 

( ~ 1 6 ) ~7r2 
- -< .14.lEl(X)I i 2- 72 

(Note: Recall that all calculations of the trigonometric functions in calculus are done 
in radians.) On the interval [-7r/12,~/12], the error is much smaller, since it cannot 
exceed 

7r2 
lE1(x)1 2 

(7r/12)2 
- 288 < .035.2 

Finally, on [ - ~ / 3 6 ,  ~ / 3 6 ] ,  we have 

We see that PI is, at best, a fair approximation to sin x for values of x near 0 (7r/36 is 
equivalent to just 5 degrees), but a poor one as x moves away from 0. 

Let’s return now to Example 3.2. We’ll see that for the function &, PI does a 
much better job. We obtain the error formula from (3.9): 

~”(c)(x - 25)2 
= 2 

or 
(X - 25)2 

8812
E l ( x )  = - (3.13) 

Let’s now see how well PI approximates & for various values of x. This method gives 
us a simple way of computing square roots, but it will be of value only zf the errors 
involved are small. 
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We start with x = 26. From (3.7),  

so that 
P1(26) = 5 + .1(26 - 25) = 5.1, 

while from (3.13) 
(26 - 25)2 1

E&) = -
8612 8 C 3 P  ’ 

for some c between 25 and 26. We now encounter a new problem: In our analysis of 
the tangent line approximation of sinx above, the term involving the unknown point 
c was simply sin c. Since the estimate I sin c1 5 1 is valid everywhere, this term could 
be eliminated from consideration. Here, however, we don’t know where c is, and the 
expression for the error depends upon c. So what can we do? Well, first, let’s retract 
the statement we just made. We do know something about c, quite a bit, in fact: c lies 
between 25 and 26. Now, we can’t expect to compute the exact value of E1(26). (If we 
could, then we could find the exact value of I/%, since = PI (26) + El(26), and we 
know P1(26).) The best we can hope for is a bound on how large IE1(26)I can possibly 
be. Now, 

1
IEl(26)I = 8c3/2’ 25 < c < 26, 

and for c in this interval the function ~ / ( S C ” ’ ~ )  is largest when c is as small as possible. 
Hence, 

1 1
1 1< for 25 < c < 26 

8c312 8 * 253/2 
1 -

8 .125  
1 --

1000 
= .001. 

Thus, IE1(26)1is sure to be less than .001, so that the estimate of given by P1(26) 
is accurate to within .001. In other words, the true value of fiis within .001 of 5.1. 

In this example there are independent ways of computing square roots, so that we 
can verify that the error bound is accurate. Now fi= 5.0990195, so that 

5.1 -6< .00099, 

which, indeed, is less than .001 (though not by much!). 
Let’s stick with this example and compute several other square roots. Again, from 

(3.7), we obtain 
Pl(27) = 5 + 1/5 = 5.2 
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and 
Pi(3O)= 5 + 1/2 = 5.5, 

while from (3.13), 
Ei(27) < 22/1000 = .004 

and 
EI(30) < 52/1000 = .025. 

Since = 5.1961524 and fl= 5.4772256, the actual errors in the approximation 
by PI(.> are 

5.2 - f i < ,00385, 

and 
5.5 - f i < .02278, 

both of which are less than the guaranteed error bounds of .004 and .025, respectively. 
Let's summarize some of the important conclusions we can draw at this point: 

0 The approximation technique we've developed sometimes yields acceptable esti-
mates. If the value of z is far from the point of tangency, a ,  then the approximation 
deteriorates and may become useless in practical situations. 

0 The approximation may be much better for one function than for another, depend- 
ing primarily upon their second derivatives. Thus, for f(z)= &, we obtained 
reasonably good approximations, while for f ( z )  = sin x the approximations were 
mediocre, at best. 

So we now ask the natural question: 

How can we refine the approximation? 72 
To answer this question, let's go back and look at Pl(x),the tangent line approximation 
to y = f(x) at the point x = a. It has the following properties: 

1. It is a polynomial of degree 1; 

2. Pl(a) = f ( a ) ; that is, Pi has the same value as f at a.  Hence their graphs have 
the same location at a.  

3. Pi(a) = f ' ( a ) ;  that is, the derivative of PI has the same value as f' at a. Hence 
their graphs have the same direction at a. 

4. The error in the approximation, El,depends upon f",the second derivative of f. 
The larger f" is on the interval [ U ,  U],the larger the potential error. 

Let's analyze the last property for a moment. The problem with PI is that, as a 
linear function, its graph cannot bend. On the other hand, if f" is large, then the graph 
of y = f ( x )  bends a lot. So if we are going to reduce the error we'll have to come up 
with an approximating function which can mirror this bend. Si?+ a function clearly 
cannot be a first-degree polynomial, whose graph is a straight 1f i.. 
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But how about a second-degree polynomial, a quadratic function? 

Looking at the first three of the properties of PI listed above and reasoning by analogy, 
let's see if we can find a polynomial, P2, satisfying: 

1. P2 is a polynomial of degree two, a quadratic; 

3. P i ( a ) = f ' ( a ) .  

Finding such a polynomial is no problem; in fact, there are an infinite number of them. 
Just add on the term K ( x  - a ) 2 to PI, where K is any constant. In other words, let 

p 2 ( x )= P ~ ( X )+ K ( X  - a ) 2= f ( a )+ f ' ( a ) ( x- a ) + K ( X  - a ) 2  (3.14) 

If we substitute x = a into (3.14) we find that 

P2(a) = f ( a )+ f ' ( a ) ( a- a)+ K ( a  - a ) 2= f ( a ) .  

Also, if we differentiate both sides of (3.14), we obtain 

Pl(X) = f ' ( u )  + 2 K ( x  - U). (3.15) 

Substituting x = a in (3.15) yields 

P i ( a ) = f ' ( a )  + 2 K ( a  - a )  = f ' ( a ) .  

Hence, no matter what I< is, P2(a) = f ( a )  and P i ( a )  = f ( a ) , so that P2 and f share 
the same values and derivatives at x = a.  But we haven't exploited the freedom given 
us in the choice of K .  In fact, we haven't chosen I< at all yet! Suppose we now try 
to pick K so that P2 also satisfies P [ ( a )  = f " ( a ) .  If we can do this, then the graph 
of y = P2(x)will have the following features in common with that of y = f ( z ) at the 
point x = a:  

1. The same location, since P2(a) = f ( a ) ;  

2. The same direction, since P i ( a )= f ' ( a ) ;  

3. The same bending, since P i ( a )  = f " ( a ) .  

Moreover, it's easy to find K .  Differentiate P2 twice: 

so that P[ is a constant, 2K. Since we require that P;(a) = f " ( a ) ,  we have 2 K  = f " ( a )  
or K = f " ( a ) / 2 , so that 

(3.16) 

is the desired polynomial. 
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Example 3.5 Find P2 f o r  f ( x )= cosx at a = 0. 

Solution: We first compute f ' ( x )  = - sin x and f " ( x )  = - cos x. Since a = 0, we have 
f(0)  = cos0 = 1, f ' ( 0 )  = -sin0 = 0 and f " ( 0 )  = -cos0 = -1.  Hence, from (3.16), 

& 

P2(x)= 1 -2 

(Figure 3- 13). 

y = 1 - x 2 / 2  

Figure 3-13: Approximation of cos x by P2 

Example 3.6 Find P2 for  f (x)  = fi at  a = 25. 

Solution: Since f ( x )  = x112, we have f ' ( x )  = (1/2)x-'12 and f''(x) = (-1/4>x-'I2. 
Hence, f ( 2 5 )  = 5,  f ' ( 2 5 )  = 1/10 = .1 and f " (25)  = -1/500 = -.002. Thus, from 

(3.161, 
P ~ ( x )= 5 + . l ( ~- 25) - . 0 0 1 ( ~- 25)2 

(Figure 3-14). 
We now turn to the error estimate. We write E2 = f - P2, and ask how we should 

expect the error to behave. Recall that El(z)= f " ( c ) ( x- ~ ) ~ / 2 ,for some c between a 
and x .  Here, too, the distance between x and a will certainly influence the error and 
we'll see the exact dependence shortly. But what about the part of the error formula 
that depends on f ?  Reasoning as we did earlier, we see that the approximation will be 
exact if f,itself, is a second degree polynomial. Since the third derivative, f''', of such 
a polynomial is 0, it seems plausible that this term will enter the formula. The precise 
equation is given by 

f" ' (c)(x  - a)3
E z ( x )= (3.17)

3! 7 

for some c between a and x ,  where the term 3!, called '3 factorial,' is equal to 3 . 2 -1 = 6. 
(Factorials will appear frequently in this section in subsequent error formulas.) 
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2‘5 2‘6 30 = x  

Figure 3-14: Approximation by P2 

Remark 3.4 The c in (3.17) is usually different from that in the error estimate for 
PI given by (3.8). 

Let’s apply (3.17) to Examples 3.5 and 3.6. 

Example 3.5 (continued) Analyze the error E2 for f(x) = cosx at a = 0. 

Solution: Here, f”’(x) = sin x ,  so that from (3.17) 

sin c(x -
E&) = 6 

Since I sin C I  5 I for all c ,  we have 

x3 
IE2(x)l L 6‘ (3.18) 

Thus, for example, E 2 ( ~ / 6 )5 ( ~ / 6 ) ~ / 6  =< .024. Now P 2 ( ~ / 6 )= 1 - ( ~ / 6 ) ~ / 23629, 
and 7r/6 (30 degrees) is one of the values for which we have exact knowledge of the 
trigonometric functions. In fact, cosr /6  = &/2 = ,8660, so that cosr/6 - P 2 ( ~ / 6 )= 
.0031, well within the guaranteed error bound of ,024. 

Let’s now evaluate P2(x)  at a point at which we don’t already know cos x ,  say 5 = . l .  

(-112 .01 
P2(.1)= 1 ---- 1 --= .995

2 2 

with 

which is a bound on the possible error. Thus cos(.l) is within .00017 of .995. 
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Example 3.6 (continued) Estimate E ~ ( x )for f(x) = &. 

Solution: For f(x)  = & we have f r r r ( x )= ( 3 / 8 ) ~ - ~ / ~ .Hence, (3.17) becomes 

( 3 / 8 ) ( ~- 25)3
E2(x) = 6c5l2 

or 

(3.19) 

with c between 25 and x. As we saw earlier when we estimated El, the largest value of 
the right-hand side of (3.19) occurs when c is as small as possible, which for =L: > 25 is 
c = 25. Hence, 

(X - 25)3 - (X - 25)3-l E 2 ( ' ) 1  '16 . 255/2 50000 
for x > 25. 

For x < 25, the smallest possible value of c (which induces the largest possible 
error) is c = x. Thus, for example, if x = 24, then the error bound is 

(E2(24)(< '24 - 2513< .000023,
16 245/2 

while, for x = 20, the error bound is 

Encouraged by the success of our work with P2, which was based on matching the 
second derivative of f at a ,  we now proceed. Isn't it plausible that matching additional 
derivatives will lead to even more refined approximations? (Note: While the first 
derivative has geometrical significance-direction, and the second derivative does too- 
bending, or concavity, as it is usually called, the third and higher derivatives have no 
obvious geometrical meaning. So the idea of matching additional derivatives is not 
based on direct geometrical reasoning, but rather on our initial success in passing from 
PI to P2.) The, next step in the procedure is to obtain P3, which satisfies one new 
condition, Pr(a) = f"'(a). An explicit form for this polynomial is 

f " ' ( a ) ( x  -
P3(4 = f (4+ f'(a>(x- cl> + f"(a)(x - a)2 + (3.20)

21 3! 

and the corresponding error formula turns out to be 

f r r r r (c ) (x-
E3(4 = 4! 7 (3.21) 

for some c between a and x. 
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Rather than illustrate (3.20) and (3.21) with examples, we move directly to the 
general case, in which we match the value of f and its first n derivatives at a. We 
obtain 

where f(")(a) is the nth derivative of f at a. P, is known as the nth Taylor polynomial 
of f at the base point, a .  

The error formula for E, = f - Pn takes on a by now familiar form: 

(3.23) 

for some c between a and x. 

Example 3.7 Find P3 and P4 for f (x)  = +,a  = 25. 

Solution: We have 

f ( x )  = X1I2,  f(25) = 5, 
f'(x) = x-'I2/2, f'(25) = .1, 
f " ( X )  = 14, f"(25) -.002, 
f ' " ( x )  = 3 ~ - ~ / ~ / 8 ,  f"'(25) = .00012, 
f""(x) = - 1 5 ~ - ~ / ~ / 1 6 ,  f""(25) = -.OOOO12. 

We obtain P3(x)and 4 2 ) from (3.22): 

. 0 0 2 ( ~- 25)2 + .00012(~- 25)3
P ~ ( x )= 5 + . 1 ( ~- 25) -

2! 3! 

or 
P~(x)
= 5 + . 1 ( ~- 25) - . 0 0 1 ( ~- 25)2 + .00002(~- 25)3 

and 

P 4 ( 4  = P3(4 + f ""( 25)(x - 25)4 
4! 

or 

P4(x) = 5 + .1(x - 25) - . 0 0 1 ( ~- 25)2 + .00002(~- 25)3 - .0000005(~- 25)4. 

Computing P3(x)and P ~ ( Z )at x = 30 and 35, we obtain 

P3(30) = 5.47750, error 5 ,00027 
P3(35) = 5.92000, error 5 .00390 
P'(30) = 5.47719, error 5 ,00004 
P4(35) = 5.91500, error 5 ,00108 
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Remark 3.5 The polynomial Pn given by (3.22) can be produced only if the function 
f has at least n derivatives at a ,  and the error formula (3.23) assumes that f actually 
has at least n + 1 derivatives there. For most of the elementary functions that we 
encounter in calculus, such as trigonometric, exponential and logarithmic functions, 
this does not present a problem. 

Does the approximation improve  as n gets larger? In other words, is the procedure 
actual ly  refined when we increase the degree of the Taylor polynomial? To answer this 
question, we now analyze the three components of the error formula (3.23), especially 
its dependence on n, the degree of the polynomial. 

The term (n  + l)! in the denominator is independent of both x and f, and it 
is a term that is always guaranteed to help make the error small. Indeed, since 
factorials grow very rapidly (for example, 10! is more than 3 million, and 20! is 
more than a billion billion-several hundred thousand times the national debt), 
l / ( n+ l ) !is exceedingly small for large values of n. 

The term (x - on the other hand, arising from the distance between x 
and the base point a ,  will be helpful if In: - a1 < 1, since then Ix - uIn+' -+ 0 
as n becomes large, but h a r m f u l  if lx - a1 > 1, since 1x - aJ"+l -+ 00 with 
increasing n in this case. So for points within 1 of a ,  this term is a plus. However, 
even if Iz - a1 > 1 ,  it can be shown that the term Ix - aln+' is overwhelmed 
by the factorial. That is, as we've seen above, the factorial grows so fast that 
Ix - aln+'/(n+ l)!+ 0,  n o  m a t t e r  h o w  large lx - a1 is. 

Finally, we turn our attention to f("+')(c), the portion of the error formula which 
depends on the function we are approximating. Here, nothing general can be said. 
For some functions, such as sin x or cos x, the derivatives of all orders are bounded 
(for these particular functions, by 1). In such a case, the approximations get better 
and better as n increases, for any x. (Even here, though, the approximations are 
generally superior for values of x close to a than for those far away from the base 
point.) For some other functions, however, the derivatives grow rapidly and, as a 
result, the approximations may improve with increasing n only within a limited 
interval surrounding a or, in extreme cases, may fail to improve at all. In other 
words, the refinement process can fail completely  for certain peculiar functions, 
while for some others, its usefulness may be limited to some interval surrounding 
a.  This is analogous to other examples of the failure of the refinement stage that 
occur: In Chapter 2, where we showed that the function 1x1 has no derivative at 
z = 0, and in Solved Problem 3.4 where we'll see that Newton's method fails. 
A fuller discussion of these issues will take place in Chapter 7 on Infinite Series, 
at which time we will develop the tools necessary to analyze these questions. 
We are thus leaving for that chapter the limit of the Taylor procedure, having 
gone through the first two stages of approximat ion  and re f inement  in the current 
section. 
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Optional: At the beginning of this section we said that the Mean Value Theorem fits 
into the Taylor process in a natural way. We now justify this assertion. 

We’ve shown in this section how to produce a sequence of polynomials PI, P2, P3, . . ., 
of degrees 1 , 2 , 3 , .. ., respectively, which match certain features of a function, f .  Specif-
ically, PI satisfies Pl(a) = f ( a )  and Pi(a) = f ’ ( a ) ;  Pz satisfies an additional require-
ment, P;(a) = f ” ( a ) ,  and so forth. But let’s take a step backward from PI, and consider 
a polynomial which satisfies just one condition, namely, that it is equal to f at x = a.  
We’ll call this still mysterious polynomial PO, and since we have moved backward from 
PI, its degree should be zero. That is, PO is a constant polynomial, and the value of 
that constant is f(a). Hence, PO($)= f ( a )  (Figure 3-15). 

I 
I = x  

a 

Figure 3-15: Approximation by PO 

Now, how well does PO approximate f? Does the expression for the error Eo(z)= 
f(x) - Po(x)fit into the general error formula 

f ’n+ l ) ( c ) (~-
E n ( x )  = 

( n  + I)! 
? 

When n = 0 this should read 

&I($)= f’(c)(z- a) ,  

for some c between a and x. Hence, 

f(z)- P O ( Z )  = f’(c)(z - a )  

or 

for some c between a and x. But this is just the statement of the Mean Value Theorem! 
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Solved Problems 

NEWTON'S METHOD 

3.1 a. Derive Newton's iteration for finding cube roots. 

b. Apply the method to approximate fi. 
c .  Apply the method to approximate m. 
Solution: 

a. Say we want to compute fi.Let f(x) = x3 - a ,  so that f '(x) = 3r2 .  Then 

b. Clearly 1 < < 2, so 20 = 1 seems like a reasonable starting point. Then 

2 + 5  7 
21 = -= - = 2.333333333

3 3 

2 (i)3 5 821 
2 2  = - - 1.861678004

441
3 (:)2 

2 3  = 1.722001880 

2 4  = 1.710059737 

2 5  = 1.709975951 

2 6  = 1.709975947, 

which is correct to 9 decimal places. 
If we start with xo = 2, then 

21 = 1.75 

2 2  = 1.710884354 

2 3  = 1.709976429 

5 4  = 1.709975947, 

so that we obtain 9 place accuracy even more rapidly. 
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c. A natural starting point is xo = 3 which is equal to m.From 

we obtain 

21 = 3.111111111 

22 = 3.107237339 

2 3  = 3.107232506, 

correct to 9 decimal places. 

An important application of the derivative (although one which is not covered 
in this book) is solving maximum-minimum problems. We usually accomplish 
this by finding the zeros of the derivative of the function to be maximized or 
minimized. Details of these procedures may be found in your text. Since, in 
some cases, finding these zeros is itself a difficult problem, Newton’s method can 
be of assistance to us, so we apply the method to the following problem. 

3.2 Find the zeros of the derivative of 

g(~)= x4 + 4s3 - 4x2 - 1 6 ~+ 8. 

Solution: Differentiating and equating to 0, we obtain 

g’(x) = 4x3 + 12x2- 82 - 16 = 4(z3 + 3x2 - 2x - 4) = 0. 

So we are looking for the zeros of the function x3 + 3x2 - 22 - 4, which we call 
f .  To apply Newton’s method, we first calculate f’(x) = 3x2 + 6x - 2. Hence, 
(3.1) becomes 

or 

As our initial guess, we take 20 = 0, obtaining 

and 
- 1 6 + 1 2 + 4  0- - -=o ,-2 2  = 1 2 - 1 2 - 2  -2 
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so that we are back where we started! Henceforth, the terms of the iteration 
will just bounce back and forth between -2 and 0, and the sequence does not 
approach a root of f .  

Well, if xo = 0 doesn’t work, what should we try? Perhaps we should start by 
analyzing the function f .  Notice that f(0) < 0, while f(2) > 0, so that f has 
a zero on the interval (0,2). Similarly, f(-2) > 0, but f(-4) < 0. Thus, f 
has two more zeros, one in (-4, -2) and another in (-2,O). So we’ll choose 
xo = -3, -1 and 1 as our starting points in our attempt to locate the three 
zeros. We obtain the following results: 

XO -3 -1 1 
-3.28571429 -1 1.2857142921 

2 2  -3.23763999 -1 1.23763999 
23 -3,23606963 -1 1.23606963 
2 4  -3.23606798 -1 1.23606798 

Note that we were lucky in our choice of xo = -1, since we hit one of the zeros 
right on the head! 

3.3 Solve the equation f (x)  = x3 - 5x = 0, using Newton’s method (Figure 3-16). 

Solution: This problem can be solved easily by factoring, since x3 - 5s = 

Figure 3-16: Graph of f ( a )= x3 - 52 

x(x2 - 5), yielding x = 0 and x = &’& as solutions. But two important points 
will arise from the application of Newton’s method to this equation: 

0 A harmless looking starting value, xo, may fail to lead to a solution, even 
though nearby starting values do. 

0 We cannot easily predict which root the iteration will lead to. 
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Since f ( x )  = x3 - 52, f ' ( x )  = 3x2 - 5, so that (3.1) becomes 

or 

(3.24) 

Suppose we begin with xo = 1. Then (3.24) yields 

2 1  = a/(-2) = -1 
2 2  = -2/(--2) = 1, 

so that we are back where we started. The iteration will subsequently bounce 
back and forth between -1 and 1 like a ping-pong ball. 

Notice that, unlike xo = 0 in Example 3.3, here 20 = 1 does not appear to be a 
problematic point at all. There seems to be no way that we could ha,ve predicted 
the peculiar behavior of the iteration. 

Now let's try some other starting values. For example, if we choose xo = 2, then, 
from (3.24), we have 

2 1  = 2.285714286 

2 2  = 2.237639989 

2 3  = 2.236069633 

2 4  = 2.236067978, 

which is the correct value of f i  to 9 decimal places. 

Starting with xo = 1.5, we also get convergence to this root (although more 
slowly). But as xo gets closer to 1, however, funny things begin to happen. For 
example, choosing xo = 1.2 leads to 2 1  = -5.082352941, and it turns out that 
this sequence converges to the negative root, -6,even though the starting 
value, xo = 1.2, is closer to the positive root, A. 
Now try xo = 112. This time, we find that $1, converges rapidly to 0. A picture 
of the convergence pattern is as follows: 

0 If xo < -m,then 2, approaches -&; 
If -1 < xo < 1, then 2,  approaches 0; 

0 If xo > @,then x ,  approaches 4; 
0 If 20 = fJ5/3, then x1 does not exist (the denominator in (3.24) is 0); 

0 If xo = & l ,  the iteration oscillates between -1 and 1; 
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0 If -J5/3< $0 < -1 or 1 < z o  < J5/3,then the behavior becomes chaotic. 

For example, if $0 = 1.001, then 2, approaches &;but if $0 = 1.002, then 
x ,  approaches -a. -Similaxly, if xo = 1.00003, then x, approaches &; 
for $0 = 1.00004, however, x, approaches -45. 

We see that Newton’s method provides one of the easiest introductions to the 
phenomenon of chaos. 

3.4 Solve the equation f(x) = 0 for the function f(x) = dI3,using Newton’s method 
(Figure 3-17). 

Solution: (While it’s foolish to use the method here, since f is obviously 0 

= x  


Figure 3-17: New on’s method fails 

at IL: = 0, this example, nevertheless, will be instructive.) (3.1) becomes, quite 
simply, xn+1 = -22,. Suppose we choose 20 = 1/2. We then obtain 

x1= -1 
22 = 2 
2 3  = -4 
x 4  = 8, 

and so forth, so that the sequence clearly diverges. In fact, no choice of 20 will 
lea3d to convergence, other than 20 = 0. 

3.5 Suppose f ( z )  = 2x - 10, and let $0 = 1 be the initial approximation to the 
solution of f(x) = 0, using Newton’s method. Find 5100 (the approximation to 
the root of the equation f(x) = 0 after 100 iterations). 

Solution: We won’t solve this problem by a,ctually calculating the iterations, 
But rather by some straight-forwml reasoning. Since f is a linear function, its 
tmgent line coiiicides with the graph of f . Hence, 2 1  will already be the zero of 
f,na.mely, 21 = 5 .  
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3.6 Suppose that f ( r )  = 0, and that f ’ ( x )  and f “ ( x )are positive in the interval 
from x = r to x = 20 > r. Show that in this case z o  > x1 > x2 > . . . > r ,  so 
that the successive approximations converge down to r.  

Solution: Since f and f’are positive in [r,xo],the curve y = f(z) is increasing 
and concave up on that interval. Hence, the tangent to the curve at the point 
( x O , f ( x o ) )lies below the curve. (Draw a sketch.) As a result, the tangent line 
intersects the x-axis somewhere between r and 20, so that r < q < xo. Now 
repeat the same argument with $1 and 5 2 ,  obtaining r < x2 < z1 < 20, and 
continue in the same fashion to complete the proof. 

LINEAR APPROXIMATION AND TAYLOR POLYNOMIALS 

3.7 a. Compute the tangent line approximation to f(z> = & at a = 100 (Fig-
ure 3-6, page 63). 

b. Use this result to estimate m,m,and m. 
c .  What bound do you obtain on the errors, E1(101),E1(102) and E1(105)? 

d. Even though 101 is exactly as far away from 100 as 26 is from 25, note 
that the the error bound El(101) is much smaller than E1(Z6). Moreover, 
the actual error, Pl(101; 100) -a,is also smaller than the correspond- 
ing error, P1(26; 25) - &%. (Recall the notation P&; a) ,  introduced on 
page 62.) Similar results are true for 27 and 102, each 2 away from its base 
point, and for 30 and 105, each 5 away from its base point. Explain why the 
tangent line approximation is better near 100 than near 25 by examining 
the graph of y = ,,h(Figure 3-6, page 63). 

Solution: 

a. For f ( z )  = &, f ‘ ( x )  = 1/(2,/‘2), so that f(l0O) = &B = 10 and 
f’(100) = 1/20 = .05. Hence 

PI(.) = f ( 1 O O )  + j’(lOO)(x - 100) = 10 + . 0 5 ( ~- 100). 

b. Pl(101) = 10+.05(101-100) = 10.05, Pi(102) = 10+.05(102-100) = 10.1, 
and Pl(105) = 10 + .05(105 - 100) = 10.25. 

C. f”(z)= -1/(4x-’l2), so that 

where c lies between 100 and x. Hence, 
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Similarly, IE1(102)1 5 4/8000 = .0005 and &(105) = 25/8000 = .003125. 

d. The efficiency of the approximation is determined by how quickly the curve 
bends near the base point, a .  Now, the bending of the curve is controlled 
by the second derivative, and we saw that f"(x) is about .000125 near 100, 
while near 25 it is about 8 times as large. 

3.8 a. Derive the tangent line approximation to f i = x1l3 at a = 27, and use it 
to estimate m. 

b. Potentially how large is the error in this estimate? 

c. Compare your estimate obtained here with the value of given by a 
calculator, and show that the error is smaller than the predicted bound. 

Solution: 

a. For f (x)  = x1/3, we have f'(x) = ~ - ~ / ~ / 3 ,so that f(27) = 3 and f'(27) = 
1/27. Hence, 

1 
P l ( X )  = 3 + Z ( X  - 27)) 

so that Pl(30) = 3 + 1/9 = 3.111111111. 

b. With 27 < c < 30, we have 

f"(C)(x - 27)2 - - (X  - 27)2-
E&) = 2 9c5/3 ) 

so that 
9 2  1 
t)


1 ~ ~ ( 3 0 ) 1 =9c5/3 L &-- .004115226. 

c. From a calculator = 3.107232506. The actual error is .003878605, 
which is somewhat smaller than the error bound of .004115226. 

3.9 a. Compute P2(x;27) and P3(x;27) for fi. 
b. Use these results to estimate m. 
c. Compare these results with the estimate of obtained using Newton's 

method in Solved Problem 3.1. 

Solution: 

a. We need to know f"(27) and f"'(27) in order to compute P2 and P3. Since 

f'(x) 32-213,1 

we have 
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so that f”(27) = -212187 and f”’(27) = 10/177147. Thus 

P2(4 = PI(.) + f ” ( 2 7 ) ( ~- 27)2 
= 3 + -(x - 27) - (X - 27)21 

2 27 2187 

Similarly, 

1 -f”’(z) (z - 27)3 
= 3 + - ( ~ - 2 7 ) -

(X - 27)2 5 ( ~ 27)3
P 3 ( 4  = P2(.)+ 

+6 27 2187 531441 * 

b. Substituting 5 = 30, we obtain P2(30) = 3.106995885 and p 3 ( 3 0 ) )  = 
3.107249911. 

c .  Using Newton’s method we obtained 9 place accuracy with just 3 iterations. 
Here, the potential errors are much larger, with E2(30) 5 ,000236621 and 
E3(30) 5 .000017405. As we’ve seen earlier, Newton’s method, when it 
works, is exceptionally rapid. 

3.10 In Example 3.7 we estimated flfrom P3(5;25) and P 4 x ;  25). Since 35 is some 
distance from 25, a more eficieiit wa.y of calculating &is to use a perfect square 
closer to 35 as the base point. Using a = 3G, find the approximations to fi 
obtained from P n  for n = 1,2,3,  and 4. 

Solution: We’ll need the first 4 derivatives of f ( x )  = fi at the base point 
36. A straight-forward calculation yields f’(36) = 1/12, f”(36) = -1/1728, 
f”’(36) = 1/124416 and j ” ” ( 3 6 ) = -5/35S31SOS. Also, f(36) = = 6. Thus, 

(X - 36)
PI(.) = f(36) + f ’ ( 3 6 ) ( ~- 36) = 6 4-

12 

P](X)+f”(36)(x - 3G)2 (Z- 36) - (X - 36)2
P2(4 = = 6 +

2 12 1728 

P3(5) = P2(4 + f ‘ I / (  36)(z - 36)3 
= 6 +  

(X - 36)  - (Z- 36)2 (X - 36)3 
6 12 1728 124416+ 

P&) = P3(4 + f””(36)(~- 36)4 
24 

-(X - 36) - (X - 36)2 ( X  - 36)3 - 5 ( ~36)4 
+ 

= 6 +  12 1733 124416 35831808 

Substituting 2 = 35 into the above we obtain Pl(35) = 5.916667, p2(35) = 
5.916038, P3(35) = P435)  = 5.916080. The last two are correct to 6 deci-
mal places, so we’ve obtained a. much better approximation than when we used 
P,(z;25). 

3.11 Find Pn(z;O) for f ( ~ )= e r .  
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Solution: This is one of the simplest Taylor polynomials to compute, since all 
the derivatives of f are equal to ez. Hence f (0)  = f’(0) = f”(0) = - = 1 ,  so 
that 

3.12 Suppose we want to approximate fiusing Taylor polynomials, P,, for ex. 

a. What is the smallest value of n which will guarantee that the error does 
not exceed .001? 

b. Estimate f i by evaluating P,(.5) for the n found in the first part of this 
problem. 

Solution: 

a. We saw in the previous problem that the Taylor polynomial of e” of degree 
n about a = 0 is equal to 

Xn 
P n ( x ) =  1 + x +  

X 2  + -.- + a * *2! n! 

The error is given by 

where c lies between 0 and x. We have to determine a value of n which will 
guarantee that IEn(.5)1 < .001. Since ec is included in the error estimat4e, 
we need a bound on this term. While accurate estimates for e require more 
sophisticated analysis, we can use a cruder bound, namely, e < 3. Hence 
ec < e*5 < < 1.75. Let’s look at the error for, say, n = 3. 

1.75 ( .5)4 
= .0046.

IE3(.5>1< 4! 

Since this error is unacceptably large, we increase n to 4, obtaining 

IE4(.5)I< 1.75 ( .5)5
5!  = .00046 < .001. 

Thus n = 4 suffices. 

b. 
1 1 1P4(.5)= 1 + - + -1 + -+ -11.64844. 
2 8 48 384 

Since the exact value of fi = 1.64872 (to 5 decimal places), the actual 
error is .00028, which is well below the requirement. 
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3.13 Suppose that f ” ( x )  > 0 for all x in some interval [a- h,a + h] surrounding the 
point a. Show that the tangent line approximation at ( a ,f ( a ) ) lies below the 
curve y = f(x) throughout [a- h ,a  + h].  Hence, we see that in this case the 
tangent line underapproximates  the function. 

Solution: 

for some c between a and x .  If x E [a- h,a + h ] ,then c also lies in this interval, 
so that f” (c )  > 0. Since (z - a)220 for all x ,  we see that f ( x )  2PI(.) for all 
x ~ [ a - h , a + h ] .  

Supplementary Problems 

NEWTON’S METHOD 

3.14 Solve the equation ez = 3x by Newton’s Method. How many solutions are 
there? 

3.15 Use Newton’s method to approximate the following quantities: 

a. b. m. 
3.16 Find the root of the equation sinx = x - 1, using Newton’s method. 

LINEAR APPROXIMATION AND TAYLOR POLYNOMIALS 

3.17 Find PI, P2, and P3 for the following functions at the indicated points: 

a. sinx at a = 0. 

b. cosx at  a = 7r/2. 

c .  d m a t  a = 0. 

d. ln(1 + x) at a = 0. 

3.18 Find the error estimates, & ( a ) ,  for each of the functions in the previous prob- 
lem. 
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3.19 a. Find the second order Taylor polynomial P2 for the function f(x) = lnx 
at a = 2. 

b. Find an expression for the error, E,(x). 
c.  Find an upper bound for the error when &(x) is used to approximate 

f(3) = ln3. 

Answers to Supplementary Problems 

3.14 .6190612867 and 1.512134552. 

3.15 a. xo = 6, X I  = 6.583333333, 22 = 6.557489451, 2 3  = 6.557438524. 

b. XO = 2, X I  = 2.583333333, ~2 = 2.471441785, 2 3  = 2.466223133, 
2 4  = 2.466212074. 

3.16 XO = 1, X I  = 2.830487722, 22 = 2.049555245, 2 3  = 1.938656127, 
2 4  = 1.934568962, 2 5  = 1.934563211. 

Xd

3.17 a. PI(.>= P2(x) = X ,  P3(2)= x --

b. PI(x) = P~(x)- (x - s> 6 '  

= 

;)
 31 4)+ g (x -P3(x) = - (x -

X 

c. P*(x) = 1 + 2 

x2 
P2(x)= 1 + -x --
2 8 
x x2 


P3(x) = 1+ 5--+ -x3 
8 16 

X 2 
P2(x)= x --
2 
x2 x3

P3(x) = x --+ -
2 3 

3.18 a. E3(x)= 
(sin c) x4 , for some c between 0 and x.

24 
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= -(COSC) (x for some c between 7r/2 and x.b. E~(x) 1 -34,
24 

5 x4 
E3(x) = -128 (1 + c)7/2' for some c between 0 and x. 

d. 
x4 

4 ( 1  + c ) ~ '  
for some c between 0 and x.E ~(x)=-

3.19 a. 
(x - 2) - (5- 2)2 

2 8
P~(x)= 1n2+ 

b- Ez(4= (' 3c3- 2)3, for some c between 2 and x. 



Chapter 4 


The Integral 


4.1 Motivation 

The second major concept of calculus is the integral, a topic perhaps even richer in 
applications than the derivative. The derivative concentrates on local features of func- 
tions, for example, the slope of a curve at a point (Figure 4-1),or the instantaneous 

Figure 4-1: Slope of the curve at P 

velocity of a moving body. The integral, on the other hand, is concerned with global 
properties, such as the total distance covered by a moving body, the area under a curve 
over some interval (Figure 4.2), and so forth. As we’ll see, the integral displays once 
again one of the basic themes of calculus: The progression from simple, well-understood 
ideas to more sophisticated ones. Just as in Chapters 2 and 3, Approximation -Refine-
ment -Limit (A-72-L) will be the method we employ over and over as we develop 
important tools which are used to solve a variety of problems in many different areas. 
The examples that we’ll explore include velocity and distance, force and work, and area, 
but there are many additional applications of the integral; we’ll study some of them in 
Chapter 5. 

89 



90 THE INTEGRAL [CHAP. 4 

Y 

a 6 

Figure 4-2: Area under y = f(z) from a to b 

4.1.1 Velocity and Distance 

What We Know: The total distance traveled by a body moving with constant 
velocity. 

What We Want To Know: The total distance traveled by a body moving with 
non- co nst an t velocity. 

How We Do It: Approximate the non-constant velocity function with velocity 
functions which are constant on subintervals. 

As we have seen in Chapter 2, one of the fundamental problems of calculus is 
the connection between velocity and distance. The computation of the instantaneous 
velocity when we know the distance function was one of the key ideas which motivated 
the derivative. In this chapter, we turn things around: We use our knowledge of the 
velocity function in order to compute the distance. We will see, for example, that 
if the odometer of an automobile is broken, we can still compute the total distance 
traveled, provided the speedometer is working and that we have a complete record of 
our instantaneous velocity at each moment of our trip. We begin modestly, with the 
familiar formula, d = r t ,  valid for a body moving along a straight line with constant 
velocity. Our first step is to give a geometric representation of this formula. 

Suppose a body moves along a straight line starting at time to  and ending its journey 
at time t l ,  moving throughout with constant velocity, r .  Then, according to the d = rt 
formula, the distance covered is r(t1 - t o ) .  Consider, now, a rectangle of height r ,  
extending from t o  to t l ,  whose area, of course, is equal to r ( t l  - t o )  (Figure 4-3). Hence, 
the distance traveled is equal to the area of an appropriate rectangle. 

Now suppose that the velocity of the body changes once, so that the velocity is 
r1 from time t o  to time tl and r2 from tl to t 2  (Figure 4-4). It is clear that the total 
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t t 
starting time ending time 

Figure 4-3: Motion with constant velocity 

velocity 
t 

Figure 4-4: Velocity changes once 

distance covered is r& - t o )  +r& 4 1 ) .  We also see from Figure 4-4 that this distance 
is equal to the sum of the areas of the two rectangles. 

It is easy to extend this result to a situation in which the velocity of the body 
changes several times. Suppose that the velocity is rl from time t o  to time t l ,  the 
velocity is 7-2 from t l  to t 2 ,  and so forth, with the final velocity being rn from tn-1 

to t n  (Figure 4-5). (The function whose graph is displayed in Figure 4-5 is called a 

velocity 
4 


Yt t t 

...... 'r' t -timet2 t3 ...... tn-2 tn-1 tn 

Figure 4-5: Several changes in velocity 
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step-function.) Then the total distance covered is equal to 

Once again, this distance is equal to the sum of the areas of the n rectangles seen in 
Figure 4-5. 

An aside for some notation: Lengthy sums, as in equation (4.1), are a feature of 
the integral. To conserve space and in the interest of clarity, the sigma notation was 
devised to simplify complicated sums, as follows. 

Instead of writing a sum such as a 1  + a2 + . + an, we write 

This is read: “The sum from i = 1 to n of a sub-2.” a; is the general term of the sum 
and i is called the index of summation. We successively replace i by all integer values 
starting at the smallest value of the index, 2 = 1, and continuing till the largest value, 
i = n,  and add up the resulting terms. This shorthand tells you, for example, that the 
sum 

1 1 
1 + -

1 + - + * * . +  -
2 3 100 

can be written as 

while the sum 

1 + 3 + 5 + * * a  + 29 

is abbreviated to 
15

C(2i- 1). 
i = l  

(Note: Every odd number can be written in the form 2i 1, and there are exactly 15 
terms in the sum.) Hence, the sum in (4.1), 

t n - 1 )  

can be written as 

(4.2) 

This notation can be further simplified by defining Ati = t i  - t i - 1 ,  thereby reducing 
(4.2) to 

n 

i = l  
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Remark 4.1 The letter i used for the index is called a ‘dummy variable.’ i can be 
replaced by any other letter, such as k. Thus Er==,a; and E;=, a k  are both shorthand 
for the sum a1 + a2 +.  + an. We could also write cy=laj or a1 to represent this 
sum. 

Exercise 4.1 Evaluate: 

Exercise 4.2 Abbreviate the following sums using the sigma notation: 
a. 2 + 4 + 6 + . + 18 + 20; b. albl + a2b2 + + a,b,. 

For more details on the sigma notation, consult your textbook. 

We have now arrived at the main problem, the transition from step functions to 
arbitrary continuous functions. Suppose the velocity function of a body moving along 
a straight line is v = r ( t ) ,  a 5 t 5 b, (Figure 4-6). What is the total distance 

velocity 

I 
I I time 
a b 

Figure 4-6: Graph of a velocity function 

covered by the body? We are not yet in a position to give an exact answer to this 
question. Instead, in line with our general approach to problems in calculus, we begin 
with an approximation. We replace the function v = r ( t )  with an appropriately chosen 
step-function, obtained as follows: Select a number of points in the interval [a ,b ] ,  and 
label them t o ,  t l , .  . . , t,, where t o  = a and t n  = b. We now pretend that the velocity A 
of the body is constant in each of the intervals, [ti-l,ti],i = 1 ,2 , .. . ,n. But which 
constant should it be? There are many ways of choosing the values of the approximate 
velocity on the intervals, [t;+ t;].  We could, for example, choose the largest value of 
the function, r ,  in each of the subintervals. This choice gives a so-called upper sum, 
which is greater than the actual distance traveled. Or, we could choose the smallest 
such value, to obtain a lower sum, which is smaller than the actual value. These choices 
lead to the pictures seen in Figures 4-7 and 4-8, respectively. 

0 
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velocity 
A 


...... 
time 

Figure 4-7: Choosing largest values yields an upper sum 

velocity 

time 

Figure 4-8: Choosing smallest values yields a lower sum 

Another possibility is to always choose the value of r at the left-hand endpoint of 
each subinterval [t;-l,t i ]  or, alternatively, at the right-hand endpoint. The approach 
that we adopt, however, is to arbitrarily choose a point c; somewhere in the interval 
[ t i - l ,  t;] ,and replace r by r(c;) in [t i- l, t i ] ,i = 1,2,. . .,n (Figure 4-9). 

Remark 4.2 By “arbitrarily,” we mean that the method of choice of c; is not specified. 
We could pick the left-hand endpoint of each subinterval; or,  as in Figure 4-7, the 
point at which r achieves its maximum value in the subinterval; or we could choose c; 
through some random process, say by ‘throwing a dart’ at the subinterval. It will turn 
out that although the method used to choose c; will generally influence the intermediate 
computations, it will have no effect on the ultimate outcome. The proof of this result 
is beyond the scope of this work, but can be found in textbooks on advanced calculus. 

The step-function we have obtained is an approximation to the velocity function, 

A r .  Hence, by Equation (4.3), the total distance covered is approximately equal to 

n 


r (c; )At ; .  (4.4) 
i=l 
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velocity 

Figure 4-9: Choosing arbitrary points, c; 

As before, expression (4.4) has a geometric interpretation: It is the sum of the areas of 
the rectangles in Figure 4-9. 

We now refine our approximation by further subdividing the interval [u,b]into a 
larger number of subintervals. We expect that as the number of subintervals grows, the R
upproximute distance covered comes ever closer to the exact distance covered by the 
moving body. 

Remark 4.3 As opposed to the situation with the derivative, where for some func- 
tions (such as 1 ~ ) )the refinement process can fail to improve the approximation, the 
integral is much better behaved. Only for severely ‘pathological’ functions (which will 
never occur on an exam!) does the procedure fail. In particular, it works for all con-
tinuous functions. 

As we continue to refine the approximation, Figure 4-9 is superseded by Figures 4-10 
and 4-11. Now, to obtain the exact value of the distance covered, we pass to the limit. 

velocity 
A 


I 

...... 
.time 

a ...... b 

Figure 4-10: Refined approximation 

In other words, we imagine that the process of subdividing the interval [U ,  b] continues 
c 
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velocity 

time . . . . . .  6l a 

Figure 4-11: Further refinement 

indefinitely. Thus, the total distance covered is equal to 

n 


lim r(c;)At;. (4.5) 
i=l 

(The precise definition of the limit in (4.5) will come in Section 4.2.) But what is the 
geometric interpretation of the exact distance covered? There’s nothing more natural 
than to say that the total distance is equal to the area under the curve v = r ( t ) ,  for 
a L t < b .  

Up to this point, the only case we have considered is one in which the velocity 
function, r ,  is positive on the interval, [a ,b ] .  In this case, the approximating rectangles 
all lie above the t-axis and, as we saw, the sum of their areas is an approximation to 
the total distance covered by the moving body (Figure 4-9, page 95). We now wish to 
allow r to be negative, as well. 

But what can we possibly mean by a negative velocity function? (No, it does not 
mean that the body is moving backwards in time!) To understand this idea of negative 
velocity, let’s distinguish velocity from speed. The speed of a body tells only how fast 
it is moving, while the velocity also specifies its direction. (In technical terminology, 
speed is a scalar quantity, having only magnitude, while velocity is a vector quantity, 
having both magnitude and direction.) The distinction between speed and velocity is 
important: If you are caught driving 80 miles per hour, then your fine for speeding will 
be the same regardless of the direction you were heading. On the other hand, if you 
are going 50 miles per hour and collide with another car going 45 miles per hour, then 
it certainly does matter whether the two cars were heading in the same or the opposite 
direction. 

Now, how is the direction of motion specified? (Recall that, in this section, we are 
discussing only motion along a straight line.) We choose one direction along the line, 
say northward, to be the positive one: A body moving in that direction will be said to 
have positive velocity. If the body moves in a southward direction, its velocity will be 
negative (Figure 4-12). 
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North (positive velocity) 

South (negative velocity) 

Figure 4-12: Direction of motion 

Now, how does all of this fit in to what we’ve done thus far? Let’s look at the 
situation geometrically, again. Suppose a car leaves home and travels North for 3 hours 
with a velocity of 50 miles per hour. It then turns around and travels South for 2 hours, 
with a velocity of -40 miles per hour (Figure 4-13). Where is the car at the end of this 

velocity (MPH) 

I
I I 

I 
I t time (hours) 

0 31 i5 
I I 
I I 
I I 

I I-40 .I I 

Figure 4-13: Displacement 

5-hour trip? Well, it moved 3 50 = 150 miles in the positive direction (North), and 
then came back towards its home (moving South) a total of 2 . 4 0  = 80 miles. So the 
car’s displacement-how far it is from home-is 150 - 80 = 70 miles. We see, that in 
computing how far we are from home (the starting point), we must subtract. In other 
words, the displacement is equal to 

3 50 + 2 - (-40) = 150 - 80 = 70 miles. 

Notice, that we are talking about the displacement from the starting point, that is, the 
distance from home, and not the total distance covered by the car, which is equal to 

3 - 50 + 2 I - 40) = 150 + 80 = 230 miles. 

So in computing the displacement, we consider the area of the second rectangle in 
Figure 4-13 to be negative, while that of the first is positive. In the general case, we add 
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the areas of rectangles lying above the t-axis (those with positive velocity). From this 
sum, we then subtract the sum of the areas of those rectangles lying below the t-axis 
(those with negative velocity). Hence, the sum, 

n 

is an approximation to the displacement of the body from its starting point, and the 
exact value of the displacement is equal to 

n 

lim r(ci)Ati. 
i=l 

On the other hand, the total distance traveled by the body is given by 

n 


l i m x  Ir(c;)lAt;. (4.7)
i=l 

(4.7) is true because Ir(t)l is a positive function, bringing us back to our original situ- 
ation (4.5). 

4.1.2 Work 

n-
We turn now to another physical problem which will help motivate the integral. 

What We Know: The work done by a constant force acting on a body. 

What We Want To Know: The work done by a non-constant force acting on 
a body. 

How We Do It: Approximate the non-constant force by forces which are constant 
on subintervals. 

Suppose a constant force, F ,  is applied in moving a body along a straight line from 
a point 5 0 to another point 5 1 ,  say pushing a desk across a room. Then the work done, 
W ,  is defined to be the product of the force and the distance covered. Symbolically, 

W = F x ( 2 1  - ~ 0 ) .  

For example, if you push the desk with a constant, unchanging force F = 10 over a 
distance of 8, then the work will be 10 x 8 = 80. Let us again translate this formula 
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force 
b ‘ t  

Figure 4-14: Work when force is constant 

geometrically (Figure 4-14). As before, the work is given by the area of a rectangle, 
whose height this time is F and whose base is x1 - 20. 

Now turn back to Figure 4-3 (page 91)’ where we were dealing with distance rather 
than work, and notice that it is identical to Figure 4-14, except for a change of letters 
and the labeling of the axes. Let’s go on. It usually isn’t possible for a person to push a 
desk with a constant force for a long distance. A more realistic situation is one in which 
for a while the applied force is one constant, F1, and another constant, FZ, thereafter. 
The total work done is now F&l- s o )  +Fz(z2 - zl) .  This leads to Figure 4-15, which 
looks suspiciously like Figure 4-4 (page 91). 

A 
c 


- position 
20 2 1  2 2  

Figure 4-15: Force changes once 

Now suppose that the desk has to be pushed for a very long distance, which is tiring. 
The force behind the pushes might now look like Figure 4-16, with the total work equal 
to 

n 

i=l  

Just as in our earlier discussion of distance, the work done has the geometrical signifi- 
cance of being equal to the sum of the areas of the rectangles in Figure 4-16. 

The extension to the general case is now clear (Figure 4-17). When the force function 
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position 

Figure 4-16: Several changes of force 

force 

II I t position 
a 6 

Figure 4- 17: Force function 

is a curve, we proceed as in Section 4.1.1. We approximate F by a step-function obtained 
in the following way: 

A 1. We partition the interval [a, b] with a set of points, x O , q ,  2 2 , .  . . ,xn  (where 20 = a 
and x, = b);  

2. We arbitrarily choose a point ci in [q -~,xi],and 

3. We let the step-function take on the value F(c;)on this subinterval (Figure 4-18). 

Hence, the work is approximately equal to 

F (C1)AZ;. (4.9) 
i=l  

We next refine the approximation by further subdividing the interval [a,b] (see Figure 4-
19). To obtain better and better approximations to the actual work done we continue R. the process of subdividing the interval [a,b] (Figure 4-20). 

But how do we obtain the exact value of the work done? For this, we must pass to 
the limit, which is done by continuing the process of subdivision indefinitely. By doing 
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force 

position 

Figure 4-18: Approximating the force function 

force 

4 
I 

. . . . . .  

I I posit ion t 
. . . . . .  bI a 

Figure 4-19: Refined approximation 

force 
4 

__c position ...... I 

Figure 4-20: Further refinement 

so, we find that the total work done by the force function y = F ( z )in pushing the desk 
is equal t o  

n 

lim F(ci)Az; .  (4.10) 
i=l  

c 
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Once again, it is natural for us to associate this limit with the area under the curve, 
y = F(x) ,  a 5 x 5 b. 

As in the previous section, we now consider force functions which are either negative 
or of variable sign. (Force, like velocity, is a vector quantity. The force of lifting a book 
is a positive one, but the force of gravity, which pulls the book down is a negative one.) 
In this case, however, there is no change in the definition: We define the work done on 
the body by (4.10). 

4.1.3 Area 

n
I 

We have seen that two different problems led to the same solution. Both total 
distance and total work have been shown to be equal to the area under a curve. While 
this may seem like a nice way to solve these problems, we are a bit taken aback when 
we realize that we don’t know how to find the area under very many curves! Unless the 
function is linear or a semicircle, we are stymied. We have, in fact, arrived at a third 
and very important problem: 

Find the area under y = f(x),  a 5 x 5 b. 

What We Know: Area of a rectangle. 

What We Want To Know: Area of a region of the plane under an arbitrary 
curve. 

How We Do It: Approximate the arbitrary region with a set of rectangles. 

There is no need to go through the various stages of approximation, refinement and 
limit, since it is clear how to proceed from our work in Sections 4.1.1 and 4.1.2. The 
area is equal to 

n 

lim f (c;)Ax,. (4.11) 
k l  


Equation (4.11) assumes, of course, that the function f is positive on the interval 
[a,b]. If f can also assume negative values, then we no longer speak about the area 
under the curve, but rather about the area between the curve and the z-axis. This area 
is defined to be 

n 

l i m x  If(ci)(Azi. (4.12) 
i= l  

(4.12) is analogous to (4.7) for calculating the total distance. 
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Let’s take stock of the situation. The expression 

n 

lim f (ci)Axi 
i= 1 

has now appeared in three separate contexts, first in connection with velocity and 
distance (4.5), then in our study of work (4.10), and finally, here, where we considered 
area (4.11). As an idea that keeps showing up, isn’t it time to give it a name? We turn 
to that task in the next section. 

4.2 Definition of the Integral 

Let f be a bounded function on the interval [a ,b] .  (Note: f is bounded on [u ,b ]  if 
there exists a number, M ,  such that I f  (x)1 _< M for all x in [a ,b ] . )  Let a = xo < x1 < 
22 < . . . < x n  = b be a set of points which partitions the interval [a ,b] ,and let ci be an 
arbitrary point in the subinterval x i ] ,  i = 1 , 2 , .. . , n. The expression 

n 

lim C f (c i )Axi  (4.13) U 
i=l 

is called the definite integral of f ( s )on [a ,b]. 
We’ve been somewhat vague up to this point about the limit in (4.13))the nature of 

which is different from the one that we encountered in connection with the derivative. 
From our earlier discussion in Section 4.1 we have a fairly good intuitive idea of the 
process: The subdivision of the interval [a ,b] continues indefinitely, by adding more 
and more points. So it seems plausible to say that the limit in (4.13) consists of letting 
n (the number of subintervals) tend to infinity. Well, this idea may be plausible, but, 
unfortunately, it is also wrong! For consider the picture in Figure 4-21. The number 

C bI a 

Figure 4-21: Partially refined partition 

of partition points (or the number of rectangles) is very large here. Between U and c ,  
the approximation of the function by the step-function (and of the area by the sum 
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of the areas of the rectangles) is excellent. But over the entire interval, [a,b] ,  the 
approximation is not very good, because it is not sufficiently refined. In other words, 
the refinement stage here consists not merely of increasing the number of rectangles. 
We must also make sure that the partition is not a coarse one. We accomplish this 
as follows: Denote by P the partition of [a ,b].  That is, P is the set consisting of the 
points {zO,zl,..., xn}. We now define the mesh of the partition, denoted by IlPll, to 
be the largest of the subintervals. Thus, llPll = max(z; - i = 1,2 , .  . . ,n. The 
key to the refinement process, which causes the approximation to improve (at least for 
reasonable functions), is to make sure that llPll tends to 0. Note that in Figure 4-21, 
IlPll is equal to ( b  - c ) ,  which is large, even though the other subintervals are small, 
so that the partition is coarse. The complete definition of the definite integral becomes 
the following: 

n 


(4.14) 

where xi and c; have the same meaning as before. 
Note that a simple way to guarantee that llPll goes to 0 is to insist that the subin- 

tervals in the partition be equally spaced, so that z; - 5;-1  = ( b  - a ) / n .  In this case, 
llPll --$ 0 is equivalent to n + 00. However, there are situations in which the flexibility 
of a nonuniform partition is useful, so we allow for it in the definition. 

Remark 4.4 The definite integral defined above is also known as the Riemann integral 
(named after the 19th century mathematician, George Bernhard Riemann), and the 
sums (4.4), C;"=lr(c;)(t;- t j - l ) ,  or (4.9), F(c; ) (z i- z;-l), are called Riemann 
sums. Hence, we see from (4.14) that the Riemann integral of a function is the limit, 
as the mesh of the partition tends to 0, of Riemann sums of the function. Many of the 
applications of the integral depend upon our being able to recognize specific Riemann 
sums. 

Before considering some examples, we turn to the notation for the integral. 

4.3 Notation for the Integral 

As opposed to the derivative, for which there are at least two widely used notations, as 
well as a number of less common ones, the notation for the integral is almost universal. 
The integral of f on the interval [a ,b]is denoted by 

Since the integral is the limit of the Riemann sums (4.14), we have, symbolically, 
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4,3.1 Riemann Sums 

Let's use this notation in conjunction with Riemann sums. In all of the following 
formulas it is assumed that f is defined on an interval [u,b],that there are partitions 
of the interval, P ,  given by U = xo < 2 1  < . . . < xn = b, and that ci E [ x i - l , ~ i ] ,  =i 
1 ,2,...,n. 

For example, a Riemann sum for the function f ( x )  = x2  on the interval [a,b]is 
given by C;=,(~i)~Azi.Hence, the integral of x2 on this interval, 

r h  n 

x2dx  = lim C(C;)~AX;.Ia" IIPll+O i=l 

Similarly, 

since for f ( x )  = x / ( l  + x )  we have f ( c i )  = C i / ( l  + ci). Other examples of Riemann 
sums and their limits are: 

The last three examples were not chosen randomly; they all involve important applica- 
tions of the integral, and our ability to recognize these and other Riemann sums is the 
key to the solution of these problems. 

Often, when a sum includes a term Axi ,  it either 
is, or can be manipulated into, a Riemann sum. 

Exercise 4.3 Write down Riemann sums for the following functions: 
a. f ( x )  = a:2 + 3a: + 1 on the interval [a,b] .  
b. f ( x )= x + cos x on the interval 10,r] .What are xn and xn in this case? 
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Exercise 4.4 Express the following limits of Riemann sums as integrals (here P is a 
partition of [0,I]). 

I 

Remark 4.5 A shortcoming of the notation for a Riemann sum is the lack of indica-
tion of the underlying interval, [U$] .  It is, however, understood that such an interval 
exists, and that P is a partition of that interval with z o  = a and z, = b. 

Let’s try to get a feel for how we apply the definition of the definite integral. We’ll 
begin with a very simple example, one for which we already know the answer without 
the use of calculus, but one which will be quite instructive, nevertheless. 

Example 4.1 Find the area under the line y = x ,  0 5 x 5 1 (Figure 4-22) .  

Y 


Figure 4-22: Graph of y = x 

Solution: The area under this straight line is clearly 1/2, but let’s go through the 
calculation using the definition (4.14), 

We choose the partition P of [0,1] to be an equally spaced one. Hence, with n points, 
xo = 0, x1 = l /n ,  2 2  = 2/72, and, in general, xi = z/n. Thus A x ;  = l /n ,  and 

is equivalent to 
lirn . 

n+m 

For qe points ci we choose the right-hand endpoint of each subinterval, c; = i /n.  
( R e d  that the choice of c; is at our discretion.) Thus, (Figure 4-23)  
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Y 


7 


n n n n n 

Figure 4-23: Choosing right-hand endpoints 

i 1  

= lim E--

n+oo 
i=1 n n  

1 ”  
= lim -C; (4.15)

12-00 n2 
i= 1 

In order to complete the solution of the problem, we need to know how to evaluate the 
last sum. (Notice how complicated things are getting, and all we’re trying to do is to 
find the area of a triangle!) Fortunately, sums of this type have been computed, using 
techniques that have nothing to do with calculus. It is known that 

n(n + 1) 
(4.16)

2i= 1 

(This is simply the sum of an arithmetic progression.) Substituting (4.16) into (4.15) 
yields 

n ( n + 1 )  - -1
xdx = lim -

n+oo 2n2 2 ’  

Well, that’s a great deal of work to verify a result that we already know! Imagine what 
will happen when we tackle something new! Let’s try. 
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Example 4.2 F i n d  the area u n d e r  the parabola IJ = x2, f o r  x between 0 a n d  1 (Fig-
ure 4-24). 

/ I 

/ Ip'

// I 

5 


Figure 4-24: Graph of y = x 2  

We proceed in a manner similar to Example 4.1, choosing an equally spaced partition 
consisting of the n points x;= z/n, and again letting ci = i / n  (Figure 4-25). We obtain 

- x 

1 

Figure 4-25: Choosing right- hand endpoints 
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To evaluate this expression we use a formula similar to (4.16), namely, E;"=,i 2  = 
n(n  + l)(2n + 1)/6 which is equal to (2n3  -t 3n2 + n ) / 6 .  Substitution yields 

i 1 x 2 d x  = n-cclim 

2n3 + 3n2 + n 
= lim 

n+cc 6n3 

2n3(1 + & + +)
= lim 

n+cc 6n3 

= lim 
n-cc 

since 

So we have succeeded in getting a new result, but look at the price we've paid 
in terms of the work involved! It seems unlikely that this approach will be of much 
practical use, unless we can develop a method which allows us to circumvent this clumsy 
definition. This development will take place in the next section. 

4.4 Computational Techniques 
It is clear from the examples we examined in the previous section that the computation 
of integrals using the formal definition is exceptionally clumsy. But what can we do to 
remedy this situation? We have to search for alternative methods which are consider- 
ably simpler. Fortunately, this was done for us by Isaac Newton and his contemporaries 
more than 300 years ago. Known as the Fundamental Theorem of Calculus, its the- 
oretical importance cannot be overstated, since it connects the two main concepts of 
calculus, the derivative and integral. For our purposes here, however, it can be thought 
of primarily as a shortcut, which allows us to compute integrals without using defini- 
tion (4.14). We do not prove the fundamental theorem; instead, consult your text for 
a complete discussion and proof of this major result. 

The Fundamental Theorem of Calculus replaces one problem - calculating a defi-
nite integral -with another: That of finding an antiderivative of a function (explained 
below). If the latter problem, which on the surface appears to be totally unrelated to 
the first, is solvable (it isn't always), then the solution provides an easy method for 
evaluating the integral. 

By an antiderivative of a function f on an interval [a,b]we mean another function, g ,  
with the property that g ' (x )  = f (x )  for all x in [a,b].  For example, x2 is an antiderivative 
of 22. So, for that matter, is x 2+ 5 or x2 + C, where C is any constant (Figure 4-26).  

1-1 



110 THE INTEGRAL [CHAP. 4 


Y 


+ 5s 2 

Figure 4-26:Antiderivatives of 22 

Similarly, sin x + C is an antiderivative of cos x for any constant C. Thus, we see that 
antiderivatives are not unique, which is not surprising, since, geometrically, knowledge 
of the derivative of a function merely specifies the slope of its graph at each point, and 
the slope by itself does not determine the position of the curve, but only the direction 
in which it is moving. However, it can be shown that the graphs of all antiderivatives 
of a function are vertical shifts of one another (see Figure 4-26). In analytic terms, this 
means that if g is some antiderivative of f ,  then any other antiderivative of f must be 
of the form g + C, for some constant, C. 

But what do antiderivatives have to do with integrals? Let’s return to our examples 
of Section 4.3. In Example 4.1 we showed that Jtx dx = 1/2. Suppose we change the 
interval of integration from [0,1] to [0,b]. Rather than employing the same technique 
that we used in Example 4.1, we merely note that we are now finding the area of an 
isosceles right triangle with legs b. The area of a such a triangle is clearly b2 /2 .  Thus 

Turn next to the most general interval, [a,b]. We find here that 

(This integral is simply the area of one triangle minus the area of a second.) 
Now, let’s repeat these steps in connection with Example 4.2. By a computation 

similar to that done in the original problem (the details are in Solved Problem 4.10), 
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we can first show that 
b3 

JObx2 dx = -
3 '  

and then that 
b3 a3

[ x 2  dx = ---
3 3 '  

Can we make any sense of these results? Well, let's look for a connection between 
the integrands, x and x 2 , and the outcomes of these calculations. 

b2 a2 
arose from integrating x;

2 2 

b3 a3 
arose from integrating x2 .  

3 3 
Now x 2 / 2  and x 3 / 3  are antiderivatives of x and x2 ,  respectively. So it appears 

from these examples that a simple method for computing a definite integral consists of 
finding an antiderivative of the integrand, and then subtracting its value at the lower 
limit of integration from its value at the upper limit. The Fundamental Theorem which 
follows confirms that our guess is correct. 

Theorem 4.1 (The Fundamental Theorem of Calculus) 
If g is any antiderivative off, then 

(4.17) 

The Fundamental Theorem often makes the calculation of integrals quite trivial. 

Example 4.3 Compute J l ( x 2  - 32 + 5) dx.  

Solution: An antiderivative of f(s)= x 2  - 3x +5 is g(x) = x3 /3  - 3x2 /2+52. Hence, 
from (4.17), 

1 3 23
1 ' ( ~ ~ - 3 ~ + 5 ) d ~ = g ( l ) - g ( O ) =  2 + 5 = - 6 '  

Look how easy it is to evaluate this integral using the Fundamental Theorem, especially 
in comparison with our earlier computations in Example 4.1 (page 106) and Example 4.2 
(page 108). 

Example 4.4 Compute Jix k  dx .  

g ( x )  = xk+' / (k  + 1)  is an antiderivative of x k ,  so that 
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Example 4.5 
7r


cosxdx = sin - - sin0 = 1. 
2 

Further notation: Because the expression g ( b )  - g(a)  occurs so frequently in this 
subject, it is convenient to abbreviate it. We write 

Thus, for example, if g ( x )= x3/3, then g ( 1 )  - g(0) is written as 

The advantage of this notation lies in the fact that we no longer have to give a ‘name’ 
to an antiderivative of a function. Previously, if we wanted to evaluate, say, Jt z2dx by 
the Fundamental Theorem, then we had to ‘say) the following: 

0 g ( x )= x3/3 is an antiderivative of x2 (‘naming’ the antiderivative). 

With our new notation, we simply write 

Let’s explore this new notation some more. The standard notation for the an-
tiderivative of f is 

J f ( $ 1  dx. 

But wait! 
rb 

is the notation for the definite integral. How can we tell them apart? The answer is easy 
(although the similarity of notation may still be troublesome): The definite integral has 
numbers at the top and bottom of the integral sign, J. Thus, J: x2da: represents the 
definite integral of x2 on the interval [0,1]. It is a number (1 /3  in this case). On the 
other hand, J x2dx represents an antiderivative of x2 ,  It is a function ( x 3 / 3  is one such 
antiderivative, x3/3 + 10 is another, and x3/3+ C is the most general one). 

O.K., so we see the difference between J: f (2)dx and J f ( 2 )dx. But isn’t it absurd 
to represent two distinct concepts with symbols so similar that confusion is likely to 
result? The Fundamental Theorem of Calculus contains the answer: The two concepts 
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are intimately linked. In fact, using the notation just introduced, we have, by the 
Fundamental Theorem, 

since J f(x)  dx instructs us to find an antiderivative of f and the symbol [ ]It tells us 
to subtract the value of this antiderivative at a from its value at b. For example, 

rX31i1 1 o 1L1x2dx = [ /x2ds  

r 7rl2 r r  r / 2  
cosxdx = I/cosxdx]l = sinx1,"'2 = 1 - 0  = 1. 

10 ' 0 

(Note that we wrote Jx2dx  = x3/3 and not x3/3 + C, which is the most general 
antiderivative of x2. The reason for this is that the Fundamental Theorem of Calculus 
allows us to use any antiderivative and we chose the simplest one.) We see that the 
Fundamental Theorem and the notation J f (2)dx for antiderivatives give us a super 
shorthand for the evaluation of definite integrals. 

Exercise 4.5 Evaluate the following definite integrals using the Fundamental Theo- 
rem: 
a. Jt(x2 + 3x -4) dx; b. J:(x + cos x) dx. 

Because the use of antiderivatives so simplifies the computation of definite integrals, 
extensive techniques for the calculation of antiderivatives have been developed. You 
can find these methods in the chapter of your text entitled Techniques (or Methods) 
of Integration. Here, we present a short table of integrals which includes some of the 
most important functions. 

Table of Integrals 

xn+l 

3. / x n d x =  -+c,n # l
n + l  

5 .  /s inxdx = -cosx + C 

0 
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6. 1cos x dx = sinx + C 

7. J tan x dx = - In I cos X I  + C 

8. / cot z dx = In I sin x I + C 

9. J s e c s d z = l n / s e c z + t a n z l + C  

10. J c s c x d x = - l n I c s c x + c o t x l + C  

11. Jsec'xdx = t a n x + C  

12. 1csc'x dx = - cot x + C 

13. J s e c x t a n x d x  = secx + C 

14. J csc x cot x dx = - csc x + C 

15. J e x d x  = ex + C 

16. J a x d x  = -
ax + c

In a 

dx
17. = sin-' x + C 

dx
19. J = sec-' x + C 

20. Jxexdx = xex - es + c 

21. J l n z d x  = x l n x  - x + C 

22. J x sin x dx = sin x - x cos x + C 

23. 1x cos x dx = cos x + x sin x + C 

ex
24. 1ex sin x dx = -(sin x - cosx)+ C

2 
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ex

25. ~ e x c o s x d x =- (cosx+s inx )+C

2 

4.5 Applications of the Integral 

There are numerous applications of the integral, in areas which include mathematics, 
all of the sciences, engineering, medicine, economics and other social sciences. In math- 
ematics, we find areas of irregularly shaped regions, volumes of certain 3-dimensional 
solids, and lengths of curves by means of integrals. The integral arises in probability 
theory, and, in calculus, it is used to define new functions (for example, the natural 
logarithm). In physics, the integral allows us to compute liquid pressure in a tank, the 
flow of a fluid through a pipe (or blood vessel), and the center of gravity of a body. The 
integral also appears in population growth and finance. You will find many of these 
applications in your text, generally in a chapter entitled Applications of the Integral. 
In this book, we’ll study a few of the applications, which are found in the next chapter. rl 

Solved Problems 

4.1 Suppose the interval [0,2] is subdivided by the partition P = (0, $,1, 4, $,2). 
What is llPll? 

Solution: The mesh of the partition is the largest subinterval. In this case, 
IPII = 213. 

4.2 Compute Riemann sums which approximate the integral I;(11s)dx by parti- 
tioning the interval [1,2] into 4 equal subintervals, and taking c;, i = 1,2,3,4 
to be 

a. the right-hand endpoint of each subinterval 

b. the left-hand endpoint of each subinterval 

c. the midpoint of each subinterval. 

Solution: In all of the cases Ax = .25, and the partition points are xo = 1, x1 = 
1.25, 2 2  = 1.5, 23 = 1.75 and 2 4  = 2. 

a. Here, c; = x;, i = 1,2,3,4, so the sum becomes 

1 1 1 1+ -+ -+ -1 .25 = .6345.[-
1.25 1.5 1.75 2 

Because the integrand is decreasing, its smallest value occurs at the right- 
hand endpoint of each subinterval. Hence, this choice of c, yields a lower 
sum for the integral. 
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b. In this case, ci = xi-1, i = 1,2,3,4. The Riemann sum is thus 

1 1 1+ -+ -1 .25 = .7595.
[l 1.25 1.5 1.75 

This choice of ci yields an upper sum, since the largest value of the integrand 
occurs at the left-hand endpoint of each subinterval. 

c .  In the final case, c1 = 9/8, c2 = 11/8, c3 = 13/8 and c4 = 15/8. The 
Riemann sum is 

8 8 8 8 
.25 = .6912. 

The true value of the integral (to 4 decimal places) is ,6931, so we see that 
choosing the midpoints of the subintervals gives the most accurate estimate in 
this case. In fact, the midpoints are generally a good choice, although there is 
no guarantee that they will always give the best result. We'll have more to say 
about this subject in the section on Numerical Integration in Chapter 6. 

4.3 Express the following limits as definite integrals: 
n 

a. lim C ( c 4 + 3 4  - 7 ~ ;+ lO)Ax;, where P is a partition of [ O , l ] .
I I ~ I I - + O  i=l 

n 

b. lim C ( t a n  c; - cot c ; ) A x ; ,where P is a partition of [n/6,n/4].
IlPll-0 Z=l 

n 


c .  lim d n ( c ;-~ ) A x ; ,where P is a partition of [l,51. 
IIPII+O j=l 

Solution: 

b. J"i"(tan x - cot x )  dx.  
7r /6 

c .  l5d x ( z  - 4) dx .  

4.4 One of the nice things about the Fundamental Theorem of Calculus is that it 
does not matter how you come up with an antiderivative of the integrand. As 
long as the function you've produced is an antiderivative (which can be verified 
by differentiation), you may use it to evaluate the integral. This observation 
makes guessing a legitimate method of finding antiderivatives. (There are also 
systematic techniques in your text, but guessing should not be neglected.) 

Verify that J: In x-x is an antiderivative of In x,and use this result to evaluate 
s;" In x dx.  
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Solution: Let f ( x )  = x In x -x. Then f'(x) = In x + x . (1/x) -1 = In x. Hence, 

i 2 1 n x d x  = (x lnx  - = (21n2 - 2) - (-1) = 21n2 - 1. 

4.5 Verify that 
1

f (x )  = ;;tan-' 9 

is an antiderivative of 1/(4 + x2). Use this result to evaluate 

J2  da: 

0 4 + x 2 '  

Solution: By the Chain Rule, 

Hence, 

4.6 Compute the following antiderivatives: 

a. / ( 4 d  - 3x2 + 6) b. /(ins + 6sin x) dx dx 

c. /(x sin x - x cos x) dx 

Solution: 

a. From numbers 1 and 2 of the Table of Integrals, 

/ ( 4 z e x - 3 x 2 + f i ) d x = 4  / x e x d x - 3 / x 2 d x + / \ / F d x .  

We now use numbers 3 and 20 to evaluate these three integrals. 

2
4 J xexdx - 3 &dx = 4xe" - 4e" - x3 + -x3/2 + C.

3 

b. We use numbers 1, 2, 5 ,  and 21, and obtain 

/( lnx + 6sinx)dx = lnxdx + 6 J sinxdx = x l n x  - x - 6cosx + C. 

C. We use 2, 22, and 23. 

J(xsinx - xcosx)dx = sinx - xcosx - cosx - xs inx  + C. 
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In each of the above parts, verify the result by differentiating the outcome and 
seeing that it equals the integrand. 

4.7 We’ve seen that antiderivatives are not unique: If g is an antiderivative of f, 
then so is g + C for any constant C. However, if we know the value of the 
antiderivative at just one point, then we can determine it completely. 

In each of the following, find an equation for a curve whose slope at x is f ( x )  
and which passes through the point (20,yo). 

a. f ( x ) = 3 x 2  + 5, (x0,yO)= (1 ,IO).  

b. f ( x ) = sinx + x3, (x0,yo) = (0 , l ) .  

Solution: 

a. The general antiderivative of f is g ( x )  = x3 + 53 + C. Since the curve, 
y = g ( x ) , passes through the point (1’10)’ we must have g(1) = 10. Sub-
stituting, we find that 10 = g ( 1 )  = 1 + 5 + C ,  so that C = 4. Hence, 
y = x3 + 5s + 4 is the equation of the curve. 

b. Here, g ( x ) = - cos x + x 4 / 4+ C is the general antiderivative of f,and we 
have to find C so that the curve y = g(z) passes through (0 , l ) .  Substitut-
ing, we obtain 1 = g ( 0 )  = -1 + C, and solving for C yields C = 2. Thus, 
y = - cos x + x4 /4 + 2 is the equation. 

4.8 Evaluate the following integrals: 

a. L2(2 ,  + k) dx b. L ’ f i d x  c .  i 1 e 3 ‘ d s  

d. ~ T i d c o s 2 x d x  e. i l l 2  dpdx 

Solution: 

b. 

c ,  

d. 
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e. 

1 
4.9 Let f(s)= d m - d t .  Find f'(x). 

Solution: f'(x) = O! Since f (2) is equal to a definite integral, which is a number, 
f is a constant function whose derivative is 0. 

4.10 Let A(t) be the area under the curve f(x) = x 2 ,  0 5 x 5 t (Figure 4-27). 

Figure 4-27: Area function 

a. Find A(t) and A'(t). 

b. Find the area under y = x 2 ,  a ,< x _< b. 

Solution: 

a. We divide the interval [O,t] into n subintervals of equal size Az = t/n. 
The partition points will then be 0, t /n,  2t/n, .. . , (n - l ) t /n ,  t .  For c;, 
we choose the righthand endpoint of each subinterval. The Riemann sum 
which approximates the integral is then 

Now, we saw in Example 4.2, page 108, that 

i= l  U 

so that our Riemann sum is equal to 

As n -+ 00, the term in brackets + 1/3. Hence, A(t) = t3/3, so that 
A'(t) = t2 = f(t) .  Thus, the 'area function,' A, is an antiderivative of the 
integrand, f .  
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b. The area under the curve y = x 2 ,  a 5 x ,< b is equal to the area under the 
curve from 0 to b (which equals A(b)) minus the area under the curve from 
0 to a (which equals A ( a ) ) .Thus, the area we are looking for is equal to 

b3 a3
A(b)- A(a)= 7 --

3 '  

4.11 In Figure 4-28, the areas of the indicated regions are as follows: A1 = 11, A2 = 
4, As = 6. Compute Jf f(x)  dz. 

Solution: Recall the connection between the integral and area. In computing 

Y 
t 

Figure 4-28: Area and the integral 

J:f(z)dz, the area of regions above the z-axis are counted as posi t ive ,  while 
those below the axis are considered negative. Thus, 

i 8 f ( x ) d x  = A1 - A2 + A3 = 11 -4 + 6  = 13. 

4.12 Find the area between the curves y = z2and y = x (Figure 4-29). 

Solution: As we see in Figure 4-29, the two curves intersect at the points z = 0 

y = x 2  

0y@ 1 5 

Figure 4-29: Area between two curves 

and x = 1. Moreover, throughout this interval, the curve y = x lies above y = x2. 
Hence, the area between the two curves equals 
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VELOCITY 

When considering problems of motion, recall that three functions play an im- 
portant role: The position function, s; the velocity function, v ,  which is the 
derivative of s; and the acceleration function, a ,  which is the derivative of v and, 
hence, the second derivative of s. One of the most common applications of these 
ideas is to freely falling bodies, that is, bodies that fall under the influence of 
gravity alone, and no other forces. This assumption, of course, is not really valid 
on earth, since it ignores air resistance. (It would be valid on the moon, which 
has no atmosphere.) But even on earth, the model that we’ll use can serve as 
a first approximation, at least for certain falling bodies, such as balls, although 
not for others, such as feathers or .parachutists, More sophisticated models are 
available to handle the excluded cases, but the basic principles can be learned 
from the simpler approach. 

A freely falling body has constant acceleration, a ( t )  = -32 ft/sec2. (The 
sign is negative because we adopt the obvious convention that up is the positive 
direction and down is negative.) Since a ( t )  = v‘(t), we have 

v ( t )  = / a ( t )  dt = -32t + V O ,  

where the constant of integration is denoted by vo,the initial velocity. Similarly, 

s ( t )  = / v ( t )dt  = -16t2 + vot + SO, 
with so representing the initial position or height of the body. The three equa- 
t ions, 

s ( t )  = -16t2 + vot + SO 

=~ ( t )  -32t + vo 
a ( t ) = -32 

give us complete information about the motion of the body. 

4.13 Suppose a ball is dropped from a window which is 100 feet above the ground. 

a. How long does it take for the ball to reach the ground? 

b. What is the velocity of the ball at the time it hits the ground? 

Solution: 

a. The conditions in the problem tell us that vo = 0 (the ball was dropped, not 
thrown down) and so = 100 (the height from which it was released). Thus, 
s ( t )  = -16t2 + 100. At ground level, s = 0, so we set s ( t )  = 0 and solve for 
t:  

-16t2+100 = 0 

16t2 = 100 
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t2  = 100/16 

t = 2.5 

Thus, it takes 2.5 seconds for the ball to reach the ground. 

b. v(t) = -32t, so that the velocity at time t = 2.5 is -32(2.5) = -80 feet per 
second (which is equivalent to 55 miles per hour - so look out for falling 
balls!). 

4.14 You are trying to throw a ball to a friend who is at a window 25 feet above 
where you stand. 

a. You throw the ball with an initial velocity of vo = 32 ft/sec. Assuming that 
your aim is accurate, will the ball reach your friend? 

b, What is the smallest possible value of vo which will accomplish your pur- 
pose? 

Solution: 

a. v(t) is equal to -32t + 32 ft/sec. The ball will reach its maximum height 
when v(t) = 0, which occurs at t = 1. Now s ( t )  = -16t2 + 32t, so the ball 
reaches a height of just 16 feet, and falls short of your friend. 

b. In this part, vo is the unknown. Here, v(t) = -32t + vo and s ( t )  = -16t2 + 
vot. As in the previous part, the maximum height occurs when v(t) = 0, 
which is at t = v0/32. Substituting this value of t into the expression for 

Now we want the maximum height to be at least 25 feet, so we set s,,, = 25, 
or 

Solving, we obtain vo = 40 ft/sec. as the miminum initial velocity. 

4.15 Suppose now that the ball is thrown directly up from the window with an initial 
velocity of 60 ft/sec. Answer parts (a) and (b) Solved Problem 4.13 as well as 
these: 

c. At what time does the ball reach its maximum height? 

d. What is its maximum height? 

Solution: The equations of motion in this case are 

s ( t )  = -16t2 + 60t + 100 
v(t) = -32t + 60 
a ( t )  = -32 
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a. Set s ( t )  = 0 and solve the equation -16t2 + 60t + 100 = 0,  obtaining (from 
the quadratic formula) t = 5 seconds and t = -5/4 seconds. The second 
solution is a valid one for the quadratic equation, but not for the physica2 
situation it represents, since t must be positive. ( t  = 0 corresponds to the 
moment the ball is released.) Hence, t = 5 seconds is the solution we’re 
looking for. 

b. The velocity at time t = 5 is v ( 5 )  = -160 + 60 = -100 ft/sec. 

c. When the ball reaches its maximum height, it stops rising and begins to 
fall. Hence, the velocity changes from positive (rising) to negative (falling), 
which means that v ( t )  = 0 at that time. So set v = 0 and solve v ( t )  = 
-32t + 60 = 0,  yielding t = 1.875 seconds. 

d. The maximum height is equal to ~ ( 1 . 8 7 5 )= 156.25 feet. 

4.16 Gravity on the moon is approximately 1/6 of that on earth. Moreover, there 
is no atmosphere, so there is no air resistance. Hence, the form of the model 
of a freely falling body that we developed is valid on the moon, with just some 
changes in the coefficients due to the difference in the gravitational constant. 
Specifically, the acceleration of a freely falling body is a = -5.2 ft/sec2, so that 
integration gives us v = -5.2t + vo and s = -2.6t2 + vot + so as the equations 
of motion. 

Suppose that one of the astronauts had dropped a rock from the entrance to 
the lunar module, which is 20 feet above the moon’s surface. How long would it 
have taken for the rock to reach the ground? 

Solution: In this problem, vo = 0 and so = 20, so that s = -2.6t2 + 20. To find 
the time at which the rock hits the ground, we set this last equation equal to 0

fi =and solve. We obtain t = 2.8 seconds. 

4.17 A spider is climbing up a 9-foot tall tree, in order to eat a fly trapped in a 
web at the very top of the tree. At 1 P.M. the spider is at ground level and its 
velocity at time t hours is v ( t )= 18/t3 feet per hour. 

a. How far does the spider go between 1 P.M. and 3 P.M.? 

b. Will the spider ever reach the top of the tree? 

Solution: 

a. The distance traveled between 1 P.M. and 3 P.M. equals 

--dt = -:I:i 3 v ( t ) d t= J3t3 t 
= 8 feet.1 

b. No, the spider never makes it to the top. For, let b be any time. Let’s 
calculate the distance the spider travels between t = 1 and t = b, which 
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equals 

This quantity is always less than 9, since 9/b2 is positive. Hence, the spider 
doesn't reach the top. 

4.18 Find the total distance traveled by a body moving in a straight line with velocity 
v ( t )= t 2- 3t + 2 ,  0 5 t ,< 2. 

Solution: Recall that the distance traveled equals the integral of the velocity 
function only when the velocity is positive throughout the time interval. Other- 
wise, the integral represents the displacement of the body from its initial position. 
In this case, the velocity is not always positive. In fact, v ( t )  = ( t  - l ) ( t- 2 ) ,  
so that v is positive for 0 5 t 5 1 and negative for 1 5 t 5 2. So to find the 
distance traveled we have to compute the integral of the absolute value of the 
velocity function: 

distance = 

-- h2- 3t + 2)d t  + l2- ( t 2  - 3t + 2 ) d t
J o  

1 

(: 3: 

t3 3t2 2 

---+ 2)  - ( - - - + B ) l  13 2 
0 

5 1 
- + - = l .  
6 6 

WORK 

4.19 Two unlike charges attract each other with a force l / x 2 ,where x is the distance 
between the charges. One charge is fixed at ( 1 , O )  and the second is moved along 
the z-axis from (2,O) to (4,O). How much work is done? 

Solution: The work done is the integral of the force function. Thus, 

4.20 A force is needed to stretch (or compress) a spring. Many springs satisfy Hooke's 
Law, which states that the force required is proportional to the amount the spring 
is stretched from its natural position. The constant of proportionality depends 
upon the material used in constructing the spring and in how tightly it is coiled. 
Suppose a spring has a natural length of 1 foot, and the force required to stretch 
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it x feet is 24x pounds. Find the work done in stretching the spring to a length 
of 1.5 feet. 

Solution: Since F ( x )  = 24x, the work done is given by 

.5 .5 
W = 1 24xdx = 12x21 = 3 foot-pounds. 

0 


Supplementary Problems 

4.21 Is P = {l.l,1.3, 1.5, 1.7, 1.9) a partition of [1,2]? 

4.22 Find the mesh of the partition P = (0, 1/3, 1/2, 3/4, 1) of the interval [ O , l ] .  
How many subintervals are there? Write out the values of Axi. 

4.23 Evaluate the following integrals. (You may use the table of integrals found on 
page 113.) 

a. J2(4x3 - x 2 + 6 x  + 2 )
0 

dx b. Le: 

4.24 Find the area under the following curves: 

a. y = s i n x ,  0 s x  L n  b. y = t a n x ,  O < x <  nJ4 

c .  y = e Z ,  O _ < x _ < 2  

4.25 Find the area between the curves y = f(x) and y = g(x). (Hint: First find the 
points of intersection of the two curves by setting f ( x )  = g(x). The solutions of 
this equation give the limits of integration.) 

a. f (x )  = x2 - 1 and g(x) = - x 2  + 3. 

b. f (x )  = 2“ and g(x) = x + 1. (Hint: One of the points of intersection is 
when x = 1. Find the other one by inspection.) 

4.26 Compute the following antiderivatives: 

a. /(csc’ x + 10”) dx b. (sec x - 4e” cos x)dxJ 
4.27 A batter hits a ball directly up in the air. At the moment of impact, the ball is 

4 feet above the ground and the velocity imparted to the ball by the bat is 64 
ft/sec. 
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a. How long does it take the ball to reach its maximum height? 

b. What is its maximum height? 

c. The ball falls to the ground untouched. How long was the ball in the air? 

4.28 The force required to stretch a spring x feet from its natural length is F ( 2 ) = 
10s. Find the work done in stretching the spring 1 foot. 

Answers to Supplementary Problems 

4.21 No, since the endpoints, 1 and 2, are not included in P. 

4.22 Mesh = 113; 4 subintervals; Ax1 = 113; Ax2 = 1/6; Ax3 = 114; Ax4 = 
114. 

4.23 a. 8913 b. 4 c. 2013 d. ~ / 1 2  

4.24 a. 2 b. In& c. e2 - 1 

4.25 a. 
16& -

3 
b. 

3 1 
2 In2 

4.26 a. -cot 
10" 

In 10
2 + -+ C b. ln I secx + t anx)  - 2e"(cosx + sinx) 

4.27 a. 2 seconds b. 68 feet c. (4 + n ) / 2 seconds 

4.28 5 foot-pounds. 

Answers to Exercises 

4.1 (Page 93) a. 204 b. 516 

10 n 
4.2 (Page 93) a. E 2 2  b. C a i b i  

i=l i=l 
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J x 2 + 1  
4.4 (Page 106) a. (x4 + 3x2 - 2)dx b. 

0 x 2 + 2 x + 4  

4.5 (Page 113) a. 213 b. r2/2 



Applications of the Integral 

Many of the applications of the integral provide excellent illustrations of our or-[ I ganizing principle: Approximation-Refinement-Limit (A-R-L). For example, we 
will use our knowledge of the length of a line segment in order to find the length of a 
curve, and the volume of a cylinder to determine volumes of much more general figures. 
As mentioned at the end of the last chapter, applications in geometry, physics, and 
other scientific areas abound, and you were referred there to your text for the details. 
Here, we elaborate on two of the applications, which emphasize the A-R-C theme. 

5.1 Arc Length 

What We Know: The length of a straight line. 

What We Want To Know: The length of an arbitrary curve. 

How We Do It: Approximate the curve with polygonal (broken) 
lines. 

At the present time, our knowledge of length is restricted to straight lines. Of course, we 
are also familiar with the formula C = 27rR for the circumference of a circle, but in most 
high school geometry courses this formula is merely presented and perhaps justified in 
an informal way, but not derived rigorously. We can, however, use trigonometry and 
the notion of limit to obtain this formula, and we begin our discussion of arc length 
with a derivation of this result. 

Consider a regular polygon of n sides inscribed in a circle of radius R (Figure 5-1). 
( A  regular polygon is one in which all sides and all angles are equal.) The sum of 
the lengths of the sides of this polygon is called the perimeter, P,. P,, which we now 
calculate, is an approximation to the circumference of the circle. If we connect the 
center of the circle, 0, to each of the vertices of the polygon, we obtain n congruentd. triangles. (The triangles are congruent because all sides of the polygon are equal.) 
Now, the sum of the angles around the center, 0, is 27r radians (or 360 degrees-
recall, however, that in calculus we always employ radian measure). Since there are n 

128 
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Figure 5-1: Approximating a circle with a polygon 

Figure 5-2: Calculating the perimeter Fn 

equal central angles, the measure of each one of them is equal to 27r/n. Now draw a 
perpendicular from the center 0 to one of the sides of the polygon (Figure 5-2). Let 
31: be the length of the line segment AD.  Then, since sin(LD0A) = x/R, we have 
x = Rsin(LD0A) = Rsin(.lr/n). Now x is half of the length of side AB,  so that the 
length of one side of the polygon is 2Rsin(7r/n). The perimeter of the polygon is found 
by multiplying this by n (the number of sides), thereby obtaining 

Pn = 2nRs in (~ /n ) .  (5.1) 

So we have found an exact formula for our approximation to the circumference, C. 
How do we refine or improve the approximation? Clearly, by using a regular polygon 
with more sides, which more closely resembles the circle (Figure 5-3). But regardless 
of the number of sides, n, equation (5.1) is valid for the perimeter. To obtain the exact 72 
value of C ,  we now pass to the limit; that is, we let the number of sides tend to infinity. 
Hence, 

C = lim Pn = lim 2nRsin(n/n). 
n--+oo n+m 

But what is this limit? Recall, from the section in your text on trigonometric limits, 
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Figure 5-3: Refined approximation 

that 
sin t

lim- = 1. 
t-+O t 

In order to use (5.3), rewrite (5.2) as follows: 

2 R s i n ( ~ / n )  2 ~ R s i n ( ~ / n )
C = lim = lim 

n+Oo l l n  n-tco r / n  

If we let t = x/n,  then n -+ 00 causes t to approach 0. Hence, 

27rR sin t sin t
C = lim = 2nRlim- = 2nR,

t + O  t t + O  t 

which recaptures the familiar formula. 
Now, you may ask, where is the integral in all of this? In fact, it is not present, 

so perhaps you feel that the circle is not a good example of the methods we wish 
to illustrate. Nevertheless, the key feature of Approximation- Refinement-Limit 
appears here, as does the type of approximation that we will use to solve the general 
problem, namely, the use of a polygon to approximate a curve. The integral does not 
occur here only because the symmetry of the circle allows us to find the perimeter of the 
polygon by multiplication rather than by addition. Recall, that after finding the length 
of AB = 2Rsin(7r/n), we used the fact that the polygon is reguZar to find the perimeter 
by multiplying 2Rsin(?r/n) by n. For curves less symmetric than a circle, we cannot 
avoid summations of the lengths of the individual line segments, and summations of 
this type often lead to integrals. 

We now turn to the general case of arc length. Consider a curve which is the graph 
of a continuous function, y = !(a), a 5 a 5 b (Figure 5-4). We wish to find its length, 
L,  and begin by fitting a polygonal (broken) line to the curve (Figure 5-5). This is 
hopefully a useful approach for two reasons: First, this method worked well for the 
circle, as we saw earlier. Second, since, with the exception of the circle, our knowledge 
of lengths is confined to straight lines, we have nothing else to rely upon. But how do we 
choose the particular polygonal line? In a fashion reminiscent of the construction of the 
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a ‘b 

Figure 5-4: The curve whose length we’re seeking 
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I I I 

‘b e xI 

a 

Figure 5-5: Approximation by a polygonal line 

integral (in fact, we are going to construct a certain integral), we begin by partitioning 
[a ,b] into a number of subintervals by introducing a set of points 

The partition points xo,XI,52,.. . ,x,, determine points on the curve (20,YO), (21,YI), 
( ~ 2 , ~ 2 ) , . - . , ( x n , ~ n ) , 
where YO = f(X0)) YI = f(xl), * . * )  Y n  = f (xn). We now con-
struct the line segments joining each consecutive pair of points, (30,yo) with (51,yl), 
(xl,yl) with (22,yz), and so forth (Figure 5-6). The next step is to compute the length 
of this polygonal path, which serves as an approximation to L,  the length of the 
curve. To do this, we use the formula for the distance between two points. Thus, the 
length of the first segment is J(x1 - x O ) ~+ (y1 - Y O ) ~ ,the second segment has length A 
J(x2 - ~ 1 +)(y2~- ~ 1 ) ~ )and so forth. Hence, the total length of the polygon is 

We are now going to manipulate expression (5.5) in order to obtain a Riemann sum 
(page 104)) the limit of which will give us an integral formula for the arc length. To 
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Y 

t 

Figure 5-6: Initial approximation 

accomplish this, we go through some algebraic steps. 

n , 


i=l 

(since y; = f(x;)) 

(since xi - X i - 1  = Axi) 

Summarizing, we have 

We are now close to a Riemann sum. The Cy=l is present, as is AS,. But recall 
that the general form of a Riemann sum (for a function g) is 

n 


i=1 

and ci is absent from (5.6). We can, however, incorporate ci into (5.6) by using the 
Mean Value Theorem of differential calculus. (Recall: If f is differentiable on an 
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interval (u,v>and continuous on [u,v], such that then there exists a point c E ( u , ~ )  
(f(v)- f(u))/(v- U)= f‘(c).) Here we set U = xi-1, v = z; and c = ci to obtain 

n 

i=l 

and (5.7) is a Riemann sum for the function 41+ ( f ’ )2 .  (And you thought that you’d 
never see any use for the Mean Value Theorem!) 

Let’s stop for a moment, before the details of the calculation swamp us. We have 
shown that: 

1. A partition, P ,  of the interval [a,b]gives rise to a polygonal line which approxi- 
mates the curve y = f ( x ) ;  

2. The length, Ln, of this polygonal line is an approximation to the length, L ,  of the 
curve; 

3. Ln can be expressed as 

which is a Riemann sum for d m - .  
To improve or refine the approximation, we take a finer partition of [a,b] (Figure 5-

7). But each such partition defines a polygonal line whose total length is given by the R 

Y 

t 

Figure 5-7: Refined approximation 

Riemann sum (5.7). We now pass to the limit, proceeding on two fronts simultaneously. 
On the one hand, successive refinements of the interval produce polygonal lines, the 
sum of whose lengths, L,, in a physical sense, more closely approximates the length of C 
the curve, L. Hence, we can expect that 
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where IlPll = max(x; - x;-1), i = 1,2, .  . . ,n, is the mesh of the partition, P. On the 
other hand, we know that if the function d m is integrable, then as IIP)I + 0, 
the Riemann sums in (5.7) tend to the integral; that is, 

Combining (5.8) and (5.9) we arrive at the promised formula for the length of the curve, 
y = f ( x ) ,  a L 2 5 b, 

L = ~ ‘ J ~ d x . (5.10) 

Example 5.1 Find the length of the curve y = ( 2 / 3 ) ~ ~ / ~ ,0 5 x 5 15. 

Solution: Letting f ( 2 )  = (2/3)x3/ /”,we have f’(z) = x1l2.  Hence, from (5.10), 

L = 1 1 5 d ~ d x = 1 1 5 ~ ~ d x  

2 2 
= $1 + x)3 /2  = $64 - 1) = 42. 

Remark 5.1 Because of the form of the integrand in (5.10), it is difficult to produce 
many examples in which the integral can be evaluated using the Fundamental Theo- 
rem of Calculus (i.e., by finding an antiderivative). This fact, however, takes nothing 
away from (5.10) and it is always possible to utilize one of the techniques of numerical 
integration found in Chapter 6 in order to evaluate (5.10) to any degree of accuracy 
desired. 

5.2 Volume of a Solid of Revolution 

What We Know: The volume of a cylinder. 

What We Want To Know: The volumeof an arbitrary solid of 
revolution. 

How We Do It: We approximate the solid with a collection of 
cylinders. 
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i x  


Figure 5-8: A cone is a solid of revolution 

Certain solids can be obtained by rotating a figure in the plane about an axis. For 
example, if we rotate the region between the z-axis and line y = x/4, 0 _< z 5 4 about 
the z-axis, we obtain a cone (Figure 5-8). Similarly, rotating the region between the 
z-axis and the semi-circle, y = d m ,  -1 ,< _< 1, about the z-axis, generates a 
sphere. In this section, we will develop a method for calculating the volume of such 
solids of revolution. 

Let f be a positive function in [a,b],and let T be the region bounded above by 
the curve y = f(z), below by the z-axis, and left and right by the lines x = a and 
x = b, respectively (Figure 5-9). Revolve T about the z-axis, obtaining a body S which 

Y 

Figure 5-9: The region to be rotated 

is called a solid of revolution (Figure 5-10). We wish to calculate its volume, V ,  and 
begin by considering the special case of a constant function, f(z)= c. In this case, 
the region T is simply a rectangle and the solid generated by its revolution about the 
z-axis is a cylinder (Figure 5-11). 

The height of this cylinder is ( b  -a )  and the radius of its base is c. Now the volume 
of a cylinder of height h,  and radius (of its base) r ,  is given by nr2h. So the volume of 
the cylinder in Figure 5-11 is nc2(b- a ) ,  or n ( f ( x ) ) 2 ( b -a ) ,  since f (z)  = c. We will see 
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Figure 5-10: The solid of revolution 
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Figure 5-11: Cylinder obtained by rotating a rectangle 

that knowledge of this single volume will enable us to compute volumes of much more 
general solids. 

Our program for solving the general problem is as follows: 

0 We approximate the region T with a set of rectangles, obtained by partitioning 
the interval [u ,b ]  in the usual way, selecting in each subinterval [x;-1,2;], i = 
1 , 2 , . . . ,n,  a point ci, and constructing a rectangle of height f ( c ; )(Figure 5-12). 

0 We revolve each of these rectangles about the x-axis, thereby generating a collec-
tion of cylinders. The height of the ith cylinder is (zi- xi-1) and the radius of 
its base is f(c;) (Figure 5-13). (Caution: Notice in Figures 5-12 and 5-13 that 
the height of the rectangle, f(ci), is the radius of the base of the cylinder, while 
the base of the rectangle, (xi - x;-.l), is the height of the cylinder.) 
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Y 


Figure 5-12: Approximating the region with rectangles 

Figure 5- 13: Approximating the solid with cylinders 

0 The sum of the volumes of these cylinders, which serves as an approximation 
to the volume, V, of the solid, is given by the following Riemann sum for the Afunction T(f ) 2 ,  

n 


T(f ( c i ) ) 2 ( x i- 51-1). (5.11) 
i=l 

0 We now use the same reasoning as in our study of arc length. We refine the 
approximation by taking a finer partition of [a,b] ,  resulting in more rectangles 

72(Figure 5-14). As the number of rectangles increases, the approximation improves. 
To obtain the exact volume we pass to the limit. Once again, two things happen 
to the Riemann sums in (5.11): Physically, they tend to V, while mathematically c 
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Y 


. . . . . .  bI a 
Figure 5-14: Refined approximation 

they tend to the integral. In other words, 

(5.12) 

Example 5.2 Let R be the region between the curve y = s i n s  and the x-axis, for 
0 5 x 5 n. Find the volume of the solid generated when R is rotated around the x-axis. 

Solution: By (5.12), V .=T Jcsin2x dx. In order to evaluate this integral, we employ 
a trigonometric identity, which enables us to find an antiderivative of sin2x .  (This is a 

r]
standard method for the computation of antiderivatives of powers of sines and cosines, 

which you'll find in your text in the chapter on Techniques of Integration.) Specifically, 
sin2x = ( 1  - cos 2x) /2 .  Hence, 

V = sin2x dxniT 
- 1- cos 2 5 )  dx (substitution)
- s1' 

(Fundamental Theorem) 
2 

7r  
= - (n -0 )  (substitution)

2 
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Solved Problems 

ARC LENGTH 

5.1 Find the length of the curve 

1 
= -(x2 - q 3 I 2

3 

from x = 3 to x = 6. 

Solution: If we let f (x)  = (x2- 2)3/2/3, then f‘(x) = x d m ,  so that 

d 4-=m 
 = dx4  - 2x2 + 1 = JR= x2 - 1. 

Therefore, the length of the curve is equal to 

6 

1 6 J l + o ) Z d x = ~ B ( Z Z - - l ) d x =  (;--x)l =60.  
3 

5.2 Find the length of the curve 
x3 1 

y = - - + -
2 6x 

from x = 2 to x = 4. 

Solution: Letting f (2) = x3/2 + 1/(6x), we obtain f ’ ( x )= (3x2)/2 - 1/(6x2). 
Hence, 

-+ -+ -Jm= 2 36x4 

Thus, the length of the curve equals 

5.3 In general, the approximation to an integral using Riemann sums can be either 
larger or smaller than the integral. Show, however, that in the computation of 
the arc length of a curve, the approximations are never larger than the actual 



140 APPLICATIONS OF THE INTEGRAL [CHAP. 5 

length. 

Solution: Consider the portion of the curve between successive partition points, 
(xi-1,yi-1) and ( x i , y i ) a  The approximation to the length of this piece consists 
of joining these points by a straight line. Since the shortest distance between 
two points is the straight line joining them, the approximation is not larger than 
the actual length. Now just add up the pieces. 

5.4 When we approximated velocity, work, area, and volume, we always used rect- 
angles. In other words, we replaced a small segment of the given curve by a 
horizontal line. Why don’t we use this method of approximation in the case of 
arc length? 

Solution: Suppose we want to find the length of y = f(x), a 5 x 5 b. If we 
use horizontal lines in each segment, then every approximation will have length 
b - a, which is clearly the wrong answer unless f is a constant function. 

VOLUMES OF SOLIDS OF REVOLUTION 

5.5 Find the volume of the solid obtained by rotating the region bounded by f(x) = 
&, 1 5 x 5 7, around the x-axis. 

Solution: The volume is equal to 

5.6 A region, R, in the plane was rotated about the x-axis to obtain a solid whose 
volume is given by 

a. Jt‘2cos2 x dx. 

b. f l  x(x2+ 1 ) d x .  

In each case, what is the upper boundary of R and what are the limits? 

Solution: In general, the volume is given by s,b ~ ( f ( x ) ) ’dx. 

a. Here, ~ ( f ( x ) ) ’= cos2$, so that f(x) = cosx/ f i .  Hence, R is the region 
between the curve y = cosx/JR and the x-axis, 0 5 x .I7r/2. 

b. Set ~ ( f ( x ) ) ’= r ( x 2+ 1). Solving for f,we obtain f (x )  = d m . R is 
then the region below this curve, for -1 5 x 5 3. 
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5.7 Let R be the region bounded by the curves y = x and y = x2 .  If R is rotated 
about the x-axis, find the volume of the solid generated. 

Solution: A sketch of the region R is given in Figure 4-29. The two curves 
intersect at x = 0 and x = 1,which become the limitsof integration. As in Solved 
Problem 4.12 (which dealt with the area between two curves), the volume sought 
here can be found by subtracting the volume generated by revolving y = .r2 (the 
smaller of the two functions) about the z-axis from the volume generated by 
y = x .  We thus obtain 

1 

m 2 d x  - 1 n x 4 d x  = nl1 [;-;]I 
0 


AVERAGE VALUE 

We know how to compute the average of two numbers, c1 and c2: We just add 
them and divide by 2. More generally, the average of n numbers, c1, c2, . . . , c,, 
is simply 

n 
But what can we possibly mean by the average value of a function? For example, 
suppose you read in the newspaper that the average temperature for October 
15th was 57" F. What is meant by this number? I know the answer to this 
question, but I'll keep you in the dark while we develop a calculus approach. 

To compute the average temperature, we could take readings every hour, and 
average those 24 numbers. If we did this, we would say that the average tem- 
perature, T a v g  is given by 

(5.13) 

where Ti is the temperature at hour i, 1 5 i 5 24. (By 24 we mean midnight.) 
Or, if we wish to be more precise, we can take readings every half hour (48 in 
all), and then we would have 

(5.14) 

(Here, 2'112 is the temperature at hour 1/2 (12:30 A.M.) ,  Tl the temperature 
at 1:00 A.M., and so forth.) But Tavg computed from (5.14) will probably be 
different from that given by (5.13), so what we really have in (5.13) and (5.14) 
are approximations to the average temperature. In line with our usual approach, 

44 
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we now proceed to improve these approximations. But first, we must assume 
that we have a complete picture of the temperature at any time of the day or 
night. In other words, we have a function T ( t )which gives the temperature at 
any time t ,  0 5 t 5 24. So (5.13) and (5.14) can be rewritten as 

24 1 48 

2CT(Z)zand E T  ( 4 )  48' 
i=l i=l 

respectively. If we take readings every quarter hour, we obtain 

as another approximation to T a u g .  

Let's now become completely general. Divide the interval [0,24] into n equal 
subintervals and sample the temperature once on each subinterval at an arbitrary 
time, ci, in the ith subinterval. We obtain 

n 1 

as an approximation to Tavg.By letting n become larger, we refine the approx- 
imation. However (and here comes the clever step!), 

since 24/n = At; is the length of each subinterval. 

So we find that Taug is approximately equal to 

i n 

which (except for the factor 1/24) is a Riemann sum for the function T ( t )on 
[O,24]. To obtain the exact value of Tavg ,  we pass to the limit. Thus, 

1 "  i4124Tavg = lim - T(ci)Ai = - T ( t )dt. 
n - . ~24 

C 
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Now, is this how the weather bureau calculates the average temperature? No. 
They just average the highest and lowest temperatures of the day! 

In general, we define the average value of a function f on [a$] to be 

5.8 Find the average value of f (x )  = x2 on [2,5]. 

Solution: Since the length of the interval of integration is 3, 

(Note that if we use the weather bureau approach - the average of the highest 
and lowest values -we’d get (4 + 25)/2 = 14.5.) 

5.9 Find the average value of f (x )  = sin2x on [ 0 , 2 ~ ] .  

Solution: 

f a v g  - -!-J2nsin2xdx 
27r 0 

- -1 J Z n 1  - cos 22 - dx 
27r 0 2 

sin2x 2T -- -L ( . - T ) l
47r 0 

5.10 Suppose that f (x )  20 on [a,b] and is concave up there. Show that 

(In other words, the weather bureau ‘average’ is greater than our definition of 
the average value.) 

Solution: Draw the line, L ,  connecting the points ( a , f ( a ) )and ( b , f ( b ) )  (Fig-
ure 5-15). It is clear from Figure 5-15 that the area under L is.greater than that 
under y = f (x) ,  so let’s compute these two areas. The area under y = f(z), 
of course, is equal to S,bf(x)dx. The area under L is a trapezoid of height 
( b  - a )  and bases f ( a )  and f (b ) .  (Note that the trapezoid is ‘standing on its 
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I I 
I I 
I I 

a b 

Figure 5-15: Concave up function 

side’ rather than in its usual orientation with the parallel lines horizontal.) The 
general formula for the area of a trapezoid of height h and bases bl and b2 is 

h (T), 
which in our case yields 

Thus, 

which is equivalent to 

MISCELLANEOUS APPLICATIONS 

5.11 If the region in Figure 5-16 is revolved about the z-axis, a solid is formed. An 
approximation to the surface area (excluding the ends) of this solid is given by 

(5.15) 

a. Write down an integral which is equal to the exact value of the surface area. 

b. Use this result to find the surface area of the solid generated when the curve 
y = x3, 0 5 z 5 1 ,  is revolved about the z-axis. 
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t 

Figure 5-16: Surface area of a solid 

Solution: 

a. The integral we want is obtained from (5.15), which is a Riemann sum. Its 
limit (as the mesh of the partition approaches 0) is 

b. With f ( x )= x3, we obtain 

J b27rf ( x ) d w d x= l12 ~ x ~ d - d ~ .  
a 


Now 
7r 


is an antiderivative of 2 7 r x 3 d w .  (Check this by differentiating!) Hence, 

5.12 The surface area of a sphere of radius R is 47rR2. Derive this formula by inte- 
gration. 

Solution: Watch how the formula emerges almost by magic. The surface area 
of the sphere is given by 

where 
f ( x )= I/-, 
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Thus, the area is equal to 

R 
= 2 7 r L R R d x  

= 4aR2. 

5.13 Let R be the region bounded by the curves y = 22 and y = 4x  - x2. 

a. Sketch the region R. 

b. Find the area of R. 

c. Find the volume of the solid generated when R is revolved about the x-axis, 

d. Write down (but do not evaluate) an expression involving integrals for the 
entire arc length of the boundary of R. 

Solution: 

a. The sketch appears in Figure 5-17. 

Figure 5-17: Region between two curves 

b. The two curves intersect at (0,O) and ( 2 , 4 ) , and y = 4x  - x 2  lies above 
y = 2x  in this interval. Hence, the area of R is equal to 
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c. The volume is equal to the diference of the volumes of two solids, the 
first generated by revolving y = 4x - x2 about the x-axis, and the second 
obtained by revolving y = 22. The resulting volume thus equals 

TL2[(4X - x2)2- 4x21 dx = 7rL2(12x2- 8x3 + x4) dx 

= (4x3 - 2x4 + f)
5 

= 6.4. 

d. For the upper boundary, f (x)  = 4x - x2, so that f’(x) = 4 - 2z and 
( f ’ ( ~ ) ) ~4x2 - 16x + 16. Hence, the length of the upper boundary is = 

The lower boundary is a straight line, whose length is = 2&. The 
total length is thus 

1’&x2 - 162 + 17dx + 2 h .  

5.14 Integrals have many interpretatkons. Consider, for example, Jt d mds. 

a. Find a region of the plane whose area is equal to this integral. 

b. Find a region of the plane which, when revolved about the x-axis, generates 
a solid whose volume is equal to this integral. 

c. Find a curve whose length is equal to this integral. 

Solution: In each of the first two parts, the left- and right-hand boundaries are 
x = 0 and x = 1, and the lower boundary is the z-axis. 

a. The region is bounded above by the curve y = d x v .  

b. The volume is given by the general formula 

We set 
T (f (x))2= I/- = (x2+ 1 p 2 .  

Thus, 
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or 
(22 + 11114 

f ( 4  = fi 7 

so that the upper boundary of the region is the curve 

( x 2  + 1)114
Y =  
 6 


c .  Here we set 

or 
1+ (f'(x))2 = x2 + 1. 

This yields f ' ( x )  = x so that f ( x )= x 2 / 2 ,and the curve has the equation 
y = z2/2, 0 5 x 5 1. 

Supplementary Problems 

5.15 Find the length of the curve 

1
1 

= -(x2 + 2)3/2
3 

from x = 1 to x = 4. 

5.16 Find the length of the curve 
x3 1 

y = - + -
6 22 

from x = 1 to x = 2. 

5.17 Set up the integral (do not evaluate it) which represents the length of one arch of 
the sine function; that is, which computes the length of the curve y = sin 2, 0 5 
x 5 T .  

5.18 Find the average value of the following functions on the indicated intervals: 

a. sin x on [ O , T ]  and on [0,2n]. 

b. x2 - 2x + 4 on [1,3]. 

c .  ex on [O,13. 
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5.19 Show that if f is concave down, then 

(The proof is similar to Solved Problem 5.10.) 

5.20 In each part find the volume of the solid obtained by rotating the region R 
about the x-axis. 

a. R : bounded by y = e r ,  the x-axis, and the lines x = 0 and x = 1.  

b. R : bounded by y = tanx, the z-axis, x = 0 and x = 7r/4. 

c .  R : bounded by the curve y = secx, the z-axis, and the lines x = -n/4 
and x = ~ 1 4 .  

d. R is the region between y = 2 - x2 and y = 1.  

Answers to Supplementary Problems 

5.15 24 

5.16 17/12 

5.18 a. On [O,n]: 2/75 on [0,27r] : 0 b. 1313 c. e - 1 

(e2  - 1) 56n
5.20 a. T b. n(1  - c .  2n d. -

2 15 
:) 
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Topics in Integration 
In this chapter we study two topics involving the integral. The first is an extension 

of the basic concept to what is known as an improper integral. The second is called 
numerical integration, or, “What to do if you can’t find an antiderivative.” In each case 
we extend well-understood ideas to new situations, which is another of the themes that 
repeats through much of calculus. 

6.1 Improper Integrals 
U 

What We Know: S,b f ( x )  dx for bounded functions on bounded intervals. 

What We Want To Know: S,b f ( x ) d x  for an unbounded function, 
f,and J: f ( 2 )dx;  $!m f ( x )  dx;  JTmf ( x )  dx for a bounded function, f. 

How We Do It: Approximate the improper integrals with integrals of bounded 
functions on bounded intervals. 

In our discussion of the integral, you may recall that we considered only bounded 
functions on bounded intervals. In other words, S ,b f ( x )dx  is defined (up to this point) 
only for functions satisfying m 5 f ( x )  5 M ,  for some real numbers, m and M ,  and 
only when a and 6 are real numbers. Thus, the symbols 

J11dx ,  J’ 1dx a n d L Wf dx,
o &  0 x2 

for example, are not yet meaningful, the first two because the functions are unbounded 
(the denominators are zero at z = 0), the third because the interval of integration is 
infinite in length. Our purpose in this section is to provide that meaning where possible. 
We will see that the first and third of the above integrals are meaningful, in an extended 
sense, but not the second one. 

Now, hold on a second. Doesn’t this problem seem awfully artificial, the kind 
of game that mathematicians invent when they’re bored? Really, why should we be 
interested in it? Well, the answer is that these types of integrals arise in many vital, real- 
life situations. For example, we mentioned in Chapter 1 that the Fast Fourier Transform 
(FFT) involves an important application of the integral. A Fourier transform, in fact, 
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ir actually an rmpmpt intrcnal, while the FFT iq a mctM for quicklv -putin# 
Fmiricr t ramfm-.  :Idyd. thiq concup? is M) important, with ao many wid-pwad 
app'icatim-, that tn, now it  has I m e  a qtandanl part otthe cnp$wvrinR ciirri~trliim, 
~ Y I Iat the u n d ~ u l t r a t e  Iev~l.In partictilar, the FFT makrs p r i h l e  t+ analyni. of 
l a m  amounts o! data in w5at i s  k m U md hmp. For cxamplc, it can hc 1 1 4  to 
detect an incoming miwi!e hrforr i t  !ad*.  t k h y  allowing it to tw rhot down. Aim, 
i t  rapidly nrppli- vital inforwrtion to a carrtialqiqt a h r r t  t b  condition of A hrart 
a t t u i  victim. information !+at can mct imcr  mean thc diflcrmw hctrrnn l i fe and 
death. So A topic, m i n g l v  t a t v d d  hv mathmra+!cianq,turn- orit to haw far-flunr; 
mnqucnccc. 

IA'. !ook at thiq prohlm pmctricallv for a momcnt. RwaRinq the important 
conncctian M w w n  the intqral and arra, WP ask: ('an an rrrharsd!rd -;on of the 
plant- haw fnitc arm: Lct'. c!ahorate. 

('omider the maph a! the Ctrnctionof mir firnt cxmplc. fcr) - l/&, I) < r 5 1 
(Fir;rln Ci- I~a~ i .Sincc l i w +  /rr\ = or, the *+add.mim, I?. which 1;- undcr the 

Fivin 6-1: Thc -ion and an initial approximation 
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mbinttnnl [t,l], where r is 'clone to' 0. Dcnatc by R( tbe region under the curve 
p = 1 6 ,  t 5 r 5 1 (Figure&l(b)). We think of the ur(~d Re an an appnorimdion 
to thc area of R. Hoffcwr,  sincc f(r)= I/& is a brrnddfuwfion on the subinterval 
[ t ,  I], this awa can hc c x p d  M the ordinary integral, J,'(I/fi)  dt. Sow, how can 
we imp- or rrfinc this approximation? Clearly, by moving f c l m  to0 (Figurr 6-2).a Finally, to find the exact area of R, we pam to the limit: 

Figure 6-2 A refined approximation 

u c . s o f R =  l imawaof&, 
l d *  

or 

arcaofR= Iim J ' L d z .  

1-0' t 6 

It is natural to us? the integral sign a natation for the area d R Htnc+, w v  Mnc 

To mputc the area of R we cvrrluab J / ( I / a d r  (moat easily by using thc find* 
mental T h e m  of Calculus, page 11I) ,  which gives us a function of t.  We then take 
the limit of this function as t -O+. Specifically, 

i r)  that 



Fimtc G-3: An unbotindmi -ion 
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Figure 6-5: A better approximation 

Example 6.1 

while 

which does not exist. Hence, JFl/(z3)dz exists, but Jr(l/&) dz does riot. 
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Just as the interval of integration can c x t d  inddinitcly to the  right, it can do so 
to the left. IVc define such an integral in the ohvim way: 

Example 6.2 Consider j ( r )= er on (-m,O] (FigtireG-6). 

Solution: 

3: Iim (c"-c')
r-- o- 1 - lim er 

r--m 

= 1. 

\%'hatabout ' t w o 4 u l '  infinite integral*? A pmihlc way of defining such an integral 
h symmetrically, integrating from --i to r and letting -i 400: 

(6.4) 

flowmvr, this ddinition is gmcrrlly rcjcctcd (although it has v a l u e d  is used in certain 
d v m c c d  mathematics c o r i ~ )k a u w  nr con&kr cach half of the i n t e r 4  to bc a 
'pd) lm, '  and ur r ty i i rc  that  each such prohlm be rccol~wlseparately. So WT split 
the  integral into two intwit!- by chocning any i n t c d i a t c  point (say 0) and writing 
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and ay that JTWf(r!d r  rri.ds (cw conwrgm) if and only if bafhof th- integrah on the 
right th!e of (6.5) cxiqt. If at leait one of thc on-lridcd infinite intqralt fail* to mist ,  
t ? m  w m y  that 1:; f1zi d r  dm not cxiit c i tk .  

Solution: If HV tiad c h m n  tlic originally prqmCY1 cicfinition (6.4) of this typc of 
improprr int qra l ,  

H'C would find that 

[Fir;lirc 6-71. \\'hat i q  happeninE i* that k a i w  of the 9ymmctry of f( t)= t.thc huge 

Figurc 6-7: The graph of y = r on (-m, cc) 

and ncifhrr of the intqralz on the riRht side cxiitlr. I h c c ,  I-"T,r dr  divmyw. 
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In a similar fashion, we separate any combination of 'problems,' whether there are 
two places where the function is unbounded, such as 

1J,I x( l  - 2 )  dx, 

whose denominator is 0 at both 0 and 1, or one such place together with an infinite 
interval . 
Example 6.4 Consider ~ ~ ( l / & )dx.  

Solution: There are two problems here: The integrand is unbounded in the vicinity of 
0, and the interval of integration is infinite (Figure 6-8). So we break up the interval in 

Y 


Figure 6-8: A function with two problems 

order to separate the problems: 

In the first of the integrals on the right, the interval is bounded, but the function is 
unbounded, so that we have our first type of improper integral. In the second integral 
the situation is reversed: The function is bounded, but the interval of integration is 
unbounded. But notice that each of these integrals is problematic in only one way. 
Now, J : ( l / f i ) d x  = 2, as we saw at the very beginning of this chapter (Page 151). 
However, we showed in Example 6.1 on page 154 that JF(l/fi)dx does not exist. 
Hence, JF(l/+) dx does not exist either. 

There aren't many results of a general nature in this topic, but there is one class of 
functions which can be fully analyzed, namely, integrands of the form f (x )  = l/(xP). 

Theorem: 

(a) J; ( l /xP)  dx exists if and only if p < 1. 

(b) Jl"( l / x P )  dx exists if and only if p > 1. 

The proof is found in Solved Problems 6.1 and 6.2. Notice that a consequence of this 
theorem is that no function of the form l /xP is integrable on (0, oo),for any value of p .  
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6.2 Numerical Integration 

What We Know: 
(a) How to compute the definite integral of linear functions. 
(b) How to compute the definite integral of quadratic functions. 

What We Want To Know: How to compute the definite integral of 
arbitrary functions. 

How We Do It: 
(a) Approximate f with piecewise linear functions ( Trapezoidal Rule). 
(b) Approximate f with quadratic functions (Simpson3 Rule). 

The Fundamental Theorem of Calculus provides a marvelously simple way of eval- 
uating a definite integral - assuming, of course, that we can find an antiderivative 
of the integrand. But suppose that we can’t, either because we haven’t yet learned 
the appropriate technique of integration or, more fundamentally, because the integrand 
has no antiderivative that can be expressed in terms of what are called the elementary 
functions (polynomials, rational, algebraic, trigonometric, exponential, and logarithmic 
functions). Examples of this type are numerous. Two simple cases are J sin(z2)dz and 
J ex2ds, neither of which can be expressed as a combination of elementary functions. 
And yet, we may need to evaluate definite integrals involving functions of this sort. 
For example, J: eeX2da: (or simple variants thereof) plays a vital role in probability and 
statistics, and precise values of this integral for various choices of a and b must be ob- 
tained. But how, since a closed-form antidervative is not available? We need numerical 
techniques for approximating definite integrals, and this section is devoted to that task. 
It should be pointed out that in this section the approximations, themselves, are the 
ultimate goal, rather than just the first stage in a process, as in most of our previous 
work. 

Since the subject of numerical integration is vast, we will confine our attention to 
two of the most basic (but highly useful) methods of approximation, the Trapezoidal 
Rule and Simpson’s Rule. 

I 1 6.2.1 Trapezoidal Rule 

Suppose I told you that there is an efficient method for approximating the definite 
integral of any function which requires us to know nothing more than how to integrate 
linear functions. Would you believe it? Well, there is! And since it is trivial to integrate 
linear functions, we have a straightforward method for approximating integrals. Now 
for the details. 



CHAP. 61 TOPICS IN INTEGRATION 159 

Suppose we wish to evaluate s , ” f ( x ) d x .We begin by partitioning [a,b]by a num-
ber of equa2ty-spaced points, a = 2 0 ,  X I ,  2 2 , .  . . ,xn = b (Figure 6-9). Since there are 

Figure 6-9: Partition of the interval 

n points, the length of each subinterval is ( b  - a ) / n ,  which we denote by h. Hence, 
x1  = a + h, 2 2  = a + 2h, 5 3  = a + 3 h , .  . . ,xn = a + nh. We now approximate 
the function f on the first subinterval, [zo,x1],by passing a straight line through the Apoints (x0,yO) and ( 2 1 ,  y 1 )  on the graph of y = f ( x ) (here yo = f ( x 0 )and y1 = f(z1)) 
(Figure 6-10). We continue with similar approximations on each of the subintervals, 

Y 

4 


la = 
1 I I I I I 
I I I I I = x  


5 1  5 2  5 3  X; = b 

Figure 6-10: Approximation on first subinterval 

[zl,x 2 ] ,  [x2 ,  z3],. . . , [zn+ x.], thereby obtaining a broken-line (polygonal) approxima- 
tion, L,  to f over the entire interval [a$] (Figure 6-11). Now, instead of comput-
ing S ,b f ( x )dx ,which we can’t evaluate exactly because we can’t find an antideriva- 
tive of f(z), we compute S,bL(x)dx.  This is most easily accomplished by break- 
ing down this integral into n separate integrals, one over each of the subintervals, 
[ X O ,  XI], [XI, 2 2 1 , .  . . ,[ X n - l ,  x.]. Let’s see what we obtain. Assume, initially, that L is 
positive in a particular interval, say [xi+ zi] (Figure 6-12). Then J:-, L ( x )  dx is just 
the area of a trapezoid (standing on its side, rather than in its usual orientation with 
the parallel sides horizontal), whose bases have lengths yi-1 and yi, and whose height 
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Fimrc 6-11: P o l g ~ a lapproximation 

Figure 6-12 A r m  of a tnpcraid 

is z,-~-rl = h. Thc areaof such a tnpczoid is h(y,-l +y1)/2. Momwtr, t ( r )dr,-I
i i  q u d  to h(y,-l + y,)/2, cvfn if I, is not positive throughout [r,-I,rl]. (Thii can be 
dmonlrtrattd by a simp!c, but tcdiouq, calculation, in which we derive the cqvsfion of 
I, on the  i n t m d  [ ~ , - ~ , r , ] ,and thcn integrate the mtilt .)  

\Vc'\.c thus wen that 

Sincc,U w'w notimi, thii mrilt k valid on anyintmml, WP can sucmmivtly subtitrite 
t = 1*2,...,n, obtaining 
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and so forth, until 

Adding all of these together 

i b L ( x ) d x  = 
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1w e  obtain 

which we denote by Tn (T for trapezoid, n for the number of subintervals). Hence, 

A 

is an approximation to S,bf(x)dz .  This approximation can be refined in the obvious 
way, by taking more subintervals and thereby making the spacing, h,  smaller. In theory, 
we can obtain the exact value by passing to the limit (letting n 4 oo),but since, as 72 
we said earlier (Page 158), we are only seeking an estimate of the integral, we do not 
pursue this step. However, some natural questions remain: How good an estimate do 
we need? At what point should we stop refining the approximation and be satisfied with 
the current computation? The answers to these questions depend upon our ability to 
develop accurate error estimates or tolerances for Tn. We won’t go through the details 
of such a calculation, which are found in most texts. Instead, we focus on what we 
should expect the error to depend on. It seems pretty clear that the spacing, h ,  will 
play an important role. As h gets smaller, then so does the error, since L is then a 
better approximation to f. However, we still have to determine the precise connection 
between h and the error. But h is not the only important feature to be analyzed. It 
seems possible that the trapezoidal method will work better (that is, be more efficient) 
for certain functions than for others. So we ask the following question, the answer to 
which will give us a vital clue in the general case: For which functions (if any) is the 
Trapezoidal Rule exact (that is, no error at all, regardless of the size of h)? A glance 
at Figure 6-11 on page 160 will convince us that this phenomenon will occur if f is a 
linear function, since the approximating function, L ,  obviously coincides with f in this 
case. Now, if the error is 0 for linear functions, then we might expect it to be small if f 
is ‘nearly linear,’ a concept we encountered previously in Chapter 3, page 64, where we 
analyzed the behavior of the error in linear approximation. We saw there that a ‘nearly 
linear’ function is one whose second derivative is ‘small’ everywhere. As a result of this 
discussion we can expect f” to play a prominent part in the error estimate for T,, and 
we now turn to the exact connection. 

Let 
rb 



162 TOPICS IN INTEGRATION [CHAP. 6 

be the error in the Trapezoidal Rule using n subintervals, and suppose that If " ( x ) l  5 M2 
for all x in the interval [a$]. Then 

Example 6.5 Apply the Trapezoidal Rule to the integral 

i1
ex2dx. 

Solution: Here 

ex' 

2xex2 

4x2ex2+ 2ex2= ex2(4x2+ 2). 

X2 
e 5 e1 = e,  

and 4x2 + 2 5 6. Hence, If"(x)l 5 6e. From (6.7) we obtain 

Thus, for example, if we use n = 10 subintervals, then the error E(TL0) is guaranteed 
to be no more than 1.36/100 = .0136, while if we use n = 50 intervals, then E(T50) 5 
1.36/2500 < .0006. 

Remark 6.1 We said earlier that the size of h is important in determining a bound 
on E&),  and yet h does not appear in the error estimate (6.7). It can, however, be 
introduced by slightly modifying the form of the error. Recall that h = ( b  - a ) / n ,  so 
that h2 = ( b-a ) 2 / n 2 .We can thus rewrite (6.7) in the following equivalent form which 
emphasizes the dependence of E(T,) on the size of the spacing, h,  rather than on the 
number of intervals, n: 

I L  


Example 6.6 The natural logarithm function is usually defined as an integral: 

Although the actual calculation of logarithms is generally carried out b y  means of infinite 
series, let's see what we can accomplish from the integral definition. For example, we'll 
use the Trapezoidal Rule to compute In2 = J:(l/t)dt. 
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Solution: Here f ( t )  = l / t ,  so that two differentiations yield f"(t) = 2/t3, whose 
maximum value on [l,2] is 2, occurring at t = 1. Hence, M2 = 2, so that 

We obtain the following table for various values of n (the actual value of In2 is 
.6931471806 to 10 decimal places): 

n TIl Error Bound Actual Error 
10 ,6937714031 .0016666667 .0006242225 
20 .6933033815 .0004166667 .OOO 1562009 
50 ,6931721794 .0000666667 .0000249988 
100 .6931534306 .0000166667 .0000062500 
200 .6931487435 .0000041667 .0000015629 
500 .6931474310 .0000006667 .0000002504 

I I I I I 

Notice that the actual error is considerably less than the guaranteed error bound (in fact, 
less than 40% of the latter). Recall, however, that in this case we have an independent 
way of calculating In 2 and hence J;( l / t )  dt. Generally, we do not have this luxury, 
so that we won't know the actual error and will have to rely upon the error bound 
guaranteed by (6.7). Of course, we want to keep n as small as possible to minimize the 
amount of computation, so we choose n large enough to guarantee that the error is less 
than what we can tolerate. In other words, if we are doing a practical calculation and 
can allow an error of up to, say, ,0001, but no more, then we choose n large enough 
that IE(Tn)l5 .0001. In our case, since IE(T')J5 l /(6n2),  this requires 

1 
-5 ,0001,
6n2 

which is equivalent to each of the following inequalities: 

1 1- < -
6n2 - 10000 

6n2 >_ 10000 

n2 2 l0000/6 

n 2. 41. 

Thus n = 41 suffices to guarantee that the error does not exceed .0001. (Our earlier 
calculations indicate that the error is actually smaller than this or, equivalently, that 
an even smaller value of n would probably be adequate. But, as mentioned before, in 
most cases we have no way of knowing the true value.) 



164 TOPICS IN INTEGRATION [CHAP. 6 

6.2.2 Simpson’s Rule 

Although the Trapezoidal Rule appears to be an effective method for estimating a 
definite integral, more efficient techniques exist. We now present Simpson’s method, 
perhaps the one most commonly used. Since the ideas underlying this technique are 
similar to those we encountered in the Trapezoidal Rule, we can quickly outline the pro- 
cedure and error estimate. The key difference between the two methods is in the initial 
approximation; the Trapezoidal Rule is based upon linear functions, while Simpson’s 
Rule employs quadratics (parabolas). 

Once again, we begin by partitioning the interval [a,b] by a number of equally-spaced 
points, a = xo,x1,x2,.. . , x ,  = b, as in Figure 6-9, page 159. (This time, however, we 
require that n be an even number.) Now J: f ( x )  dx is a sum of integrals, 

Let’s look at one of these integrals, J:-, f(s)dx,where we make use of the three points 

yiW2), y i - l ) ,  and ( x j ,y;) (Figure 6-13). Just as two points determine a 

1 I I i x1 I 1 

X i - 2  22-1 Xi 

Figure 6- 13: Three equally-spaced points 

unique line, so any three points determine a unique parabola (or a line, if the three 
points happen to be collinear). We pass a parabola, p ,  (whose algebraic equation is a 
second degree polynomial, a quadratic) through the points ( 2 i - 2 ,  yi-2), (xi-1, yi-l), and 
( x i ,y;) (Figure 6-14). p serves as an approximation to f on [ ~ i - 2 ,xi]and J::2 p ( x )d s  as 
an approximation to Jz-,f ( 2 )dx. The computation of J,”,l_, p ( x )  dx is straight-forward, rl but somewhat involved, and, since it is found in your text, we just state the result 
here, namely, 

h ( ~ i - 2+ 4yi-l + y;) 
3 7 
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Y 

A 


Figure 6-14: Simpson’s approximation 

where, as before, h = ( b  - a ) / n ,  ~ i - 2  = f ( ~ ; - 2 ) ,  ~ i - 1  = f(zi-l), and Yi = f (x i ) .  
Because the index, i, is arbitrary here, we can apply this result to each of the intervals 
[zo,Q], [Q, xq],. . . , [xn-2, z n ] ,  (always taking 3 points at a time), and Simpson’s Rule 
is then obtained by adding all of the approximations together. Specifically, we find 

Although the Simpson approximation is similar to the Trapezoidal Rule in form, it 
is actually far more powerful, as we’ll see from the error estimates. Reasoning as we 
did earlier, we expect the error to depend upon h and the size of the third derivative 
of f, since the Simpson approximation is exact for all quadratic functions, f ( x )  = 
a2x2+ a lx  + ao, whose third derivative is 0. In fact, we get an unexpected bonus: The 
approximation is also exact (error = 0 )  for cubic functions, f(z)= a3z3+a2x2+alz+ao, 
so that the error actually depends upon the fourth derivative of f .  Specifically, 

(6.11) 

where M4 = max1f””(x)1for a 5 x 5 b. An alternative form for the error estimate, 
which emphasizes its dependence on the spacing h,  is given by 

(6.12) 

Example 6.7 Return to Example 6.6, to compute In2 = J f ( l / t )d t ,  using Simpson’s 
Rule. 

Solution: We obtain the table given below. 

n s n  Error Bound Actual Error 
10 .6931502310 .0000133333 .0000030504 
20 .6931473747 .0000008333 .0000001941 
50 .6931471860 .0000000213 .0000000054 
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The errors in S, are clearly much smaller than the corresponding ones in T,. Addi-
tionally, if we want to guarantee an error of no more than, say, .0001, then the required 
value of n is much smaller for Simpson, as the following computation shows: 

For f ( t )  = l / t ,  we have f””(t) = 24/ t5 , so that M4 = maxIf””(t)l for 1 5 t 5 2 is 
24. Hence, 

If we want IE(S,)l 5 .0001,it suffices that 

r) 1
L 5 .0001= 

15n4 10000 

or 

15n4 
210000

2 


or 

20000 4000 
n >-- -

15 3 .  

Thus, we can choose 

4000 ‘I4 
n 2 (T) = 6.043. 

Since n must be even, n = 8 will suffice, while for the Trapezoidal Rule we saw earlier 
that n = 41 was required to guarantee this degree of accuracy. 

Note: Do not conclude from the above discussion that Simpson’s Rule is always more 
efficient than the Trapezoidal Rule. If f has a bounded fourth derivative, then Simp- 
son’s Rule will usually be more accurate than the Trapezoidal Rule, at least for n 
sufficiently large. This is so because the error using Simpson’s Rule decreases like l / n 4 ,  
while that of the Trapezoidal Rule decreases like l / n 2 .Even in this case, however, there 
are functions for which the Trapezoidal Rule gives better approximations. For example, 
the Trapezoidal Rule is known to be exceptionally efficient for periodic functions, such 
as sinx or cosx. In addition, if f does not have bounded derivatives of the required 
order, then we may not achieve the estimates we obtained in this section. We’ll see an 
example of this phenomenon in Solved Problem 6.15. 
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Solved Problems 

IMPROPER INTEGRALS 

6.1 Show that 
J1!!E 
0 xp 


converges if and only if p < 1. 

Solution: Since we're going to use the Fundamental Theorem of Calculus to 
help solve the problem, we need an antiderivative of l/xP. We have 

x I - P / ( l  -p)  i f p # 1J $ = {  I n s  i f p =  1. 

Suppose first that p # 1. By the definition of the improper integral, 

$1-P 
= lim -

t+o+ 1 - p

(:--). lim= 1 t ' - P  

t 4 O +  1 P 1 - P  

The problematic term is tl-p/(l  - p). If p < 1, then 1 -p > 0, and 

So in this case the improper integral converges to 1/(  1-p). On the other hand, 
if p > 1, then 1 - p  < 0, so that the term t l - p  appears in the denominator of the 
fraction, and this term is unbounded as t + O+. Hence, the integral diverges. 

The only case remaining is p = 1, where 

= lim (In 1- 1n-L)
t+o+ 

= lim -1nt. 
t-+O+ 

The lakter term is unbounded as t 3 O+, so the integral again diverges. 
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6.2 Show that 

converges if and only if p > 1. 

Solution: The proof is similar to that of the previous problem. If p # 1 ,  then 

= lim(---).t’-P 1 

t -03 1 - p  1 - P  

This time, however, p > 1 is favorable, for then 

t’-P 


lim --- 0,
t+cQ 1 - p  

and the integral is equal to l / ( p - 1). If p < 1, then the term involving t f - p  

tends to 00 and the integral diverges. The case of p = 1 is left to the reader. 

6.3 In some cases, it is possible to show that an improper integral converges, even 
though you can’t find its exact value! In this problem we’ll derive a result which 
allows us to compare two improper integrals and we’ll see that the convergence 
or divergence of one of them can give us information about the other. 

Prove the following result: 

Comparison Theorem: Suppose 0 < f (x)  5 g(x) for all z 2 a.  

a. If s,”g(x)dz converges, then sumf(x)dx also converges. 

b. If s,” f(x) dx diverges, then s,” g(x)dx also diverges. 

Solution: The easiest way to understand this result is in terms of area (Figure 6-
15). 

a. Suppose Jam g(z) dx converges. Since g(z) > 0, this means that the area of 
the region bounded above by y = g(x),below by the x-axis and on the left 
by the line z = a is finite.Now f(x) _< g(x),so the area of the comparable 
region below y = f(z)is even smaller, and hence J,” f(z)dx also converges. 

b. Conversely, if J,” f (z )dz diverges, then the area of the region just men-
tioned is not finite,so that the area of the region below y = g(x) is also 
not finite. Hence, Jam g(z) dx diverges. 
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Y 


I I 

I a 


Figure 6-15: Comparison of two functions 

6.4 Determine whether Jy e-”/x dx converges or diverges. 

Solution: e-x/x is an example of a function which does not have an elementary 
antiderivative. In other words, there does not exist a combination of the basic 
functions of calculus whose derivative is equal to e-“/x. As a result, we cannot 
use the Fundamental Theorem to solve this problem. 

So what can we do? We fall back on the Comparison Theorem proved in 6.3. Of 
course, this theorem has a shortcoming: We aren’t able to evaluate the integral. 
But we don’t have a choice in the matter, and often the convergence or divergence 
of the integral is more important than the actual value. 

To use the Comparison Theorem, we need a second integral to compare with the 
given one. In this case a good choice for g is e - x .  Since we’re on the interval 
[l,oo),the integrand e-”/x 5 e-”. So if we can show that $1” e-x dx converges, 
then the Comparison Theorem tells us that our integral also converges. Now, 

lmlim lte-” dx = e-x dx 
t--+oo 

t 
= lim -e-zll 

t -+m 

= lim(-e-t + e-l)
t+m 

-- -1 
e ,  

since e-t = l / e t  tends to 0 as t tends to 00. Thus, Jlm e-”/x dx converges. 

6.5 Investigate the convergence of JFsin2x/x2 dx. 

Solution: We use the Comparison Theorem again. 

sin2x 1
L -

2 2  , 
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and Jlw 1/x2 da: converges by Solved Problem 6.2. 

6.6 Does Jy l / d m d x  converge? 

Solution: 
1 11 < - - -

d 7 q  - @- x3/2' 

By Solved Problem 6.2, we know that Jy l/(x3//") dx converges. Thus, our inte- 
gral converges as well. 

6.7 Let 
l/& o < x g  

f (x )  = { 1 / 2 2 ,  1 < 2 .  

Evaluate f (x)  dx. 

Solution: The function has two problems: It is unbounded near 0, and the 
interval of integration is infinite. As we saw, in such a situation we must isolate 
the problems by breaking the interval into two pieces, as follows. 

The value of the first of these integrals was computed at the very beginning of 
Chapter 6, and was found to be 2. The second integral can be evaluated in the 
usual way; it is equal to 1. Thus, our integral exists, and is equal to 3, the sum 
of the two integrals. 

6.8 Does JJ ez/x dx converge? 

Solution: ex/x 2 1/x for 0 5 x 5 1. We know from Solved Problem 6.1 that 
Jll / x d x  diverges and the Comparison Test tells us that the present integral 
diverges as well. 

6.9 A function, f, is said to be odd if f(-x) = -f(z) for all x. (Examples of odd 
functions include all power functions, xn, where n is an odd integer.) Suppose f 
is an odd function such that Jrf ( x )  dx converges. Prove that s-",f ( x )  dx also 
converges and equals 0. 

Solution: We saw that an integral from -00 to 00 has to be broken into two 
separate integrals. A convenient breakpoint in this case is 0. Now we know that 
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JOw f (x )  dx converges, say to a value L,  and since f is odd 

rO PO 

= t-03limJol-f(x)dx 

-- -L. 

So the integral from -00 to 0 also exists, which tells us that Jrwf ( x )  dx exists 
and equals L - L = 0. 

NUMERICAL INTEGRATION 

6.10 Integrals of the form 

are of great importance in statistics. Unfortunately, however, they cannot be 
evaluated using the Fundamental Theorem, since the integrand does not have 
an elementary antiderivative. As a result, we have to rely upon a numerical 
approximation. Find an approximation to J: eVz2dx, using Simpson’s Rule with 
n = 4 subintervals. 

Solution: Divide [ O , l ]  into 4 equal subintervals. Hence, xo = 0, z1 = .25, 
2 2  = .5, 23 = .75 and x4 = 1. Let y; = e-”i2 , for i = 0, 1,2,3,4.  From (6.10), 
page 165, 

~ ( Y o+ 4Yi + 2Y2 + 4Y3 -k Y4)
s 4  = 7

3 
where h = .25. Carrying out the evaluations of the function, we obtain S, = 
.25(1 + 3.757652 + 1.557602 + 2.279131 + .367879)/3 = .746855. 

6.11 How many subintervals are needed to guarantee an error not exceeding .001 
when computing an approximation to J: In x dx using the Trapezoidal Rule? 

Solution: In order to use the error estimate we must compute bounds on the 
size of the second derivative of lnx. Letting f(z)= lnx,  we have 

f ’ ( x )  = 1;,
 f”(x) = --1 
5 2  * 

On the interval [1,3], the maximum absolute value of f ”  occurs when x = 1, 
yielding M2 = maxIf”(z)I = 1. Now (6.7), page 162, tells us that the error in 
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the Trapezoidal Rule when using n intervals satisfies 

since iM2 = 1 and ( b- a )  = 2. Solving the inequality 

3 


yields n > 25.9 or, since n must be an integer, 26 intervals suffice. 

6.12 Repeat the previous problem for Simpson’s Rule. 

Solution: This time we need a bound on If ” ” 1 .  We have 

2 6=f”‘(4= --& fyX)--
x4’ 

As in the previous problem, the largest value of I f ” “ l  in the interval [1,3] occurs 
at x = 1, so that M4 = 6. We use (6.11), page 165, which tells us that 

to obtain n > 5.8, so that 6 intervals guarantee the desired accuracy. 

6.13 Since the derivative of the function tan-’ x is 1/(1+ x2),we have 

1 7 TJ’ d2= tan-’ xio = 4. 
0 1 + x 2  

Hence, 
1 dx 

and the integral can be used to find a numerical approximation to 7r. (No, 22/7 
just won’t do!) Use the Trapezoidal Rule and Simpson’s Rule with 8 subintervals 
to approximate T. 

Solution: Here h = 1/8, x; = i / 8 ,  and y; = 4/(1 + x”), i = 0 ,1 ,2 , .  . . ,8. From 
(6.6), we have 

TS = [yO + 2(yl + y2 + y3 + 94 + y.5 + y6 + y7) + ?j8]/16 

1 256 64 256 16 64 256 
-- - 4 + 2  -+ -+ -+ -+ -+ -+ - 256 

16 [ ( 6 5  17 73 5 89 25 113 
= 3.138988495. 
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Simpson’s Rule, which we obtain from (6.10), yields 

1 256 
-- - [4 + 4=

256 + 2-
64 + 4-256 + 2-

16 
+4-

256 + 2-
64 + 4- + 2124 17 73 5 89 25 113 

= 3.141592503. 

Since T = 3.141592654 (to 9 decimal places), we see that Simpson’s Rule is ac-
curate to 6 decimal places, while the Trapezoidal Rule is correct to only 2 places 
(when rounded). (If you’re impressed by the accuracy of Simpson’s method, 
keep in mind that different and much more powerful techniques have been used 
recently to compute T to over 2 billion decimal places!!) 

6.14 Let f be a function which has four bounded derivatives, so that the error es-
timates for T, and S, (6.7) and (6.11) are valid. Suppose that to refine t,he 
approximation we cut the spacing, h,  in half, which is equivalent to doubling the 
number of subintervals, n. What effect do we anticipate this will have on t’he 
errors in the approximation of S,b f(z)dz? 

Solution: From (6.7) and (6.11), 

Doubling n requires that we look at the bound for E2n, which is 

which is 1/4 the error bound for T,. So we expect IE(T2,)I to be about 1/4 as 
large as IE(T,)l. 

Note that we can’t be sure that E(T2,) is always exactly one fourth E(T,). The 
reason for this is that both of these inequalities are upper bounds for the possible 
error. As we have seen, the actual errors are often somewhat smaller. Never-
theless, the computation we have just made does provide us with a reasonable 
idea of what to expect from the approximation. Note, also, that doubling 97 

is tantamount to doubling the amount of work that we must do. The payoff, 
however, is that the estimate is about 4 times as accurate. 

Satisfying as this result may be, applying similar analysis to Simpson’s Rule 
gives an even more dramatic outcome. Here, doubling n leads to the error being 
decreased by a factor of 16! This is due to the presence of the term n 4  in the 
denominator of (6.11): Replacing n by 2n changes l / n4  to l / (16n4) .  

In Examples 6.6, page 162, and 6.7, page 165, we see that the anticipated im-
provement is actually achieved. For T,, going from 10 to 20 intervals results in 
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an error one fourth as large. A similar phenomenon occurs in going from 50 to 
100 intervals, or from 100 to 200. For Sn, the ratio of the errors for n = 10 and 
n = 20 intervals is 1/16, as expected. 

6.15 The error estimates for Tn and Sn are not always valid, for they assume the 
existence of either 2 or 4 bounded derivatives of the integrand. Indeed, the 
approximation of the integral of a function which lacks the required number of 
derivatives may be quite inferior to what we’ve come to expect, as we’ll see in 
this problem. 

For n = 4, 8, 16, and 32, compute Tn and Sn for Ji&dz, and the errors in 
these approximations. (The exact value of the integral is 2/3 or .666667 to 6 
decimal places.) 

n Tn Sn IE(Tn)l IE(W , 

4 .643283 .656526 .023385 .010140 
8 .658130 .663079 .008536 ,003587 
16 .663581 .665398 .003085 .001268 

I 32 I .665559 I ,666218 I .001108 I .000448 I 
In our previous examples Simpson’s Rule has always yielded much better ap- 
proximations than the Trapezoidal Rule. In this case, however, the difference 
between the efficiency of the two methods is minimal. True, the errors in Sn are 
somewhat smaller than in Tn. But neither of the two methods is doing a very 
good job. In each case, doubling the number of intervals causes a reduction in 
the error by a factor of about .35. In the previous problem we showed that if 
the integrand has enough derivatives, then the error in Tn should go down by a 
factor of about 1/4 = .25 when the number of intervals is doubled, and the error 
in Sn by a factor of about 1/16 = .0625. So while both methods fail to live up 
to their potential, Simpson’s Rule is especially disappointing in this case. 

Well, what went wrong? The problem lies in the function, &,which has no 
derivative at x = 0 (the tangent line is vertical there). Moral: Before you use 
the error estimates, make sure that they apply to the problem at hand. 

6.16 One of the simplest methods for approximating s,b f(z)da: is known as the Mid- 
point Rule, M,. It is an approximation by rectangles obtained by partitioning 
[a ,b] into n equally spaced intervals by a set a = xo,a:1,22,.. .,xn-1,xn = b, let-

i
ting ci be the midpoint of [ x i - l , ~ ; ] ,= 1,2,. . . n,  and choosing yi  = f ( c ; ) , i = 
1,2,. . .. The approximation is then given by 

Prove that Mn gives the exact value if f is any linear function. 
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Solution: Suppose f is positive on the subinterval, [Xi - l , x i ] .  We'll use an area 
argument. The approximation there consists of a rectangle of height f(c;) and 
width h = x;- xi-1. But if f is linear, then the triangle that lies above the 
line y = f(c;) is congruent to the triangle which lies below it [Figure 6-16). 
Hence, the area of the rectangle (the approximation) equals that under the line 
(the value of the integral). This result is also valid if f is not positive over the 
sub int er val . 
The fact that M, is exact for linear functions makes the Midpoint Rule compet- 
itive with the Trapezoidal Rule. 

Y 


Figure 6-16: The midpoint rule 

Supplementary Problems 

IMPROPER INTEGRALS 

6.17 Evaluate the following improper integrals: 

0a. J' Y G d X  
" 1

b. L " i 3 dx 

6.18 Investigate whether the following integrals converge: 

" x3 dx 


foo 1 
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Hint: In the last part use the fact that lnx/x < 1 for all x 2 1. 

NUMERICAL INTEGRATION 

6.19 Find T4 and 5'4 for the following integrals. (If you have a programmable calcu- 
lator or a computer, also find T, and S, for n = 8,16 and 32.) 

a. x cos x dx1T'3 

6.20 How large should n be to guarantee that T, is within ,0005 of S,bf(x)dx for 
each of the following integrals: 

a. J,T'4 tan x dx 

b. i 1 e x 2 d x  

6.21 a. If the Trapezoidal Rule is used to approximate JJ x 2 d q  will T, be 

0 bigger than the integral 
0 smaller than the integral 
0 impossible to tell? 

Hint: Draw a picture. 

b. Generalize this result to functions other than x2. Can you think of a wide 
class of functions for which a similar result applies? 

Answers to Supplementary Problems 

6.17 a. 1.5 

b. 7r 
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6.18 a. Diverges 

b. Converges 

c. Converges 

6.19 a. T4 = .398848, T8 = .404890, T16 = .406397, T32 = .406774 
5'4 = .406963, $3 = .406904, sl6 = S32 = .406900, which is correct to 6 
decimal places. 

b. T4 = 3.068704, T8 = 3.061520, T16 = 3.059712, T32 = 3.059267
sd = 3.059239, s8 = 3.059125, sl6 = S32 = 3.059117, which is correct to 6 
decimal places. 

C. T4 = 1.490679, T8 = 1.469712, 2'16 = 1.464420, T32 = 1.463094 
s4 = 1.463711, $3 = 1.462723, sl6 = 1.462656, s32 = 1.462652, which is 
correct to 6 decimal places. 

6.20 a. n 2 18 

b. n 2 53 

6.21 a. T, is bigger than the integral, since the approximating segments all lie 
above the function f(x) = x2. 

b. The same result is true for any function which is concave up. 
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Chapter 7 


Infinite Series 

What We Know: How to add two numbers. 

What We Want To Know: How to add an infinite set of numbers. 

How We Do It: We approximate the infinite sum with certain finite sums. 

7.1 Motivation 

While calculus is often broken down into two main branches, differential and integral 
calculus, there is a third area that is of great importance - infinite series. The addition 
of two or several numbers is the simplest of the arithmetic operations, and is certainly 
familiar to all of us. We ask the following question: Can we make any sense of the 
notion of adding together the elements of an infinite set of numbers? Let’s begin with 
an example which will show that our question is meaningful. 

Example 7.1 Consider a square, whose side is 1 and whose area is, hence, also 1. 
Divide the square into two equal rectangles (Figure 7-1). Then the area of the square is 
the sum of the areas of these two rectangles, or 1 = 1/2 + 1/2. Now further divide one 

. 

1 11 area = 5 area = 5 1 

Figure 7-1: Dividing a square into 2 pieces 

of the rectangles into two equal squares. The area of the large square is the sum of the 
areas of the remaining rectangle and the two smaller squares, or 1 = 1/2 + 1/4 + 1/4 
(Figure 7-2). If we again divide one of the smaller squares into two equal rectangles 

178 
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11 area = 5 

Figure 7-2: Further division of the square 

Figure 7-3: Endless division of the square 

we will obtain 1 = 112 + 114 + 118 + 118. We now continue the process of subdivision 
indefinitely (Figure 7-3). The area of the large square is equal to the sum of the areas 
of all the rectangles and squares thus created. In other words, 

1 1 1 1 11 = - +  - +  - +  - +  -+-1 +-.  
2 4 8 16 32 64 

We thus see that the sum of an infinite set of numbers can be finite, even though our 
intuition may have told us otherwise. 

This example prompts us to consider the problem in greater generality. Suppose we 
have an infinite sequence of numbers, which we denote by a l ,a2, a3,. . . . (In Example 7.1, 
above, a1 = 112; a2 = 114 = 1/22; a3 = 118 = l/23; and, in general, an = 1/2".) We 
now ask two questions about any infinite sequence, a l ,  a2, a s , .  ..: 

1. Can we determine if there is a finite value which represents the infinite series, 
a1 + a2 + a3 + .. .? 

2. If the answer to our first question is yes, how can we find that value? 

Assume that the series has a definite value (as in Example 7.1),  but that we don't 
know what it is. Following our usual approach, we try to approximate the value. But d 
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when we ask what we can use as an approximation, there is nothing more natural than 
to turn to the series itself, as follows. 

Consider the first term-and it, alone-as an initial approximation (although it is 
probably not a very good one). To refine the approximation, we add the second term 
in the series to the first; for further refinement, we add the third term to the sum of 
the first two. We continue in like fashion, obtaining a sequence of approximations that 
looks like this: 

a1

72 a1 + a2 
a1 + a2 + a3 

..................... 

a.1 + a2 + a3 + . - - + a ,  

Let's return to Example 7.1. The approximations to the full sum there are: 

1I2  
112 + 114 
112 + 114 + 118 
112 + 114 + 118 + 1/16 
1/%+ 1/4 + 1/8 + 1/16 + 1/32 

and, in general, 
1/2 + 1/4 + 1/8 + 1/16 + . * .  

= 1/2 
= 3/4 
= 718 
= 15/16 
= 31/32 

+ l / an .  ( 7 4  

I t  appears a pattern is emerging in the successive approximations. The sum in (7.1) 
can be expressed in closed form, namely, it seems to equal 1- 1/2", since, for example, 
31/32 = 1 - 1/32 = I - l / z5 .  Indeed, this is the case, as we will see later on, and 
this fact is important in evaluating the full sum. Assume that we don't know that 
the sum is 1. How can we find this value? Up to this point, we have been looking 
at approximations and refinements. But we know from our previous work that to 
obtain the precise or exact value requires us to pass to the limit. Now, the sums of 
the successive approximations are approaching 1, since the nth approximation has sum 
1 - 1/2", and 1/2" tends to 0 as n gets larger. Hence the full sum is 1. 

Example 7.2 Determine whether the infinite series 

1 1 1 1 1- + - + - + - + - + . . .  
2 6 12 20 30 

has  a finite value and,  if so, find that value. 

Solution: It is not clear exa.ctly how the series should continue. However, if we notice 
that 2 = 1 . 2, 6 = 2 - 3, 12 = 3 - 4, 20 = 4 .  5, and so forth, we see that the general 
term of the series is 

1 
a,  = 

n(n + 1)' 
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This remark not only clarifies the description of the terms of the series, but, as we will 
see shortly, will also enable us to evaluate the sum. 

Let’s play with the series a bit, in the hope that obtaining several approximations 
will enable us to guess the answer. The successive approximations are: 

112 = 112 
1/2 + 116 = 213 
112 + 116 + 1/12 = 314 
1/2 + 1/6 + 1/12 + 1/20 = 4/5 
1/2 + 1/6 + 1/12 + 1/20 + 1/30 = 5/6 

A pattern is certainly emerging! The denominator of successive terms on the right keeps 
increasing by one, and each numerator is one less than the corresponding denominator. 
So an obvious guess for the nth approximation, 112 + 1/6 + 1/12 + - - - + l / (n (n  + l ) ) ,  
is n / (n  + 1). If this is true, then the exact value of the series will follow by passing to 
the limit. Now 

and, since l / ( n +  1) tends to 0 as n tends to infinity, this limit is 1. But how can we be 
sure that our guess for the nth approximation is correct? This follows from an alternate 
expression for the term l/(n(n + 1)): 

1 1 1 
n ( n + I )  n n + l  

(Although this identity is readily verified, it may not be clear just how we obtained 
the right-hand side from the left. One way of doing so is by use of partial fractions 
decomposition, an important method for splitting general fractions up into component 
parts. You can find a discussion of this method in your text in the chapter on Techniques 
of Integration.) 

We use this identity to rewrite the terms of the series, as follows: 

1 1 1 1 1- + - + - + - + . . . +  
2 6 12 20 n(n + 1) 

1 1 1 1 1 
-- - +-+-+-+.. .  

1 - 2  2 . 3  3 . 4  4 . 5  n(n + 1)+ 

2 3 3 4 4 5 n n + l  

1 
2 2 3 3 4 4 

0 
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This series is an example of a telescoping sum, because of the cancellation of almost all 
of the terms. As we see, after the cancellations, all we are left with is just 1- l / (n  + I) ,  
confirmation of our earlier guess which was based upon numerical observation. So the 
full sum of the series is, indeed, equal to 1. 

Please don’t conclude from these examples that all infinite series have sums of 1. 
In fact, there are series that fail to have definite values at all. An obvious candidate 
for such a ‘bad’ series is 1 + 1+ 1 + - -. The successive approximations to this series 
are 1,2,3,4,-, with the nth approximation being just n. Because n -+ 00, so do the 
approximations. A more subtle example is the following: 

Let al = I ,  a2 = -1, a3 = 1, a4 = -1 and, in general, the odd terms are all 1, while 
the even terms are all -1. The successive approximations are clearly 1, 0,1,0,1,0, . . ., 
and this sequence of numbers does not approach a single number as n --.) 00. Hence, 
this series has no limit. 

We will see many more examples of both ‘good’ and ‘bad’ series, but first let’s 
formalize what we have done and introduce the appropriate notation. 

7.2 Definition 

The approximating sums that we have been considering in the previous section have a 
technical name. They are known as the partial sums of the infinite series. Thus, a1 is 
the first partial sum, a1 + a2 is the second partial sum, and so forth, with the general 
term, al +a2 + a  - - +a, called the nth partial sum. We may think of these partial sums 
as nothing more than the first, second, . . ., nth approximations to the full sum of the 
series. We denote these partial sums by s1, s2,  s3,.. . ,sn. Thus 

s1 = a1 
s2 = a1 +a2 

s3 = a1 + a2 + a3 

. . . . . .  ...................... 
Sn = a1 + a2 + a3 + * . *  + a n  

Definition: We say that the infinite series a1 +a2 +a3 + - .  has the sum L if the limit 
as n -+ 00 of the sequence of partial sums, {s,}, is equal to L. In this case, we also say 
that the series converges to L.  If the limit of {sn} does not exist, then we say that the 
infinite series diverges. 

Remark 7.1 As in our earlier chapters, we will not enter into the technical aspects of 
the limit involved here, but, once again, will confine ourselves to an intuitive approach. 
Consult your textbook for the precise definition. 

0 
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7.3 Notation 

Writing out lengthy sums is cumbersome, so we use the sigma notation introduced in 
the chapter on the integral. An infinite series is represented in the following form: 

00 

i=1 

(read, the sum from 1 to infinity of a i ) .  The partial sums, sn, are given by 

Hence, 

provided the limit exists. 

Remark 7.2 Note that we use the letter i as the index of summation, and n for the 
general term in the approximations given by the partial sums, sn. As a result, the 
general term of the infinite series is written as a; (rather than a n ) ,  since n is reserved 
for the partial sums. 

7.4 Computational Techniques 

There is an important distinction between the computational techniques in Chapters 2 
and 4, and those that we are about to present. The methods we developed earlier 
allowed us to actually compute derivatives and integrals without resorting to their 
formal definitions, and we might expect similar results here for summing series. Such 
hopes, however, are dashed by the fact that we can rarely find the exact sum of an 
infinite series. (The reason for this is that changing even one term of an infinity series 
changes its sum, but does not affect the convergence or divergence of the series.) With 
the exception of one or two classes of series which can be summed explicitly, there 
are almost no general methods for finding the actual sums. As a result, we shift our 
attention to another part of the definition, the convergence or divergence of series. 
Here, we will find many valuable methods which allow us to determine whether or not 
a series converges. And, once we know that a series converges, we can employ numerical 
techniques which approximate the sum. 

In these days of high-speed computing devices, it is tempting to think that an easy 
way to determine whether or not a series converges is to find the partial sums, sn, for 
large values of n, and see whether they are converging. The following example shows 
why this approach is problematic. 
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Example 7.3 Determine whether the following series (known as the harmonic series) 
converges or diverges: Ef. 

i= 1 

Solution: Let’s find s, for this series for several values of n, small and large: 

310 = 2.928968 
S l O O  = 5.187378 
SlOOO = 7.485471 
~10000 = 9.787606 
s2oooo = 10.480728 
s30000 = 10.886185 

= 11.173863s40000 

s50000 = 11.397003 

If we continue the computation to much larger values of n we will find that the sum of 
a million terms of the series is less than 15 and even a billion terms add to less than 22. 
One might think from these calculations that the series converges. But this conclusion 
is WRONG! For consider the following scheme. Group the terms: 

and so forth, and notice the following inequalities: 

1 > 112 
112 
113 + 114 
115 + 116 + 117 + 118 
119 + 1/10 + 1/11 + * - - + 1/16 

> 
> 
> 

2(1/4) 
4(1/8) 
8(1/16) 

= 
= 
= 
= 

112 
112 
112 
112 

Thus 
s1 > 112 = 112 
s2 > 2(1/2) = 1 
~4 > 3(1/2) = 312 
s8 > 4(1/2) = 2 

~ 1 6> 5(1/2) = 512 

and, in general, 
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The latter term tends to infinity with increasing n, so that the series diverges. We see 
from this example how dangerous it can be to draw conclusions from numerical work, 
without doing previous an a1ys is. 

As mentioned earlier, there are few series which can be summed explicitly. One 
important exception to this is the geometric series, Czl U;-' , whose convergence prop- 
erties are summarized in the following result: 

Theorem 7.1 (Geometric Series) The geometric series 

00 1
1


C u i - '  converges to -if and only if IuI < 1. 
i=l  1 - U  

For instance, 

00 1 1 10 
-a. C(.7)"-'= --- - - -

1 - . 7  .3  3 'i=l 

00 /o\2-1 1 1 

1 1 7 

The following is an important test for divergence. 

Theorem 7.2 If  Czl a; converges, then lim;+w a; = 0. 

Proof: Let sn = a;, and let L be the limit of the sequence s,. Now consider 
sn - s,-1 = a; -Cyz: a; = an ,  since all the other terms cancel. Hence, 

and the proof is complete. 

The most useful computational techniques are for series which consist solely of 
positive terms, because in this case there is a simple criterion for convergence. Let's 
return to the definition of convergence of an infinite series, in which we first compute the 
partial sums, sn = & a ; .  If a; > 0 for all i, then the sequence {s,} is an increasing 
one; that is, s1 < s2 < s3 < . . .. Under what circumstances does such a sequence 
converge? There are only two possibilities for an increasing sequence: Either it grows 
without bound (that is, sn -+ 00 , in which case the series diverges), or else the terms 
s, are bounded from above. This means that there exists some number M which is 
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y = Mt” 

Figure 7-4: An increasing sequence 

greater than any element of the sequence: sn < M for all n. In Example 7.1, Czl 1/2’, 
the partial sums were, successively, 1/2, 3/4, 7/8, 15/16,. .., all bounded from above 
by 1. The same was true in Example 7.2. Let’s look at this geometrically (Figure 7-4). 
It appears from this diagram that the sequence {sn} is converging to M .  However, let 
us not jump to conclusions. For what is M? It is a number which is greater than every 
term of the sequence, {sn}. In Example 7.1, 5 is also such an upper bound, but the 
sequence does not converge to 5. Nor does it converge to 2.3, 10.5, 117, or 549, although 
all of these numbers are upper bounds of {sn}. Among all of the upper bounds (and 
there are an infinite number of them), what distinguishes the number 1, which is the 
limit of {sn}? 1 is called the least upper bound of {sn}. But what, exactly, do we mean 
by this? Suppose we have found an upper bound, M ,  for a sequence {sn}. Thus A4 
lies above all the terms of the sequence (Figure 7-5). There are two possibilities: 

y = M  

Figure 7-5: A4 is an upper bound 

0 We can lower the line y = M and the resulting lowered line is still an upper bound 
for {sn} (Figure 7-6). 

0 We cannot lower the line y = M at all without having elements of {sn} exceed 
M (Figure 7-7). 

In the second case, M is the least upper bound of {sn}. In other words, among all 
upper bounds, it is the smallest. If the first possibility holds, however, we can lower 
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Y y = MA 


Figure 7-6: A4 isn't the least upper bound 

y = M  

0 

0 34 

0 s3 
32 


31 ; x  

Figure 7-7: A4 is the least upper bound 

the bounding horizontal line. But how far should we lower it? Just far enough so that 
we reach the second possibility, that is, until we reach the least upper bound. At this 
point we stop, since we have found the limit of {Sn} and, hence, the sum of the series 
ci"=1a;* 

We conclude our lengthy discussion by summarizing our results to this point. We've 
shown that if all of the terms ai are positive, then the sequence of partial sums {sn} is 
increasing. There are then two possibilities: 

0 If the sequence {Sn} is bounded, then a; converges. 

0 If the sequence {sn} is unbounded, then E& a; diverges. 

Remark 7.3 The fact that the lowering process described above always terminates 
(that is, that the least upper bound always exists), is a deep and important result, 
known as the completeness property of the real numbers. More details about this topic 
are found in Advanced Calculus courses. 

We restate our result formally. 

Theorem 7.3 If a; > 0 for all i, then Czl a; converges if and only if the partial 
sums, sn, are bounded. 
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This theorem is the basis for many of the standard tests for convergence that are 
found in your textbook, such as the comparison test, limit comparison test, and the 
integral test. We first illustrate these ideas by introducing the comparison test. In the 
previous chapter we saw a similax result for improper integrals, so the idea underlying 
this test is familiar. 

Theorem 7.4 (Comparison Test) Suppose 0 < a; 5 bi for  alE i .I I 
a. If C b; converges, then SO does a;. 

i = l  i = l  

b. If ai diverges, then so does bi. 
i= 1 i = l  

Proof: 

a. Let sn = a;  a,nd t n  = b; be the pa.rtia1 sums of the two series. Since 
a; 5 bi for all i ,  we certa,inly have s, 5 t ,  for all n. Now, the convergence of
xzlb; implies that the sequence { t n }  is bounded from above. Hence, there exists 
a number Al such that t ,  5 All for all n. But sn 5 t,, so that {sn}also satisfies 
s ,  5 hl for all n, and hence, xzl converges, by Theorem 7.3. 

Exercise 7.1 Prove part b. of Theorem 7.3. (The proof is similar to that of part 

a*) 


There are many other tests for convergence, all of which are examples of computa-
tional techniques. Recall, however, as we mentioned at the beginning of this section, 
that these results tell us only whether a series converges, but not the value of its sum. 
We now state some of these results, and refer you to your text for the proofs. The var- 
ious tests will be illustrated by examples which, for the most part, are self-contained. 
A s  a result, the exposition will be brief. 

Tests for series of positive terms: 

r1 Theorem 7.5 (Integral Test) Let f be a continuous, decreasing positive function 
on the interval [l,00) and let a; = f ( i ) ,i = 1 , 2 , 3 , .  . . . Then Cgla; is convergent if 
and only if the improper integral Jlm f ( 5 )dn: exists. 

Example 7.4 Does 

i = l  

converge or diverge P 
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Y
+ 

Figure 7-8: Graph of f(z)= 1/(1+ z') 

Solution: Consider the function f ( x )  = 1/(1+ x2), which is continuous, decreasing 
and positive on [l,oo), with f ( i )  = 1/(1 + 2') (Figure 7-8). So the conditions of the 
Integral Test are fulfilled. We now evaluate the improper integral, 

dx = l i m J t L  dx (defin it io n) 
t-*W 1 1 + x 2  

It 

= lim tan-lxl (Fundamental Theorem) 
t+oo 1 

= lim(tan-l t - tan-' 1) (substitution)
t+oo 

= lim tan-' t - n/4
t-oo 

= 7r/2-n/4 

= n/4. 

Since JT 1/(1+ x') dz exists, the infinite series czl(1/(1+ i2) converges. 

Example 7.5 Show that 
* 22 
k p2 = 1  


diverges. 

Solution: Let f ( z )  = 2 x 4 1  + x2),which satisfies all of the conditions needed for the 
Integral Test. However, in this case, the improper integral does nut exist, as we see 
from the following computation. 

An antiderivative of f(x) is In(1+ x2). Hence, 

(definition) 

= lim h( l  + z2)l: (Fundamental Theorem) 
t+oo 
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= lim In(1 + t 2 )- In2 
t+oo 

-- 00. (since In 5 -+ 00 as x --+ 00) 

Thus, 22/(1 + i 2 )  d‘iverges. 
i=l 

- 1  
Theorem 7.6 (The ptest) - converges if and only if p > 1 .  

i=l i p  

This test is a consequence of the Integral Test, together with part (b) of the Theorem on 
page 157 in Chapter 6. The pseries and the geometric series provide classes of examples 
which are useful when employing the Comparison Test and the Limit Comparison Test 
(soon to be stated). 

0  0  1  0 0 1 
_. 1 

Example 7.6 ;1.1converges, but $ diverges. 

i=1  i=l 

Theorem 7.7 (Limit Comparison Test) Suppose 0 < a; and 0 < bi for all i, and[lsuppose that 
ailim -= L ,

i-mo b; 

where 0 < L < 00. Then either Czla ,  and Czlbi both converge or else both diverge. 

Example 7.7 Determine whether 

O0 22+11 
i3 - 32 + 4i=l 

converges or diverges. 

Solution: Let a; = (22 + l l ) / ( i 3  - 3i + 4). For i large, the dominant term in the 
numerator is 22, while in the denominator it is i3. Thus, for i large, a; seems to ‘be 
near’ 2/i2.  

To make this argument more precise, let bi = l / i 2 .  Then 

ai (2i+ 11)/(i3 - 3i + 4)
lim - = lim 
i-+m b; i-ca 1/ i 2  

P(2i  + 11) 
(algebra)= lim 

i-00 i3 - 32 + 4 

i3(2 + i i / i )
= lim 

t-OO i3(1- 3/i2 + 4/23] 
(factoring) 

2 + 1112 
= lim 

i-bw 1 - 3 / 2 2  + 4/23 
(cancelling i3) 

= 2. 
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Now Ezl bj = Cg,l / i2  is a pseries with p = 2, and hence is convergent. Since 
limi+m a;/bi = 2, xzla; also converges by the Limit Comparison Test. 

We turn now to series where the terms are not required to be positive. There are 
far fewer tests in this case, and we present two of the most important ones. The Ratio 
Test, which we introduce first, will be especially useful in the context of Taylor Series 
which we'll encounter in the next section. 

Tests for general series: 

Theorem 7.8 (Ratio Test) Suppose that the limit of the quotient of the absolute 
value of successive terms of a series exists. That is, suppose that 

Then 

a. E:, a; converges if L < 1; 

b. E;"=,a; diverges if L > 1; 

c. if L = 1, then the test gives no information about the convergence or divergence of 
the series. 

Example 7.8 Investigate the convergence of 

" 2 O0 i! 
a. b. E*. 

i= l  i=1 

Solution: 

a. Let a; = i /2$  SO that ai+l = ( i  + 1)/2i+1. Hence, 

ai+1 (i + 1)/(2i+l)
lim - = lim 
i+oo ai i doo  i / 2 i  

= l i m ( T ) ( & )i + l  
(ulgebra)

i - tm 

lim (F)(k)= i+m (cancellation) 

= (112) lim(1 + l / i )  (ulgebra)
8-03 


1 
-

2' 

Since L = 112 < 1, the series converges. 

0 
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b. Set a; = i!/lOi. Then ai+l = ( 2  + l)!/lOi+', SO that 

ai+ 1 -
( 2  + 1)!/102+1 

ai i!/lOi 

i + l)!)(&)= (( 2 !  (dgebra) 

i + l  
- (ca ncel la tion)

10 * 

Thus, 1imidm a;+l /a;= limj-,m(i + 1)/10 = 00, so that i!/lOi diverges. 

To show that the Ratio Test is inconclusive when L = 1, it suffices to produce two 
series, one convergent, the other divergent, in both of which L = 1. This is easily done, 
since for each pseries, L = 1 (verify), and we know that zEll / i 2 is convergent, while 

l / i  diverges. 

ri Theorem 7.9 (Alternating Series Test) Suppose the following conditions hold: 

a. a1 > a2 > a3 > . . .; 

b. l i rq+w a; = 0. 

Then the series xzl(-1)"'ai = a1 - a2 + a3 - a4 + 9 - - converges. 

Example 7.9 Investigate the convergence of the alternating harmonic series, 

1 1 1I - - + - - -
+ * a . . 

2 3 4 

Solution: The series converges, since the terms strictly alternate between positive and 
negative, and are decreasing to 0 in magnitude. 

7.5 Application of Series 

Perhaps the most important application of infinite series is in the numerical computa- 
tions of functions. Polynomials and rational functions (quotients of polynomials) can 
be computed by means of the ordinary arithmetic operations. Other functions require 
more sophisticated techniques, and infinite series provide one such method. We had 
a preview of this in Chapter 3, where we used Taylor polynomials as approximations 
to functions, but at  that time, after going through the approximation and refinement 
stages, we deferred the question of the limit of the Taylor process to this chapter, in ri which we introduce Taylor series. We begin our analysis with an example. 

Example 7.10 Find the Taylor series for sinx about a = 0.  
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Solution: Let f (x)  = sin x. Recall from Section 3.2 that the nth Taylor polynomial at 
a = 0 is given by 

Here f’(x) = cosz, f”(x) = -sinx, f”’(x) = - cosx and f”’(x) = sinx, after which 
the pattern repeats in clusters of 4 derivatives. It is thus sufficient for us to compute 
f(x),  f’(x), f”(x) and f”’(x) at the base point, a = 0. Specifically, we have sin 0 = 0 
and cos 0 = 1. Hence, 

f’(0) = 1 

f”(0) = 0 

f”’(0) = -1, (7.3) 

From (7.2) and (7.3) we find that the odd degree Taylor polynomials for sin x are given 
by 

x3 x5 x7 x2n-1 

pzn-l= - -+ ---+ * + (-qn
(2n- I)!3! 5! 7! (7.4) 

Note: Since all the coefficients of the e v e n  powers of x are 0, the Taylor polynomial 
for sinx of even degree, 272, is identical to that of degree 2n - 1. That is, 

The error formula for the approximation of f (x)  by Pn(x) is 

for some c between 0 and x. Now f(”+’)(c) is either sin c or cos c. Regardless of which 
it is, If(”+’)(c)l 5 1, so that 

and, as was discussed in Remark 3.5 (page 75), for a n y  x, the right hand side of (7.5) 
tends to 0 as n increases. (Note: This does not mean that the error necessarily gets 
smaller from the very beginning. In fact, if x is large, then the error may actually 
increase ini t ial ly ,  for small values of n. For example, P3(10) = -156.67, while P5(10)= 
676.67. Since sin 10 = -0.54, both approximations are terrible, but the error in P5(10) 
is even worse than that in P3(10). But no matter how large x is, E,(x) approaches 
0 for n sufficiently large.) Thus, for any x, the approximations are ultimately refined 
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by allowing n to increase. For example, consider the approximation to s i n ( ~ / 6 )  by 
P8(7r/6). By (7.4) and the note following it, P g  is identical with P7. Thus we have 

so that 

= 0.499999992. 

On the other hand, 

sin (5> = 0.5, 

so that 
sin (E)- P8 (E) = 0.000000008, 

an exceptionally good approximation, obtained by performing nothing more than a few 
simple arithmetic calculations. If we wish to further improve the approximation, we go 
on to Pg.This computation is simplified by noticing that 

so that all we need do is to add one more term, (n/6)’/9! to P8(7r/6),yielding 

P9(E) = 0.5000000000 

(to the degree of accuracy of the calculator; actually, P g ( ~ / 6 )  is slightly larger than 0.5, 
but rounded to 10 decimal places yields 0.5). 

Now let’s take another value of x, one for which an exact value of the sine isn’t 
known. We approximate sin 1, using P g  and P11. From (7.4)’ 

1 1 1 
Pg(1) = 1 - - + - - - + -1 

3! 5! 7! 9! 
= 0.8414710096 

and 
1 

= Pg(1 )  --= 0.8414709845.
1l! 

If we punch sin 1 directly into a calculator (make sure it’s in radian mode!), we obtain 

sin 1 = 0.8414709848, 
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so that the errors in the approximations by Pg(1 )  and &(1) are just 0.0000000151 and 
0.0000000003, respectively. 

Could we have predicted such a high level of accuracy? Let's turn to the error 
formula. From (7.51, 

1 

so that 
1

1


IEg(1)I 5 -= 0.0000002758
1o! 

and 
1 

IEll(1)I 5 3= 0.0000000021. 

The true errors are much smaller. (Recall that (7.5) gives only a bound on the maximum 
possib2e error. So we knew in advance from (7.5) that the errors in this case would be 
very small; we should be pleased that they are even smaller than anticipated.) 

At this point we ask whether it makes sense to take the limit in (7.4). If we do so, 
then we'll obtain an infinite series, 

x3 25 x7

,-$--+--- +- .

3! 5!  7! 

But this series differs from those we have considered previously. Until now, we have 
dealt with series of constants, xzla; ,  while here we have a series of variab2e terms. 
Fixing 2, however, puts us back on familiar territory and we can then ask our usual 
question: Does the series converge? For example, setting x = 1 in (7.6), we obtain 

1 1 11- - +  -- -+.. . .  
3! 5! 7! 

Is this a convergent series? More generally, we can search for all the values of x for which 
(7.6) is convergent. Since, for any specific x,(7.6) is an ordinary series of constants, all 
of the tests for convergence that we developed in the previous section are applicable. 
The one that will prove most useful to us is the Ratio Test, which we now restate: 

Suppose that 

Then 

a. E;"=,a; converges if L < 1; 

b. Cgl ai diverges if L > 1; 

c .  if L = 1, the test gives no information about the convergence or divergence of the 
series. 
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In (7.6), the general term, a;, is 
(- 1)i--lX2i-1 

(22 - l)! ' 
and the next term, is 

( 2 i  + I)! ' 

Hence, 

(algebra) 

- Is2I-
(22 + 1)(22)' 

(cancellation) 

Thus, 

no matter what x is. In other words, the series (7.6), 

x3 x5 x7
x - - + - - - + . . .  
3! 5!  7! 

is convergent for every value of x. 
And to what does (7.6) converge? To sina: (of course!), since, for each x, 

n (-1)2-lX2i-1 

lim s inz  -C = lim I sin IC - P2,-1 (x)l1
n-+m (22 - l)! n 4 m  
i=l  

= 0. 

Hence, 
00 ( -1)i-lX2i-1 

sinx = 
;=I (2i - l)! ' (7.7) 

so that we have an infinite series representation of the sine function. 
We now turn to a general formulation of this problem. Suppose J has derivatives 

of all orders at x = a .  The Taylor series of J at the point x = a is defined as 

or 
Oo
c J(')(a)(x - a>' 

,'I 
i = O  6: 
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Remark 7.4 To allow for the use of the shorthand notation of (7.8), we define O! = 1, 
and f ( ' ) ( a )  = f ( a ) .  

Remark 7.5 When a = 0, (7.8) is also known as the Maclaurin series of . f ( x ) .  

We now ask two questions about (7.8): 

1. For which values of x does (7.8) converge? 

2. If (7.8) converges for some value of x, must it converge to f ( x ) ?  

While the answer to the first question is easy to obtain, the second is often harder, 
as we'll see from the examples that we consider below. Letting ci = f ( i ) ( a ) / i ! ,the series 
(7.8) takes the form 

00 

C c ; ( x- a)'.  (7.9)
i=O 

We now apply the Ratio Test to (7.9), computing 

= Ix - a1 lim -1 .  (7.10)Ci+l 
i+ml c; 

Now, (7.9) converges if L < 1. So we compute the limit in (7.10), denoting its value by 
1/R. (The reason for this rather strange notation will become apparent shortly.) Thus, 

Ci+ 1L = Ix -a1 lim I-a+oo ci I 
- -Ix - al-

R 

So (7.9) converges if L < 1; that is, if 

or 
Ix - a1 < R, (7.11) 

or 
-R < x - a < R (expanding the absolute value) 

or 
a - R < x < a + R. (7.12) 



198 INFINITE SERIES [CHAP. 7 

Series converges - t-
Divergence + .c- Divergence .--c 

I 
I X 

a - R  a a + R  

Figure 7-9: The interval of convergence of a Taylor series 

R is called the radius of convergence of the series (7.8) or (7.9). Note also, by the Ratio 
Test, that if L > 1, then (7.9) diverges. Thus (7.9) diverges if Iz - a1 > R (Figure 7-9). 

The only remaining ambiguity is for L = 1; that is, when 1x - a1 = R, or x = a + R 
or a - R. In general, nothing can be said about the convergence or divergence of the 
series at these two points, since the series may converge at both of these points, at 
neither, or at  just one of them. We summarize our results. 

Theorem 7.10 Let I I 

(7.13) 

a. If 0 < R < 00, then C ~ o c j ( x- a)' converges for all x satisfying Ix - a1 < R. It 
may or m a y  not converge at the endpoints, x = a k R. 

b. If R = 00, then the series converges for all x. 

c. If R = 0,  then the series converges only for x = a .  

Example 7.11 The natural logarithm function, lnx,  is defined by an integral, 

l nx  = x > 0.ixf d t ,  

Obtain a series expansion of lnx  which can be used for computational purposes. 

Solution: We can't expand lnx  about a = 0, since lnx  is defined only for =I: > 0. We 
could expand it about a = 1, but a slightly more convenient approach is to expand the 
function f ( x )  = In(1+ z) about a = 0, which we now proceed to do. 

We set up the computation as follows: 

f (4 = ln(1 + x) f (0) = o  
f '(4 = 1/(1 + 2) f '(0) = 1  
f y x )  = -l/(l + x)2 f " (0 )  = -1 
f y x )  = 2/( 1 + x)3 f"'(0) = 2 
f('")(x) = -3!/(1 + x ) ~  f('")(O) = -3! 
f(")(x) = 4!/(1 + x ) ~  f(").(O) = 4! 
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In general, 

. f"'(X) = 
(-l)i-l(i - l ) !  

(1 +x)i 
7 

so that 
f"'(0) = ( -1)yZ - l)!. (7.14) 

Hence, 

So the Taylor series for f(x) = In(1 + x) becomes 

(7.15) 

We now compute the radius of convergence. From (7.13) 

1ji
= lim 

i-+w l / ( i  + 1) 

i + l  
= lim --- 1. 

Hence, R = 1, so that (7.15) converges in (-1,l) and diverges for x < -1 and x > 1. 
Now for the endpoints: 

0 At x = 1, (7.15) becomes the alternating harmonic series, 

1 1 1I - - + - - - + . . .  
2 3 4 

which we saw earlier (Example 7.9) converges. 

0 At x = -1, (7.15) becomes 

1 1 1  1 1 1-1 - - - - - - - . . .  - 1 + - +  - + - + - ) ,2 3 4 - - (  2 3 4 

and the series in parentheses is the divergent harmonic series (Example 7.3). 

Putting together all of the above, we see that the exact interval of convergence of (7.15) 
is (-l,l] (Figure 7-10). 

Fine. We now know where the series (7.15) converges. But to what does it converge? 
We hope that it converges to In(1 + x), but we have no assurance of this. To answer 
this question, we must analyze the error in the approximation of ln(1 + x) by Taylor 
polynomials, P,(x),and see if this error tends to 0 with increasing n. 
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= x  

-1 1 

Figure 7-10: The interval of convergence is (-1,1] 

From (3.23) on page 74, we know that a formula for the error E,(x)= f(x) -P,(x) 
is given by 

En(x)= 
f("+')(c)(s - a)"+' 

7 (7.16)
( n  + I)! 

for some c between a and x. From (7.14) we have 

so that (7.16) becomes 
(-l)n x "+l

En(x)= -(-) (7.17)
n + l  l + c  7 

where c is between 0 and x. For -1/2 < x 5 1, 

so that I&( z) I, which satisfies 

1 
l + cIEn(z)lL ( ~ ) , + l(.+I)'  

tends to 0 as n -+00. Hence, the series (7.15) converges to ln(1 +x) for -1/2 < x 5 1. 
However, for -1 < z 5 -1/2, we cannot show from (7.17) that E,(s) -+ 0, since, 

in this case, 
X
lid 


could be greater than 1. However, the problem lies in the form of the error (7.16), which 
is too weak (in this case) to provide the estimate we need, even though the result is 
true. The proof relies upon an alternative, integral form of the error, E"($),which we 
haven't considered. Nevertheless, we will assume the truth of this result and conclude 
that the series (7.15) represents the function ln(1 + x) throughout (-1,1]. 

Let's put aside the question of the exact interval of convergence, and return to the 
original purpose of Example 7.1 1, which was the numerical calculation of logarithms. 
We have shown, legitimately, that the series (7.15) does converge to ln(1 + z) for 
-1/2 < x 5 1, so that we can use this series to compute the natural logarithm of any 
number between 1/2 and 2. Amazingly, this is all we need to know in order to compute 
the logarithm of any positive number! This fact follows from some basic properties of 
logarithms: 
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a. l n ( a . b ) = l n a + l n b ;  

b. lna jb  = lna  - In b; 

c. lnab = blna; 

d. ln(1ja) = - lna.  

For example, let’s compute ln3. Using the properties of logs mentioned above, we 
obtain 

In [z (5>1In 3 = = In2 + In 1.5, 

and we know (or can compute) these values from the Taylor series for ln(1 + 2). 

Similarly, let’s find ln37. Now every number lies between two successive powers of 
2; in this case, 32 < 37 < 64 (32 = 2’ and 64 = 26). So we write 

37 = .32 ( z )  
Hence, 

In37 = In [32 (g)] 

= l n 3 2 + l n g  (by a 4  

= In 2‘ + ln 1.15625 (arithmetic) 

= 51n2 + In 1.15625 (by 4 7 

and we can compute both In2 and In 1.15625 from the series (7.15). In this way, we can 
find the logarithm of any number 2 > 1. Just locate x between two successive powers 
of 2 and proceed as above. 

For 0 < x ,< 112, we use property (d). For example, 

ln0.374 = 
- In (A> 

-- -1n2.6738, 

which we can find from (7.15). 
In all honesty we should point out that (7.15) is actually an inefficient method for 

calculating logarithms, since the series converges very slowly. However, modifications 
of the ideas we’ve introduced do provide efficient approximations to In x. 

Example 7.12 Expand f (x )  = ex in a Taylor series about a = 0.  
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Solution: Here, all of the derivatives are also equal to e x ,  so that f( ' ) (O) = eo = 1, for 
all i. Hence, the expansion of e" is given by 

x2 x3 O0 xa
1 + x + - +  =E,. (7.18)- + a - *  

2! 3! i=O 

In this case, it is easy to show that the series converges everywhere to ez. The coefficients 
are cj = 1/2!, so that (7.13) yields 

1/ i!
= lim 

i+o=l l / ( i  + l)! 

( 2  + l)!
= lirn 

i+oo i! 
= lim(i + 1) = 00. 

i+oo 

Hence, the series (7.18) converges for all z. To show that the limit is ex,we investigate 
the error estimate (7.16), which is adequate in this case to yield the desired result. 
Since f("+')(x) = ez, we have 

for some c between 0 and x. Now, 

1xIn+l 
lim 

n+oo ( n  + I)! = o  

for any x,  so that the error tends to 0. Hence, 

Solved Problems 

7.1 Find the limits of the following sequences: 

n + l  
a. lirn -

sin n
b. lim -

n+ca n 
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Solution: 

n + l  1 
a. -- - 1 + -1 

and lim - = 0, so the limit is 1. n n n+oo 72 

5 -, which tends to 0 as n + 00, so the limit is 0. 

7.2 An important result in the theory of the convergence of sequences is known as 
the ‘Sandwich Theorem,’ which states the following: 

and 
lim an = lim cn = L. 

n+oo n+oo 

Then 
lim b, = L. 

n - + m  

Here, the sequence { bn} is ‘sandwiched’ between {an}and { Cn} Since both {a,} 
and {cn} are approaching L ,  SO is {bn}. 

Use the Sandwich Theorem to prove that the sequence bn = 2”/n! converges to 
0. 

Solution: 

n. * ’ .  (:)n-3.(A) (f> (5> (;) 5 (:)0 L $ = (!) (5) (;) 
Choose a,  = 0 (the sequence which is constantly 0), and 

Then an 5 bn 5 cn and limn-,m cn = 0. Thus, by the Sandwich Theorem, {bn} 
also converges to 0. 

22-1
7.3 Find s3 and s6 (the third and sixth partial sums) for the series 7. 

Solution: Write out the partial sums: 

1 3 5 1 5  
s3 = - + - + - = -

2 4 8 8 

and 
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7.4 Test the following series for convergence. Where possible, find the sum of the 
series. 

" 1  " 2 

i=2  i=2  i=O i= l 

e. 
i=l 

Solution: 

a. The function f(z)= l / ( z l n z )  is positive and decreasing on the interval 
[2,00). Hence, by the Integral Test (page 188), the series converges if and 
only if the improper integral 

converges. So we evaluate the associated integral. 

= t+"lim ln(1n t )  - ln(1n 2), 

which tends to 00. Hence, the integral diverges and so does the series. 

b. We saw in the previous part that l / ( i l n  2 )  decreases to 0. Since the terms 
of the series are alternating in sign, we can apply the Alternating Series 
Test (page 192), which shows that the series converges. 

C. This is a geometric series with U = -114. Thus, the series converges to 
1/(1 - U )  = 415. 

d. Apply the Limit Comparison Test (page 190) using the companion series 
xzl l / i .  Since this series diverges and 

i / ( i 2+ 1) 
= 1,lim 

n+0O 1/i 

the Limit Comparison Test tells us that the given series also diverges. 

e. By Theorem 7.2 (page l85), convergence of a series is possible only if its 
terms tend to 0. In this case, the terms of the series tend to 1/2, so the 
series diverges. 
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f. Use the Ratio Test (page 191). Letting a; = 2ii!/(2i)!, we obtain a;+l = 
2’+’(i + 1)!/(22 + 2)!, so that 

ai+lL = lim -
i-roo a; 

2t+1(2 + 1)!/(22 + 2)!
= lim 

i-rm 2i)! 

2(i + 1)
= lim 

i-+m (2i + 2)(2i + 1) 

Since L < 1 the series converges. 

7.5 Test for convergence: 

a. 2 - 3/2 + 4/3 - 5/4 + 6/5 - 7/6 + - .  
1 1 1

b. -+- 1 +-+-+.. .  
3 ’ 5  5 . 7  7 . 9  9 .11  

Solution: 

a. At first sight, this looks like an alternating series. The terms are strictly 
alternating in sign and they are getting smaller. However, they are not 
tending to 0 and, by Theorem 7.2, this fact automatically means that the 
series diverges. 

b. 

-+-+-+. . .1 1 1 < 1 1 1- + - + - + . . .  
3 . 5  5 . 7  7 ‘ 9  32 52 72 

< 1 1 1- + - + - + . . .  
l2 22 32 

which converges (it’s a p-series, with p = 2). By the Comparison Test, our 
series also converges. 

7.6 Prove that the series 

“ I 1 1 1 1- - + - + - + - + . . .  
i=lEm-37 11 15 

diverges by means of the 

a. Integral Test 
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b. Comparison Test 

c. Limit Comparison Test. 

Will the Ratio Test work for this series? 

Solution: 

a. Consider the improper integral 

t1 
= lim -in(4x - 111 

t+m 4 1 

which does not exist. So the series diverges. 

b. 
1 1 1 1 1 1 1 1-+ -+ -+ -+ . . .  > - + - + - + - + . . .  
3 7 11 15 4 8 12 16 

--

So the given series is greater than 114 of the divergent harmonic series. By 
the Comparison Test, it, too, diverges. 

c. Compare the series with the divergent harmonic series, Czl l l i .  Since 

1/(4i - 1)  1
lim -
i d m  l / i  4 ’  

the Limit Comparison Test tells us that our series dzverges. 

The Ratio Test does not yield any information, since 

%+l 1/(4i + 3)
lim --- lim = 1. 
i-+m U ;  i+m 1/(4i - 1) 

7.7 Prove that if a; > 0 for all i and if Czl a; converges, then Ezl CL: also converges. 

Solution: Here’s an informal proof Since xgla; converges, lim;+- a; = 0 from 
Theorem 7.2. So, from some point on, all of the terms of the series must be 
smaller than one. However, the square of a number less than 1 is smaller than 
the number. So if ai < 1 ,  then a: < a;, and we can use the Comparison Test to 
show convergence. 
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There’s a slight problem with this proof The Comparison Test requires that 
every term of the series be smaller than that of the companion series, and here 
we know only that a: < ai from some p o i n t  on. However, there’s a way out, 
and it allows us to emphasize an important point. Convergence or divergence of 
a series is completely dependent on the “tail” of the series. Changing the first 
1000 terms of a convergent series does not affect its convergence. (It will, of 
course, affect the sum of the series.) Similarly, you cannot convert a divergent 
series into a convergent one by changing a f i n i t e  number of terms. As a result of 
this discussion, the Comparison Test is valid if the inequality 0 < a; 5 b; holds 
from some point on, and this suffices to prove our result. 

7.8 A nice application of geometric series is to infinite decimals. We’re familiar with 
ordinary decimals, but what do we mean by an infinite decimal? Well, suppose 
you divide 1 by 3 (long division). The result is a never-ending string of 3s: 

1 
- = .3333.. . . 
3 

Do the same with 1/11 and you get .090909.. .. A similar thing happens with 
1/7 = ,142857142857.. .. Notice that, in all of these cases, the decimal we obtain 
is repeating. In fact, whenever we convert a fraction to a decimal, one of two 
things will happen: Either the division terminates (for example, 1/4 = .25 or 
9/5 = 1.8), or else a repeating infinite decimal is obtained. The purpose of 
this problem is to investigate the converse of this result. We will show that any 
infinite decimal is a fraction. 

Find the fractional equivalent of 

a. .373737.. . . 
b. 2.4637637637.. .. 

Solution: 

a. 

373737 . . . = .37 + ,0037 + .000037 + * -
= .37 [l+ .01 + .0001 + * -1 

-- 37 
100 
- [I + .01+ (.oil2 + ( .0q3 + -1 . 

Now, the infinite series in brackets is a geometric one with U = .01. Hence, 
its sum is 1/(1 - U )  = 1/(.99) = 100/99, so that 

.373737.. . = 99‘= (g)(g)37 
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b. 

2.4637637637. . . = 2.4 + .0637 + .0000637 + * 

= 2.4 + .0637 [l + .001 + .000001 + * - * ]  

637 
= 2.4 +- [I + .ooi + ( .ooq2 + ( .00q3 + .-]

10000 
24 637 1000-- -+-.-
10 10000 999 
24 637 -- -+-
10 9990 
24613 -
9990 

7.9 Compute the Taylor series for f ( x )  = cosx around a = 0, and find its radius of 
convergence. 

Solution: We begin by computing the derivatives of f at 0. 

f (x )  = cosx f ( 0 )  = 1 
f’(x) = - sin x f‘(0) = 0 
f”(s)= -cosx f”(0)  = -1 
f”‘(x) = sin x f y o )  = 0 
y y x )  = cos x f””(0)= 1 

From this point on the derivatives repeat in groups of 4. Thus, the Taylor series 
of cos2 is 

x2 x4 x61 - - + - - - - . + . . . .  
2! 4! 6! 

From (7.13), to find the radius of convergence we evaluate 

So the series converges for all x. 

7.10 Differentiate the Taylor series of sin x term-by-term and show that the resulting 
series is the Taylor series for cos x. 

Solution: The series for sinx is 
x3 x5 x7
x--+--- +- .
3! 5 !  7 !  

Differentiating term-by-term yields 

X2 x4 X6 x2 x4 x61 - 3 . - + 5 . - - 7 . - = 1 - - + -- - +  . . .  
3! 5! 7! 2! 4! 6! > 

which we have just seen is the Taylor series for cosx. 
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7.11 From the previous problem, it appears that Taylor series may adhere to the rules 
of calculus. Indeed, this is generally the case, although there are some theoretical 
considerations here which we won't enter into. They also satisfy rules of algebra. 
For example, we know that the sum of the geometric series xzoxi is 1/( 1 - x), 
for 1x1 < 1. We can obtain many other series from this one by substitution. 

Find Taylor series for 

1 1

1 1 


a. - b. - c .  tan-' x 
l + x  1+ 5 2  

Solution: 

a. To find the series for 1/(1 + x )  simply replace x by -x in the series 1 + 
x + x2 + x3 + . - -. We obtain 1 - x + x 2  - x3 + - .- as the Taylor series for 
1/(1+ 5). The series expansion is valid for 1x1 < 1. 

b. Just replace x by x 2  in the last series. Thus 

--1 - 1 - x 2 + x 4 - x 6 + ~ * * ,  Ix1<1. 
1 +x2 

c. The series for tan-' x is obtained by integrating the last series term-by-term: 

This is valid in 1x1 5 1. The validity at the endpoints, x = f l ,  follows 
because 

1 1 11 - - + - - - + . . .  
3 5 7 

is an alternating series. 

7.12 Always-sometimes-never: 

a. If C z o c i ( x- 2)i converges at x = 4, then it converges at x = 1. 

b. If C;oO=oc;(x+5);diverges at x = 1, then it converges at x = -12. 

c .  If Egoci(x- 1)a converges at x = 0, then it converges at x = 2. 

Solution: 

a. Since Egoci(x-2)' converges at x = 4, its radius of convergence is at least 
2, so that the interval of convergence contains the interval (0,4]. Since 1 
belongs to this interval, the series always converges at x = 1. 

b. Since xzoci(x + 5 ) ;  diverges at x = 1, its radius of convergence is at  most 
6. Thus, the largest possible interval of convergence extends from x = -11 
to x = 1. Since -12 falls outside this interval, the series never converges 
at x = -12. 
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c. Since E g , c ; ( z  - l)i converges at x = 0 , its radius of convergence is at 
least 1. If it is greater than 1, then the series will converge at x = 2, 
whose distance from the point of expansion is 1. However, the radius of 
convergence may be exactly 1. In this case, II: = 2 would be an endpoint of 
the interval of convergence, and we’ve seen that the series may or may not 
converge at an endpoint. Hence, the series sometimes converges at x = 2. 

7.13 If r is a positive integer, then the binomial (1 + z)‘ may be computed by al- 
gebraically multiplying out the terms, obtaining familiar expressions such as 
(1 + x ) 2  = 1 + 2x + x 2  or (1 + s ) ~= 1 + 3z + 3x2 + z3.However, if r is not a 
positive integer, then the expansion of the binomial results in an infinite series, 
as we’ll see in this problem. 

Compute the Maclaurin series for 4- = (1 + I I : ) ~ / ~  

Solution: Let f(x) = (1 + x)ll2. Then 

f y x )  = ;( 1 + f ’ ( 0 )  = 1/2 

f ” ( x )= (i)( -i)( 1 + x ) - 3 / 2  f”(0)= -1/22 

f”’(5)= (!j)(-!j)(-$)(l+ x ) - ~ / ~f”’(0)= 3/23 

Continuing in like fashion, we find that the general derivative is 

so that the coefficient of the general term of the series C z oc;xi is 

To find the radius of convergence, we compute 

[l - 3 - 5 - - . (2i - 3)]/[2* . 2!] 
= lim I 

i-rm [l - 3 * 5 . - (22 - 3)(2z- 1)]/[2;++’- (i + I)!] 
2i + 2 

= lim-- - 1. 
i-+m22 - 1 

Hence, the radius of convergence is 1. 
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7.14 In Solved Problem 6.10 we estimated Jie-x2dz using Simpson’s Rule with 4 
subintervals. Let’s see now how well series do in approximating this integral. 

Compute the Maclaurin expansion for P2and use four terms to approximate 
JJ e-x2dx. 

Solution: Begin with the Maclaurin series for e”: 

x2 x3

e” = 1 + x + 3+ -

3! 
+ a . . .  

Replacing x by -x2, we obtain 

x4 x6
p2= 1 -22 + ---+.. . . 
2! 3! 

Now integrate the first four terms on the right-hand side from 0 to 1: 

d x =  (z--+--c)l’ =-=.742857./‘(1-x2+!f-2) x3 x5 26 
0 2! 3! 3 10 42 35 

In Solved Problem 6.10 we obtained the value of .746855 for S4. The true value 
(to 6 decimal places) is .746824, so Simpson’s Rule is much more accurate in 
this case. 

Supplementary Problems 

7.15 a. Write out the first 6 terms of the sequence 

n - 1  
a n =  -. 

n 

Does the sequence converge? 

b. Answer the same questions for the sequence 

bn = (-1)”-’-. n - 1  
n 

7.16 What is a general formula for the sequence 
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7.17 Test the following series for convergence: 

1 1 1 1 
a. - + - + - + - + + - .

I h J z l h A  
1 1 1 1

b. --- + . - . .J1 Jz+z-z 
2=0 


00 1 

c 22 + 
1 

2 + 1 
i=O 

7.18 Find a rational number which is equal to 

a. .16666.. . 
b. 3.141414.. . 
c. .99999.. . 

7.19 Find Taylor series expansions of the following functions about the indicated 
point: 

a. sinx, a = 7r/2 

b. l / d Z ,  a = O  

c .  eZX, a = 1 

Answers to Supplementary Problems 

1 2 3 4 5
7.15 a. 0, --,--,--,5,i.Sequence converges to 1. 

1 2  3 4  5b . 0, - - - - - - - - Sequence diverges. 
2’  3’ 4’  5’ 6’  

1
7.16 -Jn‘ 

7.17 a. Diverges (It’s a p-series, with p = 1/2.) 

b. Converges (By the Alternating Series test.) 
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C. Converges to -512 (It's the difference of 2 geometric series.) 

" 1
d. Converges (By comparison with 7.) 

22
i = O  

7.18 a. 1/6 

b. 311199 
C. 1 


(x - n/2)2'
7.19 a. 

i=O (2i)! 


b. 

C. 


Lyx--+-+-----+...
x2 x3 x4 x5 x6

d. 

2 2! 3! 4! 5!  6! 
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