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Preface

This Outline is limited to the essentials of calculus. It carefully develops, giving all steps, the principles
of differentiation and integration on which the whole of calculus is built. The book is suitable for
reviewing the subject, or as a self-contained text for an elementary calculus course.

The author has found that many of the difficulties students encounter in calculus are due to weakness in
algebra and arithmetical computation, emphasis has been placed on reviewing algebraic and
arithmetical techniques whenever they are used. Every effort has been made—especially in regard to
the composition of the solved problems—to ease the beginner's entry into calculus. There are also some
1500 supplementary problems (with a complete set of answers at the end of the book).

High school courses in calculus can readily use this Outline. Many of the problems are adopted from
questions that have appeared in the Advanced Placement Examination in Calculus, so that students will
automatically receive preparation for that test.

The Second Edition has been improved by the following changes:

1. A large number of problems have been added to take advantage of the availability of graphing

calculators. Such problems are preceded by the notation[GGl. Solution of these problems is not
necessary for comprehension of the text, so that students not having a graphing calculator will not
suffer seriously from that lack (except insofar as the use of a graphing calculator enhances their
understanding of the subject).

2. Treatment of several topics have been expanded:

(a) Newton's Method is now the subject of a separate section. The availability of calculators makes
it much easier to work out concrete problems by this method.

(b) More attention and more problems are devoted to approximation techniques for integration, such
as the trapezoidal rule, Simpson's rule, and the midpoint rule.

(c) The chain rule now has a complete proof outlined in an exercise.

3. The exposition has been streamlined in many places and a substantial number of new problems have
been added.

The author wishes to thank again the editor of the First Edition, David Beckwith, as well as the editor of
the Second Edition, Arthur Biderman, and the editing supervisor, Maureen Walker.

ELLIOTT MENDELSON
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Chapter 1

Coordinate Systems on a Line

1.1 THE COORDINATES OF A POINT
Let .# be a line. Choose a point O on the line and call this point the origin.

o

Now select a direction along . ; say, the direction from left to right on the diagram.

o]

For every point P to the right of the origin O, let the coordinate of P be the distance between O and P.

- L ¥
(0] 14

(Of course, to specify such a distance, it is first necessary to establish a unit distance by arbitrarily
picking two points and assigning the number 1 to the distance between these two points.)
In the diagram

~
w
rs

&
—

o

m e
S e
> Q-
e~
N Qv

the distance OA is assumed to be 1, so that the coordinate of A is 1. The point B is two units away from
O; therefore, B has coordinate 2. Every positive real number r is the coordinate of a unique point on ¥
to the right of the origin O; namely, of that point to the right of O whose distance from O is r.

To every point Q on & to the left of the origin O,

Q (0]

we assign a negative real number as its coordinate; the number —QO, the negative of the distance
between Q and O. For example, in the diagram

-1

'
~
'
=~

o

<9
Ce
b |

the point U is assumed to be a distance of one unit from the origin O; therefore, the coordinate of U is
—1. The point W has coordinate — 4, which means that the distance WO is 1. Clearly, every negative
real number is the coordinate of a unique point on .Z to the left of the origin.

The origin O is assigned the number 0 as its coordinate.

1



[CHAP. 1

COORDINATE SYSTEMS ON A LINE

This assignment of real numbers to the points on the line % is called a coordinate system on &.

¢ -
| 3

quo

Choosing a different origin, a different direction along the line, or a different unit distance would result

in a different coordinate system.

1.2 ABSOLUTE VALUE
For any real number b define the absolute value | b| to be the magnitude of b; that is,

b = b ifb>0
“l-b ifb<0O

In other words, if b is a positive number or zero, its absolute value | b| is b itself. But if b is negative, its

absolute value | b| is the corresponding positive number —b.

EXAMPLES
5[ S 1 1
Properties of the Absolute Value
Notice that any number r and its negative —r have the same absolute value,
lrl=1-r| (1.1

An important special case of (I.1) results from choosing r = u — v and recalling that —(u — v) = v — 4,
(1.2)

jlu—v|=|v—ul
If |a| = | b|, then either a and b are the same number or a and b are negatives of each other,
la|=|b| implies a= +b (1.3)

Moreover, since | a| is either a or —a, and (—a)? = a?,

_ |a|? = a? (1.4)
Replacing a in (1.4) by ab yields

lab|* = (ab)* = a*b® = |a|*|b|* = (|a||b])?
(1.5)

whence, the absolute value being nonnegative,
lab|={allb]

Absolute Value and Distance
Consider a coordinate system on a line % and let A, and A, be points on .# with coordinates a,
(1.6)

and a,. Then
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EXAMPLES
1] 1 2 3 4 5
(@ ———t—t——t P
[0} A Az
a,—a,|=12~5|=|-3|=3=4,4,
-3 2 a1 o 2 3 4
(» — <
A, o A
lay —a,|=14—(=3)|=[4+3|=|7|=T=A4,4,
A special case of (1.6) is very important. If a is the coordinate of A, then
|a| = distance between 4 and the origin (1.7)
Notice that, for any positive number c,
lu| <c isequivalentto —c<u<c (1.8)
—+ + r o
-c 0 ¢
EXAMPLE |u|<3ifandonlyif -3 <u<3.
Similarly, Jul| <c¢ isequivalentto —c<u<c (1.9

EXAMPLE To find a simpler form for the condition |x — 3| < 5, substitute x — 3 for u in (1.9), obtaining
—5 < x —3 < 5. Adding 3, we have —2 < x < 8. From a geometric standpoint, note that | x — 3| < 5 is equivalent
to saying that the distance between the point 4 having coordinate x and the point having coordinate 3 is less than 5.

..
<
%

-2 3

It follows immediately from the definition of the absolute value that, for any two numbers a and b,
—lal<a<]a] and —|b|<b<|b]
(In fact, either a = |a| or a = —|a|.) Adding the inequalities, we obtain

(=lal)+(=Ibl)<a+b<|a|+|b|
—(lal+|bl)<a+b<|al+|b|

and so, by (1.8), withu =a + band c = |a| + | b|,
la+b|<l|a|l+|b| (1.10)

The inequality (1.10) is known as the triangle inequality. In (1.10) the sign < applies if and only if a and
b are of opposite signs.

EXAMPLE |3+ (=2)|=|1|=1,but|3|+|—-2|=3+2=S5.



1.1

1.2

13

14

1.5

COORDINATE SYSTEMS ON A LINE [CHAP. 1

Solved Problems

Recalling that ﬁ always denotes the nonnegative square root of u, (a) evaluate ,/3%; (b) evalu-
ate \/(—3)%; (c) show that \/x? = | x|. (d) Why isn’t the formula ,/x? = x always true?
@/3F=9=3  B=3=9=3 ()By(14), x> = | x| hence, since | x| = 0, /x* = | x|.
(d) By part (c), \/37 =|x|, but | x| = x is false when x < 0. For example, /(—3)? = \/5 =3 # -3

Solve | x + 3| < 5; that is, find all values of x for which the given relation holds.
By (1.8),|x + 3| < 5ifand onlyif —5 < x + 3 < S. Subtracting 3, —8 < x < 2.

-+

e
T
2

Solve |3x + 2| < 1.

By (1.9), | 3x + 2| < 1 is equivalent to —1 < 3x + 2 < 1. Subtracting 2, we obtain the equivalent rela-
tion —3 < 3x < — 1. This is equivalent, upon division by 3,to —1 <x < —4.

Solve |5 — 3x| < 2.
By (1.9), —2 < 5 — 3x < 2. Subtracting 5, —7 < —3x < —3. Dividingby -3, >x > 1.

ALGEBRA REVIEW Multiplying or dividing both sides of an inequality by a negative number reverses the
inequality: if a < b and ¢ < 0, then ac > bc.

To see this, notice that a < b implies b — a > 0. Hence, (b — a)c < 0, since the product of a positive
number and a negative number is negative. So bc — ac < 0, or bc < ac.

Solve

<?2 )]

x—3
We cannot simply multiply both sides by x — 3, because we do not know whether x — 3 is positive or
negative.
Case 1: x — 3 > 0. Multiplying (1) by this positive quantity preserves the inequality:

x+4<2x—6
4<x—6 [subtract x]
10<x [add 6]

Thus, if x > 3, (1) holds if and only if x > 10.
Case 2: x — 3 < 0. Multiplying (1) by this negative quantity reverses the inequality:
x+4>2x—6
4>x—-6 [subtract x]
10> x [add 6]
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1.6

1.7

18

19

Thus, if x < 3, (1) holds if and only if x < 10. But x < 3 implies that x < 10. Hence, when x < 3, (1) is true.
From cases 1 and 2, (1) holds for x > 10 and for x < 3.

- r— -
" :
| S— T

3 10

on-}

Solve (x — 2)(x + 3) > 0.
A product is positive if and only if both factors are of like sign.

Casel: x—2>0and x4+ 3>0. Then x > 2 and x > —3. But these are equivalent to x > 2 alone, since
x > 2 implies x > —3.
Case2: x—-2<0 and x+3<0. Then x <2 and x < —3, which are equivalent to x < —3, since
x < —3 implies x < 2.

Thus, (x — 2)(x + 3) > 0 holds when either x > 2 or x < —3.

A A

]
N

Solve |3x — 2| > 1.

Let us solve the negation of the given relation, |3x — 2| < 1. By (1.9),

—-1<3x-2<1
1<3x<3 [add 2}
i<x<1 [divide by 3]

Therefore, the solution of |3x — 2| > lisx <{orx> 1.

Solve (x — 3Xx — 1)(x + 2) > 0.

The crucial points are x =3, x = 1, and x = —2, where the product is zero. When x > 3, all three
factors are positive and the product is positive. As we pass from right to left through x = 3, the factor
(x — 3) changes from positive to negative, and so the product will be negative between 1 and 3. As we pass
from right to left through x = 1, the factor (x — 1) changes from positive to negative, and so the product
changes back from negative to positive throughout the interval between x = —2 and x = 1. Finally, as we
pass from right to left through x = —2, the factor (x + 2) changes from positive to negative, and so the
product becomes negative for all x < —2.

T
%
K

-2 1 3

Thus, the solution consists of all x suchthat x >3 or -2 <x < 1.

Supplementary Problems

(a) For what kind of number u is |u| = —u? (b) For what values of x does |3 — x| equal x — 3? (c) For
what values of x does | 3 — x| equal 3 — x? '
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COORDINATE SYSTEMS ON A LINE [CHAP. 1

(a) Solve |2x + 3| =4. (b) Solve [5x —7|=1. (¢ Solve part (a) by graphing y, =|2x + 3| and
y, = 4. Similarly for part (b).

Solve: (@) |x—1]|<1 B 13x+5l<4 € Ix+4]>2

@ |2x—51=3 (9 |x*—10/<6 (/) l§+3 <1
9 Check your answers to parts (a)-(f) by graphing.
x x—17 1
(d) ‘1+%>2 e 1<3-2x<S5$ (f) 3<2x+1<4

9 Check your answers to parts (a)—(f) by graphing.

Solve: (@) x(x+2)>0 b x—1x+4)<0 ©) x2—6x+5>0
d x*+7x—-8<0 () x*<3x+4 (f) x(x—1Xx+1)>0
@ x4+ Dx—-3)x+7)<0

(h) Check your answers to parts (a)-(g) by graphing.

[Hints: In part (c), factor; in part (f), use the method of Problem 1.8.]

Show that if b # 0, then

al |a| L
B’ = pp- [Hint: Use (1:5)]

Prove: (a) |a?|=a|? b) |a®|=1al? (c) Generalize the results of parts (a) and (b).

Solve: (@) |2x—=3|=|x+ 2| B 17x—5|=13x+4]| € 2x—1=|x+17|
d) Check your answers to parts (a)—(c) by graphing.

Solve: (a) |2x — 3| <|x + 2| [Hint: Consider the three cases x > 3, —2 < x < 3, x < —2.]
b) |13x—2|<|x—1]| (c) Check your solutions to parts (a) and (b) by graphing.

(@) Prove: |a—b|=|]a|—|b||. [Hint: Use the triangle inequality to prove that |a| <|a —b| + |b|
and |b| <|a—b|+|al]

(b) Prove:|la—b|<|a|+|b]
Determine whether ./a* = a? holds for all real numbers a.
Does /a*? < /b? always imply that a < b?

Let O, I, A, B, C, D be points on a line, with respective coordinates 0, 1, 4, —1, 3, and — 4. Draw a diagram

Let A and B be points with coordinates a and b. Find b if: (@) a=17, B is to the right of 4, and
|b—a|=3;(b)a= —1,Bistotheleft of 4,and |b —a| =4;(c)a= —2,b<0,and |b —a| =3.
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123

1.24

Prove: (@) a<bisequivalenttoa+c<b+c.

ALGEBRA a < b means that b — a is positive. The sum and the product of two positive numbers are posi-
tive, the product of two negative numbers is positive, and the product of a positive and a negative number
is negative.

b
() If0 < c, then a < b is equivalent to ac < bc and to a <-.
¢ ¢

Prove (1.6). [Hint: Consider three cases: (a) A, and A, on the positive x-axis or at the origin; (b) A, and A4,
on the negative x-axis or at the origin; (c) A, and A, on opposite sides of the origin.]



Chapter 2

Coordinate Systems in a Plane

2.1 THE COORDINATES OF A POINT

We shall establish a correspondence between the points of a plane and pairs of real numbers.
Choose two perpendicular lines in the plane of Fig. 2-1. Let us assume for the sake of simplicity that
one of the lines is horizontal and the other vertical. The horizontal line will be called the x-axis and the
vertical line will be called the y-axis.

t’ '
| P(a, b)
—_—'bﬂ’ ———————————— —_————
|
|
|
I |
|
|
2»—
[
|
1 '
|
1 1 i 1 1 j
-2 -1 O 1 2 3 4 s a x
abk :

Fig. 2-1

Next choose a coordinate system on the x-axis and one on the y-axis. The origin for both coordi-
nate systems is taken to be the point O, where the axes intersect. The x-axis is directed from left to right,
the y-axis from bottom to top. The part of the x-axis with positive coordinates is called the positive
x-axis, and the part of the y-axis with positive coordinates the positive y-axis.

Consider any point P in the plane. Take the vertical line through the point P, and let a be the
coordinate of the point where the line intersects the x-axis. This number a is called the x-coordinate of P
(or the abscissa of P). Now take the horizontal line through P, and let b be the coordinate of the point
where the line intersects the y-axis. The number b is called the y-coordinate of P (or the ordinate of P).
Every point has a unique pair (a, b) of coordinates associated with it.

EXAMPLES In Fig. 2-2, the coordinates of several points have been indicated. We have limited ourselves to
integer coordinates only for simplicity.

Conversely, every pair (a, b) of real numbers is associated with a unique point in the plane.

EXAMPLES In the coordinate system of Fig. 2-3, to find the point having coordinates (3, 2), start at the origin O,
move three units to the right and then two units upward. To find the point with coordinates (—2, 4), start at the
origin O, move two units to the left and then four units upward. To find the point with coordinates (—1, — 3), start
from the origin, move one unit to the left and then three units downward.

Given a coordinate system, the entire plane except for the points on the coordinate axes can be
divided into four equal parts, called quadrants. All points with both coordinates positive form the first
quadrant, quadrant I, in the upper right-hand corner (see Fig. 2-4). Quadrant II consists of all points
with negative x-coordinate and positive y-coordinate; quadrants III and IV are also shown in Fig. 2-4.

8
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y
y (-2.4)
LY 4
!
-2.3) 0 sk . (3.3 ? 3k
: e (2.2) ° (52 ? 2 ¢ 32
4
° (-4,1) 1+ | = +
3.0) \ }
1 1 1 i | 1 & 1 [ Looded ol o) o \ [
-4 -3 -2 -+ O] 1 2 3 & s x -2 -1 0O v+ 2 3 & s x
-1} ; -1
'Y (-3, -2) -2¢- (0,-2) 1 -2
=] o (4.-3) 1.-» ¢ 3f
Fig. 2-2 Fig. 2-3
y
|\ 3
.+ (+.+)
-1,2)e 2
W e (2.1)
1 A i 1 L 1
-3 -2 -1 0 1 2 3
[ (—3,—[) -1
-2 1,-2
Ju *0D gy
"’ ) 3 (+.-)
Fig. 24

The points having coordinates of the form (0, b) are precisely the points on the y-axis. The points
having coordinates (a, 0) are the points on the x-axis.

If a coordinate system is given, it is customary to refer to the point with coordinates (a, b) simply as
“the point (a, b).” Thus, one might say: “The point (1, 0) lies on the x-axis.”

2.2 THE DISTANCE FORMULA

Let P, and P, be points with coordinates (x,, y,) and (x,, y,) in a given coordinate system (Fig.
2-5). We wish to find a formula for the distance P, P,.

Let R be the point where the vertical line through P, intersects the horizontal line through P,.
Clearly, the x-coordinate of R is x,, the same as that of P,; and the y-coordinate of R is y,, the same as
that of P,. By the Pythagorean theorem,

P,P,’=P,R’ +P,R’

Now if A; and A, are the projections of P, and P, on the x-axis, the segments P;R and A4,
are opposite sides of a rectangle. Hence, PR = A;4,. But 4,4, =|x, —x,| by (1.6). Thus,
PIR = le - xZ |. Slmllarly, PzR = |y1 - yz I. Consequently,

P1P22=lx1_x2|2+|}’1—)’2|2=(x1 —xz)z"'()’l_,Vz)z
whence PP, =/(x; — %2 + (3, — y2)° 2.1

[Equation (2.1) is called the distance formula.] The reader should check that this formula also holds
when P, and P, lie on the same horizontal line or on the same vertical line.
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2 —9 P(x2, y2) Pox3, y2)
|
!

R(x2 y1)

Yt

Pi(x1. y1) .T

S T ——

Ay

Xy

:4»—-——-—-—-4tl—

>
>
L Sy
-]
e ————— — =
0

Fig. 2-5 Fig. 2-6

EXAMPLES
(a) The distance between (3, 8) and (7, 11) is

JB=-7+@ 11 = /(-4* + (-3 =/16+9=/25=5
(b) The distance between (4, —3) and (2, 7) is

V@ =22 +(=3-77%= /22 + (-10)* = /4 + 100 = . /104
=/4:-26=/4- /26=2/26

ALGEBRA For any positive numbers u and v, \/1;1 = \/l: ﬁ, since (\/l: ﬁ)’ = (\/;)“(\/5)2 = up.

(c) The distance between any point (g, b) and the origin (0, 0) is /a? + b2

23 THE MIDPOINT FORMULAS

Again considering two arbitrary points P,(x,, y,) and P,(x,, y,), we shall find the coordinates (x, y)
of the midpoint M of the segment P,P, (Fig. 2-6). Let A, B, C be the perpendicular projections of P,,
M, P, on the x-axis. The x-coordinates of 4, B, C are x,, x, X,, respectively. Since the lines P, A, MB,
and P, C are parallel, the ratios P,M/MP, and AB/BC are equal. But P,M = MP,; hence AB = BC.
Since 4B = x — x, and BC = x, — x,

X — xl = X2 - X
2x =X, + X,
_atx
=T
(The same result is obtained when P, is to the left of P,, in which case AB = x, — x and BC = x — x,.)

Similarly, y = (y, + y;)/2. Thus, the coordinates of the midpoint M are determined by the midpoint
Sformulas

X, + x
x= 1';' 2 and y___}’l';'}’z

In words, the coordinates of the midpoint are the averages of the coordinates of the endpoints.

2.2)
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EXAMPLES
+5
(a) The midpoint of the segment connecting (1, 7) and (3, 5) is ( 5 T) = (2, 6).
543 1
(b) The point halfway between (—2, 5) and (3, 3) is ( 22+ 3 , —2—> = (5, 4).
Solved Problems

21 Determine whether the triangle with vertices A(-1, 2), B(4, 7), C(—3, 6) is isosceles.

AB=/(-1-4+ 2 -7 = /(-5 +(-57 =/25+25 = /50
AC=/[-1= (=3P +2-6F =/ +(-4 = /4 + 16 = /20
BC= /- (P +0 -6 =T+ 1=/ +1=/50

Since 4B = BC, the triangle is isosceles.

2.2  Determine whether the triangle with vertices A(—5, —3), B(—7, 3), C(2, 6) is a right triangle.
Use (2.1) to find the squares of the sides,

AB' = (=5+ T2+ (=337 =22+ (-6 =4+36=40
BC*=(-7-22+(3—-62=81+9=90
Rz=(—5—2)’+(—3—6)2=49+31=130

Since AB° + BC~ %, AABC is a right triangle with right angle at B.

GEOMETRY The converse of the Pythagorean theorem is also true: If AC> = AB> + BC” in AABC, then
X ABC is a right angle.

2.3  Prove by use of coordinates that the midpoint of the hypotenuse of a right triangle is equidistant
from the three vertices.

Let the origin of a coordinate system be located at the right angle C; let the positive x-axis contain leg
CA and the positive y-axis leg CB [see Fig. 2-7(a)].

Vertex A has coordinates (b, 0), where b = CA; and vertex B has coordinates (0, a), where a = BC. Let
M be the midpoint of the hypotenuse. By the midpoint formulas (2.2), the coordinates of M are (b/2, a/2).

( B(0, a)
M(b/2. a/2)
a
ol A(b,0)
C(0.0) b ‘
(a) (b)

Fig. 2-7
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COORDINATE SYSTEMS IN A PLANE

Now by the Pythagorean theorem,

and by the distance formula (2.1),

—_— b 2 a 2 b2 g2 a? + b?
“/(5‘)*(5—")— I*?—/ 7

[CHAP. 2

ALGEBRA For any positive numbers u, v,

u u u
\/%-ﬁ= ;-v:ﬁ and so \/—:;=

S

_\/az+b2_\/a2+b2

/4 2

Hence, MA = MC. [For a simpler, geometrical proof, see Fig. 2-7(b); MD and BC are parallel.]

Supplementary Problems

In Fig. 2-8, find the coordinates of points 4, B, C, D, E, and F.

Draw a coordinate system and mark the points having the following coordinates: (1, —1), (4, 4), (—2, —2),

(3, —3)0,2),(2,0),(—4,1).

Find the distance between the points: (a) (2, 3) and (2, 8); (b) (3, 1) and (3, —4); (¢) (4, 1) and (2, 1);

@ (—3,4)and (5, 4).
Draw the triangle with vertices A(4, 7), B(4, —3), and C(—1, 7) and find its area.

If (=2, —2),(—2,4), and (3, —2) are three vertices of a rectangle, find the fourth vertex.

- o F
E¢

Fig. 2-8
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29

2.10

211

212

213

2.14

215

2.16

217

2.18

If the points (3, 1) and (— 1, 0) are opposite vertices of a rectangle whose sides are parallel to the coordinate
axes, find the other two vertices.

If 2, —1), (5, —1), and (3, 2) are three vertices of a parallelogram, what are the possible locations of the
fourth vertex?

Give the coordinates of a point on the line passing through the point (2, 4) and parallel to the y-axis.
Find the distance between the points: (a) (2, 6) and (7, 3); (b) (3, —1) and (0, 2); (c) (4, $) and (-4, 3).

Determine whether the three given points are vertices of an isosceles triangle or of a right triangle (or of
both). Find the area of each right triangle.

(a) (_ 1’ 2)’ (3, _2)9 (7) 6) (b) (4’ 1)9 (1, 2)’ (3$ 8) (C) (4a 1), (19 _4)’ (_4, - 1)

Find the value of k such that (3, k) is equidistant from (1, 2) and (6, 7).

(a) Are the three points A(1, 0), B(3, 4), and C(7, 8) collinear (that is, all on the same line)? [Hint: If 4, B, C
form a triangle, the sum of two sides, AB + BC, must be greater than the third side, AC. If B lies
between A and C on a line, 4B + BC = AC.]

(b) Are the three points A(—5, —7), B(0, —1), and C(10, 11) collinear?

Find the midpoints of the line segments with the following endpoints: (a) (1, —1) and (7, 5); (b)(3, 4) and
(1,0); (c) /2, 1) and (5, 3).

Find the point (g, b) such that (3, 5) is the midpoint of the line segment connecting (a, b) and (1, 2).

Prove by use of coordinates that the line segment joining the midpoints of two sides of a triangle is one-half
the length of the third side.



Chapter 3

Graphs of Equations

Consider the following equation involving the variables x and y:
2y-3x=6 ()

Notice that the point (2, 6) satisfies the equation; that is, when the x-coordinate 2 is substituted for x
and the y-coordinate 6 is substituted for y, the left-hand side, 2y — 3x, assumes the value of the right-
hand side, 6. The graph of (i) consists of all points (a, b) that satisfy the equation when a is substituted
for x and b is substituted for y. We tabulate some points that satisfy (i) in Fig. 3-1(a), and indicate these
points in Fig. 3-1(b). It is apparent that these points all lie on a straight line. In fact, it will be shown
later that the graph of (i) actually is a straight line.

4

)= °

s;—

°

7+

6 .
X y

S
4 9 4;—.
3| 15/2
2 6 3¢
1 9/2 2
0 3 ° i
-1 3 !
-2 0 I T N G U O S N S| -
3 123 -4 -3 -2 -1 1 2 3 a4 s 6 x
_i _/3 -1

[ ]
-2k
° -3

-4

(a) ()

Fig. 3-1

In general, the graph of an equation involving x and y as its only variables consists of all points
(x, y) satisfying the equation.

EXAMPLES

(@) Some points on the graph of y = x? are computed in Fig. 3-2(a) and shown in Fig. 3-2(b). These points suggest
that the graph looks like what would be obtained by filling in the dashed curve. This graph is of the type
known as a parabola.

(b) The graph of the equation xy = 1 is called a hyperbola. As shown in Fig. 3-3(b), the graph splits into two
separate pieces. The points on the hyperbola get closer and closer to the axes as they move farther and farther
from the origin.

(¢) The graph of the equation
x2 y2
4+l =1
CR
is a closed curve, called an ellipse (see Fig. 3-4).

14
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b ¢
3
2
1
0
-1
-2
-3
(a)
x y
3 1/3
2 1/2
| ]
12 2
1/3 3
1/4 4
-1/4 -4
-1/3 -3
-172 -2
-1 -1
-2 -1/2
-3 -1/3
(a)

—-Nw\ =
vt e
03

-1

AL

ey S
<<
(VYN 1

-3

(=]

(a)

O b= O = &0

GRAPHS OF EQUATIONS

)y

\
‘ 9}
\

\

\

|
f
!
!
J
!
!
/

Fig. 3-2

-4 -3 -2 -1
1 1 1

___-_.‘__‘ 0

Fig. 34

15
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Circles

For a point P(x, y) to lie on the circle with center C(a, b) and radius r, the distance PC must be r
(Fig. 3-5). Now by (2.1),

PC = /(x—a)* + (y — b)?

The standard equation, PC? = r?, of the circle with center (a, b) and radius r is then

x—a?+@y—-b*=r? 3.1
For a circle centered at the origin, (3.1) becomes simply
x2+yr=r? 3.2
y

P(x, y)
r
( C(a‘ b)

7

Fig. 3-5

EXAMPLES
(a) The circle with center (1, 2) and radius 3 has the equation
x—1D)*+@p-2%=9
(b) The circle with center (— 1, 4) and radius 6 has the equation
x+1)2+(y—472=36
(c) The graph of the equation (x — 3)> + (y — 7)*> = 16 is a circle with center (3, 7) and radius 4.
(d) The graph of the equation x* + (y + 2)* = 1 is a circle with center (0, —2) and radius 1.

Sometimes the equation of a circle will appear in a disguised form. For example, the equation
x>+ y?—6x+2y+6=0 (i)

is equivalent to
(x=3P+@p+17=4 (iii)

ALGEBRA Use the formulas (u + v)*> = u? + 2uv + v? and (u — v)> = u®> — 2uv + v* to expand the left-hand side
of (iii).

If an equation such as (i) is given, there is a simple method for recovering the equivalent standard
equation of the form (iii) and thus finding the center and the radius of the circle. This method depends
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on completing the squares; that is, replacing the quantities x> + Ax and y? + By by the equal quantities
AN? A2 B\* B?
(x+5) —T and (y+5) —T

EXAMPLE Let us find the graph of the equation
x24+ 2 +4x—-2y+1=0
Completing the squares, replace x2 + 4x by (x + 2)> —4and y> — 2y by (y — 1)> — 1,

(x+22—4+( -1 -1+1=0
x+2*+( -1 =4

This is the equation of a circle with center (—2, 1) and radius 2.

Solved Problems

3.1  Find the graph of: (a) the equation x = 2; (b) the equation y = —3.
(@) The points satisfying the equation x = 2 are of the form (2, y), where y can be any number. These
points form a vertical line [Fig. 3-6(a)].

(b) The points satisfying y = —3 are of the form (x, —3), where x is any number. These points form a
horizontal line [Fig. 3-6(b)].

y R y

s ot
: .t
s i+

i b

0 ! 29 x x

. r
: -2
: .'...-.N..'...C....l..

(a) ®)

Fig. 3-6

3.2  Find the graph of the equation x = y?.

Plotting several points suggests the curve shown in Fig. 3-7. This curve is a parabola, which may be
obtained from the graph of y = x? (Fig. 3-2) by switching the x- and y-coordinates.
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y
3 ’___.._0—-"
2 ’,”’
0| o -
1] =1 '\t
4] =2 A1 Y S G U T G
9] =+3 4 1 2 3 4 s 6 7 8 9 X
\\\
-2 \‘
-3 \“‘
(a) ®)
Fig. 3-7
Identify the graphs of:
(@ 3x*+3y?—6x—y+1=0 (b) x*+y>—8x+ 16y +80=0

() x*+y*+20x —4y+120=0

(@) First, divide both sides by 3,

1 1
24y —2x—-y+-=0
x“+y X 3y 3

Complete the squares,
1 1 1
—_— 2 —_— —_— —_—— 2=
(x 1)+(y 6) +3 1 3% 0

12_1+1 1 36+1 12 25
T 736 3 36 36 36 36

or (x—1)2+(y——g

Hence, the graph is a circle with center (1, $) and radius £.
(b)) Complete the squares,
x—4*+(y+82+80—-16—-64=0 or x—4+@y+8?2=0

Since (x — 4)> > 0 and (y + 8)® > 0, we must have x — 4 = 0 and y + 8 = 0. Hence, the graph consists
of the single point (4, —8).
(¢) Complete the squares,

(x+102+(y—22+120-100—4=0 or (x+102+(y—2?%=—16

This equation has no solution, since the left-hand side is always nonnegative. Hence, the graph consists
of no points at all, or, as we shall say, the graph is the null set.

Find the standard equation of the circle centered at C(1, —2) and passing through the point
P(7, 4).

The radius of the circle is the distance

CP= /-1 +[4—(-21°=./36 +36=,/72
Thus, the standard equation is (x — 1)> + (y + 2)® = 72.
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35 Findthegraphsof: (@y=x*+2;b)y=x>=2;)y=(x—2?%d)y=(x+2)>~

(a) The graph of y = x2 + 2 is obtained from the graph of y = x? (Fig. 3-2) by raising each point two units
in the vertical direction [see Fig. 3-8(a)].

(b) The graph of y = x2 — 2 is obtained from the graph of y = x? by lowering each point two units [see
Fig. 3-8(b)].

(c) The graph of y = (x — 2)? is obtained from the graph of y = x? by moving every point of the latter
graph two units to the right [see Fig. 3-8(c)]. To see this, assume (a, b) is on y = (x — 2)>. Then
b = (a — 2)%. Hence, the, point (a — 2, b) satisfies y = x2 and therefore is on the graph of y = x2. But
(a, b) is obtained by moving (a — 2, b) two units to the right.

(d) The graph of y = (x + 2)? is obtained from the graph of y = x? by moving every point two units to the
left [see Fig. 3-8(d)]. The reasoning is as in part (c).

Parts (c) and (d) can be generalized as follows. If ¢ is a positive number, the graph of the equation
F(x — ¢, y) = O is obtained from the graph of F(x, y) = 0 by moving each point of the latter graph c units to
the right. The graph of F(x + ¢, y) = 0 is obtained from the graph of F(x, y) = 0 by moving each point of
the latter graph c units to the left.

y y
_ : ' \ 7" |
\ j \ - !
I \ °r !
\ sk ! \ sk 1
\ / \ ]
\ \ o ]
L/ \ /
\ 3 s \ o
e \ IS
[}
' \\-1 '
R S [ S S A L W WA
-2 -1 0 12 x -3 -2\ o] 1/ 2
- L
\N|/
n ﬁv
(@) y=x'+2 b) y=x*-2
Y . v
{of ? ' o 4§
(N ] \
v / \ o
‘7" ’ ‘ 7..’
VL, / \ /
\ ] \ ori
VS ’ \ 5,_’
‘ / \ J
« ] q ;H
\ / \
4 / \ -’
2\ II \ ,Iz—
\
) ol | Y \\ | Y
L4 N/ 1 TN, Y TR R S B
-to|] 1 2 3 & 5 x - -4 -3 -2 -10] 1 2 x
L L
(©) y=(x-2y d) y=(x+2y

Fig. 3-8



20

3.6

3.7

GRAPHS OF EQUATIONS [CHAP. 3

Find the graphs of: (@) x = (y — 2)%; (b) x = (y + 2)*

(@) The graph of x = (y — 2)? is obtained by raising the graph of x = y? [Fig. 3-7(b)] by two units [see
Fig. 3-9(a)]. The argument is analogous to that for Problem 3.5(c).

(b) The graph of x = (y + 2)? is obtained by lowering the graph of x = y? two units [see Fig. 3-9(b)].
These two results can be generalized as follows. If ¢ is a positive number, the graph of the equation

F(x, y — ¢) = 0 is obtained from the graph of F(x, y) = 0 by moving each point of the latter graph ¢ units

vertically upward. The graph of F(x, y + c¢) = 0 is obtained from the graph of F(x, y) = 0 by moving each
point of the latter graph c units vertically downward.

(a) b)
Fig. 3-9

Find the graphsof: (@) y=(x —3)*+2; (b)) y(x — 2) = 1.
(@) By Problems 3.5 and 3.6, the graph is obtained by moving the parabola y = x? three units to the right
and two units upward [see Fig. 3-10(a)].

(b) By Problem 3.5, the graph is obtained by moving the hyperbola xy = 1 (Fig. 3-3) two units to the right
[see Fig. 3-10(b)].

4« =
ir 2
2
T T
N |

Ll [} > T ! 2 3 4 x

o] 1 2 3 4 x
(a) (b)

Fig. 3-10
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38

39

2 2 2 2
Draw the graphs of: (a) %—{—‘-=1; ()] %—%=1_

x2 2 2 2

2
(a) If 5 y_4_ =1, then % = ,Vz +1>1. So % > 1 and, therefore, | x| > 3. Hence, there are no points

(x, y) on the graph within the infinite strip —3 < x < 3. See Fig. 3-11(b) for a sketch of the graph,
which is a hyperbola.

(b) Switching x and y in part (a), we obtain the hyperbola in Fig. 3-12.

X y
3 0
+4 | +3/7~18
5 | 4
+6 | 22./3~135

(a) ()]

=Y

Supplementary Problems

Draw the graphs of the following equations:

@ 3y—x=6 b 3y+x=6 © x=-1
1

@ y=4 @ y=x*-1 () y=_+1

@ y=x () y=—x M y'=x

V)] Check your answers on a graphing calculator.



22

310

in

312

313

3.14

315

GRAPHS OF EQUATIONS [CHAP. 3

On a single diagram, draw the graphs of:

1 1
@ y=x* () y=2* (9 y=3* @ y=3x (9 y=§x2
N Check your answers on a graphing calculator.

(@) Draw the graph of y = (x — 1)%. (Include all points with x = =2, —1, 0, 1, 2, 3, 4) How is this graph
related to the graph of y = x2? Check on a graphing calculator.

(b) Draw the graph of y = Check on a graphing calculator.

x—1

() Draw the graph of y = (x + 1)>. How is this graph related to that of y = x2? Check on a graphing
calculator.

1
(d) Draw the graph of y = PwE Check on a graphing calculator.

Sketch the graphs of the following equations. Check your answers on a graphing calculator.

xZ yl
@ FT+g=1 ) &*+y =4 © **—y=1
__12 _22
@ y=x @ EELOT ) g2

[Hint: Parts (c) and (f) are hyperbolas. Obtain part (¢) from part (a).]

Find an equation whose graph consists of all points P(x, y) whose distance from the point F(0, p)

is equal to its distance PQ from the horizontal line y= —p (p is a fixed positive number). (See
Fig. 3-13)

y

P(x.y)
) F(0.p)
P ¢
SRS SRR ——— e
Q -P
Fig. 3-13

Find the standard equations of the circles satisfying the given conditions: (a} center (4, 3), radius 1;
(b) center (—1, 5), radius ﬁ; (c) center (0, 2), radius 4; (d) center (3, 3), radius Bﬁ ; (e) center (4, —1)
and passing through (2, 3); (f) center (1, 2) and passing through the origin.

Identify the graphs of the following equations:

(@ x*+y?—12x4+20y+15=0 () x*+y*+30y+29=0
(©) x2+y*+3x—2y+4=0 @ 2x2+2*—-x=0

(e x*+y*+2x—-2y+2=0 (f) x*+ y*>+6x +4y =36
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3.16

317

318

319

3.20

(@) Problem 3.3 suggests that the graph of the equation x2 + y* + Dx + Ey + F = 0 is either a circle, a
point, or the null set. Prove this.

(b) Find a condition on the numbers D, E, F which is equivalent to the graph’s being a circle. [Hint:
Complete the squares.]

and (13, -2); b (5, 5), O, 1), and (0, \/10). [Hint: Write the equation in the nonstandard
form x> + y? + Dx + Ey + F = 0 and then substitute the values of x and y given by the three points. Solve
the three resulting equations for D, E, and F.]

Find the standard equation of a circle passing through the following points. (a) (3, 8), (9, 6),

For what value(s) of k does the circle (x — k)* + (y — 2k)? = 10 pass through the point (1, 1)?
Find the standard equations of the circles of radius 3 that are tangent to both lines x =4 and y = 6.

What are the coordinates of the center(s) of the circle(s) of radius 5 that pass through the points (—1, 7) and
(=2,6)?



Chapter 4

Straight Lines

41 SLOPE
If Py(x,, y,) and P,(x,, y,) are two points on a line &, the number m defined by the equation

_Y2— W
xZ_xl

is called the slope of £. The slope measures the “steepness” of . It is the ratio of the change y, — y,
in the y-coordinate to the change x, — x, in the x-coordinate. This is equal to the ratio RP,/P,R in
Fig. 4-1(a).

y
Pyxz, y2) £

Pyxz, y2)

|
——dR
Py(xy, y1)

Px(xx. )h)

Py(x4, ya)

|
|
. |
|
|
|
/ x ! x
________ | __Js
Py(x3, y3)

(a) (®)
Fig. 4-1

Notice that the value m of the slope does not depend on the pair of points P, P2 selected. If
another pair P,(x,, y3) and P,(x,, y,) is chosen, the same value of m is obtained. In fact, in Fig. 4-1(b),
APy P S is similar to AP P, R.

GEOMETRY The angles at R and § are both right angles, and the angles at P, and P, are equal because they are
corresponding angles determined by the line % cutting the parallel lines P,R and P, S. Hence, AP, P, S is similar
to AP, P, R because two angles of the first triangle are equal to two corresponding angles of the second triangle.

Consequently, since the corresponding sides of similar triangles are proportional,

I?

RP, _SPs = 32— _Ye=J
P R P S Xy — X4 Xe — X3
that is, the slope determined from P, and P, is the same as the slope determined from P; and P, .

24
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EXAMPLE In Fig. 4-2, the slope of the line connecting the points (1, 2) and (3, 5) is

5—-2 3
31 2° 1

Notice that as a point on the line moves two units to the right, it moves three units upward. Observe also that the
order in which the points are taken has no effect on the slope:

2-5 -3
13- 13

In general,

)

(i)

(i)

(iv)

V2= V1 _ V1= )2

X2 — Xy Xy — X

Bl

/

Fig. 4-2

The slope of a line may be positive, zero, or negative. Let us see what the sign of the slope indicates.

Consider a line % that extends upward as it extends to the right. From Fig. 4-3(a), we see that
¥2 > y;; hence, y, — y; > 0. In addition, x, > x, and, therefore, x, — x; > 0. Thus,

)’2—)’1>0

- X2 — Xy
The slope of & is positive.
Consider a line % that extends downward as it extends to the right. From Fig. 4-3(b), we see that
y2 < y;; therefore, y, — y; < 0. But x, > x;, s0 x, — x; > 0. Hence,

m= }’2 _ yl < 0
X2 — X3
The slope of &£ is negative.

Consider a horizontal line #. From Fig. 4-3(c), y, = y, and, therefore, y, — y, = 0. Since x, > x,,
X, — x; > 0. Hence,
Ya =W 0

m= - =0
X2 — X1 Xp— X3

The slope of ¥ is zero.

Consider a vertical line #. From Fig. 4-3(d), y, > y,, so that y, — y, > 0. But x, = x,, so that
X, — x,; = 0. Hence, the expression

Ya— W

X2 — X

is undefined. The concept of slope is not defined for ¥. (Sometimes we express this situation by
saying that the slope of % is infinite.)
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y ¥ y
PAx2 y2) Py(x:, )\

Py(xy, y1) Py(x. y3)
ya x \Y x
(a) (b)
y y L4
Pxxz, y2)
—- '
Pi(x1.y) Px(xz. y2) 1 Py(xy, y1)
x x
(c) (d)
Fig. 4-3

Now let us see how the slope varies with the “steepness” of the line. First let us consider lines with
positive slopes, passing through a fixed point P,(x,, y;). One such line is shown in Fig. 4-4. Take
another point, P(x,, y,), on & such that x, — x; = 1. Then, by definition, the slope m is equal to the
distance RP,. Now as the steepness of the line increases, RP, increases without limit [see Fig. 4-5(a)].
Thus, the slope of .Z increases from 0 (when % is horizontal) to + oo (when Z is vertical). By a similar
construction we can show that as a negatively sloped line becomes steeper and steeper, the slope stead-
ily decreases from 0 (when the line is horizontal) to — oo (when the line is vertical) [see Fig. 4-5(b)].

Fig. 4-4
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y jym=4 34
m=-2
m=2
: m=1 m=-1
|
m:; m=—!2
|
P, | m=0 m=0 P,
T
Z I |
1 | . -
“ 0 / x o \\\ x

(a) ()
Fig. 4-5

42 EQUATIONS OF A LINE
Consider a line . that passes through the point P,(x,, y,) and has slope m [Fig. 4-6(a)]. For any

other point P(x, y) on the line, the slope m is, by definition, the ratio of y — y, to x — x,. Hence,

Y—=—nhn =m 4.1

x'—xl

On the other hand, if P(x, y) is not on line & [Fig. 4-6(b)], then the slope (y — y,)/(x — x,) of the line
PP, is different from the slope m of .2, so that (4.1) does not hold. Equation (4.1) can be rewritten as

y—yi=mx—x) (“4.2)

Note that (4.2) is also satisfied by the point (x,, y,). So a point (x, y) is on line .# if and only if it satisfies
(4.2); that is, .Z is the graph of (4.2). Equation (4.2) is called a point-slope equation of the line £.

y y
£ ¥

P(x.y)
P(x. y)

Py(xy, y1) Pi(xy, y1)

/ 7
/ x / x

(a) ®)
Fig. 4-6

EXAMPLES

(a) A point-slope equation of the line going through the point (1, 3) with slope 5 is
y—3=5x-1)

(b) Let & be the line through the points (1, 4) and (—1, 2). The slope of Z is
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Therefore, two point-slope equations of £ are
y—4=x-1 and y—2=x+1

Equation (4.2) is equivalent to
y—y; =mx — mx, or y=mx+(y, —mx,)
Let b stand for the number y, — mx,. Then the equation becomes
y=mx+b 4.3)

When x = 0, (4.3) yields the value y = b. Hence, the point (0, b) lies on Z. Thus, b is the y-coordinate of
the point where Z intersects the y-axis (see Fig. 4-7). The number b is called the y-intercept of £, and
(4.3) is called the slope-intercept equation of £.

©.b)

/ x

Fig. 4-7

EXAMPLE Let .Z be the line through points (1, 3) and (2, 5). Its slope m is
-3 2
1

W

=2

-1

Its slope-intercept equation must have the form y = 2x + b. Since the point (1, 3) is on line %, (1, 3) must satisfy the
equation

[\

3=2Al)+b

So, b = |, giving y = 2x + 1 as the slope-intercept equation.
An alternative method is to write down a point-slope equation,

y—3=2x-1)
whence, y—3=2x~-2
y=2x+1

43 PARALLEL LINES

Assume that &, and ¥, are parallel, nonvertical lines, and let P, and P, be the points where &,
and &, cut the y-axis [see Fig. 4-8(a)]. Let R, be one unit to the right of P,, and R, one unit to the
right of P,. Let Q, and Q, be the intersections of the vertical lines through R, and R, with ¢, and
Z,.Now AP,R,Q, is congruent to AP, R, Q.

GEOMETRY Use the ASA (angle-side-angle) congruence theorem. ¥ R; = ¥R, since both are right angles,
PR, =P,R,=1
¥ P, = &P,,since ¥ P, and ¥ P, are formed by pairs of parallel lines.
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%

%

(0] )

%
P, R ? P

/ 0: x 7 / *

PI Rz
AT

(a) (®)
Fig. 48

Hence, R,Q, = R,(Q,,and

slope of &, = R‘TQI = 1_2_2% = slope of &,

Thus, parallel lines have equal slopes.
Conversely, if different lines ¥, and %, are not parallel, then their slopes must be different. For if

&, and £, meet at the point P [see Fig. 4-8(b)] and if their slopes are the same, then ¥, and &,
would have to be the same line. Thus, we have proved:

Theorem 4.1: Two distinct lines are parallel if and only if their slopes are equal.

EXAMPLE Let us find an equation of the line % through (3, 2) and parallel to the line .# having the equation
3x — y = 2. The line .# has slope-intercept equation y = 3x + 2. Hence, the slope of .# is 3, and the slope of the
parallel line .# also must be 3. The slope-intercept equation of # must then be of the form y = 3x + b. Since (3, 2)

lies on £, 2 = 3(3) + b, or b = —7. Thus, the slope-intercept equation of & is y = 3x — 7. An equivalent equation
is3x—-y="7

44 PERPENDICULAR LINES

Theorem 4.2: Two nonvertical lines are perpendicular if and only if the product of their slopes is —1.
Hence, if the slope of one of the lines is m, then the slope of the other line is the negative
reciprocal —1/m.

For a proof, see Problem 4.5.

Solved Problems

4.1  Find the slope of the line having the equation 5x — 2y = 4. Draw the line and determine whether
the points (10, 23) and (6, 12) are on the line.
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Solve the equation for y,

5
y=5x-2 )]

Thus, we have the slope-intercept form; the slope is § and the y-intercept is —2. The line goes through the
point (0, —2). To draw the line, we need another point on the line. Substitute 2 for x in (I), obtaining y = 3.
Hence, (2, 3) is a point on the line (see Fig. 4-9). (We could have found other points on the line by substitut-
ing numbers other than 2 for x.) To test whether (10, 23) is on the line, substitute 10 for x and 23 for y and
see whether the equation 5x — 2y = 4 holds. The two sides turn out to be equal; so (10, 23) is on the line. A
similar check shows that (6, 12) is not on the line.

Find an equation of the line % which is the perpendicular bisector of the line segment connect-
ing the points A(—1, 1) and B(4, 3) (see Fig. 4-10).

£ must pass through the midpoint M of segment AB. By the midpoint formula, the coordinates of M
are (3, 2). The slope of the line through A and B is

3-1 2
4—(-1) 5
Hence, by Theorem 4.2, the slope of £ is
1_23
)
A point-slope equation of Zis y — 2 = —$(x — 3).
$ y
= 2.3)
-
i 1
P 4 X
L -
0.-2) L
Fig. 49 Fig. 4-10

Determine whether the points A(—1, 6), B(S, 9), and C(7, 10) are collinear; that is, whether the
points all lie on the same line.

A, B, C will be collinear if and only if the line AB is the same as the line AC, which is equivalent to the
slope of AB being equal to the slope of AC.
The slopes of AB and AC are

9-6 3 1 10-6 4 1
5—(-1) 6 2 7—(-1) 8 2

Hence, A, B, C are collinear.

Prove by use of coordinates that the diagonals of a rhombus (a parallelogram of which all sides
are equal) are perpendicular to each other.
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4.5

Represent the thombus as in Fig. 4-11. (How do we know that the x-coordinate of D is v + u?) Then
the slope of diagonal AD is

w—0 w
m =———=
v+u—0 v+u

and the slope of diagonal BC is
w—0 w

v—u vV—u

H w w w?
ence, mm, = =
’ 1™ v+ul\v—u) ov*—u?

Since ABDC is a rhombus, AB = AC. But AB = u and AC = ./v? + w>. So,

JrP+wr=u or v+ w=u? or wr=u?—?

Consequently, mmy = = AT 1

m, =

Fig. 4-11

Prove Theorem 4.2.

Assume that ¥, and %, are perpendicular nonvertical lines of respective slopes m, and m,. We shall
show that mym, = — 1.

Let £t be the line through the origin O and parallel to £, and let £} be the line through the origin
and parallel to &£, [see Fig. 4-12(a)]. Since £ is parallel to ¥, and #% is parallel to & ,, the slope of ¥%
is m, and the slope of #% is m, (by Theorem 4.1). Also £% is perpendicular to ¥3% since &, is perpendicu-
lar to &, . Let R be the point on £} with x-coordinate 1, and let Q be the point on ¥% with x-coordinate
1 [see Fig. 4-12(b)]. The slope-intercept equation of £t is y = m,x, and so the y-coordinate of R ism, since
its x-coordinate is 1. Similarly, the y-coordinate of Q is m, . By the distance formula,

00 = /(1 — 0+ (m, — 07 = /1 + m?
OR = /(1 — 0 + (m; — 0)* = /1 + m?
OR = /(1 = 1) + (my —m))* = /(m, —my)?
By the Pythagorean theorem for the right triangle QOR,
OR’ =0Q° + OR’
(my —my)* = (1 + m3) + (1 + m3)
mi—2m,m; +m?=2+4+m+m

—2mm, =2
mm, = —1
Conversely, assume that m,m, = —1, where m, and m, are the slopes of lines ¥, and #,. Then %, is

not parallel to &£, . (Otherwise, by Theorem 4.1, m? = —1, which contradicts the fact that a square is never
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(a) ()
Fig. 412

negative.) Let &, intersect ¢, at point P (see Fig. 4-13). Let &, be the line through P and perpendicular to
.. If m, is the slope of ¥, then, by what we have just shown,

mm,=—1=mm, or my,=m,

Since %, and %, pass through P and have the same slope, they must coincide. Since &, is perpendicular
to &5, &, is perpendicular to £, .

Show that the line y = x makes an angle of 45° with the positive x-axis (that is, ¥ POQ in Fig,
4-14 contains 45°).

Let P be the point on the line y = x with coordinates (1, 1). Drop a perpendicular PQ to the positive
x-axis. Then PQ = 1 and OQ = 1. Hence, X OPQ = X QOP, since they are base angles of isosceles triangle
QPO. Since ¥ OQP contains 90°,

XOPQ + XQOP = 180° — ¥ OQP = 180° — 90° = 90°
Since X OPQ = ¥ QOP, they each contain 45°.

Sketch the graph of the equation | x| + |y| = 1.

Consider each quadrant separately. In the first quadrant, |x| = x and |y| = y. Hence, the equation
becomes x + y = 1; that is, y = —x + 1. This yields the line with slope —1 and y-intercept 1. This line
intersects the x-axis at (1, 0). Hence, in the first quadrant our graph consists of the line segment connecting
(1, 0) and (0, 1) (see Fig. 4-15). In the second quadrant, where x is negative and y is positive, | x| = ~x
and |y| =y, and our equation becomes —x + y =1, or y = x + 1. This yields the line with slope 1 and
%4 4
2]

&)
kg

Fig. 4-13
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y-intercept 1, which goes through the points (—1, 0) and (0, 1). Hence, in the second quadrant we have the
segment connecting those two points. Likewise, in the third quadrant we obtain the segment connecting
(—1,0) and (0, —1), and in the fourth quadrant the segment connecting (0, —1) and (1, 0).

4y

/
(-1,0\ 1.0 x
©.-1)

Fig. 4-15

y

Supplementary Problems

Find a point-slope equation of the line through each of the following pairs of points: (a) (2, 5) and (—1, 4);
(b) (1, 4) and the origin; (c) (7, —1) and (-1, 7).

Find the slope-intercept equation of the line: (a) through points (—2, 3) and (4, 8); (b) having slope 2 and
y-intercept —1; (c) through points (0, 2) and (3, 0); (d) through (1, 4) and parallel to the x-axis; (e) through
(1, 4) and rising five units for each unit increase in x; (f) through (5, 1) and falling three units for each unit
increase in x; (g) through (—1, 4) and parallel to the line with the equation 3x + 4y = 2; (h) through the
origin and parallel to the line with the equation y = 1; (i) through (1, 4) and perpendicular to the line with
the equation 2x — 6y =5; (j) through the origin and perpendicular to the line with the equation
5x + 2y = 1; (k) through (4, 3) and perpendicular to the line with the equation x = 1; (I) through the origin
and bisecting the angle between the positive x-axis and the positive y-axis.

Find the slopes and y-intercepts of the lines given by the following equations. Also find the coordinates of a
point other than (0, b) on each line.

(@ y=5x+4 (b)) Tx—4y=8 () y=2x-4

@ y=2 ()

+==1

Hiw
W x

If the point (2, k) lies on the line with slope m = 3 passing through the point (1, 6), find k.

Does the point (— 1, —2) lie on the line through the points (4, 7) and (5, 9)?

(@)

b
(0)
@

Use slopes to determine whether the points A(4, 1), B(7, 3), and C(3, 9) are the vertices of a right
triangle.

Use slopes to show that A(S, 4), B(—4, 2), C(—3, —3), and D(6, — 1) are vertices of a parallelogram.
Under what conditions are the points A(u, v + w), B(v, u + w), and C(w, u + v) on the same line?
Determine k so that the points A(7, 5), B(—1, 2), and C(k, 0) are the vertices of a right triangle with
right angle at B.
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Determine whether the given lines are parallel, or perpendicular, or neither.

(@@ y=5x—2andy=5x+3 ) y=x+3andy=2x+3
() 4x—2y=7and 10x — Sy =1 d 4x—2y=Tand 2x +4y=1
() 7x+3y=6and 3x+ Ty=14

Temperature is usually measured either in Fahrenheit or in Celsius degrees. The relation between Fahren-
heit and Celsius temperaures is given by a linear equation. The freezing point of water is 0° Celsius or 32°
Fahrenheit, and the boiling point of water is 100° Celsius or 212° Fahrenheit. (¢) Find an equation giving
Fahrenheit temperature y in terms of Celsius temperature x. (b) What temperature is the same in both
scales?

For what values of k will the line kx + 5y = 2k: (a) have y-intercept 4; (b) have slope 3; (c) pass through
the point (6, 1); (d) be perpendicular to the line 2x — 3y =17

A triangle has vertices A(1, 2), B(8, 0), C(5, 3). Find equations of: (a) the median from A to the midpoint of
the opposite side; (b) the altitude from B to the opposite side; (c) the perpendicular bisector of side AB.

Draw the line determined by the equation 4x — 3y = 15. Find out whether the points (12, 9) and (6, 3) lie on
this line.

(@) Prove that any linear equation ax + yb = c is the equation of a line, it being assumed that a and b are
not both zero. [Hint: Consider separately the cases b # 0 and b = 0.]

(b) Prove that any line is the graph of a linear equation. [Hint: Consider separately the cases where the
line is vertical and where the line is not vertical.]

(¢) Prove that two lines a,x + b,y = ¢, and a, x + b,y = c, are parallel if and only ifa,b, = a, b;. (When
a, # 0 and b, # 0, the latter condition is equivalent to a,/a, = b,/b,.)

If the line & has the equation 3x + 2y — 4 =0, prove that a point P(x, y) is above & if and only if
Ix+2y—4>0.

If the line .# has the equation 3x — 2y — 4 =0, prove that a point P(x, y) is below . if and only if
3Ix-2y—4>0.

(@) Use two inequalities to define the set of all points above the line 4x + 3y — 9 = 0 and to the right of
the line x = 1. Draw a diagram indicating the set.

(b) Use a graphing calculator to check your answer to part (a).

(a) The leading car rental company, Heart, charges $30 per day and 15¢ per mile for a car. The second-
ranking company, Bird, charges $32 per day and 12¢ per mile for the same kind of car. If you expect to
drive x miles per day, for what values of x would it cost less to rent the car from Heart?

(b) Solve part (a) using a graphing calculator.

Draw the graphs of the following equations: (a) |x| — |y| = 1; (b) y = 4(x + | x|).
() Use a graphing calculator to solve part (b).

Prove the following geometric theorems by using coordinates.

(@) The figure obtained by joining the midpoints of consecutive sides of any quadrilateral is a parallelo-
gram.

(b) The altitudes of any triangle meet at a common point.

(c) A parallelogram with perpendicular diagonals is equilateral (a rhombus).

(d) If two medians of a triangle are equal, the triangle is isosceles.

(e) An angle inscribed in a semicircle is a right angle. [Hint: For parts (a), (b), and (c), choose coordinate
systems as in Fig. 4-16.]
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4.26

427

4.28

(a) ) (c)
Fig. 4-16

Describe geometrically the families of the following lines, where m and b are any real numbers:

@ y=mx+2 b y=3x+b

The x-intercept of a line % is defined to be the x-coordinate of the unique point where % intersects the
x-axis. Thus, it is the number a for which (g, 0) lies on .

(@) Which lines do not have x-intercepts?

(b) Find the x-intercepts of (i) 2x — 3y =4, (i) x + 7y = 14, (iii)) 5x — 13y = L, (iv) x = 3, (v) y = 1.

(¢) Ifaand b are the x-intercept and y-intercept of a line, show that

Y1 @

*b

QIx

is an equation of the line.
(d) If (2) is an equation of a line, show that a is the x-intercept and b is the y-intercept.

In the triangle with vertices A(3, 1), B(2, 7), and C(4, 10) find the slope-intercept equation of: (a) the
altitude from A to side BC; (b) the median from B to side AC; (c) the perpendicular bisector of side AB.
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Intersections of Graphs

The intersection of two graphs consists of the points that the graphs have in common. These points

can be found by solving simultaneously the equations that determine the graphs.

(@

EXAMPLES
To find the intersection of the lines .# and .# determined by
L. 4x—-3y=15 M Ix+2y=17

multiply the first equation by 2 and the second equation by 3,

8x — 6y =30

9x + 6y =21
Now y has the coefficients —6 and 6 in the two equations, and we add the equations to eliminate y,

51
17x = 51 or x=1z= 3

®)

From the equation for .#, when x = 3, 3(3) + 2y = 7. Hence,
9+2y=7 or 2y= -2 or y=—1
Thus, the only point of intersection is (3, — 1) (see Fig. 5-1).

b Y
i P
1 L/A_
X
- M
Fig. 51

Let us find the intersection of the line &: y = 2x + 1 and the circle (x — 1)*> + (y + 1)> = 16. We must solve
the system
y=2x+1 1)
x~-1+@+1)*=16 2)
By (1), substitute 2x + 1 for y in (2),
x—-12+(2x+2>2=16
(x*=2x+1)+@x2+8x+4)=16
Sx2+6x+5=16
S5x2+6x—11=0
x4+ 11)}x—-1)=0
Hence, either 5x + 11 =0 or x — 1 = 0; that is, either x = —11/S= —22o0orx=1. By (I), when x =1, y = 3;

and when x = —2.2, y = —3.4. Thus, there are two intersection points, (1, 3) and (—2.2, —3.4), as indicated in
Fig. 5-2.

36
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(c) To find the intersection of the line y = x + 2 and the parabola y = x2, we solve the system

y=x+2 3
y=x? “@
By (4), substitute x? for y in (3),
x2=x+2
x> —-x—-2=0
(x—-2x+1)=0

Hence, either x — 2 = 0 or x + 1 = 0; that is, either x = 2 or x = —1, By (3) or (4), when x = 2, y = 4; and
when x = —1, y = 1. Thus, the intersection points are (2, 4) and (— 1, 1) (see Fig. 5-3).

y %4

- x=2,y=4

y=1 -
> . Ll L 1 4 I\ 1 —
x / x
x=-22
y=-34
Fig. 5-2 Fig. 5-3

Solved Problems

51  Find the intersection of the lines
Z: 3Ix—3y=1 M Ax +2y=3
We must solve the system
3x-3y=1
4x +2y=3
In order to eliminate y, multiply the first equation by 2 and the second by 3,
6x — 6y =2
12x + 6y =9
Add the two equations,
18x=11 or x=4

11
3(-1-5) - 3y =1

Substitute 4} for x in the first equation,

11
‘6——1—3}’
5

5=
S_
187
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So, the point of intersection is (4}, 15).

2 2
Find the intersection of the line #: y = x + 3 and the ellipse % + y: =1

To solve the system of two equations, substitute x + 3 (as given by the equation of %) for y in the
equation of the ellipse,

2 2
LT

9 4
Multiply by 36 to clear the denominators,
4x? + 9(x + 3)> =36
4x? + 9(x% + 6x + 9) = 36
4x? 4+ 9x? + 54x + 81 =36
13x2 +54x +45=0

ALGEBRA The solutions of the quadratic equation ax? + bx + ¢ = 0 are given by the quadratic formula

_ —b + . /b* —dac
2a

By the quadratic formula,

54+ /(547 —4(13)45) —54+./2916 - 2340 —54+./576 —54 + 24
= = 26 - 26 =

2A13) 26

Hence, either

a0t 0 L —xt3= 339 2
“T 2 2% 13 y= TTBTBT
—54-24 -T8
or x——26——T6-——3 and y=x+3=-3+3=0

The two intersection points are shown in Fig. 5-4.
Notice that we could have solved 13x* + 54x + 45 = 0 by factoring the left side,

(13x + 15Kx +3) =0

However, such a factorization is sometimes difficult to discover, whereas the quadratic formula can be
applied automatically.

i

T

o
w
wV

Fig. 54 Fig. 5-5
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53

54

Find the perpendicular distance from the point P(2, 3) to the line #:

3y+x=3.

39

Let the perpendicular from P to .# hit & at the point X (see Fig. 5-5). If we can find the coordinates
X, then the distance PX can be computed by the distance formula (2.1). But X is the intersection of line &
with line .# through P perpendicular to . The slope-intercept equation of £ is

1
y=—§x+1

which shows that the slope of £ is —4. Therefore, by Theorem 4.2, the slope of # is —1/—4 = 3 so that a

point-slope equation of .# is
y—3=3x-2)
Solving for y, we obtain the slope-intercept equation of .4,
y—3=3x-6 or y=3x-3
Now solve the system
L 3y+x=3 M y=3x-3

By the second equation, substitute 3x — 3 for y in the first equation,

IB3x—-3)+x=3
I9x—9+x=3
10x = 12

_ 126

*“107s

By the equation for .#, when x = §,

Thus, point X has coordinates (£, $), and

e T - -

160 16,/10 4./10
B AT

Use the approximation /10 = 3.16 (the symbol ~ means “is approximately equal to”) to obtain

PX ~0.8(3.16) ~ 2.53

Supplementary Problems

Find the intersections of the following pairs of graphs, and sketch the graphs.

(@) Thelines &¥: x—2y=2and #: 3x+4y=6

(b) Thelines #: 4x+ Sy=10and .#: S5x+4y=38

(c) Theline x + y = 8 and the circle (x — 2)> + (y — 1)> = 25
(d) Theline y = 8x — 6 and the parabola y = 2x?

(e) The parabolas y = x2 and x = y?

(f) The parabola x = y? and the circle x> + y2 = 6
(9) Thecirclesx?+y*=1and(x — 1)+ y* =1

144 _
25

160

25



40

5.5

5.6

5.7

58

5.9

5.10

INTERSECTIONS OF GRAPHS [CHAP. 5

(h) The line y = x — 3 and the hyperbola xy = 4
(i) The circle of radius 3 centered at the origin and the line through the origin with slope %
(j) Thelines2x —y=1and4x —2y=3

Solve Problem 5.4 parts (a)—(j) by using a graphing calculator.
(@) Using the method employed in Problem 5.3, show that a formula for the distance from the pomt
P(x,,y,)totheline ¥: Ax+ By+C=0is
|Ax, + By, + C|
JA* + B?
(b) Find the distance from the point (0, 3) to the line x — 2y = 2.
Let x represent the number of million pounds of mutton that farmers offer for sale per week. Let y represent

the number of dollars per pound that buyers are willing to pay for mutton. Assume that the supply equation
for mutton is

y =0.02x + 0.25

that is, 0.02x + 0.25 is the price per pound at which farmers are willing to sell x million pounds of mutton
per week. Assume also that the demand equation for mutton is

= —0.025x + 2.5

that is, —0.025x + 2.5 is the price per pound at which buyers are willing to buy x million pounds of
mutton. Find the intersection of the graphs of the supply and demand equations. This point (x, y) indicates
the supply x at which the seller’s price is equal to what the buyer is willing to pay.

Find the center and the radius of the circle passing through the points A(3, 0), B(0, 3), and C(6, 0). [Hint:
The center is the intersection of the perpendicular bisectors of any two sides of AABC.]

Find the equations of the lines through the origin that are tangent to the circle with center at (3, 1) and
radius 3. [Hint: A tangent to a circle is perpendicular to the radius at the point of contact. Therefore, the
Pythagorean theorem may be used to give a second equation for the coordinates of the point of contact.]

Find the coordinates of the point on the line y = 2x + 1 that is equidistant from (0, 0) and (5, —2).



Chapter 6

Symmetry

6.1 SYMMETRY ABOUT A LINE

Two points P and Q are said to be symmetric with respect to a line & if P and Q are mirror images
in £. More precisely, the segment PQ is perpendicular to £ at a point A such that PA =04 (see
Fig. 6-1).

Fig. 6-1

(i) If Q(x, y) is symmetric to the point P with respect to the y-axis, then P is (—x, y) [see Fig. 6-2(a)].
(i) If Q(x, y) is symmetric to the point P with respect to the x-axis, then P is (x, —y) [see Fig. 6-2(b)].

Q(x.y)

O o e o e e e | e e o P o @

P(-x.y) I y O(x, y) [’

x (0]

!
¥
$
i

P(x,-y)

(a) (b)
Fig. 6-2

A graph is said to be symmetric with respect to a line £ if, for any point P on the graph, the point Q

that is symmetric to P with respect to . is also on the graph. % is then called an axis of symmetry of
the graph. See Fig. 6-3.

Fig. 6-3

41
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Consider the graph of an equation f(x, y) = 0. Then, by (i) above, the graph is symmetric with
respect to the y-axis if and only if f(x, y) = 0 implies f(—x, y) = 0. And, by (ii) above, the graph is
symmetric with respect to the x-axis if and only if f(x, y) = 0 implies f(x, —y) = 0.

EXAMPLES

(a) The y-axis is an axis of symmetry of the parabola y = x? [see Fig. 6-4(a)]. For if y = x?, then y = (—x)*. The
x-axis is not an axis of symmetry of this parabola. Although (1, 1) is on the parabola, (1, —1) is not on the
parabola.

2
(b) The ellipse 54— + y? =1 [see Fig. 6-4(b)] has both the y-axis and the x-axis as axes of symmetry. For if

x2
— =1, th
2 +y en

—x)? 2
(:) +y*=1 and )-;—+(—y)2=1

» ¥

U

6.2 SYMMETRY ABOUT A POINT

Two points P and Q are said to be symmetric with respect to a point A if A is the midpoint of the
line segment PQ [see Fig. 6-5(a)).

The point Q symmetric to the point P(x, y) with respect to the origin has coordinates (—x, —y). [In
Fig. 6-5(b), APOR is congruent to AQOS. Hence, OR = OS and RP = §Q.]

Symmetry of a graph about a point is defined in the expected manner. In particular, a graph ¥ is
said to be symmetric with respect to the origin if, whenever a point P lies on ¥, the point Q symmetric to
P with respect to the origin also lies on %. The graph of an equation f(x, y) = 0 is symmetric with
respect to the origin if and only if f(x, y) = O implies f(—x, —y) = 0.

y
P
_- /,4 P(x.y)
# s - R
A _~ Pt 1 —
,” H pgile x
Q ,#/ | /,”
- o¢-x-nb
(a) (b)

Fig. 6-§
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EXAMPLES
(@) The ellipse graphed in Fig. 6-4(b) is symmetric with respect to the origin because
2 2
)—;—+y2=1 implies 4x) +(—y? =1

(b) The hyperbola xy = 1 (see Fig. 6-6) is symmetric with respect to the origin, for if xy = 1, then (—x)}(—y) = 1.
(¢} If y=ax, then —y = a(—x). Hence, any straight line through the origin is symmetric with respect to the
origin.

Fig. 6-6

Solved Problems

6.1  Determine whether the line y = —x (see Fig. 6-7) is symmetric with respect to: (a) the x-axis;
(b) the y-axis; (c) the origin.
(@) The line is not symmetric with respect to the x-axis, since (—1, 1) is on the line, but (—1, —1), the
reflection of (— 1, 1) in the x-axis, is not on the line.

(b) The line is not symmetric with respect to the y-axis, since (—1, 1) is on the line, but (1, 1), the reflection
of (—1, 1) in the y-axis, is not on the line. ‘

r)’ y
2 L
Ly tF e -L1ye ALY
- A 1 1 -
- -1 0 1 2 3 X X
L-De -} cn-ne |
-2 |

Fig. 6-7 Fig. 6-8
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6.3

6.4
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(¢) The line is symmetric with respect to the origin, by example (c) above.

Determine whether the parabola x = y? (see Fig. 6-8) is symmetric with respect to: (a) the
x-axis; (b) the y-axis; (c) the origin.

(@) The parabola is symmetric with respect to the x-axis, since x = y? implies x = (— y)*.

(b) It is not symmetric with respect to the y-axis, since (1, 1) is on the parabola, but (— 1, 1) is not.

(c) It is not symmetric with respect to the origin, since (1, 1) is on the parabola, but (—1, — 1) is not.

Show that if the graph of an equation f(x, y) = 0 is symmetric with respect to both the x-axis
and the y-axis, then it is symmetric with respect to the origin. (However, the converse is false, as
is shown by Problem 6.1.)

Assume that f(x, y) = 0; we must prove that f(—x, —y) = 0. Since f(x, y) = 0 and the graph is sym-
metric with respect to the x-axis, f(x, —y) = 0. Then, since f(x, —y) = 0 and the graph is symmetric with
respect to the y-axis, f(~x, —y) = 0.

Let points P and @ be symmetric with respect to the line #: y = x. If P has coordinates (a, b),
show that Q has coordinates (b, a).

Let Q have coordinates (u, v), and let B be the intersection point of % and the line PQ (see Fig. 6-9).
B bisects PQ; hence, its coordinates are given by (2.2) as

(a+u b+v)
2 72

from which, since B lies on %,

b+v a+u
2 2
b+v=a+u
v—u=a-b (1)
Furthermore, the perpendicular lines PQ and & have respective slopes
b—
Z and 1
a—u

so that, by Theorem 4.2,

(b—v)(l)=—l
a—u

b—v=u—a

b+a=v+u
v+u=a+b (2)
y
¥
Q(u, v)
B
P(a. b)

Fig. 6-9
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6.5

6.6

6.7

To solve (1) and (2) simultaneously for u and v, first add the two equations, yielding 2v = 24, or v = a. Then
subtract (1) from (2), yielding 2u = 2b, or u = b. Thus, Q has coordinates (b, a).

If the graph of 3x? + xy = 5 is reflected in the y-axis (that is, each point on the graph is replaced
by the point symmetric to it with respect to the y-axis), find an equation of the new graph.

A point (x, y) lies on the new graph if and only if (—x, y) is on the original graph; that is, if and only if
3(—x)* + (—x)y = 5. This is equivalent to 3x> — xy = 5. Note that the new equation is obtained from the
old equation by replacing x by —x.

Supplementary Problems

Determine whether the graphs of the following equations are symmetric with respect to the x-axis, the
y-axis, the origin, or none of these:

@ y=—x ® y=x © Ty
@ xt+y=5 © —1F4y2=9 (1) y=(x— 1)
@ W-xy+y=4 @ y=21 O y=(2+17—4
() y=x*-3x2+5 k) y=-—x5+17x h y=:x-2°%+1

Find an equation of the new curve when:

(@) The graph of x2 — xy + y? = 1 is reflected in the x-axis.
(b) The graph of y* — xy? + x> = 8 is reflected in the y-axis.
(c) The graph of x> — 12x + 3y = 1 is reflected in the origin.
(d) Theline y = 3x + 1 is reflected in the y-axis.

(¢) The graph of (x — 1) + y* = 1 is reflected in the x-axis.



Chapter 7

Functions and Their Graphs

71 THE NOTION OF A FUNCTION

To say that a quantity y is a function of some other quantity x means, in ordinary language, that the
value of y depends on the value of x. For example, the volume V of a cube is a function of the length s
of a side. In fact, the dependence of ¥V on s can be made precise through the formula V = 53 Such a
specific association of a number s® with a given number s is what mathematicians usually mean by a
function.

In Fig. 7-1, we picture a function f as some sort of process which, from a number x, produces a
number f(x); the number x is called an argument of f and the number f(x) is called the value of f for the
argument x.

EXAMPLES

(@) The square-root function associates with each nonnegative real number x the value \/)_c; that is, the unique
nonnegative real number y such that y? = x.

(b) The doubling function g associates with each real number x the value 2x. Thus, g(3)=6,
o~ = -2,9/2 =22

The graph of a function f consists of all points (x, y) such that y = f(x). Thus, the graph of f is the
graph of the equation y = f(x).
EXAMPLES

(@) Consider the function f such that f(x) = x + 1 for all x. The graph of f is the set of all points (x, y) such that
y = x + 1. This is a straight line, with slope 1 and y-intercept 1 (see Fig. 7-2).

(b) The graph of the function f such that f(x) = x? for all x consists of all points (x, y) such that y = x2. This is the
parabola of Fig. 3-2.

(c) Consider the function f such that f(x) = x> for all x. In Fig. 7-3(a), we have indicated a few points on the
graph, which is sketched in Fig. 7-3(b).

The numbers x for which a function f produces a value f(x) form a collection of numbers, called the
domain of f. For example, the domain of the square-root function consists of all nonnegative real

v

INPUT FUNCTION OUTPUT
(argument) (value)
x f(x)
r———eee

- / B}

Fig. 7-1 Fig. 7-2
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y
4
X y L
0 0 2
172 1/8
) | 1}
372 27/8
2 8 ; 1 ; 2 x
-172| -1/8
-1 -1
=372 -27/8
-2 -8
(a)

Fig. 7-3

numbers; the function is not defined for negative arguments. On the other hand, the domain of the
doubling function consists of all real numbers.

The numbers that are the values of a function form the range of the function.

The domain and the range of a function f often can be determined easily by looking at the graph
of £ The domain consists of all x-coordinates of points of the graph, and the range consists of all
y-coordinates of points of the graph.

EXAMPLES

(a) The range of the square-root function consists of all nonnegative real numbers. Indeed, for every nonnegative
real number y there is some number x such that \/)_c = y; namely, the number y>.

(b) The range of the doubling function consists of all real numbers. Indeed, for every real number y there exists a
real number x such that 2x = y; namely, the number y/2.

(¢) Consider the absolute-value function h, defined by h(x) = | x|. The domain consists of all real numbers, but the
range is made up of all nonnegative real numbers. The graph is shown in Fig. 7-4. When x >0, y = |x]| is
equivalent to y = x, the equation of the straight line through the origin with slope 1. When x <0, y = | x| is
equivalent to y = —x, the equation of the straight line through the origin with slope — 1. The perpendicular
projection of all points of the graph onto the y-axis shows that the range consists of all y such that y > 0.

Fig. 7-4

(d) Consider the function g defined by the formula g(x) = \/1 — x, whenever this formula makes sense. Here the
value /1 — x is defined only when 1 — x > 0; that is, only when x < 1. So the domain of g consists of all real
numbers x such that x < 1. It is a little harder to find the range of g. Consider a real number y; it will belong
to the range of g if we can find some number x such that y =./1 — x. Since ./1 — x cannot be negative
(by definition of the square-root function), we must restrict our attention to nonnegative y. Now if
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y = /1 — x, then y? = 1 — x, and, therefore, x = 1 — y% Indeed, when x = 1 — y2, then

ST=x=/1-(1-p)=/y*=y

The range of g therefore consists of all nonnegative real numbers. This is clear from the graph of g [see Fig.
7-5(b)]. The graph is the upper half of the parabola x = 1 — 2.

by
X Y 2k
| 0
0 1
-1 | V2=1 )
-2 | S3z17
-3 2 1 1 1 -
-3 -2 -1 0 1 X
(a) (b)

Fig. 7-5
(e) A function can be defined “by cases.” For instance,
x? ifx<0
f(x)—{1+x fosx<1
Here the value f(x) is determined by two different formulas. The first formula applies when x is negative, and
the second when 0 < x < 1. The domain consists of all numbers x such that x < 1. The range turns out to be

all positive real numbers. This can be seen from Fig. 7-6, in which projection of the graph onto the y-axis
produces all y such that y > 0.

4

Fig. 7-6

Note: In many treatments of the foundations of mathematics, a function is identified with its graph. In
other words, a function is defined to be a set f of ordered pairs such that f does not contain two pairs
(a, b) and (a, c) with b # c. Then “y = f(x)” is defined to mean the same thing as “(x, y) belongs to "
However, this approach obscures the intuitive idea of a function.

7.2 INTERVALS

In dealing with the domains and ranges of functions, intervals of numbers occur so often that it is
convenient to introduce special notation and terminology for them.
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Closed interval: [a, b] consists of all numbers x such that a < x < b.
The solid dots on the line at a and b means that a and b are included in the closed interval [a, b].

a b
.- *—

Open interval: (a, b) consists of all numbers x such that a < x < b.
The open dots on the line at a and b indicate that the endpoints a and b are not included in the open

interval (a, b).

Q1=
?

Half-open intervals: {a, b) consists of all numbers x such that a < x < b.

a b
- —O-
(a, b] consists of all numbers x such that a < x < b.
a L b
iy o

EXAMPLE Consider the function fsuch that f(x) = ./1 — x?, whenever this formula makes sense. The domain of f
consists of all numbers x such that

1-x2>0 or x*<1 or -1<x<1

Thus, the domain of fis the closed interval [ —1, 1]. To determine the range of f, notice that as x varies from —1 to
0, x2 varies from 1 to 0, 1 — x> varies from 0 to 1, and \/1 — x2 also varies from 0 to 1. Similarly, as x varies from 0
to 1, /1 — x? varies from 1 to 0. Hence, the range of f is the closed interval [0, 1]. This is confirmed by looking at
the graph of the equation y = ,/1 — x? in Fig. 7-7. This is a semicircle. In fact, the circle x> + y% = 1 is equivalent
to

V=1-x* or y=+./1-x%

The value of the function f corresponds to the choice of the + sign and gives the upper half of the circle.

4})’

1

Fig. 7-7
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Sometimes we deal with intervals that are unbounded on one side.

[a, o0) is made up of all x such thata < x.

a

@

(a, o0) is made up of all x such that a < x.

a
O
7

(— o0, b] is made up of all x such that x < b.

o

(— o0, b) is made up of all x such that x < b.

o>

EXAMPLE The range of the function graphed in Fig. 7-6 is (0, o). The domain of the function graphed in Fig.
7-5(b) is (— o0, 1].

7.3 EVEN AND ODD FUNCTIONS

A function f is called even if, for any x in the domain of f; —x is also in the domain of f and
J(=x)=f(x).
EXAMPLES
(@) Letf(x) = x? for all x. Then

f(=x) = (=x)?=x*=f(x)

and so f'is even.

(b) Letf(x)=3x* — 5x% + 2 for all x. Then
f(=%) = 3(=x)* — 5(—x)? + 2 = 3x* — 5x2 + 2 = f(x)

Thus, f is even. More generally, a function that is defined for all x and involves only even powers of x is an
even function.

(¢) Letf(x)=x?+ 1forall x. Then
f(=x)=(—x)*+1=—x*+1
Now —x3 + 1 is not equal to x> + 1 except when x = 0. Hence, fis not even.
A function f is even if and only if the graph of f is symmetric with respect to the y-axis. For the

symmetry means that for any point (x, f(x)) on the graph, the image point (—Xx, f(x)) also lies on the
graph; in other words, f(— x) = f(x) (see Fig. 7-8).
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-x f(ﬂﬂm»

(=x ~f(x))

Fig. 7-8 Fig. 7-9

A function f is called odd if, for any x in the domain of f; —x is also in the domain of f and

f(=x) = —=f(x).

EXAMPLES
(@ Letf(x) = x*for all x. Then
f(=0)=(=x}=—x*= —f(x)
Thus, fis odd.
(b) Letf(x)=4x for all x. Then
f(=x) = 4—x) = —4x = —f(x)
Thus, fis odd. |
() Letf(x)=3x%— 2x® + x for all x. Then
S(=2) =3(=%)° = A=) + (=x) = 3(=x°) = A—x%) — x
=35+ 23 —x=—-(3x°-2x3 + x) = —f(x)
Thus, fis odd. More generally, if f(x) is defined as a polynomial that involves only odd powers of x (and lacks
a constant term), then f(x) is an odd function.
(d) The function f(x) = x* + 1, which was shown above to be not even, is not odd either. In fact,
fO=13+1=1+1=2  but —f(=)=—-[(-1)*+1]=-[-1+1]=0
A function f is odd if and only if the graph of f is symmetric with respect to the origin. For the

symmetry means that for any point (x, f(x)) on the graph, the image point (—x, —f(x)) is also on the
graph; that is, f(—x) = —f(x) (see Fig. 7-9).

74 ALGEBRA REVIEW: ZEROS OF POLYNOMIALS

Functions defined by polynomials are so important in calculus that it is essential to review certain
basic facts concerning polynomials.

Definition: For any function f, a zero or root of fis a number r such that f(r) = 0.
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EXAMPLES
(@ 3is a root of the polynomial 2x* — 4x? — 8x + 6, since
§3) — 43)? ~8(3) + 6= 22T) — 49) — 24 + 6 = 54 — 36 — 24 + 6 = 0

2_2x—15
(b) 5is a zero of J—‘—-—x—i——- because

+2
(P -25—15 25-10-15
5+2 B 7

0
_—_—=O
7

Theorem 7.1: If f(x) = a,x"+ a,_x" ! + -+ +a;x + ay is a polynomial with integral coefficients
(that is, the numbers a,, a,_,, - .., a;, a, are integers), and if r is an integer that is a root
of f, then r must be a divisor of the constant term a,.

EXAMPLE By Theorem 7.1, any integral root of x> — 2x2 — 5x + 6 must be among the divisors of 6, which are
+1, +£2, +3, and +6. By actual substitution, it is found that 1, —2, and 3 are roots.

Theorem 7.2: A number r is a root of the polynomial
f)=a,x"+a,_x"" '+ +ax+a,
if and only if f(x) is divisible by the polynomial x — r.
EXAMPLES

(@) Consider the polynomial f(x) = x> — 4x? + 14x — 20. By Theorem 7.1, any integral root must be a divisor of
20; thatis, +1, +2, +4, +5, +10, or +20. Calculation reveals that 2 is a root. Hence (Theorem 7.2), x — 2
must divide f(x); we carry out the division in Fig. 7-10(a). Since f(x) = (x — 2Xx2 — 2x + 10), its remaining
roots are found by solving

x2—2x+10=0
Applying the quadratic formula (see Problem 5.2),

x_—(—2)1,/(-2)2—4(10)_21./—36_21J§E-,/—1
- 2 - 2 - 2
=2i62,/—1=1i3\/—_—i-

Thus, the other two roots of f(x) are the complex numbers 1 + 3,/—1and 1 — 3,/ —1.

(b) Let us find the roots of f(x) = x3 — 5x2 + 3x + 9. The integral roots (if any) must be divisors of 9: +1, +3,
+9. 1 is not a root, but —1 is a root. Hence f(x) is divisible by x + 1 [see Fig. 7-10(b)]. The other roots of f(x)
must be the roots of x> — 6x + 9. But x> — 6x + 9 = (x — 3)%. Thus, — 1 and 3 are the roots of f(x); 3 is called
a repeated root because (x — 3)? is a factor of x> — 5x? + 3x + 9.

x2—2x +10 x*—6x +9
x—2[x*—4x? + 14x ~ 20 x+1[x*—5x2+3x+9
x3 — 2x? x3+ x?
— 2x? + 14x — 6x2 + 3x
- 2x2 + 4x — 6x2 — 6x
10x — 20 9% +9
10x — 20 9x +9
(@) (b)
Fig. 7-10

Theorem 7.3: (Fundamental Theorem of Algebra): If repeated roots are counted multiply, then every
polynomial of degree n has exactly n roots.
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EXAMPLE In example (b) above, the polynomial x* — 5x2 + 3x + 9 of degree 3 has two roots, —1 and 3, but 3 is
a repeated root of multiplicity 2 and, therefore, is counted twice.

Since the complex roots of a polynomial with real coefficients occur in pairs, a + b,/ — 1, the poly-

nomial can have only an even number (possibly zero) of complex roots. Hence, a polynomial of odd
degree must have at least one real root.

71

72

7.3

74

Solved Problems

Find the domain and the range of the function f such that f(x) = —x?.

Since —x? is defined for every real number x, the domain of f consists of all real numbers. To find the
range, notice that x? > 0 for all x and, therefore, —x? < 0 for all x. Every nonpositive number y appears as
a value —x? for a suitable argument x; namely, for the argument x = ./ —y (and also for the argument
x = —,/ —y). Thus the range of fis (— oo, 0]. This can be seen more easily by looking at the graph of
y = —x? [see Fig. 7-11(a)].

Ay

Fig. 7-11

Find the domain and the range of the function f defined by

- |

The domain of f consists of all x such that either —1 < x <0 or 0 < x < 1. This makes up the open
interval (—1, 1). The range of f is easily found from the graph in Fig. 7-11(b), whose projection onto the
y-axis is the half-open interval [0, 1).

x+1 if—-1<x<0
x if 0<x<1

Define f(x) as the greatest integer less than or equal to x; this value is usually denoted by [x].
Find the domain and the range, and draw the graph of f.

Since [x] is defined for all x, the domain is the set of all real numbers. The range of f consists of all
integers. Part of the graph is shown in Fig. 7-12. It consists of a sequence of horizontal, half-open unit
intervals. (A function whose graph consists of horizontal segments is called a step function.)

Consider the function f defined by the formula

x?—1

09 ="

X

whenever this formula makes sense. Find the domain and the range, and draw the graph of f.
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Fig. 7-12 Fig. 7-13

The formula makes sense whenever the denominator x — 1 is not 0. Hence, the domain of fis the set of
all real numbers different from 1. Now x2 — 1 = (x — 1)}x + 1) and so

x2 -1

=x+1

Hence, the graph of f(x) is the same as the graph of y = x + 1, except that the point corresponding to x = 1
is missing (see Fig. 7-13). Thus, the range consists of all real numbers except 2.

(a) Show that a set of points in the xy-plane is the graph of some function of x if and only if the
set intersects every vertical line in at most one point (vertical line test).

(b) Determine whether the sets of points indicated in Fig. 7-14 are graphs of functions.

(@) 1If a set of points is the graph of a function f, the set consists of all points (x, y), such that y = f(x). If
(x4, u) and (x,, v) are points of intersection of the graph with the vertical line x = x,, then u = f(x,)
and v = f(x,). Hence, v = 4, and the points are identical. Conversely, if a set &/ of points intersects

each vertical line in at most one point, define a function f as follows. If o intersects the line x = x, at
some point (x,, w), let f(x,) = w. Then & is the graph of f.

(b) (i) and (iv) are not graphs of functions, since they intersect certain vertical lines in more than one point.

Let f(x) = x* + 2x — 1 for all x. Evaluate:

@ [ ®) f(-2) © f(=x) @ fx+1)
@ fox—1) () fc+h @ fa+rh-fo (w LEHHSE ("+'2—f(x)

In each case, we substitute the specified argument for all occurrences of x in the formula for f(x).

@ fA=*+20-1=4+4-1=7

®) f(=)=(-2+2A-2)-1=4-4—-1=-1

© f(=x)=(=xP+2A-x)~1=x*-2x—1

@ fx+D)=x+1P+2x+1)—1=02+2x+1)+2x+2—-1=x*+4x +2
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@® (i)

7.7

(iii) (iv)
Fig. 7-14

@ fx—DN=(x—-12+2x—1)—1=(x*>*-2x+1)+2x—2—-1=x2~2

f) fx+h)=(x+h>+2x+h—1=(x2+2hx+ k) +2x +2h — 1
=x2+42hx+2x+h*+2h—1

(9) Using the result of part (f),

S+ —fx)=x*+2hx +2x +h* +2h - 1) — (x> + 2x — 1)
=x2+2hx+2x+h* +2h -1 —-x*—-2x+1
=2hx + h? + 2h

(h) Using the result of part (g),

S+ B —f() _2hx+ K +2h _h2x+h+2)

h ; h =2x+h+2

Find all roots of the polynomial f(x) = x> — 8x2 + 21x — 20.

The integral roots (if any) must be divisors of 20: +1, +2, +4, +5, + 10, +20. Calculation shows that
4 is a root. Hence, x — 4 must be a factor of f(x) (see Fig. 7-15).
To find the roots of x2 — 4x + 5, use the quadratic formula

—(=9+ /Y -4 _4+ /-4 4x./4 /-1 412 /-1
x= 2 T2 T 2 =T TVl

Hence, there are one real root, 4, and two complex roots, 2 + ./ —1and 2 — /—1.
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7.9

1.10

11
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xt—4x +5
x—4(x>-8x?+21x—-20
x3 — 4x?

~ 4x? + 21x
~4x? + 16x
5x — 20
5x — 20

Fig. 7-15

Supplementary Problems

Find the domain and the range, and draw the graphs of the functions determined by the following formulas
(for all arguments x for which the formulas make sense):

(@ h(x)=4-—x? b) G(x)=—2\/; (¢) H(x)=./4-x*
Jx) = — /4~ x*
@ Ux)=x*—-4 (¢ V(x)=|x—1| ) f=[2x]
1 1
@ 9= [33‘-] (B hix) =~ () Fx)=——
X x—1
1 x? ifx<0 3—x forx<l
) H(x)=—-2—x3 k) J(x)={—x2 ifx>0 @ U(x)={5x—3 for x > 1
x: -4 ifx<?2
(m) {”8:3—1 (m) G(x)=x+2 (0) H(x)={4 fx>2
==t 1 f 1 2
—-x ifx<— x*—-9 .
® f(x)=l£—| @ gx) =32 f—1<x<1 () ho={x_3 1*7*3
x24+1 fx>1 6 ifx=3

® ZW=x-[x] © f&=x

Check your answers to Problem 7.8, parts (a)-(j), (n), (p), (s), (¢), by using a graphing calculator.

In Fig. 7-16, determine which sets of points are graphs of functions.

Find a formula for the function f whose graph consists of all points (x, y) such that (a) x’y — 2 =0;

1
b)x = 1 + ;) ; (€) x2 — 2xy + y* = 0. In each case, specify the domain of f.

For each of the following functions, specify the domain and the range, using interval notation wherever
possible. [Hint : In parts (a), (b), and (e), use a graphing calculator to suggest the solution.]

1

(@ f (x)=(_x———2)(—x———3—) b) g(x)= —

x+1 if—1l<x<l1
2 ifl <x

() hx)= {

x—1 if0<x<3

@ Fm:{x—z if3<x<d

€ G(x)=]x|—x
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L 4y

3k

zl/

1
11 L - /‘h\ -
-2 -1 0] 1 2 x &y x

(a) ()
4y by

7.13

714

7.15

7.16

717

7.18

() G

6
if x # —4
@ Letf(x)=x—4dandletgo)=4{ xt4 T*% ™% Determine k so that f(x) = g(x) for all x.

k f x=—4

x?—x

(b) Let Jx)= g(x)=x—1

Why is it wrong to assert that f and g are the same function?

In each of the following cases, define a function having the given set 2 as its domain and the given set # as
its range: (@) 2 =(0, 1) and #=(0, 2); (b)) 2 =(0, 1) and #=[—1, 4); (c) 2 = [0, o0) and R = {0, 1};
d) 2 =(—o0, 1) U (1, 2) [that is, (— 00, 1) together with (1, 2)] and # = (1, ).

For each of the functions in Problem 7.8, determine whether the graph of the function is symmetric with
respect to the x-axis, the y-axis, the origin, or none of these.

For each of the functions in Problem 7.8, determine whether the function is even, odd, or neither even nor
odd.

(a) Iffis an even function and f(0) is defined, must f(0) = 0?

(b) Iffis an odd function and f(0) is defined, must f(0) = 0?

(¢) Iff(x) = x*+ kx + 1 for all x and if fis an even function, find k.

d Iff(x) = x> — (k — 2)x? + 2x for all x and if fis an odd function, find k.

(e) Is there a function f which is both even and odd?

fix+h) —f(x)
h

@ f=x*-2x (b f)=x+4 © f)=x*+1

@ fx)=x @ f®)=x=5x (f) S =]x]

Evaluate the expression for the following functions f:
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7.19

7.20

7.21

7.22

7.23

7.24

7.25

7.26

127
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Find all real roots of the following polynomials:

(@ x*—10x2+9 b) x3+2x2—16x—32 () x*—x3—10x>+4x+24
d x>—2x2+x—-2 (¢ x3+9x2+26x+24 (f) x> —-5x—2 (g9 x*—4x*—2x+8

How many real roots can the polynomial ax® + bx? + cx + d have if the coeflicients a, b, c, d are real
numbers and a # 0?

(@) Iff(x) = (x + 3Xx + k) and the remainder is 16 when f(x) is divided by x — 1, find k.
) Iff(x) = (x + 5Xx — k) and the remainder is 28 when f(x) is divided by x — 2, find k.

ALGEBRA The division of a polynomial f(x) by another polynomial g(x) yields the equation

S (x) = g(x)q(x) + r(x)

in which ¢(x) (the quotient) and r(x) (the remainder) are polynomials, with r(x) either 0 or of lower degree
than g(x). In particular, for g(x) = x — a, we have

Jx)=(x —a)g(x) + r = (x — a)g(x) + f(a)
that is, the remainder when f(x) is divided by x — a is just f(a).

If the zeros of a function f(x) are 3 and — 4, what are the zeros of the function g(x) = f(x/3)?

If f(x) =2x3 4+ Kx? + Jx — 5, and if f(2) = 3 and f(~2) = —37, which of the following is the value of
K +J?

@ 0 @) 1 Gii) —1 @iv) 2 (v) indeterminate

Express the set of solutions of each inequality below in terms of the notation for intervals:

(@ 2x+3<9 Bb) Sx+1=>6 (c) 3x+4<5 d 7x-2>8
() 3<4x—-5<7 (f) —1<2x+5<9 (g9 |x+1]<2 () 13x—4|<5
@) 2;__25<1 () x*<6 k) (x—=3)x+1)<0

For what values of x are the graphs of (a) f(x) = (x — 1}x + 2) and (b) f(x) = x(x — 1)Xx + 2) above the
x-axis? Check your answers by means of a graphing calculator.

Prove Theorem 7.1. [Hint: Solve f(r) = 0 for a,.]

Prove Theorem 7.2. {Hint: Make use of the ALGEBRA following Problem 7.21.]



Chapter 8

Limits

8.1 INTRODUCTION

To a great extent, calculus is the study of the rates at which quantities change. It will be necessary
to see how the value f(x) of a function f behaves as the argument x approaches a given number. This
leads to the idea of limit.

EXAMPLE Consider the function fsuch that

x2—-9
x—3

fx) =

whenever this formula makes sense. Thus, f'is defined for all x for which the denominator x — 3 is not 0; that is, for
x # 3. What happens to the value f(x) as x approaches 3?7 Well, x? approaches 9, and so x> — 9 approaches 0;
moreover, x — 3 approaches 0. Since the numerator and the denominator both approach 0, it is not clear what

x2 -9

happens to 3

However, upon factoring the numerator, we observe that
-9 (x—=3)fx+3)

x—3 x—3 x+3

Since x + 3 unquestionably approaches 6 as x approaches 3, we now know that our function approaches 6 as x
approaches 3. The traditional mathematical way of expressing this fact is

x2—-9
i =
xl-[‘l; x—3 6

x2-9

This is read: “The limit of 3 as x approaches 3 is 6.”

x —
Notice that there is no problem when x approaches any number other than 3. For instance, when x
approaches 4, x2 — 9 approaches 7 and x — 3 approaches 1. Hence,
x2-9 7

x4 X — 1

=17

8.2 PROPERTIES OF LIMITS

In the foregoing example we assumed without explicit mention certain obvious properties of the
notion of limit. Let us write them down explicitly.

PROPERTY L

limx=aq

x—a

This follows directly from the meaning of the limit concept.
PROPERTY II. Ifcisa constant,

limc=c

x—ra

As x approaches a, the value of ¢ remains c.

59
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PROPERTY III. If cis a constant and f'is a function,
lim ¢« f(x) = ¢ - lim f(x)

x—a x—a

EXAMPLE
limS5x=5-limx=5-3=15
x—=3 x—=3
lim —x=lm(-)x=(—-1)limx=(~1)-3= -3
x—=+3 x—=3 x—+3

PROPERTY 1IV. Iffand g are functions,
lim [f(x) * g(x)] = lim f(x) - lim g(x)

The limit of a product is the product of the limits.

EXAMPLE
lim x2 =1lim x +lim x=a*a=a®

x-a x—a x—*a

More generally, for any positive integer n, lim x" = a".

x—*a

PROPERTY V. Iffand g are functions,
lim [f(x) £ g(x)] = lim f(x) £ lim g(x)

x—*a x—*a x—*a

T he limit of a sum (difference) is the sum (difference) of the limits.

EXAMPLES
(@) lim (3x? + 5x) = lim 3x2 + lim Sx
x—~+2 x—=2 x>2
=3+lim x? + 5 lim x = 3(2)*> + 5(2) = 22
x~+2 x—+2

[CHAP. 8

(b) More generally, if f(x) = a,x" + a,_,x""! + -+ + a, is any polynomial function and k is any real number,

then
lim f(x) = a,k" + a,_ k"1 + -+ + ay = f(k)

x—k

PROPERTY VI Iffand g are functions and lim g(x) # 0, then

Xx—*a

lim £(x)
lim JO)_ xea

xa 9(x)  lim g(x)

x—a

The limit of a quotient is the quotient of the limits.

EXAMPLE
. s
S TV U B
ves 3X+2 lim(3x+2) 34+2 14
x—4

PROPERTY VIL
lim /f(x) = /lim f(x)

The limit of a square root is the square root of the limit.
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EXAMPLE

lim /x® +5=./lim (x* + 5) = /9 =3
2

x=2 x=

Properties IV-VII have a common structure. Each tells us that, provided f and/or g has a limit as x
approaches a (see Section 8.3), another, related function also has a limit as x approaches a, and this
limit is as given by the indicated formula.

8.3 EXISTENCE OR NONEXISTENCE OF THE LIMIT

In certain cases, a function f(x) will not approach a limit as x approaches a particular number.

EXAMPLES
(a) Figure 8-1(a) indicates that

1
lim -
x-0 X
does not exist. As x approaches 0, the magnitude of 1/x becomes larger and larger. (If x > 0, 1/x is positive and
very large when x is close to 0. If x < 0, 1/x is negative and very “small” when x is close to 0.)

(b) Figure 8-1(b) indicates that

x=0 X
does not exist. When x >0, |x| =x and |x|/x =1; when x <0, |x] = —x and |x|/x = —1. Thus, as x
approaches 0, |x|/x approaches two different values, 1 and —1, depending on whether x nears 0 through
positive or through negative values. Since there is no unique limit as x approaches 0, we say that

lim Ixl
x—+0 X
does not exist.
(c) Let
x? ifx<1
f(x)—{x+l if x> 1

Then [see Fig. 8-1(c)], lim f(x) does not exist. As x approaches 1 from the left (that is, through values of x < 1),
x=1

f(x) approaches 1. But as x approaches 1 from the right (that is, through values of x > 1), f(x) approaches 2.

y ' b Y

(a) () ©)
Fig. 8-1
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Notice that the existence or nonexistence of a limit for f(x) as x — a does not depend on the value

f(a), nor is it even required that f be defined at a. If lim f(x) = L, then L is a number to which f(x) can

x—*a

be made arbitrarily close by letting x be sufficiently close to a. The value of L—or the very existence of
L—is determined by the behavior of f near a, not by its value at a (if such a value even exists).

8.1

8.2

Solved Problems

Find the following limits (if they exist):

(a)

(b)

(©
@

Find lim

2 —
(@ lim (y2 -i) (b) lim (xz —i) (© lim "u 2@ lim[x]

y=2 x=0

Both y? and 1/y have limits as y — 2. So, by Property V,

N2

) ) lim 1 !

lim (yz——>=lim y-lim-=4-22_—4_-=

y—2 y y—2 y-2y hmy 2
y=2

Here it is necessary to proceed indirectly. The function x2 has a limit as x — 0. Hence, supposing the
indicated limit to exist, Property V implies that

lim [x2 - <x2 - l)] = lim 1
x=0 X x—0 X

also exists. But that is not the case. [See example (@) in Section 8.3.] Hence,
1
lim (x2 - —)
x—=0 X

2 _ 25 ~s
im =2 i YY) w5 =10
u—5s u-—35 u=Ss u—35 u—5

does not exist.

As x approaches 2 from the right (that is, with x > 2), [x] remains equal to 2 (see Fig. 7-12). However,
as x approaches 2 from the left (that is, with x < 2), [x] remains equal to 1. Hence, there is no unique
number that is approached by [x] as x approaches 2. Therefore, lim [x] does not exist.

x=2

for each of the following functions. (This limit will be important in the

Sx+h—fx)
h

h—0

study of differential calculus.)

(a)

@ fW=3x-1 B fE=47-x © f0I=1

fx+h=3x+h—1=3x+3h-1

fx)=3x—1
fx+h)—f(x)=Bx+3h—-1)—(3x—1)=3x+3h—-1-3x+1=3h
Sx+h—f(x) 3h

h =% =3
ﬁmw=1im3=3

Hence,
A—0 h k-0
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83

84

(®) fx+h)=4x+h?—(x+h=4x>+2hx+h)—x—h
=4x* 4+ 8hx + 42 —x —h
fx)=4dx? —x
fx + h) — f(x) = (4x? + 8hx + 4h%> — x — h) — (4x> — X)
=4x2 + 8hx + 4h* — x —h — 4x* + x
= 8hx + 4h? — h = h8x + 4h — 1)
fOc+ W) —f(x)  hBx +4h—1)

’ - —8x+4h—1
h _
Hence, fim JEED =S 8x 4+ ah— 1)
h—=0 h h-0
—lim (8x — 1) + lim 4h = 8x — 1+ 0 = 8x — 1
h—0 h—=0

1
(0 f(x+h)=x——+h

=3

1 1
f(x+h)—f(x)=x—+h—;

ALGEBRA -—— ==

b~ d bd
_x—(x+h x—-x—h_  —h
T o(x+hx 0 (x+hx (x+hx
fe+h—f) —h . —h 1 I
Hence, 3 T hx T+ hx B (xR
h) — _
and fm 2R SO =l it im )
h—=0 h h_.o(x'i'h)x h.-.()x+h ,._’ox
1 t__11__t
im(x+h x x x  x?
h=0
31
Find lim =——~.
x-*lx_l

Both the numerator and the denominator approach 0 as x approaches 1. However, since 1 is a root of
x* —1, x — 1 is a factor of x> — 1 (Theorem 7.2). Division of x> — 1 by x — 1 produces the factorization
x3 — 1 =(x — 1)}x? + x + 1). Hence,

3_ 1Y y2
limx l=li x—Ix*+x+1)

x~1 -

=limx*+x+1)=12+14+1=3
x=1 x—1 x—=1

[See example (b) following Property V in Section 8.2.]

(@) Give a precise definition of the limit concept; lim f(x) = L.

x—*a

(b) Using the definition in part (a) prove Property V of limits:
lim f(x) = L and lim g(x) = K imply lim [f(x)+gx)]=L+ K

Xx—*a x—a x—a
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Fig. 8-2

Intuitively, lim f(x) = L means that f(x) can be made as close as we wish to L if x is taken sufficiently
x—a

close to a. A mathematically precise version of this assertion is: For any real number € > 0, there exists

a real number > 0 such that

O0<|x—a|l<d implies |f(x)—L|<e

for any x in the domain of f. Remember that | x — a| < 6 means that the distance between x and a is
smaller than 4, and that | f(x} — L| < € means that the distance between f(x) and L is smaller than e.
We assume that the domain of fis such that it contains at least one argument x within distance 4 of a
for arbitrary § > 0. Observe also that the condition 0 < | x — a| excludes consideration of x = q, in line
with the requirement that the value (if any) of f(a) has nothing to do with lim f(x).

x—a

A pictorial version of this definition is shown in Fig. 8-2. No matter how thin a horizontal strip (of
width 2¢) that may be taken symmetrically above and below the line y = L, there is a thin vertical strip
(of width 26) around the line x = a such that, for any x-coordinate of a point in this strip except x = g,
the corresponding point (x, f(x)) lies in the given horizontal strip. The number 4 depends on the given
number ¢; if € is made smaller, then § may also have to be chosen smaller.

The precise version just given for the limit concept is called an epsilon-delta definition because of
the traditional use of the Greek letters € and 6.
Let € > 0 be given. Then /2 > 0 and, since lim f(x) = L, there is a real number 8, > 0 such that

0<|x—a|<é, implies |f(x)——L|<§ (1

for all x in the domain of /. Likewise, since lim g(x) = K, there is a number 8, > 0 such that

0<|x—a|<é, implies lg(x)-K|<§ Q)
for all x in the domain of g. Let é be the minimum of §, and é,. Assume that 0 < | x — a| < é and that
x is in the domains of f and g. By the triangle inequality (1.10),

HSE) + g0x) — (L + K)| = |(f(x) = L) + (g(x) — K)| < | f(x) — L] + | g(x) — K| 3
For the number x under consideration, (1) and (2) show that the two terms on the right-hand side of (3)

are each less than €/2. Hence,

|(f(x)+g(x»—(L+K)|<§+§=e

and we have thereby established that lim (f(x) + g(x)) = L + K.

x—a



CHAP. 8] LIMITS 65

85

8.6

8.7

88

8.9

Supplementary Problems

Find the following limits (if they exist):

5u? — 4 4 —w?
lim 7 b) h li
@ b 0 © m 2
@ lim [x] © lim|x| (f) lim (7% = 5x* 4 2x — 4)
x—3/2 x—=0 x—2
x> -8 x2—x—~12
I #) tim (x - ) lim =22
@) x_{l; ~—2 (h ,I.I.]; (x-[xD () xlili ~—a
Cox3—x2—x~15 =T+ x—6 x4+ 3x3 —13x2 - 27x + 36
() lim x—3 () lim x—2 @ lim X +3x—4
/ — 3-2 1 4
m) lim Vx+3-./3 ) lim¥XH2~° © lim -
3
x=0 x -1 Xx—=1 2 \X—2 x*—-4

JOAR =) 4 then lim L& TR =)

N N (if the latter exists) for each of the following
k=0

Compute

functions:

1
@ f(x)=3x*+5 (b) f(x)——.’_—l © f(x)=7x+12

@ fe)=x @ f=Vx  (f) f&)=5x—2x+4

Give rigorous proofs of the following properties of the limit concept:

(@) limx=a b) limc=c (¢) lim f(x) = L for at most one number L

x—a x—a x—*a

Assuming that lim f(x) = L and lim g(x) = K, prove rigorously:

x—a x—a

(@ lim c - f(x) = c+ L, where c is any real number.

x—a

(b) lim (f(x)*g(x)) = L* K.

© lim ﬂ—))—ﬁHK#o

xa 9(x

@ lim /f(x)=./LifL>0.

x—*a

(¢) Iflim (f(x) — L) =0, then lim f(x) =

x—a Xx—a

(f) Iflim f(x) = L = lim h(x) and if f(x) < g(x) < h(x) for all x near a, then lim g(x) =

x—*a x—a x—a

[Hints: In part (d), for L > 0,

f(x) + f f@-L | 1)L
IV — /L= |(/fx - D+
9o ER R f(x>+f JL

In part (f), if f(x) and h(x) lie within the interval (L — €, L + €), so must g(x).]

In an epsilon-delta proof of the fact that lim (2 + 5x) = 17, which of the following values of § is the
x—3

largest that can be used, given €?

@e B3 ©@; @5 @3
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8.10

8.11

8.12
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4
-1
(@) Find lim =——.
x=1 X — 1
4
. . -1 .
) Solve part (a) with a graphing calculator by graphing y = ); 1 and tracing along the curve as x

approaches 1.

1 —
Find lim ¥+ 2L =5

x-—4 x~4

(@
. . N 21-5 .
(b) Solve part (a) with a graphing calculator by graphing y = —x—:—-?—-— and tracing along the
curve as x approaches 4.

Find the following limits:

7 _ 2 3 _ 1.2 _
@ lim:{1+xx 1 ®) lim x*+3x+2 © lim x Ix @ lim,/x+16 4

xa_2 Xt —x—14 a3 X2 —4x+3 o0 x?

x—+0



Chapter 9

Special Limits

9.1 ONE-SIDED LIMITS

It is often useful to consider the limit of a function f(x) as x approaches a given number either from
the right or from the left.

EXAMPLES

. . x—1 ifx<0
(@) Consider the function f(x) = {x +2 ifx>0

Its graph is given in Fig. 9-1(a). As x approaches 0 from the left, f(x) approaches —1. As x approaches 0
from the right, f(x) approaches 2. We will denote these facts as follows:

lim f(x) = —1 and lim f(x) =2

x—=0-~ x~_o+
x? fx<l1
b) Consider the fi i = .
(b)) Consider the function g(x) {2 ifx>1

Its graph is given in Fig. 9-1(b). Then lim g(x) = 1 and lim g(x) = 2.

x=1- x—1+

y 4
1 -
2 -
1 - — Grm———
1 l | | -
-2 -1 0 1 2 x

(a) (b)
Fig. 9-1

It is clear that lim f(x) exists if and only if both lim f(x) and lim f(x) exist and

lim f(x) = lim f(x). o o o

x—*a*t x—a~

67
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9.2 INFINITE LIMITS: VERTICAL ASYMPTOTES

If the value f(x) of a function gets larger without bound as x approaches a, then lim f(x) does not

x—a
exist. However, we shall write
lim f(x) = + o0

x—a

to indicate that f(x) does get larger without bound.

EXAMPLE Let f(x) = 1/x2 for all x # 0. The graph of f is shown in Fig. 9-2. As x approaches 0 from either side,
1/x? grows without bound. Hence,

o1
lim — = +
x—°0x

The notation lim f(x) = — oo shall mean that f(x) gets smaller without bound as x approaches a;

that is,
lim f(x) = —oo if and only if lim(—f(x)) = + oo

x—+a x—a

EXAMPLE

on the basis of the preceding example.

Sometimes the value f(x) will get larger without bound or smaller without bound as x approaches a
from one side (x > a~ or x = a*).

EXAMPLES
(a) Letf(x)= 1/xfor all x # 0. Then we write

o1
lim —= 4+

x—0+
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to indicate that f(x) gets larger without bound as x approaches 0 from the right [see Fig. 8-1(a)]. Similarly, we
write

1
lim —= —c0

x-=0-

to express the fact that f(x) decreases without bound as x approaches 0 from the left.

1
= fi 0
®) Letfey={x =
x forx<0
Then (see Fig. 9-3), lim f(x) = +© and lim f(x) =0
x—=0+ x—=+0-
y
3

Fig. 9-3

When f(x) has an infinite limit as x approaches a from the right and/or from the left, the graph of
the function gets closer and closer to the vertical line x = a as x approaches a. In such a case, the line
x = a is called a vertical asymptote of the graph. In Fig. 9-4, the lines x = a and x = b are vertical
asymptotes (approached on one side only).

If a function is expressed as a quotient, F(x)/G(x), the existence of a vertical asymptote x = a is
usually signaled by the fact that G(a) = 0 [except when F(a) = 0 also holds].

ry

-~ W s wn

>

_._-_-____J’_—_—_———————
>
—_—_————— e ———————————

Fig. 9-4 Fig. 9-§
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-2
EXAMPLE Letf(x) = z 3 for x # 3. Then x = 3 is a vertical asymptote of the graph of f, because
lim x_2=+oo and limx-2=—oo
x=3+ X — x—+3- x—3

In this case, the asymptote x = 3 is approached from both the right and the left (see Fig. 9-5).

-2 1
[Notice that, by division, %——5 =1+ =3 Thus, the graph of f(x) is obtained by shifting the hyperbola y = 1/x
three units to the right and one unit up.]

9.3 LIMITS AT INFINITY: HORIZONTAL ASYMPTOTES

As x gets larger without bound, the value f(x) of a function f may approach a fixed real number c.
In that case, we shall write
lim f(x)=c
x—+ o
In such a case, the graph of f gets closer and closer to the horizontal line y = ¢ as x gets larger and
larger. Then the line y = ¢ is called a horizontal asymptote of the graph—more exactly, a horizontal
asymptote to the right.

-2
EXAMPLE Consider the function f(x) = i—s whose graph is shown in Fig. 9-5. Then lim f(x) = 1 and the line
- x— + o0

y = 1 is a horizontal asymptote to the right.

If f(x) approaches a fixed real number ¢ as x gets smaller without bound,' we shall write
lim f(x)=c¢

xX—*— o
In such a case, the graph of f gets closer and closer to the horizontal line y = ¢ as x gets smaller and
smaller. Then the line y = c is called a horizontal asymptote to the left.

EXAMPLES For the function graphed in Fig. 9-5, the line y = 1 is a horizontal asymptote both to the left and to
the right. For the function graphed in Fig. 9-2, the line y = 0 (the x-axis) is a horizontal asymptote both to the left
and to the right.

If a function f becomes larger without bound as its argument x increases without bound, we shall
write lim f(x) = + o0.

x—=+ o

EXAMPLES

lim 2x + )= +© and lim x3 = + o

x>+ x—* + o

If a function f becomes larger without bound as its argument x decreases without bound, we shall
write lim f(x) = + c0.

xX— —w

! To say that x gets smaller without bound means that x eventually becomes smaller than any negative number. Of course, in that
case, the absolute value | x | becomes larger without bound.
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EXAMPLES

lim x? = + and lim —x= 4o

X~ X— -

If a function f decreases without bound as its argument x increases without bound, we shall write

lim f(x)= —oo0.
x=++ o0
EXAMPLES
lim —2x = —o0  and lim (1 -x*)= -
x=+a x—=+ 00

If a function f decreases without bound as its argument x decreases without bound, we shall write

lim f(x) = — 0.
P 2ndiallc o]
EXAMPLES
lim 2x = —o0 and lim x}= —

EXAMPLE Consider the function f such that f(x) = x — [x] for all x. For each integer n, as x increases from n up
to but not including n + 1, the value of f(x) increases from 0 up to but not including 1. Thus, the graph consists of a
sequence of line segments, as shown in Fig. 9-6. Then lim f(x) is undefined, since the value f(x) neither approaches

x=+ a0

a fixed limit nor does it become larger or smaller without bound. Similarly, lim f(x) is undefined.

X~ — @

Finding Limits at Infinity of Rational Functions

. . 3x2 -5
A rational function is a quotient f(x)/g(x) of polynomials f(x) and g(x). For example, x_x+x7_+%
x2 =5 ) _
and ———— are rational functions.
4x" + 3x

GENERAL RULE. To find lim T;C) and lim %, divide the numerator and the denominator by
x=++ o X—*—®

the highest power of x in the denominator, and then use the fact that

lim L 0 and lim

x—+ o X+ —

=0 9.1

c
o

for any positive real number r and any constant c.
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EXAMPLE A
1 2 5
) 5 4=
tim 2x + 5 lim x2(x+ ) lim Jc+x2
- = ———— ]
x=++@ X —7X+3 x—~+ao1 x=+ o 7 3
= (x*~Tx +3) B
X x X
lim 2+ lim i
- x++acx x—'+mx2 — 0+0 _9_0
o 7 . 3 1-040 1
lim 1 — lim -+ lim —
x—=++ o x=+w X x=+o X

Thus, y = 0 is a horizontal asymptote to the right for the graph of this rational function.

Notice that exactly the same calculation applies when + oo is replaced by — co. Hence, y = 0 is also
a horizontal asymptote to the left for the graph of this function.

GENERAL RULE A. Iff(x) and g(x) are polynomials and the degree of g is greater than the degree of

. x ) x
£, then lim Z—(—)=0and lim ﬁ—’:o
x— + o0 g(x) X+ = g(x)
EXAMPLE B
1 4 2
3x3 — 4x + 2 SO -4+ -5+
,E'Tm T +s ,L"f‘w — = [lm B

—x—3(7x3 +5) re 74

4 2
lim 3 - lim — lim —
x—fTw x-fl-:lao x? * x—fTw x3 3-0+0

5
lim 7+ lim —

x= + x=+ o

Notice that exactly the same calculation works when + oo is replaced by — oo.

GENERAL RULE B. If f(x) and g(x) are polynomials and the degree of g is the same as the degree of
f(x) S(x)

/, then lim —(5 and lim —g—(;j are both equal to the quotient of the leading coefficients of fand g.
x—+ + o g X~ — ®©

EXAMPLE C

4 5_1 3
lim 3%3-1—7= lim 51——-——= fim
x— + x=+ o x=+w

* ;3-(3)(3'{-7) 3+‘;‘

1
lim 4x* — lim —  lim 4x* -0

- i X -t 4
X + x4 o0 = 0 I llm x2=+w
_ R 340 3oy
lim 3 + lim —
x4 x=+w X

GENERAL RULE C. If f(x) and g(x) are polynomials and the degree of g is smaller than the degree
J(x)

of f, then lim @ = +00. The result is + o0 when the leading coefficients of f and g have the same
x=+ ©

sign, and the result is — co when the leading coefficients of fand g have opposite signs.
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EXAMPLE D
3x ——
3x2—7 3
@ jim Sy Jm = im jem e
24—
.
3x2 — ~
. 33 -7 x .3,
®) lim S = im = lm ox= 4w
24—
—3x—<
© i =3 -7 tm i X lim S x= 4o
9 m os7 o n 7 S m o *s
24-
X
7
—3x3-7 x -3
im — — ' | = lim — x?= —
@ lm — 7 = lim 7~ m T TT®
24~
X

GENERAL RULE D. If f(x) and g(x) are polynomials and the degree of g is smaller than the degree

+ 0.2

of f, then lim

X— =

S _
x)

Solved Problems
9.1  Evaluate the following limits:
(@ lim (5x®>—20x2+2x—14) (b)) lim (—2x®+ 70x2 + 50x + 5)
x—++w x—=++ 00
(¢) lim (7x* —12x* +4x - 3) (d lim (7x3+10x%> +3x+5)
x~+— o x— =
If f(x) is a polynomial,

f)=a,x"+a,_ x"" ' +a, ,x""*+ - +ax+a,

with a, # 0, then

ay - l/an

10 g Ganle

a,x"

Ay Z/an
2

aO/ ap

al/an

+“.+xn—l .

It follows from (9.1) that as x — + o0, f(x)/a, x" becomes arbitrarily close to 1. Therefore, f(x) must become

unbounded exactly as does a, x"; that is,

lim f(x) =

x4+t

Applying this rule to the given polynomials, we find:

(@ lm5x*=+4+0w () lim (-2x¥)= -
X~ + @ x=+ o
© lim7x*=+400 (@ lim7x*=—o0

lim a,x"

x=t o

2 The general rule for determining whether + 0o or —oo holds is complex. If a, and b, are the leading coefficients of f and g,

a,

respectively, then the limit is equal to lim b x"~* and the correct sign is the sign of a, b(—1)*"*.

x+-w Yk
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GENERAL RULEP. Iff(x)=a,x"+a,_x""'+ -+ a;x + a,, then:

(i) lim f(x) = + oo and the correct sign is the sign of a,,.

x>+

(i) lim f(x) = + oo and the correct sign is the sign of a,(—1)".

X~ — a0

. x+3 . x+3
9.2 Evaluate: (@) lim ——;(b) lim
xe1t X — 1 x-1- X —
3
As x approaches 1, the denominator x — 1 approaches 0, whereas x + 3 approaches 4. Thus, i + ll

increases without bound.
(@) As x approaches 1 from the right, x — 1 is positive. Since x + 3 is positive when x is close to 1,

x+3>0 and limx-'.3
x—1 xop+ X —

=+

(b) As x approaches 1 from the left, x — 1 is negative, while x + 3 is positive. Therefore,

**+3 0 and  fim 253
x—1 oy X —

= —-00

The line x = 1 is a vertical asymptote of the graph of the rational function (see Fig. 9-7).

. 1/x ifx>0 ) . . . . . . .
93  Given f(x) = {3x +2 ifx<0 find: (a) ,,li?+f (x); (b) xlirf,l_f (x); (©) xlnflwf (x); (d) xllrjlwf (x)-
. o1
(a) lim f(x)= lim -~ = + o
x=0+ x-»0+ X

Hence, the line x = 0 (the y-axis) is a vertical asymptote of the graph of f(Fig. 9-8).

—————e— e e b .o
~
y

Fig. 9-7 Fig. 9-8
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) lim f(x) = lim (3x + 2) =2
x~0- x—0~
. .1
() lim f(x)= lim —=0
x—=+ o x—+ ® X

Hence, the line y = 0 (the x-axis) is a horizontal asymptote (to the right) of the graph of f.
(d) lim f(x)= lim 3x+2)= —

x— — X —©

3x2 -5 2x — 7 S5x + 2 S5x +2
94 Evaluate: (@) lim ——; () Iim ———;(c) M —/]/—————;(d) lIm ——.
()x—v—w4x2+5 ()x—o+aox2'_8 ()x—o+oo,/x2—3x+1 d)xq—m./x2—3x+l
(a) Apply Rule B of Section 9.3:
lim 3x2—5_§
e 42+ 5 4

(b) Apply Rule A of Section 9.3:

2x—7_

x? —

lim 0

x—~++
(c) By Rule P, developed in Problem 9.1, the denominator behaves like \/x? as x - +oo. But \/x? = x
when x > 0. Thus, by Rule B of Section 9.3,

S5x +2 . 5x+2 5
1

lim ———== lim =5

x—0+m,/X2—3X+l x=+ o x

(d) By Rule P, developed in Problem 9.1, the denominator behaves like \/x? as x - —o0. But ./x? = —x
when x < 0. Thus, by Rule B of Section 9.3,

. 5x +2 . 5x +2 5
Iim ————————= lim =

x-—w,/x2—3x+1 PR -1

9.5  Find the vertical and horizontal asymptotes of the graph of the rational function

3Ix2 —5x +2
S = T v 1

The vertical asymptotes are determined by the roots of the denominator:

6x? -5x+1=0
Bx—-1)2x—-1)=0
3x—1=0 or 2x—1=0
3x=1 or 2x =1
x=4% or x=14

Because the numerator is not 0 at x = 4 or x = 4, | f(x)| approaches + co as x approaches 4 or 4 from one
side or the other. Thus, the vertical asymptotes are x = 4 and x = 1.
The horizontal asymptotes may be found by Rule B of Section 9.3,
I—5x+2 3 1

1. ——— - = -
M —sx+1 6 2

Thus, y = § is a horizontal asymptote to the right. A similar procedure shows that lim f(x) = 4, and so

X — o0

y = 4 is also a horizontal asymptote to the left.
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9.6

9.7

9.8

9.9

9.10

SPECIAL LIMITS [CHAP. 9
Supplementary Problems
Evaluate the following limits:
(@ lim 2x'!' —5x°+3x2+1) (b)) lim (—4x7 +23x3 + 5x2 4+ 1)
X+ +w x—+aw
(© lim (2x*—12x2 +x—T) @ lim 2x® — 12x* + x — 7)
(@ lim (=x®*+2x"=3x*+x) (f) lim (—2x% 4+ 3x* —2x> + x> — 4)
Evaluate the following limits (if they exist):
@ limf(0) and lim £, if 9 = 4 2 Mx220 0 I tim X
1 X), 1 X) = —_— _—
@ joand A, I+ 5 ifx<2 Jm oy e
) 1 1 o1 1 x-1 . ox+3 . o Xx+3
(©) ,l.l.l(r)l+ (; — ;2-) [H:nt: e Rl :l ) ,liTzf =9 andxllr:l_ Z_9
x2—-5x+6 x2-5x+6 1
. . i .
@ lim — 53— andlim ——3 R Py R e g P
. . A o334+ x?
(@ lm o—5and im oo () lim ST and lim 5
x2+4x -5 x2+4x—5 2234+ x-5 23+ x5
. . . . . :
0 fim —eyand lim T () lim =g and im =g
4x — 1 4x — 1 3x3+2 3342
k) lim ——— and lim ——e O lim ot and lim et
x—+ o X2+2 xX= - x2+2 x4+ o \/X4—2 x—= = x*t -2
Tx — 4 7x — 4 N 715
m) lim ——% and lim —— m  lim X2 and im Y2
x—'+w1/x3+5 x~ - x3+5 x++ o 3x* -2 x—’—m3 -2
5 2 5 4x -3 4 3
© lim -2E5 and tim 222 ® lm ——2 and im ——
X+ o \3/X3+4 X~ —m ’x3+4 x—'+oo~3/x2+1 x= - X +1
x2 -5 x? -9
lim ———— i
@ Im () I 3
x*—7x*+ 4
lim ———
(s) im 3

x> =

Find any vertical and horizontal asymptotes of the graphs of the following functions:

s _2x—5 _____i___
@ flx)=x ®) S =3"7 © SO =F77"%
2x —3 3x—~1 x+3

@ =353 © W=305—5 f(x)=\/ﬁ

@ 0= WS- VARV 0 S =R

Assume that fis a function defined for all x. Assume also that, for any real number c, there exists é > 0 such

that 0 < | x| < & implies f(x) > ¢. Which of the following holds?
(@ lim f(x)= 4+ (b) limf(x)=c () lim f(x)= 4+ d limf(x)=0

x=+w x—8 x—=0 x=0

(@) Assume that f(x) > O for arguments to the right of and near a [that is, there exists some positive

number 6 such that a < x < a + & implies f(x) > 0]. Prove:

lim f(x)=L implies L >0

x—at
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(b) Assume that f(x) < O for arguments to the right of and near a. Prove:
lim f(x) =M implies M <0

x=+at

(¢) Formulate and prove results similar to parts (a) and (b) for lim f(x).

x—a~

9.11 Find the vertical and horizontal asymptotes of the graphs of the following functions with the help of a
graphing calculator, and then use analytic methods to verify your answers.

5 - 3x? (b) JE+1 (C) [4— x|

(@

43 +x -1 5—2x 4—x
x+16—4 4x* 4+ 3x3 + 2x%2 + x + 1)/?
@ YEHI6-4 ) ¢ )

x x4+ x+1



Chapter 10

Continuity

10.1 DEFINITION AND PROPERTIES

A function is intuitively thought of as being continuous when its graph has no gaps or jumps. This
can be made precise in the following way.

Definition: A function fis said to be continuous at a if the following three conditions hold:

(i) lim f(x) exists.

x—a

(i) f(a)is defined.
(i) lim f(x) = f(a).

EXAMPLES
0 ifx=0 e . . . .. - .
(@) Letf(x)= { U ifx#0 The function is discontinuous (that is, not continuous) at 0. Condition (i) is satisfied:
lim f(x) = 1. Condition (ii) is satisfied: f(0) = 0. However, condition (iii) fails: 1 # 0. There is a gap in the
x=0

graph of f (see Fig. 10-1) at the point (0, 1). The function is continuous at every point different from 0.

(b) Let f(x) = x? for all x. This function is continuous at every g, since lim f(x) = lim x> = a? = f(a). Notice that

x—a Xx—a

there are no gaps or jumps in the graph of f (see Fig. 10-2).

(¢) The function f such that f(x) = [x] for all x is discontinuous at each integer, because condition (i) is not
satisfied (see Fig. 7-12). The discontinuities show up as jumps in the graph of the function.
(d) The function f such that f(x) = [ x|/x for all x # 0 is discontinuous at 0 [see Fig. 8-1(b)]. lim f(x) does not exist

x—0

and f(0) is not defined. Notice that there is a jump in the graph at x = 0.

If a function fis not continuous at a, then fis said to have a removable discontinuity at a if a suitable
change in the definition of f at a can make the resulting function continuous at a.

y 4

2 ——-

FOR R PR p——

»

q

EXAMPLES In example (a) above, the discontinuity at x = 0 is removable, since if we redefined f so that f(0) = 1,
then the resulting function would be continuous at x = 0. The discontinuities of the functions in examples (c) and
(d) above are not removable.

Fig. 10-1 Fig. 10-2

A discontinuity of a function f at a is removable if and only if lim f(x) exists. In that case, the value

Xx—a

of the function at a can be changed to lim f(x).

x—*a

78
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A function f is said to be continuous on a set A if f is continuous at each element of A. If f is
continuous at every number of its domain, then we simply say that f is continuous or that fis a contin-
uous function.

EXAMPLES

(a) Every polynomial function is a continuous function. This follows from example (b) of Property V in Section 8.2.

(b) Every rational function h(x) = g% where f and g are polynomials, is continuous at every real number a except
the real roots (if any) of g(x). This follows from Property VI in Section 8.2.

There are certain properties of continuity that follow directly from the standard properties of limits
(Section 8.2). Assume fand g are continuous at a. Then,

(1) The sum f + g and the difference f — g are continuous at a.

NOTATION f + g is a function, such that (f + gXx) = f(x) + g(x) for every x, that is in both the domain of
fand the domain of g. Similarly, (f — gXx) = f(x) — g(x) for all x common to the domains of fand g.

(2) If cis a constant, the function ¢f'is continuous at a.

NOTATION ¢f is a function such that (¢fXx) = ¢ * f(x) for every x in the domain of f.

(3) The product fg is continuous at a, and the quotient f/g is continuous at a provided that

gla) # 0.
NOTATION fg is a function, such that (fg)(x) = f(x) - g(x) for every x, that is in both the domain of f and
the domain of g. Similarly, (f/gXx) = g((—:)) for all x in both domains such that g(x) # 0.

4 /f(x) is continuous at a if f(a) > 0.

Note: Since fis continuous at g, the restriction that f(a) > 0 guarantees that, for x close to a,
f(x) > 0, and therefore that . /f(x) is defined.

102 ONE-SIDED CONTINUITY

A function fis said to be continuous on the right at a if it satisfies conditions (i)—(iii) for continuity at

a, with lim replaced by lim; that is, (i) lim f(x) exists; (ii) f(a) is defined; (iii) lim f(x) = f(a). Simi-
x—+a x—+at x—+at x—a*

larly, fis continuous on the left at a'if it satisfies the conditions for continuity at @ with lim replaced by

lim . Note that fis continuous at a if and only if f is continuous both on the right and on the left at a,

since lim f(x) exists if and only if both lim f(x) and lim f(x) exist and lim f(x) = lim f(x).

x—a x—at x—a x—at x—a~
EXAMPLES
. +1 ifx=>1, . . . .
(@) The function f(x) = {z :fi <1 is continuous on the right at 1 (see Fig. 10-3). Note that lim f(x)=
x—=1+
lim (x 4+ 1) = 2 = f(1). On the other hand, f is not continuous on the left at 1, since lim f(x)= lim x =1 #
x=1+ x=1- x=1-

f(1). Consequently, fis not continuous at 1, as is evidenced by the jump in its graph at x = 1.
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(b) The function of example (c) of Section 8.3 [see Fig. 8-1(c)] is continuous on the left, but not on the right at 1.
(c) The function of example (b) of Section 9.1 [see Fig. 9-1(b)] is continuous on the right, but not on the left at 1.
(d) The function of example (b) of Section 9.2 (see Fig. 9-3) is continuous on the left, but not on the right at 0.

,/
y /7

y

~
*x

Fig. 10-3

103 CONTINUITY OVER A CLOSED INTERVAL

We shall often want to restrict our attention to a closed interval [a, b] of the domain of a function,
ignoring the function’s behavior at any other points at which it may be defined.
Definition: A function fis continuous over [a, b] if:
(i) fis continuous at each point of the open interval (a, b).
(ii) fis continuous on the right at a.
(i) fis continuous on the left at b.

EXAMPLES
(a) Figure 10-4(a) shows the graph of a function that is continuous over [a, b].

2x if0<x<1

1 otherwise is continuous over [0, 1] [see Fig. 10-4(b)].

(b) The function f(x) ={
Note that fis not continuous at the points x = 0 and x = 1. Observe also that if we redefined f'so that f(1) = 1,
then the new function would not be continuous over [0, 1], since it would not be continuous on the left at
x=1.

.'.. .4"000

S -

(a) (b)
Fig. 10-4
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10.1

10.2

10.3

104

Solved Problems
x? —
. . . . — ifx# -1, .
Find the points at which the function f(x) = 4§ x + 1 is continuous.
-2 ifx=—1

For x # —1, fis continuous, since f is the quotient of two continuous functions with nonzero denomi-
nator. Moreover, for x # —1,
Xt =1 (x=Dx+1)

= x—1
x+1 x+1

f(x)

whence lim f(x) = lim (x — 1) = —2 = f(—1). Thus, fis also continuous at x = —1.

x—=+=—1 x= -1

Consider the function f such that f(x) = x — [x] for all x. (See the graph of f in Fig. 9-6.) Find
the points at which fis discontinuous. At those points, determine whether f'is continuous on the

right or continuous on the left (or neither).
For each integer n,f(n) =n—[n]=n—n=0.Forn<x <n+ 1,f(x) = x — [x] = x — n. Hence,

lim f(x) = lim (x —n) =0 =f(n)

x—+nt x—=nt
Thus, fis continuous on the right at n. On the other hand,
limf(x)=lim[x—-n—-1)]=n—-n-1)=1#0=f(n)
x—*n- x—sn—
so that fis not continuous on the left at n. It follows that f is discontinuous at each integer. On each open

interval (n, n + 1), f coincides with the continuous function x — n. Therefore, there are no points of discon-
tinuity other than the integers.

For each function graphed in Fig. 10-5, find the points of discontinuity (if any). At each point of
discontinuity, determine whether the function is continuous on the right or on the left (or
neither).

(@) There are no points of discontinuity (no breaks in the graph).

(b) 0 is the only point of discontinuity. Continuity on the left holds at 0, since the value at 0 is the number
approached by the values assumed to the left of 0.

(o) 1is the only point of discontinuity. At 1 the function is continuous neither on the left nor on the right,
since neither the limit on the left nor the limit on the right equals f(1). (In fact, neither limit exists.)

(d) No points of discontinuity.
(¢) 0 and 1 are points of discontinuity. Continuity on the left holds at 0, but neither continuity on the left
nor on the right holds at 1.

x for0<x<1
Define f such that f(x) = {2x 9 forlex<?

(@10, 11; () [1, 21; (o) [0, 2]?
(@) Yes, since fis continuous on the right at 0 and on the left at 1.
(b) No, since f'is not continuous on the right at 1. In fact,

lim f(x)= lim (2x —2) =0 # 1 =f(1)

x> 1t x=1+

(See Fig, 10-6.) Is f continuous over:

(¢) No, since fis not continuous at x = 1, which is inside (0, 2).
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AN
—

(a) ()

_______ A | 2
—~{ “

|
|
}
0 1 : x 0 1 x of 1 2 3
|
|
|
'
() (d) (e)
Fig. 10-5

Fig. 10-6

10.5 For each of the following functions, determine the points of discontinuity (if any). For each point
of discontinuity, determine whether it is removable.

x?2 ifx>0 x? —

—x* ifx<0 ®) g(x)=x__

(@) f(x)={ for x # 1
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10.6

10.7

108

109

(@) There are no points of discontinuity [see Fig. 10-7(a)]. At x = 0, f(0) = 0 and lim f(x) = 0.

x—-0
(b) The only discontinuity is at x = 1, since g(1) is not defined [see Fig. 10-7(b)]. This discontinuity is
2 — —
removable. Since > 11 _ oD 1+ D o x 41, lim g(x) = lim (x +1) = 2. So, if we define the func-
X — X - x—=1 x=1
tion value at x = 1 to be 2, the extended function is continuous at x = 1.

I 94 Ar)'
4 2
3

- 1
Ir— /
P [ L
2 -1/0 12 x / 0 1

»Y

-2

3

(a) (b)
Fig. 10-7

Supplementary Problems

Determine the points at which each of the following functions is continuous. (Draw the graphs of the
functions.) Determine whether the discontinuities are removable.

2 ifx<0 1 fx>0
@ f(x)={z e 0 f(x)={_1 s © S =1x]
x2—4 x2 -4 x+1 ifx=>2
@ fo={x32 X2 o fm={x72 T* 2 (5 r=1x if1<x<2
0 ifx=-2 -4 ifx=-2 x—1 ifx<l1

Find the points of discontinuity (if any) of the functions whose graphs are shown in Fig. 10-8.

Give simple examples of functions such that:

(@) fis defined on [—2, 2], continuous over [ —1, 1], but not continuous over [ -2, 2].
(b) g is defined on [0, 1], continuous on the open interval (0, 1), but not continuous over [0, 1].
(c) his continuous at all points except x = 0, where it is continuous on the right but not on the left.

For each discontinuity of the following functions, determine whether it is a removable discontinuity.

(@) The function f of Problem 7.4 (see Fig. 7-13).

(b) The function f of example (c) in Section 8.3 [see Fig. 8-1(c)].
(c) The function f of example (a) in Section 9.1 [see Fig. 9-1(a)].
(d) The function fin example (a) in Section 9.2 (see Fig. 9-3).

(e) The examples in Problems 10.3 and 10.4.
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10.10 Let fbe defined by the formula f(x) =

10.11

CONTINUITY [CHAP. 10

(c) (d)
Fig. 10-8

3x+3
x2—3x—4

(a) Find the arguments x at which f'is discontinuous.
(b) For each number a at which f is discontinuous, determine whether lim f(x) exists. If it exists, find its

x—a

value.
{c) Write an equation for each vertical and horizontal asymptote of the graph of f.

Let f(x) = x + (1/x) for x # 0.

{a) Find the points of discontinuity of £.
(b) Determine all vertical and horizontal asymptotes of the graph of f.
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10.12

10.13

10.14

10.15

10.16

10.17

For each of the following functions determine whether it is continuous over the given interval:

1
- ifx>0
@ f(x)=[x] over [1, 2] ®) fe={x "7 over[o,1]
0 ifx=0
2x fo<x<l1
= - i 1,2
() f(x) {x 1 ifxs over [0, 1] (d) fasin part (c) over [1, 2]
x2—-16 .
. — ifx#4, . .
If the function f(x) = x — 4 is continuous, what is the value of ¢?
c ifx=4
2 p2
. XU s
Let b 5 0 and let g be the function such that g(x) = x — b
0 ifx="b

(@) Does g(b) exist? (b) Does lim g(x) exist? (c) Is g continuous at b?

x—=b

(a) Show that the following f'is continuous:

\/a+l—\/§x+7 .
o) = ~ % ifx>—4andx #6
To ifx=6

u-— v=(‘/';—ﬁx\/’;+\/;)= u—v
VRN AN

ALGEBRA

(b) For what value of k is the following a continuous function?
JIx+2—/6x+4
if - d 2
o) = " if x> —%and x #
k fx=2

Determine the points of discontinuity of the following function f:

f) = 1 if x is rational
=0 if x is irrational

[Hint: A rational number is an ordinary fraction p/q, where p and q are integers. Recall Euclid’s proof that
\/5 cannot be expressed in this form; it is an irrational number, as must be ﬁ/n, for any integer n. It
follows that any fixed rational number r can be approached arbitrarily closely through irrational numbers
of the form r + \/E/n. Conversely, any fixed irrational number can be approached arbitrarily closely
through rational numbers.]

Use a graphing calculator to find the discontinuities (if any) of the following functions:

x+3 ifx<?2 x2 -1

x+4
x? if x>2 ) ft)=

|x + 4]

@ fx)=

@ fx)= (b) f(X)={

x?—1



Chapter 11

The Slope of a Tangent Line

The slope of a tangent line to a curve is familiar in the case of circles [see Fig. 11-1(a)]. At each
point P of a circle, there is a line Z such that the circle touches the line at P and lies on one side of the
line (entirely on one side in the case of a circle). For the curve of Fig. 11-1(b), shown in dashed lines, &,
is the tangent line at P,, %, the tangent line at P,, and ., the tangent line at P,. Let us develop a
definition that corresponds to these intuitive ideas about tangent lines.

Figure 11-2(a) shows the graph (in dashed lines) of a continuous function f. Remember that the
graph consists of all points (x, y) such that y = f(x). Let P be a point of the graph having abscissa x.
Then the coordinates of P are (x, f(x)). Take a point Q on the graph having abscissa x + h. Q will be
close to P if and only if h is close to 0 (because fis a continuous function). Since the x-coordinate of Q is
x + h, the y-coordinate of Q must be f(x + h). By the definition of slope, the line PQ will have slope

fx+h—fx) _fx+h—fx)

x+h-—x h
Observe in Fig. 11-2(b) what happens to the line PQ as Q moves along the graph toward P. Some of
the positions of Q have been designated as Q,, Q,, Q,, ..., and the corresponding lines as .#,, #,,

/
/V %o
/
\\ /
\\ P s 'S
(b)

(a) (b)
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M5, .... These lines are getting closer and closer to what we think of as the tangent line J to the graph
at P. Hence, the slope of the line PQ will approach the slope of the tangent line at P; that is, the slope of
the tangent line at P will be given by

i LGB —/()
"0 h
What we have just said about tangent lines leads to the following precise definition.

Definition: Let a function f be continuous at x. By the tangent line to the graph of f at P(x, f(x)) is
meant that line which passes through P and has slope

po SR —f)

h—=0 h

Solved Problems

11.1  Consider the graph of the function f such that f(x) = x? (the parabola in Fig. 11-3). For a point P
on the parabola having abscissa x, perform the calculations needed to find

o L+ D =19

h=0 h
We have:
fx+h) =(x+ h?=x*+2xh + h?
flx)=x?

S+ h) —f(x) = (x® + 2xh + h?) — x* = 2xh + h* = h(2x + h)
f(x+h)——f(x)=h(2x+h)=2x+h

h h

Thus, 1imw=nm(2x+h)=um2x+nmh=2x+0=2x

L ad1] h=0 h—=0 h—~0

and the slope of the tangent line at P is 2x. For example, at the point (2, 4), x = 2, and the slope of the
tangent line is 2x = 2(2) = 4.

y 1 y
\ /
\ / /
\ / /
\ l /
\
\ Z/ /
\  F 4
\\ IF P(x, x?) P(x. x°) *
2
\\ .
LD . I
-2 -1 0 b 4 l

Fig. 11-3 Fig. 114
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11.2  Consider the graph of the function f such that f(x) = x* (see Fig. 11-4). For a point P on the
graph having coordinates (x, x3), compute the value of

lim L&A =)

h—0 h

We have f(x + h) = (x + h)® = x* + 3x2h + 3xh?® + h® and f(x) = x°.

ALGEBRA For any x and h,
(x + B3 = [(x + h)x + W(x + h) = (x* + 2xh + h¥)(x + h)
= (x3 + 2x2h + h*x) + (x*h + 2xh* + h?)
=x3 + 3x%h + 3xh* + h®

Hence, fx + h)— f(x) = (x* + 3xZh + 3xh? + h3) — x3
= 3x2h + 3xh? + B® = h(3x? + 3xh + h?)
S(x+h) —f(x)  h3x* + 3xh + h?)

h B h

=3x2+ 3xh + K

and fim LEFER =S a2 4 3xh + h?)
h—=0 h h—=0
= 3x% + 3x(0) + 0% = 3x?

This shows that the slope of the tangent line at P is 3x2. For example, the slope of the tangent line at (2, 8)
is 3x% = 3(2)* = 34) = 12.

11.3 (a) Find a formula for the slope of the tangent line at any point of the graph of the function f
such that f(x) = 1/x (the hyperbola in Fig. 11-5).

(b) Find the slope-intercept equation of the tangent line to the graph of f at the point (2, ).

1 1
(a) f(x+h)=x—+h and f(x)=;
_ 1 1_x—-(x+h)_x—x—h__ h
f(x+h)—f(x)_x+h_x‘ (x+hx  (x+hx  (x+hx
b )
\
\
\
3N
\
2-\\ .
1< (23)
-2 -1 \
1 1 L i1 - -
"‘~~\\ 0 1 2 3 x
\\\ -1
\
\x
\
]
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ALGEBRA T Rt v iy
f(x+h)—f(x) h h 1 1
= — h= —m—— e =
Hence, h x + h)x Grhx b (x+hx
lim 1
. fx+h)—f(x) . 1 A0
——-———————:l — = —
and e h o T+ hx lim(x+ h)x
h—0
_ 1 1
T lim(x+h)-limx  x-x  x?
h—-0 h—0

Thus, the slope of the tangent line at (x, 1/x) is —1/x2.
(b) From part (a), the slope of the tangent line at (2, §) is

Hence, the slope-intercept equation of the tangent line . has the form
1
=—- b
y 2 X+

Since .# passes through (2, 4), substitution of 2 for x and } for y yields

1 1 1 1
_—— - _— - - b=1
3 4(2)+b or 3 2+b or
Hence, the equation of % is
1
y= —Zx+1

114 (a) Find a formula for the slope of the tangent line at any point of the graph of the function f
such that f(x) = 3x2 — 6x + 4.
(b) Find the slope-intercept equation of the tangent line at the point (0, 4) of the graph.
{c) Draw the graph of fand show the tangent line at (0, 4).

(a) Compute f(x + h) by replacing all occurrences of x in the formula for f(x) by x + h:

Foc+h)=30c+h?—6(x+h)+4
=3(x? + 2xh + h*) — 6x — 6h + 4
= 3x? + 6xh + 3h®> — 6x — 6h + 4
fx)=3x*—6x+4

fx + B) = f(x) = (3x* + 6xh + 3h* — 6x — 6h + 4) — (3x* — 6x + 4)
= 3x2 + 6xh + 3h* — 6x — 6h + 4 — 3x% + 6x — 4
= 6xh + 3h% — 6h = h(6x + 3h — 6)

SO+ h) —f(x) _ h6x + 3h—6)

p A =6x+3h—6
h) —

tim LEXD ) _ iy 6x 4 30— 6)

h=0 h h—0

=6x+0—-—6=6x—6

Thus, the slope of the tangent line at (x, f(x)) is 6x — 6.
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115

11.6
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(b) From part (a), the slope of the tangent line at (0, 4) is 6x — 6 = 6(0) — 6 =0 — 6 = —6. Hence, the
slope-intercept equation has the form y = —6x + b. Since the line passes through (0, 4), the y-intercept
b is 4. Thus, the equationis y = —6x + 4.

(¢} We want the graph of y = 3x? — 6x + 4. Complete the square:

y=3(x2——2x+§)=3((x—1)2+%>=3(x—1)2+1

The graph (see Fig. 11-6) is obtained by moving the graph of y = 3x? one unit to the right [obtaining
the graph of y = 3(x — 1)?] and then raising that graph one unit upward.

Fig. 11-6

The normal line to a curve at a point P is defined to be the line through P perpendicular to the
tangent line at P. Find the slope-intercept equation of the normal line to the parabola y = x? at
the point (, 3).

By Problem 11.1, the tangent line has slope 2(3) = 1. Therefore, by Theorem 4.2, the slope of the

normal line is —1, and the slope-intercept equation of the normal line will have the form y = —x + b.
When x = {, y = x? = (})? = {, whence,

1 1
Z—_<E)+b or b

e

Thus, the equation is

Supplementary Problems

For each function f and argument x = a below, (i) find a formula for the slope of the tangent line at an
arbitrary point P(x, f(x)) of the graph of f; (ii) find the slope-intercept equation of the tangent line corre-
sponding to the given argument a; (iii) draw the graph of fand show the tangent line found in (ii).

(a) f(x)=2x2+x;a=% (b) f(x)=%x3+l;a=2

© f)=x'-2x;a=1 () f(x)=4x2+3;a=%
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11.7

11.8

119

11.10

11.11

11.12

11.13

Find the point(s) on the graph of y = x? at which the tangent line is parallel to the line y = 6x — 1. [Hint:
Use Theorem 4.1.]

Find the point(s) on the graph of y = x3 at which the tangent line is perpendicular to the line 3x + 9y = 4.
[Hint: Use Theorem 4.2.]

Find the slope-intercept equation of the line normal to the graph of y = x? at the point at which x = 4.
At what point(s) does the line normal to the curve y = x? — 3x + § at the point (3, 5) intersect the curve?

At any point (x, y) of the straight line having the slope-intercept equation y = mx + b, show that the
tangent line is the straight line itself.

Find the point(s) on the graph of y = x? at which the tangent line is a line passing through the point
(2, —12). (Hint: Find an equation of the tangent line at any point (x,, x2) and determine the value(s) of x,
for which the line contains the point (2, —12).]

Find the slope-intercept equation of the tangent line to the graph of y = \/J_C at the point (4, 2). [Hint: See
ALGEBRA in Problem 10.15.]



Chapter 12

The Derivative

The expression for the slope of the tangent line
fim LR —f()
B0 h
determines a number which depends on x. Thus, the expression defines a function, called the derivative
of f.
Definition: The derivative f’ of fis the function defined by the formula
769 = im L+ 1 =10

h—0

NOTATION There are other notations traditionally used for the derivative:

&

D, f(x) and I

When a variable y represents f(x), the derivative is denoted by y’, D, y, or d—y We shall use whichever notation is
X

most convenient or customary in a given case.

The derivative is so important in all parts of pure and applied mathematics that we must devote a
great deal of effort to finding formulas for the derivatives of various kinds of functions. If the limit in the
above definition exists, the function f'is said to be differentiable at x, and the process of calculating f* is
called differentiation of f.

EXAMPLES
(a) Letf(x)=3x + 5for all x. Then,

Jx+h=3(x+h+5=3x+3h+S5
Jx+h—f(x)=C@x+3r+5)~3x+5=3x+3h+5—-3x—5=23h
SO+ h)—f(x) _3h

h =% =3
Hence, £ = lim ZEFD =S5 g
h—0 h h=0

or, in another notation, D (3x + 5) = 3. In this case, the derivative is independent of x.

(b) Let us generalize to the case of the function f(x) = Ax + B, where A and B are constants. Then,

f(x+h)-—f(x)=[A(x+h)+B]—(Ax+B)=Ax+Ah+B—Ax—B Ah

h h h “h
ft B =) _

So, f'(x) = lim p IimA=A4
h—0 h—>0

=A

Thus, we have proved:
Theorem 12.1: D (Ax + B)= A
By letting A = 0 in Theorem 12.1, we obtain:

92
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Corollary 12.2: D.(B) = 0; that is, the derivative of a constant function is 0.
Letting A = 1 and B = 0 in Theorem 12.1, we obtain:

Corollary 12.3: D (x)=1
By the computations in Problems 11.1, 11.2, and 11.3(a), we have:

Theorem 12.4: (i) D, (x?) =2x
() Dx%)=3x?

(i) D,(i) = —%

We shall need to know how to differentiate functions built up by arithmetic operations on simpler
functions. For this purpose, several rules of differentiation will be proved.

RULE 1. () D(f(x)+ g(x)) = D,f(x) + D.g(x)
The derivative of a sum is the sum of the derivatives.

(i) D,(f(x)—g(x)) = D,f(x}) — D, g(x)
The derivative of a difference is the difference of the derivatives.

For proofs of (i) and (ii), see Problem 12.1(a).

EXAMPLES

(@) Dyx®+ x?) = D(x®) + Dx?) = 3x% + 2x

(b) Dx( 2 i) = D (x?) — D,(%) =2x — (— é) =2x + %

RULE 2. D(c: f(x)=c*D,f(x)
where ¢ is a constant.

For a proof, see Problem 12.1(b).

EXAMPLES
@ D Tx®)=7+Dx?)=7+2x = l4x

(b) D,(12x* = 12 - D (x%) = 12(3x?) = 36x?

© D,,(— 5) = Dx(<—4) 1) = —4- D,(l) = —4(— %) -2
X X X X X

@ D (3x®+ 5x + 2x + 4) = D,(3x%) + D (5x?) + D,(2x) + D (4)
=3-D,(x})+5-D(x>)+2-D(x)+0
= 3(3x%) + 5(2x) + 2(1) = 9x? + 10x + 2

RULE 3 (Product Rule). D, (f(x)* g(x)) =f(x)* D,g(x) + g(x)* D, f(x)

For a proof, see Problem 13.1.
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EXAMPLES
@ Dx*)=D/x*-x)

ALGEBRA weu=u**  and ;‘u—; =ub
=x%+D(x) + x * D(x?) [by the product rule]
= x3(1) + x(3x?) = x* + 3x® = 4x3
(b) Dy(x®) = Dy(x* - x)
=x*+ D(x) + x * D (x* [by the product rule]
= x*(1) + x(4x?) [by example (a)]

=x* + 4x* = 5x*
(©) DA +x)x2=x+2QY=(x+x)*D(x* —x+2)+(x*—x+2)*D,(x* +x)
=3+ x)2x -+ (x2—x+2)(3x2+1)
The reader may have noticed a pattern in the derivatives of the powers of x:
D(x)=1=1-x° D (x?) = 2x D (x%) = 3x? D, (x%) = 4x3 D (x%) = 5x*
This pattern does in fact hold for all powers of x.

RULE 4. D (x")=nx""!
where n is any positive integer.

For a proof, see Problem 12.2.

EXAMPLES
(@ D(x°) =9x8
() D5x')=5- D (x"") = 5(11x'%) = 55x'°

Using Rules 1, 2, and 4, we have an easy method for differentiating any polynomial.

EXAMPLE

D,(% x3—4x? + 2x — -;—) = D,,(% x3) — D,(4x%) + D,(2x) — D,(%) [by Rule 1]

= % *D,(x3)—4-D(x*)+2:-D(x)-0 [by Rule 2 and Corollary 12.2]
= % c(BxH)—4-2x)+2-(1) [by Rule 4]
= % x? —8x +2

More concisely, we have:

RULE 5. To differentiate a polynomial, change each nonconstant term a, x* to ka, x* ! and drop the
constant term (if any).

EXAMPLES
(@ D8x*—2x*+3x2+5x+7)=40x* ~8x>* +6x + 5

4
(b) Dx(3x"+\/5x5—-§x2+9x—n)=21x°+5\/§x‘—-§x+9
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Solved Problems

121 Prove: (a) Rule 1(j, ii); (b) Rule 2. Assume that D, f(x) and D, g(x) are defined.

[f(x + h) + g(x + h)] — [f(x) + g(x)]

(@ D.(f(x)+ g(x) = lim p
h—-0
~ lim [f(x + h) —f(x)] f [g(x + h) ~ g(x)]
h—0
i [ Lt =t g+t
" k=0 h - h
—tim LR =S o S ER 9D Section 8.2, Property V]
A0 h A0 h
=D, f(x) £ D, g(x)
) Do o tim ELEEW =S L Fx+ B =f(5)
¥ h—0 h h=0 h
=c lim ﬁ’i’;)—’—ﬁx—) [by Section 8.2, Property I1I]
h=0

=c-D,f(x)

122 Prove Rule 4, D,(x") = nx"" !, for any positive integer n.
We already know that Rule 4 holds when n = 1,

D(x)=D,x)=1=1-x°

(Remember that x° = 1.) We can prove the rule by mathematical induction. This involves showing that if’
the rule holds for any particular positive integer k, then the rule also must hold for the next integer k + 1. Since
we know that the rule holds for n = 1, it would then follow that it holds for all positive integers.

Assume, then, that D (x*) = kx*~!. We have

D (x**V = D (x* + x) [since x**! = x* + x! = x* + x]
=x*D(x) + x * D,(x} [by the product rule]
=x*1 4 x(kx*"Y) [by the assumption that D (x*) = kx*~1]
=x* + kx* [since x * x* 7! = x! - x*71 = xH]

= (14 k)x* = (k + Dx®+ D1

and the proof by induction is complete.

12.3  Find the derivative of the polynomial 5x° — 12x6 + 4x5 — 3x2 + x — 2.
By Rule 5,
D (5x° — 12x° + 4x% — 3x? + x — 2) = 45x% — 72x® + 20x* — 6x + 1

124 Find the slope-intercept equations of the tangent lines to the graphs of the following functions at
the given points:

@ f(x)=3x*=5x+1latx=2 (b)) f(x)=x"—12x*+2x,atx =1
(@) Forf(x) = 3x> — 5x + 1, Rule 5 gives f’(x) = 6x — 5. Then,
ffQ=62)—5=12-5=7
and fO=322-5)+1=34-10+1=12-9=3

Thus, the slope of the tangent line to the graph at (2, f(2)) = (2, 3) is f'(2) = 7, and we have as a
point-slope equation of the tangent line y — 3 = 7(x — 2), from which we get

y—3=7x—-14
y=7x—11
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(b) Forf(x) = x” — 12x* + 2x, Rule 5 yields f'(x) = 7x® — 48x3 + 2. Now

=1 —1209+21)=1-12+2= -9
and FU) =71 —48(1)° +2=7—48 +2 = —39
Thus, the slope of the tangent line at x = 1 is —39, and a point-slope equation of the tangent line is
Yy —(=9) = —39%x — 1), whence
y+9=-39%x+139
y=—39%+30

125 At what point(s) of the graph of y = x® + 4x — 3 does the tangent line to the graph also pass
through the point (0, 1)?

The slope of the tangent line at a point (x,, ¥o) = (X, X5 + 4x, — 3) of the graph is the value of the
derivative dy/dx at x = x,. By Rule 5,

d d
ﬁ:Sx‘+4 and so é =5x§+4

x = x0

NOTATION The value of a function g at an argument x = b is sometimes denoted by g(x)|, ~,. For example,
2 2
X Ix=3 = (3) = 9.

The tangent line J to the graph at (x,, yo) goes through (0, 1) if and only if J is the line % that
connects (xq, ¥o) and (0, 1). But that is true if and only if the slope mg of J is the same as the slope m, of
g HAxo =3 —1 x3+4x,—4

Z.Now my = 5x§ + 4and my = . Thus, we must solve
Xo—0 Xo
5x3 +4-_—§g_j-_4)ﬂ
Xo
Sx3 + 4xy = x5 + 4xo — 4
4x3 = —4
x5 = -1
Xg = —1

Thus, the required point of the graph is
(—L (=1 +4=1) =3 =(=1, -1 —4—3) = (=1, -8,

Supplementary Problems

126  Use the basic definition of f(x) as a limit to calculate the derivatives of the following functions:

@ fx)=2x-5 (b) f(x)=§x2—7x+4 (€ flx)=2x>+3x—1

1 1
@ fl)=x* (& f)=5— NSO~ @ S@=o7

127  Use Rule 5 to find the derivatives of the following polynomials:
(@ 3x*—4x>+5x—-2 (b)) —8x%+./3x*+2nx*—12
(© 3x—5x°410x2  (d) 2x%' +3x12 - 14x? + YTx + /5
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12.8

129

12.10

12.11

12.12

12.13

12.14

12.15

12.16

12.17

12.18

12.19

dB3x* — 5x + 1)

1, dy
== , find —.
Tx (c) Ify 2x + 5x. Ix

1
(@) Find D,(3x’ -3 x’). (b) Find

d(3t” — 12¢2)

m () Ifu=ﬁx5—x3,ﬁnd D u.

@ Find

Find slope-intercept equations of the tangent lines to the graphs of the following functions f at the specified
points:
@ f)=x*~5x+2,atx=—1 (b)) f(x)=4x>—Tx% atx=3

(© f)=—x*+2x>+3,atx=0
Specify all straight lines that satisfy the following conditions:

(@) Through the point (0, 2) and tangent to the curve y = x* — 12x + 50.
(b) Through the point (1, 5) and tangent to the curve y = 3x> + x + 4.

Find the slope-intercept equation of the normal line to the graph of y = x3 — x2 at the point where x = 1.
Find the point(s) on the graph of y = 4x? at which the normal line passes through the point (4, 1).

Recalling the definition of the derivative, evaluate

_ 25 4 _ 4
(@ lim w (b) lim M
h—0 h h—0 h

A function f; defined for all real numbers, is such that: (i) f(1) = 2; (i) f(2) = 8; (ii) f(u +v) — f(w) =
kuv — 2v? for all u and v, where k is some constant. Find f'(x) for arbitrary x.
Let f(x) = 2x* + /3 x for all x.

(a) Find the nonnegative value(s) of x for which the tangent line to the graph of f at (x, f(x)) is perpendicu-
lar to the tangent line to the graph at (—x, f(—x)).

(b) Find the point of intersection of each pair of perpendicular lines found in part (a).
If the line 4x — 9y = 0 is tangent in the first quadrant to the graph of y = 4x3 + ¢, what is the value of c?
For what nonnegative value of b is the line y = —{x + b normal to the graph of y = x* + §?

Let f be differentiable (that is, f* exists). Define a functionf * by the equation
h)—f(x—h
£ = tim LEF R =S =)

h—=0 h

(@) Findf*(x)iff(x) = x* — x. (b) Find the relationship between f * and the derivative f".
[Hint: Sox+h)~—flx— h)= S(x+h)—f(x) + fx + k) —f(x) where k = —h.]

h h k

Letf(x) = x>+ x*—9x —9.
(@) Find the zeros of f.

ALGEBRA If f(x) = a,x" + a,_x""' + -+ + a;x + a,, where the a;s are integers, then any integer
root k of f(x) must be a divisor of the constant term a, .}

LIfO=f(k)=a,k"+a,_, k"' +--- + a;k + a,, then

p=—(@,K" +a, K" 4+ ak) = —ka, k" + a,_ K+ + ay).
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12.20

12.21

12.22

12.23

12.24
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(b) Find the slope-intercept equation of the tangent line to the graph of f at the point where x = 1.
(c) Find a point (x4, yo) on the graph of f such that the tangent line to the graph at (x,, y,) passes through

the point (4, —1).
Let f(x) = 3x® — 11x% — 15x + 63.
(@) Find the zeros of f.
(b) Write an equation of the line normal to the graph of fat x = 0.
(c) Find all points on the graph of f where the tangent line to the graph is horizontal.

h) —
Define f',(x), the right-hand derivative of f at x, to be lim ﬂﬁ_;_@

h—~0+
ative of f and x, to be lim _f_(x_"'_';l)___ﬂ_x_)
h=0-

, and f'_(x), the left-hand deriv-

. Show that the derivative f'(x) exists if and only if both f*,(x)

and f”_(x) exist and are equal.

Determine whether the following functions are differentiable at the given argument. [Hint: Use Problem
12.21.]

(@) The function f of Problem 10.5(a) at x = 0.

(b) g(x)={:;3 gzig,atx=0
o bomf? BT
@ c(x)={::_3 fxs a1
Letf(x)={x2 %fx>3.

Ax—1 ifx<3

(a) Find the value of A for which f'is continuous at x = 3.
(b) For the value of A found in (a), is f differentiable at x = 3?

Use the original definition to find the derivative of the function f such that f(x) = \/_ T
x —



Chapter 13

More on the Derivative

13.1 DIFFERENTIABILITY AND CONTINUITY
In the formula lim L@M

h—0 h
i 16 —f@

x—a X—a

for the derivative f’(a), we can let x = a + h and rewrite f'(a) as
. If fis differentiable at a, then

lim f(x) = lim [f(x) - f(a) + f(a)]

= lim [f(x) —f(a)] + lim f(a)

i [0S0

x—*a

m /¥ =/@ (") f @ . lim (x - a) + f(a)

xa x—*a

=fa)- 0 +f(a) =fla

Thus, fis continuous at a. This proves:

x —a) +f(a)

Theorem 13.1: If fis differentiable at a, then fis continuous at a.

EXAMPLE Differentiability is a stronger condition than continuity. In other words, the converse of Theorem 13.1
is not true. To see this, consider the absolute-value function f(x) = | x| (see Fig. 13-1). fis obviously continuous at
x = 0; but it is not differentiable at x = 0. In fact,

fim YO SO _ o B0 =
h—=0+ h h-0+ h—0+
h —h—
f(0+ ) —f(0) — lm h 0=lim-1=—1
h—~o- h h0- h0-

and so the two-sided limit needed to define f'(0) does not exist. (The sharp corner in the graph is a tip-off. Where
there is no unique tangent line, there can be no derivative.)

r y
1
i | -
-1 0 1 P 4
Fig. 13-1
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132 FURTHER RULES FOR DERIVATIVES

Theorem 13.1 will enable us to justify Rule 3, the product rule, of Chapter 12 and to establish two
additional rules.

RULE 6 (Quotient Rule). If fand g are differentiable at x and if g(x) # 0, then
D (f (X)) _9%) * Dy f(x) —f(x) - D, g(x)
*\9(x) [9(x)]*

For a proof, see Problem 13.2.

EXAMPLES
x+1) (?=2)Dfx+1)—(x+1):Dx* -2
(a) Dx(xz _ 2) - (xz _ 2)2
= (e 2% xP—-2-2x7 -2
B (x* - 22 T -2
o =xr -2 -2 _x2+2x+2
-2 (*-2P
1\ x2D()—1:D() O —129 2x 2
®) D"(;c—z) - (x?)? B x* T3

The quotient rule allows us to extend Rule 4 of Chapter 12:
RULE 7. D, (x*) = kx*~! for any integer k (positive, zero, or negative).

For a proof, see Problem 13.3.

EXAMPLES

! - 2oLl
(@ Dx(;)=b,(x D= = (=D 5= -
2
3

(b) D,(;l;) =D(x"Y)=-2x"3=—

=

Solved Problems

13.1 Prove Rule 3, the product rule: If fand g are differentiable at x, then
D(f(x) * g(x)) = f(x) - D, g(x) + g(x) * D.f(x)
By simple algebra,
Slx + hglx + b) — f(x)g(x) = f(x + h)g(x + h) — g(x)] + g(x)[f(x + h) — f(x)]

Hence, DJf(x) g(x)) = lim S(x + hyg(x : h) — f(x)g(x)
k=0

_ fim L+ W90 + ) — g09] + gL (x + h) = f(x)]

h=0 h
= lim L Wl + B) = g0a] gL (x + B) — (X))
k=0 h h—0 h

= llmf(x + h) » lim g_(x_tm + lim g(x) . lim f(x + h) "'f(x)
h—0 h~0 h P h—0 h

=f(x)* D, g(x) + g(x) - D, f(x)

In the last step, lim f(x + h) = f(x) follows from the fact that fis continuous at x, by Theorem 13.1.
h—0
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13.2 Prove Rule 6, the quotient rule: If fand g are differentiable at x and if g(x) # O, then
D (f(x)) _ 909D, () —f(¥) - D, g(x)
*\g(x) [9(x)7?

If g(x) # O, then 1/g(x) is defined. Moreover, since g is continuous at x (by Theorem 13.1), g(x + h) # 0
for all sufficiently small values of h. Hence, 1/g(x + h) is defined for those same values of h. We may then

calculate
_t
lim 2E R g) L g0) = glx + k) [by algebra: multiply top and bottom by g(x)g(x + h)]
h~0 h woo hg(x)g(x + h)
- ’1.1_{1; L;()c1 /—i(:;][g(x * h;: — g(x)] [by algebra]
= fim g—(xl /i’(ﬁ * lim g hz — 9 by Property IV of limits]
lim [—1/g(x)]
- %nm *D,g(x)  [by Property VI of limits and differentiability of ¢]
"0
= __gl(/Tg)(X) " D.g(x) [by Property II of limits and continuity of g]

~1
= Lo >

Having thus proved that

1 -1
b (E) = ooy 2= @

we may substitute in the product rule (proved in Problem 13.1) to obtain

f(x) 1 -1 1
Dx(%) = Dx(f ) g(——x)) =10 TR Dxdd + 2 DS
_ SID:g(x) | gx)D.f(x)
[g(x)]* L9t
_ 909D, f() — f(x)D, g(x)
[9(x)]?

which is the desired quotient rule.

13.3 Prove Rule 7: D(x*) = kx*~ ! for any integer k.
When k is positive, this is just Rule 4 (Chapter 12). When &k = 0,
D) =Dy(x°) =D (1) =0=0+x""! =kx*"!

Now assume k is negative; k = —n, where n is positive.

ALGEBRA By definition,

By (1) of Problem 13.2,
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But (x")?> = x" and, by Rule 4, D (x") = nx"" . Therefore,

-1
xZn

Dx(x*) =

"l = XTI = T =

ALGEBRA We have used the law of exponents,

®|%
]
3
@

2 —
134 Find the derivative of the function fsuch that f(x) = x—;;:_—“z
Use the quotient rule and then Rule 5 (Chapter 12),

(x2 +x— 2) _ 3+ DD (x?+x—2)— (x2 + x —2)D, (x> + 4)

x> +4 x> + 4
0+ 42x 4+ 1) = (% + x — 2)(3x?)
h (x3 + 4)?
(2x* + x3 + 8x + 4) — (3x* + 3x® — 6x?)
= o + 4)?
—x*—2x*+6x2+8x+4
- o3 + 42

13,5 Find the slope-intercept equation of the tangent line to the graph of y = 1/x3 when x = 4.

The slope of the tangent line is the derivative

1
= Dx(;) =D Y= Bt = -

dx X
When x = %,
dy 3 3
— = ———=——=—3(16) = —48
dx|e- 12 (i)4 'ilG
So, the tangent line has slope-intercept equation y = —48x + b. When x = 4, the y-coordinate of the point
on the graph is
' 1 1
— e = 8
@ 4
Substituting 8 for y and 4 for x in y = —48x + b, we have
8=—-484H+b or =-24+b or b=32

Thus, the equation is y = —48x + 32.

Supplementary Problems

136 Find the derivatives of the functions defined by the following formulas:

2 s
100 so _ s x* -3 x> —x+2
(@ (x*%+ 2x 3X7x® + 20x + 5) b) Y14 (o) =TT
3 2 4 T+ x5 —2x*+x-3
7)) o (e 8x3~x2+5—;+;3 N =
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13.7  Find the slope-intercept equation of the tangent line to the graph of the function at the indicated point:

2
(@ f(x)=%,atx=2 ) S0 =5 atx=—1

X

138  Letf(x)=

+ §f0r all x # 2. Find f(—2).

139  Determine the points at which the function f(x) = | x — 3] is differentiable.

13.10 The parabola in Fig. 13-2 is the graph of the function f(x) = x2 — 4x.
(a) Draw the graph of y = | f(x)|. (b) Where does the derivative of | f(x)| fail to exist?

y

s

4

3

2

1

1 | | 1
-1 1 2 3 4 S P ¢
-1
-2
-3
-4
Fig. 13-2

13.11 Use a graphing calculator to find the discontinuities of the derivatives of the following functions:
@ f)=x* (b)) f)=4|x-2{+3 () f)=2/x—1

1 1
13.12 Evalvatelm - | ———— — 1 |.
vau °h’i‘3h[(1+h)8 ]



Chapter 14

Maximum and Minimum Problems

14.1 RELATIVE EXTREMA
A function fis said to have a relative maximum at x = c if

S <f()

for all x near ¢. More precisely, f achieves a relative maximum at c if there exists 4 > 0 such that
| x — ¢| < d implies f(x) < f(c).

EXAMPLE For the function f whose graph is shown in Fig. 14-1, relative maxima occur at x = ¢, and x = c,.
This is obvious, since the point A is higher than nearby points on the graph, and the point B is higher than nearby
points on the graph.

The word “relative” is used to modify “maximum” because the value of a function at a relative maximum is
not necessarily the greatest value of the function. Thus, in Fig. 14-1, the value f(c,) at ¢, is smaller than many other
values of f(x); in particular, f(c,) < f(c,). In this example, the value f(c,) is the greatest value of the function.

A function fis said to have a relative minimum at x = c if
f(x) = f(c)

for x near c. In Fig. 14-1, f achieves a relative minimum at x = d, since point D is lower than nearby
points on the graph. The value at a relative minimum need not be the smallest value of the function; for

example, in Fig. 14-1, the value f(e) is smaller than f(d).
By a relative extremum is meant either a relative maximum or a relative minimum. Points at which

a relative extremum exists possess the following characteristic property.

'Y B

: |

|

' |

| |

| |

| D |

] |

| | l e
| I 4 —-
f Cy d C2 ; 4
E
Fig. 14-1

Theorem 14.1: If fhas a relative extremum at x = ¢ and if f'(c) exists, then f'(c) = 0.

The theorem is intuitively obvious. If f'(c) exists, then there is a well-defined tangent line at the
point on the graph of f where x = c. But at a relative maximum or relative minimum, the tangent line is
horizontal (see Fig. 14-2), and so its slope f'(c) is zero. For a rigorous proof, see Problem 14.28.

The converse of Theorem 14.1 does not hold. If f'(c) = 0, then f need not have a relative extremum
atx =c.

104
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y B by
2 b
A |
|
| | 1 -
| \D |
| B |
| 1 - 1 i -
T . \ 2 x
Fig. 14-2 Fig. 14-3

EXAMPLE Consider the function f(x) = x*. Because f'(x} = 3x2, f'(x) = 0 if and only if x = 0. But from the graph
of fin Fig. 14-3 it is clear that f has neither a relative maximum nor a relative minimum at x = 0.

In Chapter 23, a method will be given that often will enable us to determine whether a relative
extremum actually exists when f'(c) = 0.

142 ABSOLUTE EXTREMA

Practical applications usually call for finding the absolute maximum or absolute minimum of a
function on a given set. Let f be a function defined on a set & (and possibly at other points, too), and let
¢ belong to &. Then f is said to achieve an absolute maximum on & at c if f(x) < f(c) for all x in &.
Similarly, fis said to achieve an absolute minimum on E at d if f(x) > f(d) for all x in &.

If the set & is a closed interval [a, b], and if the function f is continuous over [a, b] (see Section
10.3), then we have a very important existence theorem (which cannot be proved in an elementary way).

Theorem 14.2 (Extreme-Value Theorem): Any continuous function f over a closed interval [a, b] has
an absolute maximum and an absolute minimum on [a, b].

EXAMPLES

(@) Letf(x)=x + 1 for all x in the closed interval [0, 2]. The graph of fis shown in Fig. 14-4(a). Then f achieves
an absolute maximum on [0, 2] at x = 2; this absolute maximum value is 3. In addition, f achieves an absolute
minimum at x = 0; this absolute minimum value is 1.

(b) Let f(x) =1/x for all x in the open interval (0, 1). The graph of f is shown in Fig. 14-4(b). f has neither an
absolute maximum nor an absolute minimum on (0, 1). If we extended f to the half-open interval (0, 1], then
there is an absolute minimum at x = 1, but still no absolute maximum.

x+1 if-1<x<0
(c) Letf(x)=10 ifx=0
x—1 if0<x<1

See Fig. 14-4(c) for the graph of f. f has neither an absolute maximum nor an absolute minimum on the
closed interval [ —1, 1]. Theorem 14.2 does not apply, because fis discontinuous at 0.

Critical Numbers

To actually locate the absolute extrema guaranteed by Theorem 14.2, it is useful to have the follow-
ing notion.



106 MAXIMUM AND MINIMUM PROBLEMS (CHAP. 14

ry y by
8
?
Kl = 6|
s -
2 b ) =
I
14 ZL
1 -
1 A - B W S 1 1
0 1 2 x 0 ;l. i : x
(@) ®)

Fig. 14-4

Definition: A critical number of a function fis a number ¢ in the domain of f for which either f'(c) = 0
or f'(c) is not defined.
EXAMPLES

(@) Let f(x) = 3x*> — 2x + 4. Then f'(x) = 6x — 2. Since 6x — 2 is defined for all x, the only critical numbers are
given by

6x—2=0
6x =2

Thus, the only critical number is 4.

(b) Letf(x) = x>~ x> — 5x + 3. Then f’(x) = 3x2 — 2x — 5, and since 3x2 — 2x — 5 is defined for all x, the only
critical numbers are the solutions of
I —2x—5=0
Bx—5x+1)=0
3x—-5=0 or x+1=0
3x=35 or x=-1
x=% or x=—1

Hence, there are two critical numbers, —1 and 3.

x if0<x
—x ifx<0

(¢) Letf(x) =|x|. Thus, f(x) ={

We already know from the example in Section 13.1 that f(0) is not defined. Hence, 0 is a critical number.
Since D, (x) = 1 and D,(—x) = —1, there are no other critical numbers.

Method for Finding Absolute Extrema

Let f be a continuous function on a closed interval [a, b]. Assume that there are only a finite
number of critical numbers c,, c,, ..., ¢, of finside [a, b]; that is, in (a, b). (This assumption holds for
most functions encountered in calculus.) Tabulate the values of f at these critical numbers and at the
endpoints a and b, as in Table 14-1. Then the largest tabulated value is the absolute maximum of f on
[a, b], and the smallest tabulated value is the absolute minimum of f on [a, b]. (This result is proved in
Problem 14.1.)
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Table 14-1
x f(x)
(41 Sfley)
Cs flca)
o fe
a fla)
b S

EXAMPLE Find the absolute maximum and minimum values of
fl)=x3=5x2+3x + 1
on [0, 1] and find the arguments at which these values are achieved.

The function is continuous everywhere; in particular, on [0, 1]. Since f'(x) = 3x? — 10x + 3 is defined for all x,
the only critical numbers are the solutions of
3Ix2—-10x+3=0
Bx—-1)x—-3)=0
3x—-1=0 or x-3=0
3x=1 or x=3

x=% or x=3

Hence, the only critical number in the open interval (0, 1) is . Now construct Table 14-2:

1 1\3 1\? 1 1 5
f(§)=(§> —5(5) +3(§)+1=ﬁ_§+1+1

1 §+2_2 14 40
T 27 B 27 27

f0)=0°—5072+30)+1=1
fy=1-512+31)+1=1-5+3+1=0

The absolute maximum is the largest value in the second column, $¥, and it is achieved at x = §. The absolute
minimum is the smallest value, 0, which is achieved at x = 1.

Table 14-2

x S(x)

1/3 40/27
0 1
1 0

Solved Problems

14.1 Justify the tabular method for locating the absolute maximum and minimum of a function on a
closed interval.
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By the extreme-value theorem (Theorem 14.2), a function f continuous on [a, b] must have an absolute
maximum and an absolute minimum on [a, b]. Let p be an argument at which the absolute maximum is
achieved.

Casel: pis one of the endpoints, a or b. Then f(p) will be one of the values in our table. In fact, it will be
the largest value in the table, since f(p) is the absolute maximum of f on [aq, b].

Case 2: p is not an endpoint and f'(p) is not defined. Then p is a critical number and will be one of the
numbers ¢y, ¢,, ..., ¢, in our list. Hence, f(p) will appear as a tabulated value, and it will be the largest of
the tabulated values.

Case 3: p is not an endpoint and f'(p) is defined. Since p is the absolute maximum of f on [a, b],
f(p) = f(x) for all x near p. Thus, f has a relative maximum at p, and Theorem 14.1 gives f'(p) = 0. But then
p is a critical number, and the conclusion follows as in Case 2.

A completely analogous argument shows that the method yields the absolute minimum.

Find the absolute maximum and minimum of each function on the given interval:
x2+3
x+1
(a) Since f'(x) = 6x? — 10x + 4, the critical numbers are the solutions of:
6x> —10x +4=0
3x2 —5x+2=0
Bx—=2x—-1)=0
3x—2=0 or x—1=0
3x=2 or x=1
x=1% or x=1

@ f(x)=2x3>-5x>+4x—1 on[—1,2] b f(x)= on [0, 3]

Thus, the critical numbers are 4 and 1, both of which are in (— 1, 2). Now construct Table 14-3:

2 2\3 22 (2 16 20 8 16 60 72 27 1
f(§)=2(5) —5(5) +“(§)- w3 ' TnTnta Ty
f)=21P -512+41)—1=2-5+4—-1=0
f(=)=2A-1P = 5(—1P +4-1)—1==2-5-4—1=—12

f=22P -5 +42)—-1=16—-20+8—1=3

Thus, the absolute maximum is 3, achieved at x = 2, and the absolute minimum is — 12, achieved at

x=—1
Table 14-3
x f(x)
2/3 1/27
1 0
-1 —12 min
2 3 max

x+ DD(x* +3)—(x* +3)D(x + 1) _ x4+ D29 — (x* + 3X1)

®) f(x)= (x + 1)? (x + 1)?
_2x2+2x—x2—3_x2+2x—3
B (x + 1) o +1)
f(x) is not defined when (x + 1)> = 0; that is, when x = — 1. But since —1 is not in (0, 3), the only

critical numbers that need to be considered are the zeros of x2 + 2x — 3in (0, 3):
x242x—3=0
x+3Yx—-1)=0
x+3=0 or x—1=90
x=-3 or x=1
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143

144

Thus, 1 is the only critical number in (0, 3).
Now construct Table 14-4:

=TT =2 =27?
02 +3 3

JO="37 =17
_(BP+3 943 12

IO=5r7r =4 =77’

Thus, the absolute maximum, achieved at 0 and 3, is 3; and the absolute minimum, achieved at 1, is 2.

Table 14-4
x fx)
1 2 min
3 max
3 3 max

Among all pairs of positive real numbers u and v whose sum is 10, which gives the greatest
product uv?

Let P = uv. Since u + v = 10, v = 10 — u, and so
P = u(10 — u) = 10u ~ u?

Here, 0 < u < 10. But since P would take the value 0 at u = 0 and u = 10, and 0 is clearly not the absolute
maximum of P, we can extend the domain of P to the closed interval [0, 10]. Thus, we must find the
absolute maximum of P = 10u — u? on the closed interval [0, 10]. The derivative dP/du = 10 — 2u vanishes
only at u =25, and this critical point must yield the maximum. Thus, the absolute maximum is
P(5) = 5(10 — 5) = 5(5) = 25, which is attained foru = 5. Whenu=5,v=10—-u=10—-5=>5.

2 _ — 2 102 — )2
ALGEBRA Calculus was not really needed in this problem, for P = w9 7 -9 = iu ) .

which is largest when u — v = 0, that is, when 4 = v. Then 10 = u + v = 2u and, therefore, u = 5.

An open box is to be made from a rectangular piece of cardboard that is 8 feet by 3 feet by
cutting out four equal squares from the corners and then folding up the flaps (see Fig. 14-5).
What length of the side of a square will yield the box with the largest volume?

X X
X P 4 P ¢ X 1
X' 'X
| | 3
XI 'X
x . T T T T T b ¢ X
X X
8 —
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Let x be the side of the square that is removed from each corner. The volume V = Iwh, where I, w, and
h are the length, width, and height of the box. Now | = 8 — 2x, w = 3 — 2x, and h = x, giving

V(x) = (8 — 2x)3 — 2x)x = (4x2 — 22x + 24)x = 4x> — 22x? + 24x
The width w must be positive. Hence,
3-2x>0 or 3>2x or 3$>x

Furthermore, x > 0. But we also can admit the values x = 0 and x = #, which make ¥ = 0 and which,
therefore, cannot yield the maximum volume. Thus, we have to maximize V(x) on the interval [0, §]. Since

4
d—-= 12x% — 44x + 24
dx

the critical numbers are the solutions of

12x2 ~44x +24 =0
IxX?-1lx+6=0
Bx—-2Ax—-3)=0
3Ix—2=0 or x—3=0
3x=2 or x=3
x=4% or x=13

The only critical number in (0, 3) is 4. Hence, the volume is greatest when x = %.

145 A manufacturer sells each of his TV sets for $85. The cost C (in dollars) of manufacturing and
selling x TV sets per week is

C = 1500 + 10x + 0.005x?

If at most 10000 sets can be produced per week, how many sets should be made and sold to
maximize the weekly profit?

For x sets per week, the total income is 85x. The profit is the income minus the cost,
P = 85x — (1500 + 10x + 0.005x2) = 75x — 1500 — 0.005x>
We wish to maximize P on the interval [0, 10000], since the output is at most 10 000.

‘—if =75~ 001x
dx
and the critical number is the solution of
75 —-001x =0
001x =75
75
X = m = 7500

We now construct Table 14-5:

P(7500) = 75(7500) — 1500 — 0.0005(7500)>
= 562 500 — 1500 — 0.0005(56 250 000)
= 561000 — 281250 = 279750
P(0) = 75(0) — 1500 — 0.0005(0)2 = — 1500

P(10000) = 75(10000) — 1500 — 0.0005(10 000)?
= 750000 — 1500 — 0.0005(100 000 000)
= 748 500 — 500000 = 248 500

Thus, the maximum profit is achieved when 7500 TV sets are produced and sold per week.
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Table 14-5
x P(x)
7500 279750
0 —1500
10000 248 500

14.6 An orchard has an average yield of 25 bushels per tree when there are at most 40 trees per acre.
When there are more than 40 trees per acre, the average yield decreases by 4 bushel per tree for
every tree over 40. Find the number of trees per acre that will give the greatest yield per acre.

Let x be the number of trees per acre, and let f(x) be the total yield in bushels per acre. When
0 < x < 40, f(x) = 25x. If x > 40, the number of bushels produced by each tree becomes 25 — 4(x — 40).

[Here x — 40 is the number of trees over 40, and 4(x — 40) is the corresponding decrease in bushels per
tree.] Hence, for x > 40, f(x) is given by

1 1 1 X
(25———2-(x—40))x=(25~—§x+20)x=(45—-Ex)x=§(9O—-x)

25x if0<x<40

Thus, f6 = ’2-‘(90—x) if x > 40

f(x) is continuous everywhere, since 25x = ; (90 — x) when x = 40. Clearly, f(x) < 0 when x > 90. Hence,

we may restrict attention to the interval [0, 90]. ‘
For 0 < x < 40, f(x) = 25x, and f’(x) = 25. Thus, there are no critical numbers in the open interval
(0, 40). For 40 < x < 90,

X _)c2
fR=300-x)=45x—% and  flx)=45-x

Thus, x = 45 is a critical number. In addition, 40 is also a critical number since f'(40) happens not to exist.
We do not have to verify this fact, since there is no harm in adding 40 [or any other number in (0, 90)] to
the list for which we compute f(x).
We now construct Table 14-6:
45 45 2025
f45) = 5 (90 — 45) = 5 45) = = 10125
f(40) = 25(40) = 1000
J(0)=250)=0

90 9
560 =290~ 90) =2 0) =0

The maximum yield per acre is realized when there are 45 trees per acre.

Table 14-6
x f(x)
45 1012.5
40 1000
0 0
90 0
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14.7

14.8

149

14.10

14.11

14.12

14.13

14.14

14.15
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Supplementary Problems

Find the absolute maxima and minima of the following functions on the indicated intervals:

(@ f(x)=—-4x+5 on[-2,3] ) f(x)=2x2=7x—-10 on[-1, 3]
(©) f)=x*4+2x*+x—-1 on[-1,1] d fx)=4x>—-8x*+1 on[~1,1]
(&) flx)=x*—-2x3—x*~4x+3 on[0,4] f) f(x)=)2;t: on[-5 -3]

x* 1 x3
(@) f(x)=ﬁ+; on [1, 4] (h) f(x)=x+2 on[—1,1]

x3—lx for0<x<1
B fx= on [0, 2]

4
x2+x~§ forl<x<2

A farmer wishes to fence in a rectangular field. If north-south fencing costs $3 per yard, and east-west
fencing costs $2 per yard, what are the dimensions of the field of maximum area that can be fenced in for
$600?

A farmer has to fence in a rectangular field alongside a straight-running stream. If the farmer has 120 yards
of fencing, and the side of the field alongside the stream does not have to be fenced, what dimensions of the
field will yield the largest area?

The distance by bus from New York to Boston is 225 miles. The bus driver gets paid $12.50 per hour, while
the other costs of running the bus at a steady speed of x miles per hour amount to 90 + 0.5 x cents per mile.
The minimum and maximum legal speeds on the bus route are 40 and 55 miles per hour. At what steady
speed should the bus be driven to minimize the total cost?

A charter airline is planning a flight for which it is considering a price of between $150 and $300 per person.
The airline estimates that the number of passengers taking the flight will be 200 — 0.5 x, depending on the
price of x dollars that will be set. What price will maximize the income?

Suppose that a company can sell x radios per week if it charges 100 — 0.1 x dollars per radio. Its pro-
duction cost is 30x + 5000 dollars when x radios are produced per week. How many radios should be
produced to maximize the profit, and what will be the selling price per radio?

A box with square base and vertical sides is to be made from 150 square feet of cardboard. What dimen-
sions will provide the greatest volume if: (a) the box has a top surface; (b) the box has an open top?

A farmer wishes to fence in a rectangular field, and also to divide the field in half by another fence (4B in
Fig. 14-6). The outside fence costs $2 per foot, and the fence in the middle costs $3 per foot. If the farmer
has $840 to spend, what dimensions will maximize the total area?

On a charter flight the price per passenger is $250 for any number of passengers up to 100. The flight will be
canceled if there are fewer than 50 passengers. However, for every passenger over 100, the price per pas-

Fig. 14-7
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14.16

14.17

14.18

14.19

14.20

14.21

senger will be decreased by $1. The maximum number of passengers that can be flown is 225. What number
of passengers will yield the maximum income?

Among all pairs x, y of nonnegative numbers whose sum is 100, find those pairs: (a) the sum of whose
squares x? + y? is a minimum; (b) the sum of whose squares x2 + y* is a maximum; (c) the sum of whose
cubes x3 + y? is a minimum.

A sports complex is to be built in the form of a rectangular field with two equal semicircular areas at each
end (see Fig. 14-7). If the border of the entire complex is to be a running track 1256 meters long, what
should be the dimensions of the complex so that the area of the rectangular field is a maximum?

A wire of length L is cut into two pieces. The first piece is bent into a circle and the second piece into a
square. Where should the wire be cut so that the total area of the circle plus the square is: () a maximum;
(b) a minimum?

GEOMETRY The area of a circle of radius r is nr?, and the circumference is 2nr.

A wire of length L is cut into two pieces. The first piece is bent into a square and the second into an
equilateral triangle. Where should the wire be cut so that the total area of the square and the triangle is
greatest?

2
GEOMETRY The area of an equilateral triangle of side s is \/3 sz

A company earns a profit of $40 on every TV set it makes when it produces at most 1000 sets. If the profit
per item decreases by 5 cents for every TV set over 1000, what production level maximizes the total profit?

Find the radius and the height of the right circular cylinder of greatest volume that can be inscribed in a
right circular cone having a radius of 3 feet and a height of S feet (see Fig. 14-8).

GEOMETRY The volume of a right circular cylinder of radius r and height h is nr2h. By the proportionality
5—h
r

. - . — 5
of the sides of similar triangles (in Fig. 14-8), =3

- —

e

h p—x

= =

- ———

Fig. 14-8 Fig. 14-9 Fig. 14-10



114

14.22

14.23

14.24

14.25

14.26

14.27

14.28

14.29

14.30

14.31

14.32

1433

14.34
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Find the height h and the radius r of the right circular cylinder of greatest volume that can be inscribed in a
sphere of radius a. [Hint: See Fig. 14-9. The Pythagorean theorem relates h/2 and r, and provides bounds
on each.]

Among all isosceles triangles with a fixed perimeter p, which has the largest area? [Hint: See Fig. 14-10 and
solve the equivalent problem of maximizing the square of the area.]

x2 2

Find the point(s) on the ellipse 5 + % = 1 that is (are): (a) closest to the point (1, 0); (b) farthest from the

point (1, 0). [Hint: It is easier to find the extrema of the square of the distance from (1, 0) to (x, y). Notice
that —5 < x < 5 for points (x, y) on the ellipse.]

A rectangular swimming pool is to be built with 6-foot borders at the north and south ends, and 10-foot
borders at the east and west ends. If the total area available is 6000 square feet, what are the dimensions of
the largest possible water area?

A farmer has to enclose two fields. One is to be a rectangle with the length twice the width, and the other is
to be a square. The rectangle is required to contain at least 882 square meters, and the square has to
contain at least 400 square meters. There are 680 meters of fencing available.

(@) If x is the width of the rectangular field, what are the maximum and minimum possible values of x?
(b) What is the maximum possible total area?

It costs a company 0.1x? + 4x + 3 dollars to produce x tons of gold. If more than 10 tons is produced, the
need for additional labor raises the cost by 2(x — 10) dollars. If the price per ton is $9, regardless of the
production level, and if the maximum production capacity is 20 tons, what output maximizes the profit?

fle+h) —fl)
h

Prove Theorem 14.1. [Hint: Take the case of a relative minimum at x = ¢. Then >0 forh

Sfle+h) —f()
h

Sle+h)—flo)
h

< 0 for h negative and sufficiently small in magnitude.

> 0andf(c)= lim _fﬂ%;ﬂc_) <o0.
0=

sufficiently small and positive, and

Since f'(c) exists, f'(c) = lim
h—0+

]

A rectangle is inscribed in an isosceles triangle with base 9 inches and height 6 inches. Find the dimensions
of the rectangle of maximum area if one side of the rectangle lies inside the base of the triangle.

A rectangular yard is to enclose an area of 200 square meters. Fencing is required on only three sides, since
one side will lie along the wall of a building. The length and width of the yard are each required to measure
at least 5 meters.

(@) What dimensions will minimize the total fencing required? What will be the minimum fencing?
(b) What dimensions will maximize the total fencing, and what will be the maximum fencing?

2x -3
Let f(x) = et

(@) Find the maximum and minimum values of fon [1, 10].
(b) Does the extreme-value theorem apply to fon [ —10, 10J? Why?

Find the point(s) on the curve y = \/6x* + 8x3 + 11x? + 9 that is (are) closest to the origin.
Find the shortest distance between points of the curve y = /x? + 3x + 2 and the origin.
Find the dimensions of the rectangle of maximum area that can be inscribed in a right triangle whose sides

are 3, 4, and 5, if one side of the rectangle lies on the side of the triangle of length 3 and the other side lies
on the side of the triangle of length 4.
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14.35 Find the relative extrema of f(x) = x* + 2x?> — 5x — 2 in two ways.

(@) Trace the graph of f to find the relative maximum and relative minimum directly.

(b) Trace the graph of f” to find the critical numbers of f.

14.36 Find the relative extrema of f(x) = x3 — 3x2 + 4x — 1 on (-5, 3).
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Chapter 15

The Chain Rule

151 COMPOSITE FUNCTIONS
There are still many functions whose derivatives we do not know how to calculate; for example,

W) VxP—x+2 () Ix+4 (i) (x?+3x-—1)22

In case (iii), we could, of course, multiply x> + 3x — 1 by itself 22 times and then differentiate the
resulting polynomial. But without a computer, this would be extremely arduous.

The above three functions have the common feature that they are combinations of simpler func-
tions:

(i) /x¥T—x + 2 is the result of starting with the function f(x) = x> — x + 2 and then applying the
function g(x) = \/)_c to the result. Thus,

JP X2 =g(f0)

(i) Jx + 4 is the result of starting with the function F(x) = x + 4 and then applying the function

G(x) = /x. Thus,
Ix + 4 = G(F(x))

(iii) (x% + 3x — 1)23 is the result of beginning with the function H(x) = x* + 3x — 1 and then applying
the function K(x) = x23. Thus,

(x? + 3x — 1)?3 = K(H(x))
Functions that are put together this way out of simpler functions are called composite functions.
Definition: If fand g are any functions, then the composition g - f of f and g is the function such that
(g < N)Nx) = g(f(x))

The “process” of composition is diagrammed in Fig. 15-1.

x f(x) s(f(x))
—————r f B ——— 8 e
Fig. 15-1

EXAMPLES
(@ Letf(x)=x —1and g(x) = x*. Then,
@ o f)X) = g(f(x) = glx — 1) = (x — 1)?
On the other hand,
(fo 9)x) =flg(x) = f(x?) = x* ~ 1

Thus, f - g and g - f are not necessarily the same function (and usually they are not the same).

116
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(b) Letf(x) = x* + 2x and g(x) = \/x. Then,
(9 2 NX¥) = g(f(x)) = g(x? + 2x) = {/x* + 2x
(f* 9 =F@0) = f(/%) = (/0 + 2/ = x + 2/x

Again, g - fand f - g are different.

A composite function g - f'is defined only for those x for which f(x) is defined and g(f(x)) is defined.
In other words, the domain of g o f consists of those x in the domain of f for which f(x) is in the domain
of g.

Theorem 15.1: The composition of continuous functions is a continuous function. If f is continuous at
a, and g is continuous at f(a), then g - fis continuous at a.
For a proof, see Problem 15.25.

15.2 DIFFERENTIATION OF COMPOSITE FUNCTIONS

First, let us treat an important special case. The function [ f(x)]” is the composition g o f of f and
the function g(x) = x". We have:

Theorem 15.2: (Power Chain Rule): Let fbe differentiable and let n be any integer. Then,
D(f(x)") = n(f(x))" "' DA f(x)) (15.1)

EXAMPLES
(@) D(x* —5)%) = 3(x2 — 5)2D(x? — 5) = 3(x* — 5)*(2x) = 6x(x> — 5)*

(b) D ((x®—2x24+3x —1)7) = 7(x® — 2x? + 3x — 1)°D(x* — 2x* + 3x — 1)
= 7(x* — 2x? + 3x — 1)°(3x% — 4x + 3)

(©) D,(———l——) =D ((Bx — 5% = —4(3x — 5)"5D,(3x — 5)

Gx - 5*
4 12
T B3x -5 @)=- Gx — 5)°

Theorem 15.3 (Chain Rule): Assume that f is differentiable at x and that g is differentiable at f(x).
Then the composition g - fis differentiable at x, and its derivative (g - f) is given by

(g fY(x)=g'(f(x)f'(x) (15.2)
that is,
D.(g(f(x)) = g'(f(x)D, f(x)

The proof of Theorem 15.3 is tricky; see Problem 15.27. The power chain rule (Theorem 15.2)
follows from the chain rule (Theorem 15.3) when g(x) = x".

Applications of the general chain rule will be deferred until later chapters. Before leaving it,
however, we shall point out a suggestive notation. If one writes y = g(f(x)) and u = f(x), then y = g(u),
and (15.2) may be expressed in the form

=2 — (15.3)

just as though derivatives were fractions (which they are not) and as though the chain rule were an
identity obtained by the cancellation of the du’s on the right-hand side. While this “identity” makes for
an easy way to remember the chain rule, it must be borne in mind that y on the left-hand side of (15.3)
stands for a certain function of x [namely (g - f)(x)], whereas on the right-hand side it stands for a
different funcion of u [namely, g(u)].
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EXAMPLE Using (15.3) to rework the preceding example (c), we write
y=03x—-5)*=u"*

where u = 3x — 5. Then,

Differentiation of Rational Powers

We want to be able to differentiate the function f(x) = x’, where r is a rational number. The special
case of r an integer is already covered by Rule 7 of Chapter 13.

ALGEBRA A rational number r is one that can be represented in the form r = n/k, where n and k are integers, with
k positive. By definition,
a"* = (Y/ay

except when a is negative and k is even (in which case the kth root of a is undefined). For instance,
(8 = (/8 = (21 = 4
1
() =D =@ = 5=

(=2N%3 = (Y -2T)* =(-3)* =81
(—4)""® is not defined

TN

Observe that
War = o
whenever both sides are defined. In fact,
(ay) = (ar* = (" = (Yary = a"

which shows that (\‘/;)" is the kth root of a". In calculations we are free to choose whichever expression for a™* is
the more convenient. Thus: (i) 64%/2 is easier to compute as

(/64> = (4> = 16
than as J(64)r = /4096
but (ii) (ﬁ)z/ 3 is easier to compute as

S =38 =2
than as (I3

The usual laws of exponents hold for rational exponents:

(1) ar . a.r = ar+:

a -3
@ 7= a
@) @r=a"

4) (ab) =a'b

where r and s are any rational numbers.

Theorem 15.4: For any rational number r, D (x") = rx" 1.
For a proof, see Problem 15.6.
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EXAMPLES

1 11 1
= Y2y = _ " V2 o L
@ DN =DM =2x" =25 N

) D)= % xi? = % VX (© D= ‘—31 o R

Theorem 15.4, together with the chain rule (Theorem 15.3), allows us to extend the power chain rule
(Theorem 15.2) to rational exponents.

Corollary 15.5: 1f fis differentiable and r is a rational number,
D((f()) = r(f(x)y ™D, f(x)
EXAMPLES

@ D,(/x*—=3x+1)=D(x*-3x+1)"?)= % (x?=3x+1)"12D(x2 - 3x+ 1)
1 2x —3

_ (X ===
(x’~3x+1)”2(>C ) 2/x* =3x + 1

_1
2
(b) DBx*— 1) = % (3x2 ~ 1)'4D,(3x* — 1)
= A = 1
(©) D,(——l—-—) = D,(—l———) =D((Tx +2)" )= — % (Tx + 2)~*3D(7x + 2)

x +2 (7x + 2)*2

1 1 7
- = —
30227 = T3

Solved Problems
15.1 For each pair of functions f and g, find formulas for g - fand f - g, and determine the domains of
gofandfog.
(a) g(x)=\/;andf(x)=x+l () g(x)=x*>and f(x)=x—1
(a) @ Nx)=g(fx)=gx+ 1= /x+1

Because /x + 1 is defined if and only if x > —1, the domain of g o fis [ —1, o).

(f o g¥x) =flg0) =f(/®) = /x + 1
Because /x + 1 is defined if and only if x > 0, the domain of f - g is [0, ).

(®) @ o N0 = gf (X)) = glx — 1) = (x — 1)?
(f o gXx) =flg) = f(x}) = x* — 1

Both composite functions are polynomials, and so the domain of each is the set of all real numbers.

15.2 Calculate the derivatives of:

@ (*=3x*+5x—2° (b JTx*=-2x*+5 (o) ﬁ
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The power chain rule is used in each case.
(@ Dy(x* —3x2 + 5x — 2)*) = 3(x* — 3x? + 5x — 22D (x* — 3x* + 5x — 2)
= 3(x* — 3x? + 5x — 2)}@4x® — 6x + 5)
1
(b)) DAS/Tx*=2x*+5) =D (Ix* - 2x* + VY = 3 (Ix% —2x2 + 5" Y2D (Ix® — 2x2 + 5)
1 1 x(21x — 4)
e QX —dx) = ——
2 (7x3 — 2x% 4+ 512 @1x o 2.7 —2x2 + 5
1 - -
(C) Dx(m> = D,((sz + 4) 3) = --3(5X2 =+ 4) 4D,‘(sz + 4)

-3 30x
N A T

153 Find the derivative of the function f(x) = /1 + \/(x + 1) = [1 + (x + 1)}/2]'/2,

By the power chain rule, used twice,

S0 =31+ (+ D7D+ (x4 D)

(1+(x+ 1)“2)-1/2(% O+ 1)7 12D (x + 1))
(1 + (x + D3~ 13(x 4 1)~ Y%(1)

A+ (x+ HYx + 1) 12

1 1 1
T+ G+ D"+ D) "4 0+ Jox + Dx + 1)

154 Find the absolute extrema of f(x) = x./1 — x2 on [0, 1].

D(x/1 — x?) = xD (/1 ~ x}) + /1 — x* D (x) [by the product rule]
=xD((1 — x})1?) + /1 — x?
1
= x(i (1—x3)"12p (1 — xz)) + /1 —x? [by the power chain rule]

2
+ 1 =x?

x 1 3 —X
=30 _xz)m(—-Zx)+./l—x —\/_1___?

_ =X +=x) 124 (by:—l+b=atbc>

J1 = x? -,/1—-—x2
The right-hand side is not defined when the denominator is O; that is, when x* = 1. Hence, 1 and —1 are
critical numbers. The right-hand side is 0 when the numerator is 0; that is, when

2x*=1 or x*=% o x=2+./}
Thus, \/; and —\/; are also critical numbers. The only critical number in (0, 1) is \/;,

1 2 N2
ALGEBRA —= [2=¥Zx0.
\ﬁ \/; 7 017

and f(\/;)=\/;\/1‘§=\/;\/;=%
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At the endpoints, f(0) = f(1) = 0. Hence, $ is the absolute maximum (achieved at x = \/§) and O is the

absolute minimum (achieved at x =0 and x = 1).

155 A spy on a submarine S, 6 kilometers off a straight shore, has to reach a point B, which is 9
kilometers down the shore from the point A opposite S (see Fig. 15-2). The spy must row a boat
to some point C on the shore and then walk the rest of the way to B. If he rows at 4 kilometers
per hour and walks at 5 kilometers per hour, at what point C should he land in order to reach B

as soon as possible?

Fig. 15-2

Let x = AC; then BC = 9 — x. By the Pythagorean theorem,
SC?=©6*+x* or SC=./36+x2
The time spent rowing is, therefore,

/ z
T, = 36+ x [hours]

4
and the time spent walking will be T, = (9 — x)/5 [hours]. The total time T(x) is given by the formula

36+x2+9—x
4 5

We have to minimize T(x) on the interval [0, 9], since x can vary from 0 (at 4) to 9 (at B),

(36 + X 9 x
re =0 (27) 1 p3-3)

Tx)=T,+ T, =

11 1

=33 (36 + x*)~ 12 - D (36 + x?) — 3 [by the power chain rule]
1 1 1 x 1

o — —— 2 _—_——=— —
836+ V5T e S

The only critical numbers are the solutions of

X 1
4./36 +x* 3
X 1

4./36 +x* 5

5x =4,/36 + x>  [cross multiply]
25x? = 16(36 + x?)  [square both sides]
25x% = 576 + 16x?
9x% = 576
x1 =64
x= 48
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The only critical number in (0, 9) is 8. Computing the values for the tabular method,

) - ,/36+(8)2 9— s ,/1 _q+1_§+1_31
4 5 25 10
,/36 0)2 9 0_ ~/6 9 6 9 3 9 3
T(0) = +( =S ti=lgo=2t
5 57375727570
36+(9)2 9-9 ,/36+8 _J1T_SJ13 3
TO) ="+ =4 —avYP

[CHAP. 15

we generate Table 15-1. The absolute minimum is achieved at x = 8; the spy should land 8 kilometers

down the shore from A.

Table 15-1

x T(x)
27

8 F) min
33
%1 10
3

9 2 /13

ALGEBRA T(9) > T(8); for, assuming the contrary,

3 mY
4 10
36 )
J13 < m [multiply by $]
1296

13< 100 = 12.96 [by squaring]

which is false.

Prove Theorem 154: D, (x") = rx"~! for any rational number r.

Let r = n/k, where n is an integer and k is a positive integer. That x"* is differentiable is not easy to

prove; see Problem 15.26. Assuming this, let us now derive the formula for the derivative. Let
f(x)=x"" = ¥/x"
Then, since (f(x)}* = x",
DA(S(x)f) = Dix") = nx"""
But, by Theorem 15.2, D,((f (x))}) = k(f(x)*~'f'(x). Hence,
k(f () (x) = nx" "

and solving for f’(x), we obtain

' nx"" 1 n xrk 1
T e Tk
xrk 1
=r =rx!
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Supplementary Problems

15.7  For each pair of functions f(x) and g(x), find formulas for (f - gXx) and (g - f)x).

@ S0 = g = 3x () S =%+ 2x = 5, gfo) =
© SW=20 -2 +400=3 @ 0=, g =%
© f=1, o= () S0 = g3) = x* — 4

158 For each pair of functions f and g, find the set of solutions of the equation (f o gXx) = (g o fXx).

@ f() =% g(x) = x* ) 109 = 609 = 3x

1 1
@ f@=2xg0=—— @ f()=x%g0)=5
@ fl)=x%g0x)=—5—

159  Express each of the following functions as the composition (g o f)Xx) of two simpler functions. [The func-
tions f(x) and g(x) obviously will not be unique.]

1
@ -+ B -9 © JT+2 @ 5
15.10 Find the derivatives of the following functions:
@ (P—=2x2+Tx=3* (b) (7T+3%° (© (2x—3)2
2 3
@ (457 @ w-versy o ()
x2—-2\? 4 ) 3
© <2x2 + 1) (h) Ix—x+5 ® T+x
15.11 Find the derivatives of the following functions:
@ 207 B) (=3P () ——
VX +1
@ O —ax e (9 YEE2 (f) Bx¥ + 4xt4 — x~113

Jx =1
@ SBT3y w [-ym 0 JimyErs ¢ L
) Jx— V¥ 1—2x

xf — at the point (2, §).

15.12 Find the slope-intercept equation of the tangent line to the graph of y =

15.13  Find the slope-intercept equation of the normal line to the curve y = ./x? + 16 at the point (3, 5).

2
15.14 Let g(x) = x> — 4 and f(x) = i_+2

(@) Find a formula for (g - f)(x) and then compute (g o f)(x).
(b) Show that the chain rule gives the same answer for (g - f)(x) as was found in part (a).
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15.15

15.16

15.17

15.18

15.19

15.20

15.21

15.22

15.23

15.24

THE CHAIN RULE [CHAP. 15

Find the absolute extrema of the following functions on the given intervals:

(@) f(X)=ﬁon[—l, 1] () f()=(x —2*x +3)> on [—4, 3]
© f(x)=./5—4xon[—1,1] (d) f(x)=§x—x2’3on[0,8]

(@ flx)=x?5 -éxm on[-1,1]

Two towns, P and Q, are located 2 miles and 3 miles, respectively, from a railroad line, as shown in
Fig. 15-3. What point R on the line should be chosen for a new station in order to minimize the sum of the
distances from P and Q to the station, if the distance between 4 and B is 4 miles?

Q
I
. ?
T i ! 3
2 : I
A R B
!!YT "!!_!!"'Tr_'Tr" LR AR
4 -
Fig. 15-3

Assume that F and G are differentiable functions such that F'(x) = —G(x) and G'(x) = —F(x). If
H(x) = (F(x))* — (G(x))?, find a formula for H'(x).

If y=x®—2and z = 3x + 5, then y can be considered a function of z. Express dy/dz in terms of x.
Let F be a differentiable function, and let G(x) = F'(x). Express D,(F(x?)) in terms of G and x.

If g(x) = x'/*(x ~ 1)*/3, find the domain of g'(x).

Let f be a differentiable odd function (Section 7.3). Find the relationship between f'(— x) and f'(x).

Let F and G be differentiable functions such that
FQ3)=5 F(3)=13 F( =2
G3)=7 G3)=¢6 G =0
If H(x) = F(G(x)), find H'(3).

Let F(x) = /1 + 3x.

(a) Find the domain and the range of F.
(b) Find the slope-intercept equation of the tangent line to the graph of F at x = 5.

(¢) Find the coordinates of the point(s) on the graph of F such that the normal line there is parallel to the
line 4x + 3y = 1.

Find the dimensions of the rectangle of largest area that can be inscribed in a semicircle of radius 1 if a side
of the rectangle is on the diameter.
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15.25

15.26

15.27

Prove Theorem 15.1: If fis continuous at a and g is continuous at f(a), prove that g - f'is continuous at a.
[Hint: For arbitrary € > 0, let 6, > 0 be such that |g(u) — g(f(a))| < € whenever |u — f(a)| < 6,. Then
choose 8 > 0 such that | f(x) — f(a)| < 6, whenever |x — a] < 4.]

Prove that x"* is differentiable. [Hint: It is enough to show that f(x) = x'* (k > 1) is differentiable.]
Proceed as follows:
(1) By direct multiplication, establish that

@ —b=(@-bla ' +a b+ +abF 2 +bY
a=b 1
& —b & V4+ad 4 +abt24 bt

(2) Substitute a = (x + h)'* and b = x'* in step (1):

(X + h)l/k _ xl/k B 1
h T (x4 B TVR (x4 RRT DR L (x4 ) e Dk g k- Dk

(3) Let h—>Qinstep (2).

or

Prove the chain rule (Theorem 15.3): (g o f)(x) = ¢'(f(x)) f'(x), where fis differentiable at x and g is differ-

entiable at f(x). [Hint: Let H =g o f. Let y = f(x) and K = f(x + h) — f(x). Also let G(t) = g(y_-i—_t_:_:gg)

— ¢g'(y) for t # 0. Since lim G(t) = 0, let G(0) = 0. Then g(y + t) — g(y) = {(G(t) + ¢'(y)) holds for all t. When
t=0

t=K,

90 + K) — g(») = K(G(K) + ¢'(»))
g(f(x + b)) — g(f(x)) = K(G(K) + g'()

H(x+h—-Hkx) K

So, h N (G(K) + g'(y)

Now lim X = im L& X =S _ ) Since lim K = 0, lim G(K) = 0.

h=0 h h-0 h h=0 k=0

Hence, H'(x) = g(0)f"(x) = ¢'(f(x))f'(x).]
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Implicit Differentiation

A function is usually defined explicitly by means of a formula.

EXAMPLES

-1 ifx>1
-x ifx<1

2
@ f®=x*—x+2 () f@=/x © f(x)={"1

However, sometimes the value y = f(x) is not given by such a direct formula.

EXAMPLES

(@) The equation y* — x = 0 implicitly determines y as a function of x. In this case, we can solve for y explicitly,

Y=x o y=yx

(b) The equation y* + 12y* + 48y — 8x + 64 = 0 is satisfied when y = 2\3/— — 4, but it is not easy to find this
solution. In more complicated cases, it will be impossible to find a formula for y in terms of x.

(¢) The equation x? + y? = 1 implicitly determines two functions of x,

y=J1—-x* and y=-—/1—x?

The question of how many functions an equation determines and of the properties of these func-
tions is too complex to be considered here. We shall content ourselves with learning a method for
finding the derivatives of functions determined implicitly by equations.

EXAMPLE Let us find the derivative of a function y determined by the equation x* + y* = 4. Since y is assumed
to be some function of x, the two sides of the equation represent the same function of x, and so must have the same
derivative,

Dx* + y*) = D,(4)

2x +2yD,y =0 [by the power chain rule]

2yD,y = —2x
2x x
ny= —X.= 7
2y y

Thus, D, y has been found in terms of x and y. Sometimes this is all the information we may need. For example, if
we want to know the slope of the tangent line to the graph of x> + y2 = 4 at the point (\/5, 1), then this slope is the
derivative

=

The process by which D, y has been found, without first solving explicitly for y, is called implicit differentiation.
Note that the given equation could, in this case, have been solved explicitly for y,

y= £ JITH

and from this, using the power chain rule,
D.y=D(+@—x)'?) = +44 — x3)" V2D (4 — x?})

R
—2\/2_—7 -

X
N N

126
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Solved Problems

16.1 Consider the curve 3x? — xy + 4y* = 141.

(@) Find a formula in x and y for the slope of the tangent line at any point (x, y) of the curve.

(b) Write the slope-intercept equation of the line tangent to the curve at the point (1, 6).

(c) Find the coordinates of all other points on the curve where the slope of the tangent line is
the same as the slope of the tangent line at (1, 6).

(@) We may assume that y is some function of x such that 3x? — xy + 4y* = 141. Hence,

D,(3x? — xy + 4y%) = D(141)
6x - Dx(xy) + Dx(4y2) = 0

dy dy
6x-—(xdx+y 1>+8ydx—0

dy dy
—x == 2 -v-6
xdx+8ydx y X

(——x+8y)j—i=y——6x
dy y—6x
dx 8y —x
which is the slope of the tangent line at (x, y).
(b) The slope of the tangent line at (1, 6) is obtained by substituting 1 for x and 6 for y in the result of part
(a). Thus, the slope is

6-61)_6-6_0
86)—1 48—1 47

and the slope-intercept equationis y = b = 6.
(¢) If(x, y)is a point on the curve where the tangent line has slope 0, then,
-6
y X =0
8y — x

or y—6x=0 or y=6x

Substitute 6x for y in the equation of the curve,
3x? — x(6x) + 4(6x)* = 141
3x? — 6x2 + 144x? = 141

141x% = 141
2=1
x= 41

Hence, (—1, —6) is another point for which the slope of the tangent line is zero.

162 If y =f(x) is a function satisfying the equation x3y?> —2x + y* = 36, find a formula for the
derivative dy/dx.

D (x*y* — 2x + y°) = D,(36)
D,(x*y?) = 2D(x) + D(y>) = 0

d
XD,() + y*D(x%) — 2D + 3y - = 0

dy dy
3 203.2) _ 24y _
x(Zydx>+y(3x) 2+ 3y Ix 0
d
(2x%y + 3y 22 = 2 — 3x2y?
dx

dy 2- 3x2y?
dx  2x%y + 3y?
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16.3

164

16.5

16.6

16.7

16.8

16.9
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If y=/f(x) is a differentiable function satisfying the equation x?y® — 5xy? —d4y =4 and if
f(3) = 2, find the slope of the tangent line to the graph of f at the point (3, 2).

D (x*y* — 5xy*> — 4y) = D(4)

X*(By?y) + y*(2x) — S(xQyy) + y}) —4y' =0

3x2y?y' + 2xp® — 10xyy — S5y* —4y =0

Substitute 3 for x and 2 for y,

108y’ + 48 — 60y’ — 20 — 4y’ = 0

44y +28=0
28
44

’

__B__1
y= AT

Hence, the slope of the tangent line at (3, 2) is — 5.

Supplementary Problems

{a) Find a formula for the slope of the tangent line to the curve x? — xy + y* = 12 at any point (x, y). Also,
find the coordinates of all points on the curve where the tangent line is: (b) horizontal; (c) vertical.
Consider the hyperbola 5x? — 2y? = 130.

(@) Find a formula for the slope of the tangent line to this hyperbola at (x, y).

(b) For what value(s) of k will the line x — 3y + k = 0 be normal to the hyperbola at a point of intersec-
tion?

Find y' by implicit differentiation.

(a) x2+y2=25 » x3=2x+y (©) 1+1=1
2x — x y
@ Vx+y=1 @ ¥=y=2 () Ox-1 =2
2 2
@ =+L=1 W y+xpP=2c () x*=2FY
9 74 x—y

Use implicit differentiation to find the slope-intercept equation of the tangent line at the indicated point.
2 3

@ Y —xy=2at(32) ®) :—6+yz=lat<2,—\g——)

© —x2+y =xy+7at(l,2) (@ x*—-y’=7Txyat(4,?2)

(e) 4xy* + 98 = 2x* — y* at (3,2) (f) 4xP—xy—2y3=1at(l, 1)
3-—

Y=xat(l, =1 () 2y=xy*+2x*~3at(l, —1)

@ 1=

Use implicit differentiation to find the slope-intercept equation of the normal line at the indicated point.
(@ yx+2y=x*at(2,1) b)) 2x3y+ 2yt —~x*=2at(2, 1)
© p/x—x/y=12at(9,16) (@ x*+y*=25at(3,4)

Use implicit differentiation to find the slope of the tangent line to the graph of y = /1 — /T — x atx = £.
[Hint: Eliminate the radicals by squaring twice.]



Chapter 17

The Mean-Value Theorem and
the Sign of the Derivative

171 ROLLE’S THEOREM AND THE MEAN-VALUE THEOREM

Let us consider a function f that is continuous over a closed interval [a, b] and differentiable at
every point of the open interval (a, b). We also suppose that f(a) = f(b) = 0. Graphs of some examples of
such a function are shown in Fig. 17-1. It seems clear that there must always be some point between
x = a and x = b at which the tangent line is horizontal and, therefore, at which the derivative of fis 0.

Ao L\ 1 oA

a Vb x a b

a“

(a) (b) (c)
Fig. 17-1

Theorem 17.1 (Rolle’s Theorem): If fis continuous over a closed interval [a, b], differentiable on the
open interval (a, b), and if f(a) = f(b) = 0, then there is at least one number c in (a, b)
such that f'(c) = 0.
See Problem 17.6 for the proof.
Rolle’s theorem enables us to prove the following basic theorem (which is also referred to as the law
of the mean for derivatives).

Theorem 17.2 (Mean-Value Theorem): Let fbe continuous over the closed interval [q, b] and differen-
tiable on the open interval (a, b). Then there is a number ¢ in the open interval (a, b) such
that

(0 =T =1@
re="=

For a proof, see Problem 17.7.

EXAMPLE In graphic terms, the mean-value theorem states that at some point along an arc of a curve, the

tangent line is parallel to the line connecting the initial and the terminal points of the arc. This can be seen

in Fig. 17-2, where there are three numbers (c,, ¢, and c;) between a and b for which the slope of the
fb) —f(a)

tangent line to the graph f'(c) is equal to the slope of the line AB, e

129
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Fig. 17-2

17.2 THE SIGN OF THE DERIVATIVE

A function f is said to be increasing on a set o if, for any u and v in &, u < v implies f(u) < f(v).
Similarly, f'is decreasing on a set « if, for any u and v in &, u < v implies f(u) > f(v).
Of course, on a given set, a function is not necessarily either increasing or decreasing (see Fig. 17-3).

P74 N -

(a) Increasing (b) Decreasing (c) Mixed
Fig. 17-3

Theorem 17.3: If f'(x) > O for all x in the open interval (g, b), then f is increasing on (a, b). If f'(x) < 0
for all x in (a, b), then fis decreasing on (a, b).

For the proof, see Problem 17.8. The converse of Theorem 17.3 does not hold. In fact, the function
f(x) = x3 is differentiable and increasing on (—1, 1)—and everywhere else—but f'(x) = 3x? is zero for
x = 0 [see Fig. 7-3(b)].

The following important property of continuous functions will often be useful.

Theorem 174 (Intermediate-Value Theorem): Let f be a continuous function over a closed interval
[a, b], with f(a) # f(b). Then any number between f(a) and f(b) is assumed as the value
of ffor some argument between a and b.

While Theorem 17.4 is not elementary, its content is intuitively obvious. The function could not
“skip” an intermediate value unless there were a break in the graph; that is, unless the function were
discontinuous. As illustrated in Fig. 17-4, a function f satisfying Theorem 17.4 may also take on values
that are not between f(a) and f(b). In Problem 17.9, we prove:
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=

Fig. 17-4

Corollary 17.5: 1If fis a continuous function with domain [a, b], then the range of f is either a closed
interval or a point.

Solved Problems

17.1  Verify Rolle’s theorem for f(x) = x* — 3x? — x + 3 on the interval [1, 3].
fis differentiable everywhere and, therefore, also continuous. Furthermore,
=1 =312 -1+3=1-3-14+3=0
fB=03P-332-3+3=27-27-3+3=0

so that all the hypotheses of Rolle’s theorem are valid. There must then be some ¢ in (1, 3) for which

f')=0.

Now, by the quadratic formula, the roots of f'(x) = 3x2 — 6x — 1 = 0 are
L8V _6+/36+12_ 618 _ 64,163
h 203) B 6 6 6
643 2 /3
6 3
Consider the rootc = 1 + §\/§ Since \/3 <3,

2
1<1+§\/§<1+§(3)=1+2=3

Thus, cisin (1, 3)and f'(c) = 0.

17.2  Verify the mean-value theorem for f(x) = x3 — 6x2 — 4x + 30 on the interval [4, 6].

[is differentiable and, therefore, continuous for all x.

£(6) =(6)> — 6(6)> — 4(6) + 30 = 216 — 216 — 24 + 30 = 6
f@ =) —64)°—44)+30=64—96—16+30= —18

f6)~f@) _6—(=18) _24

6—4 ~ 6-4 ~ 212

whence,
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We must therefore find some ¢ in (4, 6) such that f'(c) = 12.

Now, f(x) = 3x2 — 12x — 4, so that ¢ will be a solution of
Ix2 - 12x -4 =12 or 3Ix2 - 12x—16=0

By the quadratic formula,

e 124/144—403)—16) 12+./144+192 12+ ./336

2(3) 6 6

_12+./16./21 124421
B S A

Choose ¢ = 2 + £,/21. Since 4 < /21 < §,

2 2
4<2+§=2+§(4)<2+§‘/21<2+§(5)<2+4=6

Thus, ¢ is in (4, 6) and f'(c) = 12.

17.3 Determine when the function f(x) = x> — 6x2 + 9x + 2 is increasing and when it is decreasing,
and sketch its graph.
We have f'(x) = 3x? — 12x + 9 = 3(x? — 4x + 3) = 3(x — 1Xx — 3). The crucial points are 1 and 3 [see
Fig. 17-5(a)].
(i) When x < 1, both (x — 1) and (x — 3) are negative and so f'(x) > 0 in (— oo, 1).
(i) When x moves from (— oo, 1) into (1, 3), the factor (x — 1) changes from negative to positive, but
(x — 3) remains negative. Hence, f'(x) < 0 in (1, 3).
(i) When x moves from (1, 3) into (3, o), (x — 3) changes from negative to positive, but (x — 1) remains
positive. Hence, f'(x) > 0 in (3, o).

Thus, by Theorem 17.3, f is increasing for x < 1, decreasing for 1 < x < 3, and increasing for x > 3.
Note that f(1)=6, f3) =2, lim f(x)= +o00, and lim f(x) = —oco. A rough sketch of the graph is

x— + o xX=*—

shown in Fig. 17-5(b).

@ ®)
Fig. 17-5

17.4  Verify Rolle’s theorem for f(x) = 2x® — 8x> + 6x* — x® + 6x2 — 11x + 6 on [1, 3].
fis differentiable everywhere, and

f1)=2-8+6—-1+6—11+6=0
f(3)=1458 — 1944 + 486 — 27 + 54 — 33 + 6 =0

It is difficult to compute a value of x in (1, 3) for which

fi(x) = 12x5 — 40x* + 24x® —~3x> + 12x ~ 11 =0



CHAP. 177 THE MEAN-VALUE THEOREM AND THE SIGN OF THE DERIVATIVE 133

175

17.6

177

17.8

However, f'(x) is itself a continuous function such that

f(1)=12-40+24-3+12-11=-6<0
f(3)=12916 — 3240 + 648 — 27 + 36 — 11 =322 >0

Hence, the intermediate-value theorem assures us that there must be some number ¢ between 1 and 3 for
which f'(¢c) =

Show that f(x) = 2x3 + x — 4 = 0 has exactly one real solution.

Since f(0) = —4 and f(2) = 16 + 2 — 4 = 14, the intermediate-value theorem guarantees that f has a
zero between 0 and 2; call it x,.

Because f'(x) = 6x2 + 1 > 0, f(x) is increasing everywhere (Theorem 17.3). Therefore, when x > x,,
f(x) > 0; and when x < x¢, f(x) < 0. In other words, there is no zero other than x,.

Prove Rolle’s theorem (Theorem 17.1).

Case 1: f(x)=0 for all x in [a, b]. Then f’(x) = O for all x in (a, b), since the derivative of a constant
function is 0.

Case 2: f(x)> 0 for some x in (a, b). Then, by the extreme-value theorem (Theorem 14.2), an absolute
maximum of f on [a, b] exists, and must be positive [since f(x) >0 for some x in (a, b)]. Because
f(a) =f(b) =0, the maximum is achieved at some point ¢ in the open interval (a, b). Thus, the absolute
maximum is also a relative maximum and, by Theorem 14.1, f'(c) =

Case 3: f(x) <0 for some x in (a, b). Let g(x) = —f(x). Then, by Case 2, g'(c) = 0 for some c in (a, b).
Consequently, f'(c) = —g'(c) =

Prove the mean-value theorem (Theorem 17.2).

Let
909 =109 - LO=TD o) sa
Then g is continuous over [a, b] and differentiable on (a, b). Moreover,
s =f@-L9TD o s =r@-0-1@=0
1010,

g(b) = f(b) - —a) —fla) =f(b) — (f(b) — f(a)) — f(a)

=f(b) —f(b) +f(a) —fla)=
By Rolle’s theorem, applied to g, there exists ¢ in (a, b) for which g’(c) = 0. But,

g0 =9 - L0 =1
whence’ 0= g (C) f (C) f( ) .‘{(a) f( ) - f(b) _ﬁ(d)

Prove Theorem 17.3.

Assume that f'(x) > O for all x in (@, b) and that @ < u < v < b. We must show that f(u) < f(v). By the
mean-value theorem, applied to f on the closed interval [u, v], there is some number ¢ in (u, v) such that

70 =L0E o ) fw =ik - w
But f’(c) > 0 and v — u > 0; hence, f(v) — f(u) > O, f(u) <f(v).
The case f'(x) < 0 is handled similarly.
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17.10

17.11

17.12

17.13

17.14

17.15
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Prove Corollary 17.5.

By the extreme-value theorem, f has an absolute maximum value f(d) at some argument d in [a, b], and
an absolute minimum value f(c) at some argument c in [a, b]. If f(c) = f(d) = k, then f'is constant on [a, b],
and its range is the single point k. If f(c) # f(d), then the intermediate-value theorem, applied to the closed
subinterval bounded by d and c, ensures that f assumes every value between f(c) and f(d). The range of f is
then the closed interval [ f(c), f(d)] (which includes the values assumed on that part of [a, b] that lies
outside the subinterval).

Supplementary Problems

Determine whether the hypotheses of Rolle’s theorem hold for each function f, and if they do, verify the
conclusion of the theorem.

(@ f(x)=x*—2x—-3o0on[-1,3] () f(x)=x>—xon/[01]

() f(x)=9x>—~4xon[—%, %] @ fx)=x>-3x2+x+1on][l,l1 +ﬁ]
x3—2x2~5x+6

ifx#1
© 1= a3 N f@={ x-1 L P
x=1 -6 ifx=1
2 .
@ SW=xt =P s 0 fw={i  H05TE e

Verify that the hypotheses of the mean-value theorem hold for each function f on the given interval, and
find a value c satisfying the conclusion of the theorem.

(@ f(x)=2x+3on[l,4] () f(x)=3x*—5x+1on[2 5]

© S0 =x¥ on [0, 16] @ 0= 2on1,3)

1
@ fix)=+/25-x*on[-3,4] (f) f(x)=_—,on[0,2]

Determine where the function fis increasing and where it is decreasing. Then sketch the graph of .

(@ flx)=3x+1 b) f)=-2x+2 () f@=x>—4x+7
1

@ fx)=1-4x-x* (@ f)=1-x* (f) f(x)=§\/9—-x2

@ fxX)=x>-9x2+15x~3 (h) f(x)=x+£ @) fx)=x>—12x+20

Let f be a differentiable function such that f'(x) # O for all x in the open interval (a, b). Prove that there is at
most one zero of f(x) in (a, b). [Hint: Assume, for the sake of contradiction, that ¢ and d are two zeros of f,
with a < ¢ < d < b, and apply Rolle’s theorem on the interval [c, d].]

Consider the polynomial f(x) = 5x3 — 2x? + 3x — 4.

(@) Show that fhas a zero between 0 and 1.
(b) Show that f has only one real zero. [Hint: Use Problem 17.13.]

Assume f continuous over [0, 1] and assume that f(0) = f(1). Which one(s) of the following assertions must
be true?

(@) Iffhas an absolute maximum at ¢ in (0, 1), then f'(c) = 0.
(b) f' exists on (0, 1).
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17.16

1717

17.18

17.19

17.20

17.21

17.22

17.23

17.24

17.28

17.26

©) f'(c) = 0for some c in (0, 1).
(@ lim f(x)=f(c)for all ¢ in (0, 1).

xX—>c

() fhas an absolute maximum at some point c in (0, 1).

Let f and g be differentiable functions.
(@) Iff(a) = g(a) and f(b) = g(b), where a < b, show that f’(c) = g'(c) for some c in (a, b).
(b) Iff(a) = g(a) and f'(x) > g'(x) for all x, show that f(x) > g(x) for all x > a.

(¢©) K f(x) > g'(x) for all x, show that the graphs of f and g intersect at most once. [Hint: In each part,
apply the appropriate theorem to the function h(x) = f(x) — g(x).]

Let f be a differentiable function on an open interval {(q, b).

(a) Iffis increasing on (a, b), prove that f'(x) > 0 for every x in (a, b).

fx+h)—f(x)
h

[Hint: f(x) = lim and Problem 9.10(a) applies.:l

h—=0+
(b) Iffis decreasing on (a, b), prove that f'(x) < 0 for every x in (a, b).

The mean-value theorem predicts the existence of what point on the graph of y = \’/)_c between (27, 3) and
(125, 5)?

(Generalized Rolle’s Theorem) Assume fis continuous on [a, b] and differentiable on (a, b). If f(a) = f(b),
prove that there is a point c in (g, b) such that f’(c) = 0. [Hint: Apply Rolle’s theorem to g(x) = f(x) — f(a).]
Let f(x) = x> — 4x? + 4x and g(x) = 1 for all x.

(a) Find the intersection of the graphs of fand g.
(b) Find the zeros of f.
(c) If the domain of fis restricted to the closed interval [0, 3], what would be the range of f ?

Prove that 8x3 — 6x2 — 2x + 1 has a zero between 0 and 1. [Hint: Apply Rolle’s theorem to the function
2x* — 2x3 — x? 4+ x.]

Show that x* + 2x — 5 = 0 has exactly one real root.
Prove that the equation x* + x = 1 has at least one solution in the interval [0, 1].

Find a point on the graph of y = x? + x + 3, between x = 1 and x = 2, where the tangent line is parallel to
the line connecting (1, 5) and (2, 9).

(@) Show that f(x) = x5 + x — 1 has exactly one real zero.
(b) Locate the real zero of x> + x — 1 correct to the first decimal place.

(@) Use a graphing calculator to estimate the intervals in which the function f(x) = x* — 3x> + x — 4
is increasing and the intervals in which it is decreasing.

(b) As in part (a), but for the function f(x) = x> — 2x? + x — 2.



Chapter 18

Rectilinear Motion and Instantaneous Velocity

Rectilinear motion is motion along a straight line. Consider, for instance, an automobile moving
along a straight road. We can imagine a coordinate system imposed on the line containing the road (see
Fig. 18-1). (On many highways there actually is such a coordinate system, with markers along the side
of the road indicating the distance from one end of the highway.) If s designates the coordinate of the
automobile and t denotes the time, then the motion of the automobile is specified by expressing s, its
position, as a function of t: s = f(¢).

4 \ i i i U U G
-3 -2 -1 0 1 2 3 4
Fig. 18-1

The speedometer indicates how fast the automobile is moving. Since the speedometer reading often
varies continuously, it is obvious that the speedometer indicates how fast the car is moving at the
moment when it is read. Let us analyze this notion in order to find the mathematical concept that lies
behind it.

If the automobile moves according to the equation s = f{(¢), its position at time ¢ is f(¢), and at time
t + h, very close to time ¢, its position is f(t + h). The distance! between its position at time ¢ and its
position at time ¢ + h is f(t + h) — f(t) (which can be negative). The time elapsed between t and t + h is
h. Hence, the average velocity? during this time interval is

Je+h - /@)
h

(Average velocity = displacement + time.) Now as the elapsed time 4 gets closer to 0, the average veloc-
ity approaches what we intuitively think of as the instantaneous velocity v at time t. Thus,

D SO B 1O
o b

In other words, the instantaneous velocity v is the derivative f(t).

EXAMPLES

(a) The height s of a water column is observed to follow the law s = f(t) = 3¢ + 2. Thus, the instantaneous veloc-
ity v of the top surface is f'(¢) = 3.

(b)) The position s of an automobile along a highway is given by s = f(¢) = t> — 2t. Hence, its instantaneous
velocity is v = f'(t) = 2t — 2. At time t = 3, its velocity v is 2(3) — 2 = 4.

The sign of the instantaneous velocity v indicates the direction in which the object is moving. If
v = ds/dt > 0 over a time interval, Theorem 17.3 tells us that s is increasing in that interval. Thus, if the
s-axis is horizontal and directed to the right, as in Fig. 18-2(a), then the object is moving to the right;
but if the s-axis is vertical and directed upward, as in Fig. 18-2(b), then the object is moving upward. On

! More precisely, the displacement, since it can be positive, negative, or zero.

2 We use the term velocity rather than speed because the quantity referred to can be negative. Speed is defined as the magnitude of
the velocity and is never negative.

136



CHAP. 18] RECTILINEAR MOTION AND INSTANTANEOUS VELOCITY 137

(a) )
Fig. 18-2

the other hand, if v = ds/dt <0 over a time interval, then s must be decreasing in that interval. In
Fig. 18-2(a), the object would be moving to the left (in the direction of decreasing s); in Fi 1g 18-2(b), the
object would be moving downward.

A consequence of these facts is that at an instant t when a contmuously moving object reverses
direction, its instantaneous velocity v must be 0. For if v were, say, positive at t, it would be positive in a
small interval of time surrounding t; the object would therefore be moving in the same direction just
before and just after t. Or, to say the same thing in a slightly different way, a reversal in direction means
a relative extremum of s, which in turn implies (Theorem 14.1) ds/dt =

EXAMPLE An object moves along a straight line as indicated in Fig. 18-3(a). In functional form,
s=f()=(t+2)* [sin meters, ¢t in seconds]
as graphed in Fig. 18-3(b). The object’s instantaneous velocity is
v=f"(t) =2 + 2) [meters per second]

Fort+2 <0, ort < —2, v is negative and the object is moving to the left; for t + 2 > 0, or t > —2, v is positive
and the object is moving to the right. The object reverses direction at t = —2, and at that instant v = 0. [Note that
f(¢t) has a relative minimum at ¢t = —2.]

t=-3 t=-4
r..———‘—-——*

0

AP ) o s e Prsns carfl) e e Prarnn cal)
r=-0.5 =0 t=1

(2) ()
Fig. 18-3

Free Fall

Consider an object that has been thrown straight up or down, or has been dropped from rest, and
which is acted upon solely by the gravitational pull of the earth. The ensuing rectilinear motion is called
Sree fall.

Let us put a coordinate system on the vertical line along which the object moves, such that the
s-axis is directed upward, away from the earth, with s = 0 located at the surface of the earth (Fig. 18-4).
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earth mm

Fig. 18-4

Then the equation of free fall is

s=30+vot"‘ 16!2 (18.1)
where s is measured in feet and ¢ in seconds.® Here s, and v, are, respectively, the position (height) and
the velocity of the object at time ¢t = 0. The instantaneous velocity v is obtained by differentiating (18.1),

v= ﬂf = v, — 32t (18.2)

EXAMPLES

(@) Attt =0, a rock is dropped from rest from the top of a building 256 feet high. When, and with what velocity,
does it strike the ground ?
With s, = 256 and v, = 0, (18.1) becomes s = 256 — 16t? and the time of striking the ground is given by
the solution of

0 =256 — 16¢2
1612 = 256
2=16

t = +4 seconds

Since we are assuming that the motion takes place when ¢t > 0, the only solution is ¢t = 4 seconds.
The velocity equation (18.2) is v = —32¢, and so, for ¢t = 4,

v = —32(4) = — 128 feet per second

the minus sign indicating that the rock is moving downward when it hits the ground.

ALGEBRA X feet per second = 60x feet per minute
= 60(60x) feet per hour
00x

= 5280 miles per hour

1
= 2—; x miles per hour (18.3)

For example, 128 feet per second = 43 (128) = 87 miles per hour.

(b) A rocket is shot vertically from the ground with an initial velocity of 96 feet per second. When does the rocket
reach its maximum height, and what is its maximum height?
With s, = 0 and v, = 96, (18.1) and (18.2) become

ds

s =96t — 16¢* and v=—
dt

=96 — 32t

3 If the position is measured in meters, the equation reads s = s, + vyt — 4.9t%.
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At a maximum value, ar turning point, v = 0. Hence,

0=96-—32t
32t =96
t=3

Thus, it takes 3 seconds for the rocket to reach its maximum height, which is
5 = 96(3) — 16(3)2 = 288 — 16(9) = 288 — 144 = 144 feet

(c) When does the rocket of part (b) hit the ground?
It suffices to set s = 0 in the free-fall equation (18.1),

0 =96t — 16t
0=6t—¢* [divide by 16]
0=1t6—1t)

from which ¢ = 0 or ¢t = 6. Hence, the rocket hits the ground again after 6 seconds.

Notice that the rocket rose for 3 seconds to its maximum height, and then took 3 more seconds to fall
back to the ground. In general, the upward flight from point P to point Q will take exactly the same time as
the downward flight from Q to P. In addition, the rocket will return to a given height with the same speed
(magnitude of the velocity) that it had upon leaving that height.

Solved Problems

18.1 A stone is thrown straight down from the top of an 80-foot tower. If the initial speed is 64 feet
per second, how long does it take to hit the ground, and with what speed does it hit the ground?

Here s, = 80 and v, = —64. (The speed is the magnitude of the velocity. The minus sign for v, indi-
cates that the object is moving downward.) Hence,

d.
s=80— 64t — 16>  and v=£= 64— 3
The stone hits the ground when s = 0,

0 = 80 — 64t — 16¢2
0=r>+4t—5 [divide by —16]

O=(@+5)t—-1)
t+5= 0 or t—1=0
t= -5 or t=1

Since the time of fall must be positive, t = 1 second. The velocity v when the stone hits the ground is

(1) = —64 — 32(1) = —64 — 32 = —96 feet per second
By (18.3), 96 feet per second = % (96) = 65 l—sl-mjles per hour.
18.2 A rocket, shot straight up from the ground, reaches a height of 256 feet after 2 seconds. What

was its initial velocity, what will be its maximum height, and when does it reach its maximum
height?

Since s, = 0,

;
s=vyt— 167  and v=d—:=vo——32t
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Whent =2, s = 256,
256 = vy(2) — 16(2)*

256 = 2v, — 64
320 = 2v,
160 = v,

The initial velocity was 160 feet per second, so that
s=160t — 16(2 and v=160— 32t
To find the time when the maximum height is reached, set v = 0,

0 =160 — 32t
32t = 160
t = § seconds

To find the maximum height, substitute ¢ = S in the formula for s,
s = 160(5) — 16(5)* = 800 — 16(25) = 800 — 400 = 400 feet

A car is moving along a straight road according to the equation
s=f(t)=23—3t2 — 12t

[CHAP.

18

Describe its motion by indicating when and where the car is moving to the right, and when and

where it is moving to the left. When is the car at rest?

We have v=f(t)=6t> — 6t — 12 =6(t> —t —2) = 6(t — 2}t + 1). The key points are t =2 and

t = —1 (see Fig. 18-5).

Fig. 18-§

(i) Whent > 2,botht — 2 andt + 1 are positive. So, v > 0 and the car is moving to the right.

(i1) As ¢t moves from (2, c0) through ¢t = 2 into (—1, 2), the sign of ¢t — 2 changes, but the sign of t + 1
remains the same. Hence, v changes from positive to negative. Thus, for —1 < t < 2, the car is moving

to the left.

(iii) As ¢t moves through ¢t = —1 from (—1, 2) into (—oc0, —1), the sign of ¢ + 1 changes but the sign of
t — 2 remains the same. Hence, v changes from negative to positive. So, the car is moving to the right

whent < —L
Whent= —1,
s=2A—1°=3(~-1)2 —12A—-1)=-2-3+12=7
Whent =2
s=221-32*-122)=16—-12—-24=-20

Thus, the car moves to the right until, at t = —1, it reaches s = 7, where it reverses direction and moves left
until, at ¢ = 2, it reaches s = — 20, where it reverses direction again and keeps moving to the right thereafter

(see Fig. 18-6).

—— s e w— ————— —————— —— - ‘-—-—-—)’- 1
- — e e c— —— ——— ——— — — —e = o
=2
2 ——— e = —— . - —— — e ——— ———— ——— P o
Il 1 i
-20 0 7
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184

185

18.6

18.7

188

189

18.10

18.11

18.12

18.13

The car is never at rest. It makes sense to talk about the car being at rest only when the position of the
car is constant over an interval of time (not at just a single point). In such a case, the velocity would be zero
on an entire interval.

Supplementary Problems

(a) If an object is released from rest at any given height, show that, after ¢ seconds, it has dropped 16t feet
(assuming that it has not yet struck the ground).

() How many seconds does it take the object in part (a) to fall: (i) 1 foot; (ii) 16 feet; (iii) 64 feet; (iv) 100
feet?

A rock is dropped down a well that is 256 feet deep. When will it hit the bottom of the well?
Assuming that one story of a building is 10 feet, with what speed, in miles per hour, does an object dropped
from the top of a 40-story building hit the ground?

A rocket is shot straight up into the air with an initial velocity of 128 feet per second.

(a) How far has it traveled in 1 second? in 2 seconds? (b) When does it reach its maximum height? (c) What
is its maximum height? (d) When does it hit the ground again? (e) What is its speed when it hits the
ground?

A rock is thrown straight down from a height of 480 feet with an initial velocity of 16 feet per second.

(a) How long does it take to hit the ground? (b) With what speed does it hit the ground? (c) How long does
it take before the rock is moving at a speed of 112 feet per second? (d) When has the rock traveled a
distance of 60 feet?

An automobile moves along a straight highway, with its position given by s = 12t3 — 18t2 + 9t -3
[s in miles, t in hours].

(@) Describe the motion of the car: when it is moving to the right, when to the left, where and when it
changes direction.

(b) What distance has it traveled in 1 hour from¢t =0tot = 1?

The position of a moving object on a line is given by the formula s = (¢t — 1)3(t - 5).

(a) When is the object moving to the right? () When is it moving to the left? (c) When is it changing
direction? (d) When is it at rest? (¢) What is the farthest to the left of the origin that it moves?

A particle moves on a straight line so that its position s (miles) at time ¢t (hours) is given by
5= (4t — 1)t — 1)2

(a) When is the particle moving to the right? (b) When is the particle moving to the left? (c) When does it
change direction? (d) When the particle is moving to the left, what is the maximum speed that it achieves?
(The speed is the absolute value of the velocity.)

A particle moves along the x-axis according to the equation x = 10t — 2¢t2. What is the total distance
covered by the particle betweent = 0and t = 3?

A rocket was shot straight up from the ground. What must have been its initial velocity if it returned to
earth in 20 seconds?
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18.14 Two particles move along the x-axis. Their positions f(f) and g(t) are given by f(t) = 6t — ¢t and
g(t) =12 — 4t

(a) When do they have the same position? (b)) When do they have the same velocity? (c) When they have the
same position, are they moving in the same direction?

18.15 A rock is dropped and strikes the ground with a velocity of —49 meters per second. (a) How long did it
fall? (b) Find the height from which it was dropped.

18.16 A ball is thrown vertically upward from the top of a 96-foot tower. Two seconds later, the velocity of the
ball is 16 feet per second. Find: (a) the maximum height that the ball reaches; (b) the speed of the ball
when it hits the ground.



Chapter 19

Instantaneous Rate of Change

One quantity, y, may be related to another quantity, x, by a function f* y =f(x). A change in the
value of x usually induces a corresponding change in the value of y.

EXAMPLE Let x be the length of the side of a cube, and let y be the volume of the cube. Then y = x3. In the case
where the side has length x = 2 units, consider a small change Ax in the length.

NOTATION Ax (read “delta-ex™) is the traditional symbol in calculus for a small change in x. Ax is considered a
single symbol, not a product of A and x. In earlier chapters, the role of Ax often was taken by the symbol h.

The new volume will be (2 + Ax)?, and so the change in the value of the volume y is (2 + Ax)3 — 23. This change in
y is denoted traditionally by Ay,

Ay =2+ Ax)P =23

Now the natural way to compare the change Ay in y to the change Ax in x is to calculate the ratio Ay/Ax. This
ratio depends of course on Ax, but if we let Ax approach 0, then the limit of Ay/Ax will define the instantaneous rate
of change of y compared to x, when x = 2. We have (ALGEBRA, Problem 11.2)

Ay = (2 + Ax)? — 2% = [(2) + 32)*(Ax)' + 32)Ax)? + (Ax)*] — 2°
= 12Ax + 6(Ax)? + (Ax)® = (AxX12 + 6Ax + (Ax)?)

A
Hence, 2 _ 12 4 6Ax + (Ax)?
Ax

A
and lim =L = lim (12 + 6Ax + (Ax)?) = 12
Ax—0 BX  sx0

Therefore, when the side is 2, the rate of change of the volume with respect to the side is 12. This means that, for
sides close to 2, the change Ay in the volume is approximately 12 times the change Ax in the side (since Ay/Ax is
close to 12). Let us look at a few numerical cases.

If Ax = 0.1, then the new side x + Ax is 2.1, and the new volume is (2.1)> = 9.261. So, Ay = 9.261 — 8 = 1.261,
and
1.26

1
=01 - 12.61

gle

If Ax =001, then the new side x+ Ax is 2.01, and the new volume is (2.01)® =8.120601. So,
Ay = 8.120601 — 8 = 0.120601, and

Ay _0.120601

X hulmry vate 12,0601
If Ax = 0.001, a similar computation yields

ﬂ = 12.006 001
Ax

Let us extend the result of the above example from y = x> to an arbitrary differentiable function
y = f(x). Consider a small change Ax in the value of the argument x. The new value of the argument is

143
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then x + Ax, and the new value of y will be f(x + Ax). Hence, the change Ay in the value of the function
is

Ay =f(x + Ax) — f(x)
The ratio of the change in the function value to the change in the argument is

Ay  f(x + Ax) - f(x)
Ax Ax

The instantaneous rate of change of y with respect to x is defined to be
i A _ i SO+ AY) —f()
ax-0 AX  arop Ax

=f(x)

The instantaneous rate of change is evaluated by the derivative. It follows that, for Ax close to 0, Ay/Ax
will be close to f'(x), so that

Ay ~ f'(x) Ax (19.1)

Solved Problems

19.1 The weekly profit P, in dollars, of a corporation is determined by the number x of radios pro-
duced per week, according to the formula

P = 75x — 0.03x? — 15000

(a) Find the rate at which the profit is changing when the production level x is 1000 radios per
week. (b) Find the change in weekly profit when the production level x is increased to 1001
radios per week.

(a) The rate of change of the profit P with respect to the production level x is dP/dx = 75 — 0.06x. When
x = 1000,

dP
== 75 — 0.06(1000) = 75 — 60 = 15 dollars per radio

(b) In economics, the rate of change of profit with respect to the production level is called the marginal
profit. According to (19.1), the marginal profit is an approximate measure of how much the profit will
change when the production level is increased by one unit. In the present case, we have

P(1000) = 75(1000) — 0.03(1000)> — 15000
= 75000 — 30000 — 15000 = 30000
P(1001) = 75(1001) — 0.03(1001)? — 15000
= 75075 — 30060.03 — 15000 = 30014.97
AP = P(1001) — P(1000) = 14.97 dollars per week

which is very closely approximated by the marginal profit, 15 dollars, as computed in part (a).

19.2 The volume V of a sphere of radius r is given by the formula V = 4ar®/3. (a) How fast is the
volume changing relative to the radius when the radius is 10 millimeters? (b) What is the change
in volume when the radius changes from 10 to 10.1 millimeters?

av

—pld 322 32y - a2
(a) dr-D,(Snr)—3n(3r)-4nr
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When r = 10,
av 2
= 47(10)* = 400n ~ 400(3.14) = 1256
®) V(10) = ; 7(10)® = 3

4 4121.204
V(10.1) = 5 =(10.1) = ; #(1030.301) = ———~

4121.204n  4000n

AV = V(10.0) - V(10) = —— 3

3.14
= ; (4121.204 — 4000) = g (121.204) ~ == (121.204)
= 126.86 cubic millimeters

The change predicted from (19.1) and part (a) is

AV = % Ar = 1256(0.1) = 125.6 cubic millimeters

19.3 An oil tank is being filled. The oil volume V, in gallons, after ¢ minutes is given by
V=152+2t

How fast is the volume increasing when there is 10 gallons of oil in the tank? [Hint: To answer
the question, “how fast?,” you must always find the derivative with respect to time.]

When there are 10 gallons in the tank,
1.5¢2 + 2t =10 or 1.5t +2t—-10=0
Solving by the quadratic formula,

t_—2i~/4—4(1.5)(—10)__—21—,/4+60_—2:|:\/64_—2i8_2 or 10
- 2(1.5) - 3 - 3 T3 3
Since t must be positive, t = 2 minutes. The rate at which the oil volume is growing is
| 4
Z—t =D(1.5t2 +2) =3t + 2

Hence, at the instant ¢t = 2 minutes when V = 10 gallons,

av
i 3(2) + 2 = 6 + 2 = 8 gallons per minute

Supplementary Problems

194  The cost C, in dollars per day, of producing x TV sets per day is given by the formula
C = 7000 + 50x — 0.05x2

Find the rate of change of C with respect to x (called the marginal cost) when 200 sets are being produced
each day.
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195  The profit P, in dollars per day, resulting from making x units per day of an antibiotic, is
P = 5x + 0.02x2 — 120

Find the marginal profit when the production level x is 50 units per day.
19.6  Find the rate at which the surface area of a cube of side x is changing with respect to x, when x = 2 feet.

19.7 The number of kilometers a rocket ship is from earth is given by the formula
E = 30t + 0.005¢*
where t is measured in seconds. How fast is the distance changing when the rocket ship is 35000 kilometers
from earth?
19.8  As a gasoline tank is being emptied, the number G of gallons left after ¢ seconds is given by G = 3(15 — ¢)2.

(a) How fast is gasoline being emptied after 12 seconds? (b)) What was the average rate at which the gasoline
was being drained from the tank over the first 12 seconds? [Hint: The average rate is the total amount
emptied divided by the time during which it was emptied.}

199 Ify=3x?—2, find: (a)the average rate at which y changes with respect to x over the interval [1, 2]; (b)
the instantaneous rate of change of y with respect to x when x = 1.

19.10 If y = f(x) is a function such that f'(x) # 0 for any x, find those values of y for which the rate of increase of
y* with respect to x is 32 times that of y with respect to x.



Chapter 20

Related Rates

Most quantities encountered in science or in everyday life vary with time. If two such quantities are
related by an equation, and if we know the rate at which one of them changes, then, by differentiating
the equation with respect to time, we can find the rate at which the other quantity changes.

EXAMPLES

(a) A 6-foot man is running away from the base of a streetlight that is 15 feet high (see Fig. 20-1). If he moves at
the rate of 18 feet per second, how fast is the length of his shadow changing?
Let x be the distance of the man from the base A of the streetlight, and let y be the length of the man’s
shadow.

X

GEOMETRY Two triangles,

are similar if their angles are equal in pairs: ¥ 4 = ¥X, ¥ B= &Y, &« C= ¥Z. (For this condition to hold,
it suffices that two angles of the one triangle be equal to two angles of the other.) Similar triangles have
corresponding sides in fixed ratio:

AB AC BC
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In Fig. 20-1, ASMN and ASAL are similar, whence
SM NM y

—_— == r

6
A T4 T yix T 0

which is the desired relation between x and y. In this case, it is convenient to solve (1) for y in terms of x,

y 2
y+x 5
Sy =2y +2x
3y =2x
2, )
y=3 (
Differentiation of (2) with respect to t gives
dy 2dx
a*"3d 4
Now because the man is running away from A at the rate of 18 feet per second, x is increasing at that rate.
Hence,
d dy 2
-‘f = 18 feet per second and 773 (18) = 12 feet per second

that is, the shadow is lengthening at the rate of 12 feet per second.

(b) A cube of ice is melting. The side s of the cube is decreasing at the constant rate of 2 inches per minute. How
fast is the volume V decreasing?
Since V = 53,

av  ds , ds

Friuirale 3s o [by the power chain rule]
The fact that s is decreasing at the rate of 2 inches per minute translates into the mathematical statement
ds
2=
dt
av
Hence, = 3sH(—2) = —6s?

Thus, although s is decreasing at a constant rate, V is decreasing at a rate proportional to the square of s. For
instance, when s = 3 inches, V is decreasing at a rate of 54 cubic inches per minute.

(c) Two small airplanes start from a common point A at the same time. One flies east at the rate of 300 kilometers
per hour and the other flies south at the rate of 400 kilometers per hour. After 2 hours, how fast is the distance
between them changing?

Refer to Fig. 20-2. We are given that dx/dt = 300 and dy/dt = 400 and wish to find the value of du/dt at
t = 2 hours. The necessary relation between u, x, and y is furnished by the Pythagorean theorem,

u? = x? + y2

@ _ d(x? + y?)

Therefore, 0 i
du d(x¥) dp?Y .
padadiieg ‘ol e AR h
2u I o o [by the power chain rule]

du dx dy .
2u - 2x m + 2y m [by the power chain rule]

du dx dy
uk——xz+yz—300x+400y 4)
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Fig. 20-2

Now we must find x, y, and u after 2 hours. Since x is increasing at the constant rate of 300 kilometers per
hour and ¢ is measured from the beginning of the flight, x = 300t (distance = speed x time, when speed is
constant). Similarly, y = 400t. Hence, at t = 2,

x=300(2) =600 y=400(2) = 800

and u? = (600)2 + (800)* = 360000 + 640000 = 1 000 000
u = 1000
Substituting in (4),
1000 dd_’: = 300(600) + 400(800) = 180000 + 320000 = 500 000
du 500000 .
7= 1000 = 500 kilometers per hour
Solved Problems

20.1  Air is leaking out of a spherical balloon at the rate of 3 cubic inches per minute. When the radius
is 5 inches, how fast is the radius decreasing?

Since air is leaking out at the rate of 3 cubic inches per minute, the volume V of the balloon is

decreasing at the rate of dV/dt = —3. But the volume of a sphere of radius r is ¥ = §nr®. Hence,
av._d (4 ,\ 4 dr’) 4 , dr , dr
=% “d:(3’">’3"7?‘3" )T
dr 3
So, i

Substituting r = 5,

dr 3 3

Thus, when the radius is 5 inches, the radius is decreasing at about 0.01 inch per minute.

20.2 A 13-foot ladder leans against a vertical wall (see Fig. 20-3). If the bottom of the ladder is
slipping away from the base of the wall at the rate of 2 feet per second, how fast is the top of the
ladder moving down the wall when the bottom of the ladder is 5 feet from the base?
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— X

Fig. 20-3

Let x be the distance of the bottom of the ladder from the base of the wall, and let y be the distance of
the top of the ladder from the base of the wall. Since the bottom of the ladder is moving away from the base
of the wall at 2 feet per second, dx/dt = 2. We wish to compute dy/dt when x = 5 feet. Now, by the
Pythagorean theorem,

(13 = x> +y? (D
Differentiation of this, as in example (c), give
dx dy dy
O_xdt+ydt—2x+ydt 2)

But when x = 5, (1) gives

y=(13)* = (5} = /169 — 25 = /144 = 12
so that (2) becomes
dy
dt
y__29_ 5
da 12 6
Hence, the top of the ladder is moving down the wall (dy/dt < 0) at ¢ feet per second when the bottom of
the ladder is S feet from the wall.

0 =205+ 12

A cone-shaped paper cup (see Fig. 20-4) is being filled with water at the rate of 3 cubic centi-
meters per second. The height of the cup is 10 centimeters and the radius of the base is 5
centimeters. How fast is the water level rising when the level is 4 centimeters?

At time ¢ (seconds), when the water depth is h, the volume of water in the cup is given by the cone
formula V = 4nr?h where r is the radius of the top surface. But by similar triangles in Fig. 20-4,

h o _sh_h
v o TT1h72

Wl

(Only h is of interest, so we are eliminating r.) Thus,

1 (K2 1 (K n
V== - =—nl—lh=—pn3
3"(2) h 3"(4)" Tk

v = dhk®) = dh nh?\ dh
—=——=—\3r—=)=|—)=
4 /] dt

and, by the power chain rule,
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T

Substituting dV/dt = 3 and h = 4, we obtain

=16\ dh
’-(T)z
dh 3 3 :
I-atmtaz‘mmwmﬁ
Hence, at the moment when the water level is 4 centimeters, the level is rising at about 0.24 centimeter per
second.

204 A ship B is moving westward loward a fixed point A at a speed of 12 knots (nautical miles per
hour). At the moment when ship B is 72 nautical miles from A, ship C passes through A, heading
due south at 10 knots. How fast is the distance between the ships changing 2 hours after ship C

has passed through 4?
Figure 20-5 shows the situation at time ¢ > 0. At ¢ = 0, ship C was at A. Since
W x4y (N
we obtain, as in example (c),
du _ax dy
HI-II-PII-—IZI'F“)}‘ )

since x is decreasing at 12 knots and y is increasing at 10 knots. At r=2, we have (since
distance = speed x lime)
)'-onzum
N-x=12x2=24
x=72—-24 =48

Fig. 20-5
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and, by (1),

u = ,/(48)% + (20 = /2304 + 400 = /2704 = 52
Substitution in (2) yields

52 % = —12(48) + 10(20) = —576 + 200 = —376
du 376

which shows that, after 2 hours, the distance between ships B and C is decreasing at the rate of 7.23 knots.

Supplementary Problems

The top of a 25-foot ladder, leaning against a vertical wall, is slipping down the wall at the rate of 1 foot per
minute. How fast is the bottom of the ladder slipping along the ground when the bottom of the ladder is 7
feet away from the base of the wall?

A cylindrical tank of radius 10 feet is being filled with wheat at the rate of 314 cubic feet per minute. How
fast is the depth of the wheat increasing? [Hint: The volume of a cylinder is nr2h, where r is its radius and A
its height.]

A 5-foot girl is walking toward a 20-foot lamppost at the rate of 6 feet per second. How fast is the tip of her
shadow (cast by the lamp) moving?

A rocket is shot vertically upward with an initial velocity of 400 feet per second. Its height s after ¢ seconds
is s = 400t — 16¢2. How fast is the distance between the rocket and an observer on the ground 1800 feet
away from the launching site changing when the rocket is still rising and is 2400 feet above the ground (see
Fig. 20-6)?

1800
Fig. 20-6

A small funnel in the shape of a cone is being emptied of fluid at the rate of 12 cubic millimeters per second.
The height of the funnel is 20 millimeters and the radius of the base is 4 millimeters. How fast is the fluid
level dropping when the level stands 5 millimeters above the vertex of the cone? [Remember that the
volume of a cone is 4nrh.]
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A balloon is being inflated by pumping in air at the rate of 2 cubic inches per second. How fast is the
diameter of the balloon increasing when the radius is one-half inch?

Oil from an uncapped oil well in the ocean is radiating outward in the form of a circular film on the surface
of the water. If the radius of the circle is increasing at the rate of 2 meters per minute, how fast is the area of
the oil film growing when the radius reaches 100 meters?

The length of a rectangle having a constant area of 800 square millimeters is increasing at the rate of 4
millimeters per second. (a) What is the width of the rectangle at the moment when the width is decreasing at
the rate of 0.5 millimeter per second? (b) How fast is the diagonal of the rectangle changing when the width
is 20 millimeters?

A particle moves on the hyperbola x> — 18y% = 9 in such a way that its y-coordinate increases at a constant
rate of nine units per second. How fast is its x-coordinate changing when x = 97

An object moves along the graph of y = f(x). At a certain point, the slope of the curve (that is, the slope of
the tangent line to the curve) is 3 and the abscissa (x-coordinate) of the object is decreasing at the rate of
three units per second. At that point, how fast is the ordinate (y-coordinate) of the object changing? [Hint:
y =f(x), and x is a function of t. So y is a composite function of ¢, which may be differentiated by the chain
rule.]

If the radius of a sphere is increasing at the constant rate of 3 millimeters per second, how fast is the volume
changing when the surface area (4nr?) is 10 square millimeters?

What is the radius of an expanding circle at a moment when the rate of change of its area is numerically
twice as large as the rate of change of its radius?

A particle moves along the curve y = 2x* — 3x% + 4. At a certain moment, when x = 2, the particle’s
x-coordinate is increasing at the rate of 0.5 unit per second. How fast is its y-coordinate changing at
that moment?

A plane flying parallel to the ground at a height of 4 kilometers passes over a radar station R (see Fig. 20-7).
A short time later, the radar equipment reveals that the plane is 5 kilometers away and that the distance
between the plane and the station is increasing at a rate of 300 kilometers per hour. At that moment, how
fast is the plane moving horizontally?

A boat passes a fixed buoy at 9 A.M,, heading due west at 3 miles per hour. Another boat passes the same
buoy at 10 A.M., heading due north at 5 miles per hour. How fast is the distance between the boats changing
at 11:30 AM.?

Water is pouring into an inverted cone at the rate of 3.14 cubic meters per minute. The height of the cone
is 10 meters and the radius of its base is 5 meters. How fast is the water level rising when the water stands
7.5 meters in the cone?

1
|
|
|
|
1
|
|
|
|
N\
\@

/7 dock

\

K

Fig. 20-7 Fig. 20-8
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A particle moves along the curve y = $x> + 2x. At what point(s) on the curve are the abscissa and the
ordinate of the particle changing at the same rate?

A boat is being pulled into a dock by a rope that passes through a ring on the bow of the boat (see
Fig. 20-8). The dock is 8 feet higher than the bow ring. How fast is the boat approaching the dock when the
length of rope between the dock and the boat is 10 feet, if the rope is being pulled in at the rate of 3 feet per
second ?

A girl is flying a kite, which is at a height of 120 feet. The wind is carrying the kite horizontally away from
the girl at a speed of 10 feet per second. How fast must the string be let out when the kite is 150 feet away
from the girl?

The bottom of a 17-foot ladder is on the ground and the top rests against a vertical wall. If the bottom is
pushed toward the wall at the rate of 3 feet per second, how fast is the top moving up the wall when the
bottom of the ladder is 15 feet from the base of the wall?

At a given moment, one person is 5 miles north of an intersection and is walking straight toward the
intersection at a constant rate of 3 miles per hour. At the same moment, a second person is 1 mile east of
the intersection and is walking away from the intersection at the constant rate of 2 miles per hour. How fast
is the distance between the two people changing 1 hour later? Interpret your answer.

An object is moving along the graph of y = 3x — x?, and its x-coordinate is changing at the rate of two
units per second. How fast is the slope of the tangent line to the graph changing when x = —1?



Chapter 21

Approximation by Differentials; Newton’s Method

In Chapter 19, we obtained an approximate relation between the change
Ay =f(x + Ax) — f(x)

in a differentiable function f and the change Ax in the argument of f. For convenience, we repeat (19.1)
here and name it the approximation principle,

Ay ~ f'(x) Ax @LI)

21.1 ESTIMATING THE VALUE OF A FUNCTION

Many practical problems involve finding a value f(c) of some function f. A direct calculation of f(c)
may be difficult or, quite often, impossible. However, let us assume that an argument x close to c, the
closer the better, can be found such that f(x) and f'(x) can be computed exactly. If we set Ax = ¢ — x,
then ¢ = x + Ax and the approximation principle (21.1) yields

f(x + Ax) — f(x) = f'(x) Ax
f©) —f(x) = f'(x) Ax
flO=f(x) +f(x) Ax (21.2)

EXAMPLE Let us estimate ./9.2. Here f is the square root function and ¢ =9.2. If we choose x =9, then
Ax = 9.2 — 9 =0.2. Both f(x) and f’(x) can be computed easily,

f=9=3

1
f(x) = D (x"/?) = 3 V2o
and (21.2) yields
V92=f92) =3+ % (0.2) =3 +0.0333 ... = 3.0333 ...

The actual value of /9.2, correct to four decimal places, is 3.0331.

21.2 THE DIFFERENTIAL
The product on the right side of (21.1) is called the differential of f and is denoted by df.

Definition: Let f be a differentiable function. Then, for a given argument x and increment Ax, the
differential df of f is defined by

df = f'(x) Ax

Notice that df depends on two quantities, x and Ax. Although Ax is usually taken to be small, this
is not explicitly required in the definition. However, if Ax is small, then the content of the approx-
imation principle is that

f(x + Ax) —f(x) = df (21.3)
155
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EXAMPLE A graphic picture of this last form of the approximation principle is given in Fig. 21-1. Line % is
tangent to the graph of f at P; its slope is therefore f'(x). But then

13
13

f@=pg=7; O FKT={()Ax=df

Now it is clear that, for Ax very small, RT ~ RQ; that is,
df = f(x + Ax) — f(x)
If the value of a function f is given by a formula, say, f(x) = x2 + 2x 73, let us agree that the
differential df may also be written
d(x? +2x ) =df = f'(x) Ax = 2x — 6x™%) Ax

In particular, if f(x) = x, we shall write

dx =df=f'(x) Ax =1+ Ax = Ax
Since dx = Ax, the definition of the differential df can be rewritten as

df = f'(x) dx

Assuming that dx = Ax # 0, we may divide both sides by dx, obtaining the result

A

dx

J'x) =

If we let y = f(x), this may explain the traditional notation dy/dx for the derivative.

\(

213 NEWTON’S METHOD

Let us assume that we are trying to find a solution of the equation

fx)=0 (21.9)
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Fig. 21-2

0

and let us also assume that we know that x, is close to a solution. If we draw the tangent line J to the
graph of f at the point with abscissa x,, then J will usually intersect the x-axis at a point whose
abscissa x, is closer to the solution of (21.4) than x, (see Fig. 21-2).

A point-slope equation of the tangent line 7 is

Y = f(x0) = f(xolx — Xo)
If 7 intersects the x-axis at the point (x,, 0), then
0 — f(xo) = f"(xoMxy — Xo)
Iff'(xo) # 0,
S(xo)

% ey
_ S(xo)
BT )
If we repeat the same procedure, but now starting with x, instead of x,, we obtain a value x, that
should be still closer to the solution of (21.4),

fxy)
Xy =Xy — 5
PN S
If we keep applying this procedure, the resulting sequence of numbers x,, X;, X5, ..., X,, ... is deter-
mined by the formula

S(xn)
- 21.5
IEe3) @19
This process for finding better and better approximations to a solution of the equation f(x) =0 is
known as Newton’s method. It is not always guaranteed that the numbers generated by Newton’s
method will approach a solution of f(x) = 0. Some difficulties that may arise will be discussed in the
problems below.

Xp+1 = Xy

EXAMPLE If we wish to approximate ﬁ, we should try to find an approximate solution of x? — 2 = 0. Here
f(x) = x? — 2. Then f'(x) = 2x, and (21.5) becomes
Xa=2 2XF—(x2-2 xi+2

Yne1 =% = 2x, 2x T 2x, (21.6)

n

If we take the first approximation x, to be 1 (since we know that \/5 is between 1 and 2), then we obtain by
successively substituting n = 0, 1, 2, ... in (21.6),!

! The computations required by Newton’s method are usually too tedious to be done by hand. A calculator, preferably a pro-
grammable calculator, should be used.
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142
=——=13
X, 2
(152 +2 225+2 425
= = =—=x14
=505 3 T~ 1416666667

. (1416666 667)> + 2
37 2(1.416 666 667)
L & (1414215 686)2 + 2
47 2(1.414215686)

_(1.414213562)7 + 2
*s N (1414213 562)

~ 1.414215686

~ 1414213562

~ 1.414213 562

Since our approximations for x, and x4 are equal, all future values will be the same, and we have obtained the best
approximation to nine decimal places within the limits of our calculator. Thus, ﬁ ~ 1.414213562.

Solved Problems

21.1 Using the approximation principle, estimate the value of ,/62.
Letting f(x) = \/)_c and ¢ = 62, choose x = 64 (the perfect square closest to 62). Then,
Ax=c—x=62—-64= -2

f)=/64=8
1 1 1
R .

and (21.2) yields

7
=7-=787
3 5

00| =

1
/6 ~8 4 (-2 =8

Actually, /62 = 7.8740.....

21.2  Use the approximation principle to estimate the value of . 33.
Letf(x)=\’/;,c =33,and x=32.ThenAx=c—x=1,f(x) = ¥/32=2,and

1 1 1 1 1 1
KT T SRt st S@F 516 80°

S0 = D% = 3 x5 =
Hence, by (21.2),

1
IB=fo)~2+ ) (1) = 20125
Since the actual value is 2.0123 ..., the approximation is correct to three decimal places.
21.3 Measurement of the side of a square room yields the result of 18.5 feet. Hence, the area is

A = (18.5)? = 342.25 square feet. If the measuring device has a possible error of at most 0.05 foot,
estimate the maximum possible error in the area.
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214

215

21.6

The formula for the area is A = x2, where x is the side of the room. Hence, d4/dx = 2x. Let x = 18.5,
and let 18.5 + Ax be the true length of the side of the room. By assumption, |Ax| < 0.05. The approx-
imation principle yields

dA
A(x + Ax) — A(x) ~ o Ax
A(18.5 + Ax) — 342.25 =~ 2(18.5) Ax
| A(18.5 + Ax) — 342.25| ~ |37 Ax| < 37(0.05) = 1.85

Hence, the error in the area should be at most 1.85 square feet, putting the actual area in the range of
(342.25 + 1.85) square feet. See Problem 21.13.

Use Newton’s method to find the positive solutions of
x*+x-3=0

Let f(x) = x* + x — 3. Then f'(x) = 4x* + 1. Since f(1) = —1 and f(2) = 15, the intermediate-value
theorem tells us that there is a solution between 1 and 2. [The interval (1, 2) is suggested by drawing the
graph of f with a graphing calculator.] Since f'(x) > 0 for x > 0, f is increasing for x > 0, and, therefore,
there is exactly one positive real solution. Start with x, = 1. Equation (21.5) becomes

X+ X =3 dxp+ X, —(p+x—3) 3x+3
4x2+1 4x3 + 1 Taxi+ 1

Xpsg = Xy —

Successive calculations yield x, = 1.2, x, =1.165419616, x, = 1.164037269, x, = 1.164035141, and
x5 = 1.164 035 141. Thus, the approximate solution is x = 1.164 035 141.

Show that if Newton’s method is applied to the equation x'/® = 0 with x, = 1, the result is a
divergent sequence of values (which certainly does not converge to the root x = 0).

1
Let f(x) = x'/. So, f'(x) = —— and (21.5) becomes

3x23
x1/3
Xyiq =x,,—-1/(—3"x:/—3)=x,,—3x,, = —2x,
Hence, x;, = —2, x, = 4, x; = —8, and, in general, x, = (—2)".

Note: If we are seeking a solution r of an equation f(x) = 0, then it can be shown that a sufficient
condition that Newton’s method yields a sequence of values tht converges to r is that

16 - £(x)
o | <!

for all x in an interval around r that includes x,. However, this is not a necessary condition.

Supplementary Problems

Use the approximation principle to estimate the following quantities:

@ /51 () /8 © J123 (@ (835*® (e (3375
N JZ @ Jooes  w JBS () 205

1
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The measurement of the side of a cubical container yields 8.14 centimeters, with a possible error of at most
0.005 centimeter. Give an estimate of the maximum possible error in the value of V = (8.14)® = 5§39.353 14
cubic centimeters for the volume of the container.

It is desired to give a spherical tank 20 feet (240 inches) in diameter a coat of paint 0.1 inch thick. Use the
approximation principle to estimate how many gallons of paint will be required. (V = $nr?, and 1 gallon is
about 231 cubic inches.)

A solid steel cylinder has a radius of 2.5 centimeters and a height of 10 centimeters. A tight-fitting sleeve is
to be made that will extend the radius to 2.6 centimeters. Find the amount of steel needed for the
sleeve: (a) by the approximation principle; (b) by an exact calculation.

If the side of a cube is measured with a percentage error of at most 3%, estimate the maximum percentage
error in the volume of the cube. (If AQ is the error in measurement of a quantity Q, then | AQ/Q| x 100% is
the percentage error.)

Assume, contrary to fact, that the Earth is a perfect sphere, with a radius of 4000 miles. The volume of ice at
the North and South Poles is estimated to be about 8 000000 cubic miles. If this ice were melted and if the
resulting water were distributed uniformly over the globe, approximately what would be the depth of the
added water at any point of the Earth?

(@) Lety = x*2 When x = 4 and dx = 2, find the value of dy.
(b) Lety=2x/1+ x% When x = 0 and dx = 3, find the value of dy.

For Problem 21.3, calculate exactly the largest possible error in the area.

Establish the very useful approximation formula (I + )" = 1 + ru, where r is any rational exponent and |u/|
is small compared to 1. [Hint: Apply the approximation principle to f(x) = x", letting x = 1 and Ax = u.]

Use Newton’s method to approximate the following quantities:
@ ¥2 b I+ © JB @ Is

(@) Show that Newton’s method for finding \/E yields the equation

1 c
Xn+t =§(xn+x_)

for the sequence of approximating values.
b) Use part (a) to approximate \/3 by Newton’s method.

Use Newton’s method to approximate solutions of the following equations:
@ x3-x-1=0 b) x}34+x—-1=0 () x*~-2x*+05=0 (@ x*+2x-4=0
@ x*=3x2+3=0 (f) x*-x+3=0 (9 x*~2x—1=0

Show that x> + x? — 10 = 0 has a unique root in (1, 2) and approximate this root by Newton’s method,
with x, = 2.

Show that x* + 5x — 7 = 0 has a unique solution in (1, 2) and approximate this root by Newton’s method.

Explain why Newton’s method does not work in the following cases:

(@ Solve x*> — 6x? + 12x — 7 with x, = 2.
(b) Solve x> —3x2 + x — 1 =0 with x5 = 1.

Vx—1 forx>1
(c) Solvef(x)=0,wheref(x)={_ — forx<landxo>1(say,x=1+b,b>0).



Chapter 22

Higher-Order Derivatives

The derivative f’ of a function fis itself a function, which may be differentiable. If /' is differentiable,
its derivative will be denoted by f”. The derivative of f”, if it exists, is denoted by ", and so on.
Definition:  f"(x) = D.(f'(x))

S"(x) = D(f"(x))
SOx) = Df"(x))

We call f' the first derivative of f, f” the second derivative of f, and f" the third derivative of
/- If the order n exceeds 3, we write f® for the nth derivative of f.
EXAMPLES
(@ Iff(x)=3x*—7x>+ 5x% + 2x — 1, then,
f(x) = 12x3 — 21x® + 10x + 2
f7(x) = 36x* —42x + 10
f"(x) = T2x — 42
f¥x) =72
f®=0 foralln>=5
(b) Iff(x) = $x® — 5x% + x + 4, then,

f’(x)=;x2- 10x + 1

f'x)=3x-10
f"x)=3
f™x)=0 foralln>4
It is clear that if fis a polynomial of degree k, then the nth derivative f® will be 0 for all n > k.

= x"1, then,

© Iff(x)=

® |-

1
fx)=—-x"2= -z
2
f=27=3
)=~ = -

FOx)=24x"5% = %

In this case, the nth derivative will never be the constant function 0.

Alternative Notation

. L oy _df _dy o,
First derivative: f(x)=D, f(x) = e A= D.y=y
2 2
Second derivative: f"x)=DXf(x)= :TJ: = Z_xyz' =Diy=y"
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. . ” &f &y
Third derivative: f"(x)=D3f(x) = pochalr Diy=
. af dy
o () = D" =t T DV = W
nth derivative: f™(x)= D% f(x) e = I Diy=y

Higher-Order Implicit Differentiation

EXAMPLE Let y = f(x) be a differentiable function satisfying the equation

x2+y2=9

(We know that y = ./9 — x? or y = —./9 — x?; their graphs are shown in Fig. 22-1.)

Let us find a formula for the second derivative y”, where y stands for either of the two functions.

D(x* +y?) = D,(9)

2x +2yy'=0

x+yy=0

Next, differentiate both sides of (1) with respect to x,

D{x + yy') = DJ0)

1+yD(y)+yD,y=0

1+y'+y-y=0

1+ + (/=0

Solve (1) for y’ in terms of x and y,

Substitute —(x/y) for y’ in (2),

2
X
l+yy”+7=0

[(D.y*= 2yy’ by the power chain rule]

[CHAP. 22

©)

0]

@

Y + ¥’y +x*=0  [multiplying by y*]
Solve for y”,
v - x4 )2
7
y Ay
,"Jis‘\
N
// \\
/ \
i ) =3 3
+ L E— ' T
\ /
N
\\~4-—
(@) y=V9-x* b) y=-V9-x}

Fig. 22-1
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From (0), we may substitute 9 for x2 + y?,

<

[

[
Sule

Acceleration

Let an object move along a coordinate axis according to the equation s = f(t), where s is the
coordinate of the object and ¢ is the time. From Chapter 18, the object’s velocity is given by

ds
v="=f1

The rate at which the velocity changes is called the acceleration a.

EXAMPLES

(@) For an object in free fall, s = 5, + vyt — 162, where s, measured in feet, is positive in the upward direction and
t is measured in seconds. Recall that s, and v, denote the initial position and velocity; that is, the values of s
and v when ¢t = 0. Hence,

Thus, the velocity decreases by 32 feet per second every second. This is sometimes expressed by saying that the
(downward) acceleration due to gravity is 32 feet per second per second, which is abbreviated as 32 ft/sec?.

(b) An object moves along a straight line according to the equation s = 2t> — 3t2 + ¢ — 1. Then,
ds
=—=06t>—6t + 1
v @ 6 +
dv
=—= t —
a=- 12t — 6

In this case, the acceleration is not constant. Notice that a > 0 when 12t — 6 > 0, or t > 4. This implies (by
Theorem 17.3) that the velocity is increasing for t > 4.

Solved Problems

22.1 Describe all the derivatives (first, second, etc.) of the following functions:

@ fO=3x=5-x 6 fW=—
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@ f)=x>-5  [f'x)=3x% f"x)=6x [fHx)=6 [fx)=0forn>S5
(x+ 1D, x —xD(x + 1)

®) fx)= T 1) [by the quotient rule]
(x+1)(1)—x(1) x+1-—x 1
x+ 12 Gr ) wrp oD
frx)==2x+ 1)73D(x + 1) [by the power chain rule]
- _ 31y —
==2x+ 1)) = =T 1)3
" — — -4 — +6
-2
fO) = =2=3)—x+1)"° “GE
o —+ (-1 a!
fOx) = =2A=3)—4(=5) -+ (—nfx + 1)""* D = Gtip T

ALGEBRA (—1)""! will be 1 when n is odd and —1 when n is even. n! stands for the product
1 x 2 x 3 x -+ x nof the first n positive integers.

222 Find y" if
y—xy=1 (0)

Differentiation of (0), using the power chain rule for D, y* and the product rule for D (xy), gives
3Py —(xy +y) =
3y —xy' —y=0
Gy —x)y' —y=0 0
Next, differentiate (1),

(3y2 = x)D,y + y D3y  —x) —y =0  [by the product rule]
By2—x)y +y6yy —1)—y =0 [by the power chain rule]
Gy* —x)y" +y(6yy —1)—1)=0  [factor ']
By* = x)y" +y6yy —2)=0 (0))

Now solve (1) for ¥/,

Finally, substitute into (2) and solve for y”,

2 y . 6y2

R e )

By?—x3y" +y-6y*—23y*—x))=0 [a(%—c)=b~ca]

By* — %)%y + p6y* —6y* +2x) =0
(By2 —x)*y" +2xy=0

U

Gy* =2y +(3y* ~ %) 3 [multiply by 3y* — x)*]

_ =2xy
EEEER

’”

y
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223 Ifyis a function of x such that

x3—-2xy+y*=8 0)
and such that y = 2 when x = 2 [note that these values satisfy (0)], find the values of y and y”
when x = 2.
Proceed as in Problem 22.2.

x3—2xy+y*=8
D(x* — 2xy + y*) = D,(8)
3x2 —2Axy' +y)+ 3y} =0
3x2 —2xy' ~2y+3y%y'=0 )
D (3x% — 2xy' — 2y + 3y?y) = D,(0)
6x — 2xy" + y) = 2y + 3%y + y(2yy) =0
6x —2xy" — 2y =2y + 3y + 6)(y)* =0 2

Substitute 2 for x and 2 for y in (I),
12—-4y —4+ 12y =0 or 8y +8=0 or y=-1

Substitute 2 for x, 2 for y, and —1 for y’ in (2),

12—-4y" +2+2+12y"+12=0 or 8y" +28=0 or y"=—-—=—5

224 Let s =t3 — 9t + 24t describe the position s at time t of an object moving on a straight line.

(@) Find the velocity and acceleration. (b) Determine when the velocity is positive and when it is

negative. (c) Determine when the acceleration is positive and when it is negative. (d) Describe the
motion of the object.

(a) v=g;:=3t2—18t+24=3(t2—6t+8)=3(t—2)(t—4)

dv
a=z;=6t—18=6(t—3)

(b) vis positive whent —2 >0andt —4 > 0 or whent — 2 < 0 and ¢ — 4 < 0; that is, when
t>2and t>4 or t<2andt<4

which is equivalent tot >4 ort <2 v=0ifand onlyift =2 ort =4 Hence,v <Owhen2 <t < 4.

(¢) a>0whent>3,anda <0Owhent<3.

(d) Assuming that s increases to the right, positive velocity indicates movement to the right, and negative
velocity movement to the left. The object moves right until, at ¢ = 2, it is at s = 20, where it reverses
direction. It then moves left until, at ¢t = 4, it is at s = 16, where it reverses direction again. Thereafter,
it continues to move right (see Fig. 22-2).
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Supplementary Problems

Find the second derivative D? y of the following functions y:

(@) Y=x—% (b) y=mx>—Tx © y=Vx+5 @ y=3x-1

© y=F+T (D y=G+rVa-» @ y=gTm

Use implicit differentiation to find the second derivative y” in the following cases:
(@ x*+y*=1 (b)) x*—-y*=1 () xX*-p’=1 (@ xy+y*=1

If \/; + \/; =1, calculate y": (a) by explicitly solving for y and then differentiating twice; (b) by implicit
differentiation. (c) Which of methods (a) and (b) is the simpler one?

Find all derivatives (first, second, etc.) of y:

@ y=4x*-2x*+1 (b y=2x2+x—l+§ (o) y=\/;

x+1 1 1

@ y= (e y=31% (f)y=;

x—1
Find the velocity the first time that the acceleration is 0 if the equation of motion is:

@ s=t2—=5t+7 (b)) s=3-3t+2 () s=t*—4>4+6:2-4t+3

At the point (1, 2) of the curve x2 — xy + y? = 3, find the rate of change with respect to x of the slope of the
tangent line to the curve.

If x* + 2xy + 3y* = 2, find the values of dy/dx and d*y/dx® when y = 1.

1+3K(x—2)+(x—2)?> ifx<?2
Lx + K if x>2

(@) If f(x) is differentiable at x = 2, find L and K. (b) With L and K as found in part (a), is f"(x)
continuous for all x?

where L and K are constants.

Let f(x) = {

Let h(x) = f(x)g(x) and assume that f and g have derivatives of all orders. (a) Find formulas for h"(x), h"(x),
and h*(x). (b) Find a general formula for h™(x).

Let H(x) = f(x)/g(x), where f and g have first and second derivatives. Find a formula for H"(x).

The height s of an object in free fall on the moon is approximately given by s = 5, + vyt — 4§t2, where s is
measured in feet and ¢ in seconds. (@) What is the acceleration due to “gravity” on the moon? (b) If an
object is thrown upward from the surface of the moon with an initial velocity of 54 feet per second, what is
the maximum height it will reach, and when will it reach that height?



Chapter 23

Applications of the Second Derivative and
Graph Sketching

231 CONCAVITY

If a curve has the shape of a cup or part of a cup (like the curves in Fig, 23-1), then we say that it is
concave upward. (To remember the sense of “concave upward,” notice that the letters ¢ and up form the
word cup.) A mathematical description of this notion can be given. A curve is concave upward if the
curve lies above the tangent line at any given point of the curve. Thus, in Fig. 23-1(a) the curve lies
above all three tangent lines.

(b) (c)
Fig. 23-1 Concavity upward

A curve is said to be concave downward if it has the shape of a cap or part of a cap (see Fig. 23-2). In
mathematical terms, a curve is concave downward if it lies below the tangent line at an arbitrary point
of the curve [see Fig. 23-2(a)].

(®) ()
Fig. 23-2 Concavity downward

A curve may, of course, be composed of parts of different concavity. The curve in Fig. 23-3 is
concave downward from A to B, concave upward from B to C, concave downward from C to D, and
concave upward from D to E. A point on the curve at which the concavity changes is called an inflection
point. B, C, and D are inflection points in Fig. 23-3.

167



168 THE SECOND DERIVATIVE AND GRAPH SKETCHING (CHAP. 23

Fig. 23-3

From Fig. 23-1 we see that if we move from left to right along a curve that is concave upward, the
slope of the tangent line increases. The slope either becomes less negative or more positive. Conversely,
if the tangent line has this property, the curve must be concave upward. Now for a curve y = f(x), the
tangent line will certainly have this property if f”(x) > O since, in that case, Theorem 17.3 implies that
the slope f'(x) of the tangent line will be an increasing function. By a similar argument, we see that if
f"(x) < 0, the slope of the tangent line is decreasing, and from Fig. 23-2 we see that the curve y = f(x) is
concave downward. This yields:

Theorem 23.1: 1If f"(x) > 0 for all x in (a, b), then the graph of fis concave upward between x = a and
x =b. If f"(x) < 0 for all x in (a, b), then the graph of f'is concave downward between
x=aand x = b.
For a rigorous proof of Theorem 23.1, see Problem 23.17.

Corollary 23.2: If the graph of f has an inflection point at x = ¢, and f” exists and is continuous at
x =c¢, thenf"(c) =0.

In fact, if f"(c) # 0, the f"(c) > 0 or f"(c) < 0. If f"(c) > 0, then f"(x) > 0 for all x in some open
interval containing ¢, and the graph would be concave upward in that interval, contradicting the
assumption that there is an inflection point at x = ¢. We get a similar contradiction if f“(c) < 0, for in
that case, the graph would be concave downward in an open interval containing c.

EXAMPLES

(@) Consider the graph of y = x> [see Fig. 23-4(a)]. Here y’ = 3x? and y” = 6x. Since y” > 0 when x > 0, and
y" < 0 when x < 0, the curve is concave upward when x > 0, and concave downward when x < 0. There is an
inflection point at the origin, where the concavity changes. This is the only possible inflection point, for if
y” = 6x = 0, then x must be 0.

(b) Iff"(c) = 0, the graph of f need not have an inflection point at x = c. For instance, the graph of f(x) = x* [see
Fig. 23-4(b)] has a relative minimum, not an inflection point, at x = 0, where f"(x) = 12x* = 0.

®
Fig. 234
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23.2 TEST FOR RELATIVE EXTREMA

We already know, from Chapter 14, that the condition f’(c) = 0 is necessary, but not sufficient, for a
differentiable function f to have a relative maximum or minimum at x = ¢. We need some additional
information that will tell us whether a function actually has a relative extremum at a point where its
derivative is zero.

Theorem 233 (Second-Derivative Test for Relative Extrema): If f'(c) =0 and f“(c) <O, then f has a
relative maximum at ¢. If f’(c) = 0 and f"(c) > 0, then f has a relative minimum at c.

Proof: 1If f'(c) = 0, the tangent line to the graph of fis horizontal at x = ¢. If, in addition, f"(c) <0,
then, by Theorem 23.1,! the graph of f is concave downward near x = c. Hence, near x = c, the graph
of f must lie below the horizontal line through (c, f(c)); f thus has a relative maximum at x = ¢ [see
Fig. 23-5(a)]. A similar argument leads to a relative minimum when f"(c) > 0 [see Fig. 23-5(b)].

ab-—m——_———

)

—
L)
A 4

Fig. 23-5

EXAMPLE Consider the function f(x) = 2x> + x> — 4x + 2. Then,
fO)=6x2+2x—4=23x* +x—-2)=2(3x — 2(x + 1)
Hence, if f(x) = 0, then 3x —2 =0o0rx + 1 = 0; thatis, x = } or x = — 1. Now f"(x) = 12x + 2. Hence,
ff(—=)=1-1)+2=—12+4+2=-10<0
" H=1238+2=8+2=10>0
4
-15)

- S

Fig. 23-6

! In order to use Theorem 23.1, we must assume that f” is continuous at ¢ and exists in an open interval around c. However, a
more complicated argument can avoid that assumption.
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Since f"(— 1) < 0, f has a relative maximum at x = — 1, with
f(=D)=2A-1)° + (=1 —4-1)+2=-2+14+4+2=5

Since (%) > 0, f has a relative minimum at x = £, with

fg _223+232 2 +2_16+g 8+2_16+12 72+54_10
3/ 3 3 3 2779 3 27727 21721 27

The graph of fis shown in Fig. 23-6. Now because

ff(x)=12x+2 = 12(x + %) = 12[x - (_ %)]

f"(x) > 0 when x > —$, and f"(x) < 0 when x < —$. Hence, the curve is concave upward for x > —} and concave
downward for x < —$. So there must be an inflection point I, where x = —$.
From Problem 9.1 we know that
lim f(x)= lim 2x3= +c  and lim f(x)= lim 2x3>= —o0

x=*+ o x— + X—— X —®

Thus, the curve moves upward without bound toward the right, and downward without bound toward the left.

The second-derivative test tells us nothing when f'(c) = 0 and f"(c) = 0. This is shown by the exam-
ples in Fig. 23-7, where, in each case, f'(0) = f"(0) = 0.

To distinguish among the four cases shown in Fig. 23-7, consider the sign of the derivative f’ just to
the left and just to the right of the critical point. Recalling that the sign of the derivative is the sign of
the slope of the tangent line, we have the four combinations shown in Fig. 23-8. These lead directly to
Theorem 23-4.

= g3
1= flx)=x*
o o
(a) Inflection point at O (b) Relative minimum at O

]
(o]

fix)=-x*

(¢) Inflection point at O (d) Relative maximum at O

Fig. 23-7
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(@) {+.+}

(© {-.+} d) {+.-}

Fig. 23-8

Theorem 23.4 (First-Derivative Test for Relative Extrema): Assume f'(c) = 0.

{—, +} Iff’ is negative to the left of ¢ and positive to the right of c, then f has a
relative minimum at c.

{+, —} I f’is positive to the left of ¢ and negative to the right of c, then f has a
relative maximum at c.

{+, +} If f' has the same signs to the left and to the right of ¢, then f has an

{—, =} inflection point at c.

23.3 GRAPH SKETCHING

We are now equipped to sketch the graphs of a great variety of functions. The most important

features of such graphs are:

®
(i)
(i)
(iv)
)

Relative extrema (if any)

Inflection points (if any)

Concavity

Vertical and horizontal asymptotes (if any)
Behavior as x approaches + o0 and — o

The procedure was illustrated for the function f(x) = 2x3 + x* — 4x + 2 in Section 23.2. An addi-

tional example follows.
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EXAMPLE Sketch the graph of the rational function

X
fO=n

First of all, the function is odd [that is, f(—x) = —f(x)], so that it need be graphed only for positive x. The
graph is then completed by reflection in the origin (see Section 7.3).
Compute the first two derivatives of f,

(2 4+ 1)D(x) —xD(x* +1) x*+1-x2x) 1-—x?

S = (x2 + 1)? TR+ 1) (k2 4p
2 2 2 2 2 2
F7(x) = D, f/(x) = (x* + 1)°D (1 J:x)z +(i)‘ x)D((x* + 1))
0+ 1)(=20) — (1 — x)[2Ax* + 1)(2x)]
- (=2 +1)*
a2+ DD+ 21— xY)] 2B =Y 2x(x — Ax + /I
- 2 +1)* TN 2+ 1)

Since 1 — x? = (1 — xX1 + x), f'(x) has a single positive root, x = 1, at which (1) = [-2(2)}/2)* = —4%.
Hence, by the second-derivative test, f has a relative maximum at x = 1. The maximum value is f(1) = .
If we examine the formula for f"(x),
2x(x — \/3)()6 + \/3)

(2 + 1)

[(x)=

we see that f”(x) >0 when x > ./3 and that f"(x) <O when 0 < x < /3. By Theorem 23.1, the graph of f
is concave upward for x > \/3 and concave downward for 0 < x < \/3 Thus, there is an inflection point I at
x = ﬁ, where the concavity changes.

Now calculate

0
lim f(x)= lim XT"—= lim —2X 0

x=+00 x=+ +1 x-’+ool+(l/x2)=l+0=
which shows that the positive x-axis is a horizontal asymptote to the right.
The graph, with its extension to negative x (dashed), is sketched in Fig. 23-9. Note how concavity of one kind
reflects into concavity of the other kind. Thus, there is an inflection point at x = —\/5 and another inflection point
at x = 0. The value (1) = } is the absolute maximum of f, and f(—1) = — 1} is the absolute minimum.

2 V3
%L l(‘ﬁ. Z)
— 1 1 A —
——— 2 ) _”110,0) 1 2 x
”
r'd
P d
- 1
I ]
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231

Solved Problems

Sketch the graph of f(x) = x — 1/x.

The function is odd. Hence, we can first sketch the graph for x > 0 and, later, reflect in the origin to
obtain the graph for x < 0.
The first and second derivatives are

fX)=Dfx—x"HN=1—-(-Dx"2=1 +;12_
) =Dl +x %)= —2x"3 = _;25

Since f'(x) = 1 + (1/x*) > 0, f is an increasing function. Moreover, for x > 0, the graph of f is concave
downward, since f"(x) = —(2/x>) < 0 when x > 0. The line y = x turns out to be an asymptote, because

1
lim [x—f(x)]= lim —=0
x=*+w x4+ X

Since

. ) 1 . 1
Iim f(x)= lim ( - —) = lim (— —) = —00
x-0+ x=0+ X x>0+ X
the graph of f has the negative y-axis as a vertical asymptote.
Notice that x = 0, at which fis undefined, is the only critical number. The graph is sketched, for all x,

in Fig. 23-10. Although the concavity changes at x = 0, there is no inflection point there because £(0) is not
defined.

Fig. 23-10 Fig. 23-11
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232 Sketch the graph of f(x) = $x* — x3 + 4x + 2.

The first derivative is f'(x) = x> — 3x? + 4. We can determine that —1 is a root of x> — 3x? + 4.

ALGEBRA When looking for roots of a polynomial, first test the integral factors of the constant. In this
case, the factors of 4 are +1, +2, +4.

So (Theorem 7.2), f'(x) is divisible by x + 1. The division yields
X} =3xt+d4=(x+1)x?—4x +4) = (x + 1)}x — 2)?
Hence, the critical numbers are x = —1 and x = 2. Now
f7(x) = 3x2 — 6x = 3x(x — 2)
Thus, f"(—1)=3(—1}—1~2)=9. Hence, by the second-derivative test, f has a relative minimum at
T ;irll;:e f"(2) = 3(22 — 2) = 0, we do the first-derivative test at x = 2.
) =(x+ 1Xx =2

On both sides of x = 2, f’(x) > 0, since x + 1 > 0 and (x — 2)> > 0. This is the case {+, +}. There is an
inflection point at (2, 6). Furthermore, f”(x) changes sign at x = 0, so that there is also an inflection point at
(0, 2). Because

lim f(x)= lim lx‘=+c~o

x>+ x—‘tm4

the graph moves upward without bound on the left and the right. The graph is shown in Fig. 23-11.

23.3 Sketch the graph of f(x) = x* — 8x2.
As the function is even, we restrict attention to x > 0.

(%) = 4x® — 16x = 4x(x? — 4) = 4x(x — 2)(x + 2)

F(x) = 12x% — 16 = 4(3x> — 4) = 12(x2 - g) = 12(x + %}(x - %)

The nonnegative critical numbers are x = 0 and x = 2. Testing,

x f() S(x)
0 0 —-16 rel. max.
2 —16 32 rel. min.
2 80
+— - — 0 infl. pt.-
J/3 9

Checking the sign of f”(x), we see that the graph will be concave downward for 0 < x < Z/ﬁ and concave
upward for x > 2/,/3. Because lim f(x)= + oo, the graph moves upward without bound on the right.

x=++ o

The graph is sketched in Fig. 23-12. Observe that, on the set of all real numbers, f has an absolute
minimum value of — 16, assumed at x = +2, but no absolute maximum value.
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234

235

23.6

-4

29X/ T (&%)

Sl
o|®

-16
(-2,-16) (2.-16)

Fig. 23-12

Supplementary Problems

Determine the intervals where the graphs of the following functions are concave upward and the intervals
where they are concave downward. Find all inflection points. Check your solutions with a graphing
calculator.

@ fx)=x*—x+12 (b) f(x)=x*+18x3 + 120x> + x + 1

© fO=x+15x2+6x+1 (@ fi)= 2)‘—"_1- @ fix)=5x*—x°

Find the critical numbers of the following functions and determine whether they yield relative maxima,
relative minima, inflection points, or none of these. Check your solutions with a graphing calculator.

@ f(x)=8—3x+ x? (b) f(x)=x*—18x2+9
2 2

© f()=—

© f)=x>-5x*-8x+3 (@ f(x)= S

x—1
Sketch the graphs of the following functions, showing extrema (relative or absolute), inflection points,
asymptotes, and behavior at infinity. Check your solutions with a graphing calculator.

@ f)=6>-1> (B fO=x*-2"—4x+3 () f)=x(x=2
@ f)=x*+4x> (9 f(x)=3x"—20x* () fx)=vx-1

2 2 __13
@ f@=x+> B fe)=" 3 x=17

- M o=

x x?
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23.7 If,forall x, f'(x) > 0 and f"(x) < O, which of the curves in Fig. 23-13 could be part of the graph of f?

7"\

(a)

/

!

\

/

(@)

()

- ,

()

Fig. 23-13

(e)

238 At which of the five indicated points on the graph in Fig. 23-14 do y’ and y” have the same sign?

Fig. 23-14

239  Let f(x) = ax? + bx + c, with a # 0. (a) How many relative extrema does f have? (b)) How many points of
inflection does the graph of f have? (c) What kind of curve is the graph of f 7

23.10 Let f be continuous for all x, with a relative maximum at (— 1, 4) and a relative minimum at (3, —2). Which
of the following must be true? (a) The graph of f has a point of inflection for some x in (—1, 3). (b) The
graph of f has a vertical asymptote. (c) The graph of f has a horizontal asymptote. (d) f'(3) = 0. (e) The
graph of f has a horizontal tangent line at x = — 1. (f) The graph of f intersects both the x-axis and the
y-axis. (g) f has an absolute maximum on the set of all real numbers.
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23.11

23.12

2313

23.14

23.15

23.16

23.17

23.18

23.19

If f(x) = x> + 3x? + k has three distinct real roots, what are the bounds on k? [Hint: Sketch the graph of f,
using f” and f”. At how many points does the graph cross the x-axis?]

Sketch the graph of a continuous function f such that:
@ f()=—2,f(1)=0,f"(x)>0forall x

() f(2=3,f(2)=0,f"(x) <0forall x
© fH)=1f"(x)<0forx>1f1"(x)>0forx <1, lim f(x)= +o0, lim f(x)= —o0

@ fO)=0,f"(x)<0forx>0,f"(x)>0forx<0, lim f(x)=1, lim f(x)=—1
(&) fO =1,f"(x)<0forx#0, lim f(x) = +o0, lim f(x) = —c0
x>0+ x=0-
(f) f0) =0,f"(x)>0forx <0,f"(x) <Ofor x>0, lim f(x) = +00, im f/(x) = + o0
x=~+0- x=0+

@ fO) =1,1"x)<0ifx#0, lim f(x)=0, lim f'(x)= — o0

x—=0+ x=+0-

Let f(x) = x|x — 1] for x in [—1, 2]. (a) At what values of x is f continuous? (b) At what values of x is f
differentiable? Calculate f’(x). [Hint: Distinguish the cases x > 1 and x < 1.] (¢) Where is f an increasing
function? (d) Calculate f"(x). (¢) Where is the graph of f concave upward, and where concave downward?
(f) Sketch the graph of f.

Given functions f and g such that, for all x, (i) (g(x))> — (f(x))? = 1; (ii) f'(x) = (g(x))?; (iii) f"(x) and g"(x)
exist; (iv) g(x) < 0; (v) f(0) = 0. Show that: (a) g'(x) = f(x)g(x); (b) g has a relative maximum at x = 0; (c) f
has a point of inflection at x = 0.

For what value of k will x — kx~! have a relative maximum at x = —27?

Let f(x) = x* + Ax® + Bx?> + Cx + D. Assume that the graph of y = f(x) is symmetric with respect to the
y-axis, has a relative maximum at (0, 1), and has an absolute minimum at (k, —3). Find A, B, C, and D, as
well as the possible value(s) of k.

Prove Theorem 23.1. [Hint: Assume that f”(x) > 0 on (a, b), and let ¢ be in (a, b). The equation of the
tangent line at x =c is y =f"(cx — ¢) + f(c). It must be shown that f(x) > f'(cXx — c) + f(c). But the
mean-value theorem gives

JX) =f(x*)x — ) +1(c)

where x* is between x and c, and since f”(x) > 0 on (g, b), f’ is increasing.]

Give a rigorous proof of the second-derivative test (Theorem 23.3). [Hint: Assume f'(c) = 0 and f"(c) < 0.

{ h —f Y h —

Since f”(c) < 0, lim _ﬂc_"'_hl_ﬂf_) S+ h) S'(€) <0,
h=0

and since f(¢) =0, f'(c + h) <0 for h>0 and f'(c + h) >0 for h <0. By the mean-value theorem, if

fle+h)—f()
h

< 0. So, there exists > 0 such that, for |h| < §,

|h| < 3§, = f'(c + h,) for some ¢ + h, between c and ¢ + h. So, | h, | < | k|, and whether h > 0

or h < 0, we can deduce that f(c + h) — f(c) < 0; that is, f(c + h) < f(c). Thus, f has a relative maximum at
¢. The case when f“(c) > 0 is reduced to the first case by considering —f]

. 3(x2—-1)
Consid =— .
onsi ér f(x) 13
(@) Find all open intervals where f is increasing. (b) Find all critical points and determine whether they
correspond to relative maxima, relative minima, or neither. (c) Describe the concavity of the graph of f and
find all inflection points (if any). (d) Sketch the graph of f. Show any horizontal or vertical asymptotes.
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2320 In the graph of y = f(x) in Fig. 23-15:  (a) find all x such that f’(x) > 0; (b) find all x such that f"(x) > 0.

3, 1.5)

-1 0 1

|
e r—m e, —————————-

Fig. 23-15



Chapter 24

More Maximum and Minimum Problems

Until now we have been able to find the absolute maxima and minima of differentiable functions
only on closed intervals (see Section 14.2). The following result often enables us to handle cases where
the function is defined on a half-open interval, open interval, infinite interval, or the set of all real
numbers. Remember that, in general, there is no guarantee that a function has an absolute maximum or
an absolute minimum on such domains.

Theorem 24.1: Let fbe a continuous function on an interval #, with a single relative extremum within
#. Then this relative extremum is also an absolute extremum on #.

Intuitive Argument: Refer to Fig. 24-1. Suppose that f has a relative maximum at ¢ and no other
relative extremum inside .#. Take any other number d in #. The curve moves down-
ward on both sides of ¢. Hence, if the value f(d) were greater than f(c), then, at some
point u between ¢ and d, the curve would have to change direction and start moving
upward. But then f would have a relative minimum at u, contradicting our assumption.
The result for a relative minimum follows by applying to —f the result just obtained
for a relative maximum.

For a rigorous proof, see Problem 24.20.

[ [ 4
/
/
/
//
\
~_.’
1 | i
c u d
Fig. 24-1

EXAMPLES

(a) Find the shortest distance from the point P(1, 0) to the parabola x = y? [see Fig. 24-2(a)].
The distance from an arbitrary point Q(x, y) on the parabola to the point P(1, 0) is, by (2.1),

Y T
=/Jx-1)?+x [y*=xatQ]

=\/}2—2x+1+x=\/x2—x+1

But minimizing u is equivalent to minimizing u?> = F(x) = x? — x + 1 on the interval [0, + o) (the value of x
is restricted by the fact that x = y* > 0).

F(x)=2x-—1 F'(x)=2

The only critical number is the solution of
Fix)=2x—1=0 or x=14

Now F"($) = 2 > 0. So by the second-derivative test, the function F has a relative minimum at x = 4. Theorem
24.1 implies that this is an absolute minimum. When x = §,

2=x=1 and y=i—1-=ii'-\-/—§=:t£

2 2 2 /2 2

Thus, the points on the parabola closest to (1, 0) are (4, \/5/2) and (4, -\/5/2).

y

179
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(b) An open box (that is, a box without a top) is to be constructed with a square base [see Fig. 24-2(b)] and is
required to have a volume of 48 cubic inches. The bottom of the box costs 3 cents per square inch, whereas the
sides cost 2 cents per square inch. Find the dimensions that will minimize the cost of the box.

Let x be the side of the square bottom, and let h be the height. Then the cost of the bottom is 3x2 and the
cost of each of the four sides is 2xh, giving a total cost of

C = 3x? + 4(2xh) = 3x? + 8xh

The volume is V = 48 = x2h. Hence, h = 48/x? and

48 384
C=3x*+ 8x(—) =3x2 + - = 3x% + 384x 7!

x2
which is to be minimized on (0, + c0). Now

d
—C=6x—384x”2=6x—-§;zi
dx x

and so the critical numbers are the solutions of

384
bx - =0
384
b=
x3 =64
x=4
d? 7
Now —E=6—(—2)384x‘3=6+—65§>0
dx X

for all positive x; in particular, for x = 4. By the second-derivative test, C has a relative minimum at x = 4.
But since 4 is the only positive critical number and C is continuous on (0, + c0), Theorem 24.1 tells us that C
has an absolute minimum at x = 4. When x = 4,

So, the side of the base should be 4 inches and the height 3 inches.

(a) )
Fig. 24-2
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4.1

24.2

Solved Problems

A farmer must fence in a rectangular field with one side along a stream; no fence is needed on
that side. If the area must be 1800 square meters and the fencing cost $2 per meter, what dimen-
sions will minimize the cost?

Let x and y be the lengths of the sides parallel and perpendicular to the stream, respectively. Then the
cost C is

C=2x+2y)=2x+4y
But 1800 = xy, or x = 1800/y, so that

1800 3600
C=2(—y—>+4y=-T+4y=3600y'1+4y

dc 3600
and — = -3600y 2 +4=—"—+4
dy y

We wish to minimize C(y) for y > 0. So we look for positive critical numbers,

— 32?0 4=0
(200
Y= 36‘3& = 900
y=+30
Now (—:}—f = Ed; (—3600y~2 4+ 4) = 7200y % = 7?}(3)0, which is positive at y = +30. Thus, by the second-

derivative test, C has a relative minimum at y = 30. Since y = 30 is the only positive critical number, there
can be no other relative extremum in the interval (0, + oo). Therefore, C has an absolute minimum at
y = 30, by Theorem 24.1. When y = 30 meters,

1800 1800
X = —— = —— = 60 meters
y 30
Ifc,,c,,...,c, are the results of n measurements of an unknown quantity, a method for estimat-

ing the value of that quantity is to find the number x that minimizes the function
S =x—c) +(x—c))+-+(x—c)

This method is called the least-squares principle. Find the value of x determined by the least-
squares principle.

S x)=2x—c)+2x—c))+ -+ 2Ax—cp)
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To find the critical numbers,

Ax—c)+2Ax—c)+ - +2Ax—¢)=0
x—c)+x—c))+--+(x—¢c)=0
nx—(c,+c;+--+¢)=0
nx=c¢ +c,+-+¢,
x=C‘ +c,+-+¢c,
n
Asf"(x)=2+2+ --- + 2 =2n> 0, we have, by the second-derivative test, a relative minimum of f at the

unique critical number. By Theorem 24.1, this relative minimum is also an absolute minimum on the set of
all real x. Thus, the least-squares principle prescribes the average of the n measurements.

2 —
243 Letf(x)= 4;‘ — 13 for 0 < x < 1. Find the absolute extrema, if any, of fon [0, 1),
, (x — 1)D,(4x* —3) — (4x> = 3)D,(x — 1) (x — 1)X8x) — (4x* — 3X1)
f(x) = 2 = 2

(x-1 (x—-1

_8x?—8x—4x2+3 4x*-8x+3 (2x-3{2x—1)

h (x—1)? Cox-10 T (x-1?

To find the critical numbers, set f'(x) = 0,
@x-3x-1_,
x—12

2x—-3)2x—-1)=0
2x—3=0 or 2x—1=0
x=3% or x=%
So the only critical number in [0, 1) is x = 4.
Let us apply the first-derivative test (Theorem 23.4),
2x—‘3)(2x—1)=2(x—%)'20‘—%):4("—%)("—%)
(x—1)7? (x—1)? (x—1?

For x immediately to the left of 4, x —4 <0 and x — 3 <0, and so, f'(x) > 0. For x immediately
to the right of 4, x —4 >0 and x — 3 <0, and so, f'(x) < 0. Thus, we have the case {+, —}, and f

has a relative maximum at x = 4. (The second-derivative test could have been used instead.) The function
f has no absolute minimum on [0, 1). Its graph has the line x =1 as a vertical asymptote, since

fix) =

4x? -3
lim f(x)= lim — = = — o (see Fig. 24-3).
x=1- x=1- -
$
'
|
4 |
|
3 |
b |
|
l[- |
L |
1 H X
2 |
|
|
|
{
|
Fig. 24-3
4x? -3 1 _
! Note that =4x+1)+———> ~masx—>1".
x—1 x—1
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244

245

246

24.7

48

249

24.10

24.11

24.12

Supplementary Problems

A rectangular field is to be fenced in so that the resulting area is 100 square meters. Find the dimensions of
that field (if any) for which the perimeter is: (a) a maximum; (b) a minimum.

Find the point(s) on the parabola 2x = y? closest to the point (1, 0).
Find the point(s) on the hyperbola x? — y? = 2 closest to the point (0, 1).

A closed box with a square base is to contain 252 cubic feet. The bottom costs $5 per square foot, the top
costs $2 per square foot, and the sides cost $3 per square foot. Find the dimensions that will minimize the
cost.

2
Find the absolute maxima and minima (if any) of f(x) = ’; j 24 on the interval [0, 2).

A printed page must contain 60 square centimeters of printed material. There are to be margins of
5 centimeters on either side, and margins of 3 centimeters each on the top and the bottom. How long
should the printed lines be in order to minimize the amount of paper used?

A farmer wishes to fence in a rectangular field of 10000 square feet. The north-south fences will cost $1.50
per foot, whereas the east-west fences will cost $6.00 per foot. Find the dimensions of the field that will
minimize the cost.

Sk hof y = .
(a) etch the graph of y T

(b) Find the point on the graph where the tangent line has the greatest slope.

(@) Find the dimensions of the closed cylindrical can [see Fig. 24-4(a)] that will have a capacity of k
volume units and used the minimum amount of material. Find the ratio of the height A to the radius r
of the top and bottom. (The volume is ¥ = nr?h, and the lateral surface area is S = 2nrh.)

(b) If the bottom and the top of the can have to be cut from square pieces of metal and the rest of these

squares is wasted [see Fig. 24-4(b)], find the dimensions that will minimize the amount of material
used, and find the ratio of the height to the radius.

(a) (b)
Fig. 244
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24.13

24.14

24.15

24.16

24.17

24.18

24.19

24.20

2421

24.22

MORE MAXIMUM AND MINIMUM PROBLEMS [CHAP. 24
Ay
BO.»){
(1,3)
s
o A(x.0) x
Fig. 24-§ Fig. 24-6

A thin-walled cone-shaped cup is to hold 36z cubic inches of water when full. What dimensions will mini-
mize the amount of material needed for the cup? (The volume is V = 4nr?h and the surface area is A = nrs;
see Fig. 24-5.)

(@) Find the absolute extrema on [0, + o) (if they exist) of £(x) = (xz—fl—)m (b) Sketch the graph of £

A rectangular bin, open at the top, is required to contain a volume of 128 cubic meters. If the bottom is to
be a square, at a cost of $2 per square meter, whereas the sides cost $0.50 per square meter, what dimen-
sions will minimize the cost?

The selling price P of an item is 100 — 0.02x dollars, where x is the number of items produced per day. If
the cost C of producing and selling x items is 40x + 15000 dollars per day, how many items should be
produced and sold every day in order to maximize the profit?

Consider all lines through the point (1, 3) and intersecting the positive x-axis at A(x, 0) and the positive
y-axis at B(0, y) (see Fig. 24-6). Find the line that makes the area of ABOA a minimum.

1 k
Conisder the function f(x) = 2 x2 + e (a) For what value of k will f have a relative minimum at x = —2?

(b) For the value of k found in part (a), sketch the graph of f. (¢) For what value(s) of k will f have an
absolute minimum?

Find the point(s) on the graph of 3x? + 10xy + 3y = 9 closest to the origin. [Hint: Minimize x2 + y?,
making use of implicit differentiation.]

Fill in the gaps in the following proof of Theorem 24.1. Assume that fis continuous on an interval #. Let f
have a relative maximum at ¢ in £, but no other relative extremum in #. We must show that f has an
absolute maximum on # at c. Assume, to the contrary, that d # ¢ is a point in # with f(c) < f(d). On the
closed interval .# with endpoints ¢ and d, f has an absolute minimum at some point u. Since f has a relative
maximum at c, u is different from ¢ and, therefore, f(u) < f(c). Hence, u # d. So, u is in the interior of .#,
whence f has a relative minimum at u # c.

Prove the following theorem, similar to Theorem 24.1: If the graph of fis concave upward (downward)
over an interval #, then any relative minimum (maximum) of fin .# is an absolute minimum (maximum) on

#. [Hint: Consider the relationship of the graph of f to the tangent line at the relative extremum.)

Find the absolute extrema (if any) of f(x) = x*/* — ¥x"* on (~1, 1].
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Angle Measure

251 ARC LENGTH AND RADIAN MEASURE

Figure 25-1(a) illustrates the traditional system of angle measure. A complete rotation is divided
into 360 equal parts, and the measure assigned to each part is called a degree. In modern mathematics
and science, it is useful to define a different unit of angle measure.

Definition: Consider a circle with a radius of one unit [see Fig. 25-1(b)]. Let the center be C, and let
CA and CB be two radii for which the intercepted arc AB of the circle has length 1. Then
the central angle ACB is taken to be the unit of measure, one radian.

Let X be the number of degrees in ¥ ACB of radian measure 1. Then the ratio of X to 360° (a

complete rotation) is the same as the ratio of AB to the entire circumference, 2n. Since AB = 1,

X _ 1y 360180
360 2= T 2n on
Thus, 1 radian = Lzo degrees 25.1)

If we approximate m as 3.14, then 1 radian is about 57.3 degrees. If we multiply (25.1) by =/180, we
obtain

1 degree = T:O radians (25.2)
P —TT=A
Ve
/
/ 1 1
/
/
.’
\ c j B
\ /
\ /
\\ /
~ - _ //
b)
Fig. 25-1

EXAMPLE Let us find the radian measures of some “common” angles given in degrees. Clearly, the null angle is 0
in either measure. For an angle of 30°, (25.2) gives

o = 30 - radi _ T di
30° = 30( 180 rad1ans> 3 radians

for an angle of 45°,

o = as( T rad; =T adi
45° = 45( 150 radlans) ) radians

185
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and so on, generating Table 25-1. This table should be memorized by the student, who will often be going back and
forth between degrees and radians.

Table 25-1
Degrees Radians

0 0

T

30 -
6

n

45 -
4

n

60 -
3

n

90 =
2

180 4
3n
270 —
2

360 2n

Consider now a circle of radius r with center O (see Fig. 25-2). Let ¥ DOE contain 6 radians and let
s be the length of arc DE. The ratio of 8 to the number 27 of radians in a complete rotation is the same
as the ratio of s to the entire circumference 2nr, 6/2n = s/2nr. Hence,

s=rf (25.3)

gives the basic relationship between the arc length, the radius, and the radian measure of the central
angle.

Fig. 25-2

25.2 DIRECTED ANGLES

Angles can be classified as positive or negative, according to the direction of the rotation that
generates them. In Fig. 25-3(a), we shall agree that the directed angle AOB is taken to be positive when
it is obtained by rotating the arrow OA counterclockwise toward arrow OB. On the other hand, the
directed angle AOB in Fig. 25-3(b) is taken to be negative if it is obtained by rotating arrow OA
clockwise toward arrow OB. Some examples of directed angles and their radian measures are shown in
Fig. 25-4.
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B o A

(a) . (b)
Fig. 25-3

m 27 radians
— — (360°)
2 radians 3 radians m radians
45°) o) (180%)
\ r - radians
(- 180°)
L m . 3r .
-  radians - 5 radians -5 radians -2 radians
(-45%) (-90°) (-270°) (-360°)
Fig. 254

Some directed angles corresponding to more than one complete rotation are shown in Fig. 25-5. It
is apparent that directed angles whose radian measures differ by an integral multiple of 2x (e.g., the first
and the last angles in Fig. 25-5) represent identical configurations of the two arrows. We shall say that
such angles “have the same sides.”

S @

P

1
+12 turns + I% turns -I% tums +2itums
or or or or

. 19K.4 . 97 .
+ 223 radians +3n radians -3 radians +5 radians

Fig. 25-§
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25.1

25.2

253

254

255

ANGLE MEASURE [CHAP. 25

Solved Problems

Express in radians an angle of: (a) 72°; (b) 150°.
Use (25.2).

- 36 2r
@ 72°= 72( 150 radxans) T (n radians) = 5 radians

1 50 5(30)

) 150° = 180 = 5_1: radians

80" 630)" 6
Express in degrees an angle of: (a) Sn/12 radians; (b) 0.37 radians; (c) 3 radians.
Use (25.1).

5 5n (1 5
(@) % radians = T (—— de grees) =5 x 180° = 75°

03
(b) 037 radians = ~— x 180° = 54°
n

(¢) 3 radians = 3 x 180° = (ﬂ) ~ 172°
n n

Since n ~ 3.14.

(@) In a circle of radius 5 centimeters, what arc length along the circumference is intercepted by
a central angle of n/3 radians?

(b) In a circle of radius 12 feet, what arc length along the circumference is intercepted by a
central angle of 30°?

Use (25.3):s =r6.
@ s=5x I 3 centimeters
3 3
(b) The central angle must be changed to radian measure. By Table 25-1,

30° = g radians and so s=12 x g = 2n feet

The minute hand of an ancient tower clock is 5 feet long. How much time has elapsed when the
tip has traveled through an arc of 188.4 inches?

In the formula 8 = s/r, s and r must be expressed in the same length unit. Choosing feet, we have
s = 188.4/12 = 15.7 feet and r = 5 feet. Hence,

1
6= —%—7- = 3.14 radians

This is very nearly n radians, which is a half-revolution, or 30 minutes of time.

What (positive) angles between 0 and 2z radians have the same sides as angles with the following
measures ?

(a) 241—: radians (b) 390° (c) — g radians (d) —3=m radians

9In 1
24+ -lm=2n+-
(a) vy ( + 4)1: n + 3
Hence, 97/4 radians determines a counterclockwise complete rotation (2z radians) plus a counter-

clockwise rotation of n/4 radians (45°) [see Fig. 25-6(a)]. The “reduced angle”; that is, the angle with
measure in [0, 2#) and having the same sides as the given angle, therefore is 7/4 radians.
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390° = 360° + 30° = (27 radians) + (n/6 radians) [see Fig. 25-6(b)]. The reduced angle is n/6 radians
(or 30°).

A clockwise rotation of m/2 radians (90°) is equivalent to a counterclockwise rotation of 2z — /2
= 3n/2 radians [see Fig. 25-6(c)}. Thus, the reduced angle is 37/2 radians.

Adding a suitable multiple of 2z to the given angle, we have —3m + 4n = + = radians; that is,
a clockwise rotation of 37 radians is equivalent to a counterclockwise rotation of =n radians [see
Fig. 25-6(d)]. The reduced angle is = radians.

N
/ PN
\ // \\
f /\ \
\/
(a) (b) (©)

Fig. 25-6

Supplementary Problems

25.6  Convert the following degree measures of angles into radian measures: (a) 36°; (b) 15°; (c) 2°; (d) (90/n)°;
(e) 144°.

257 Convert the following radian measures of angles into degree measures: (a) 2 radians; (b) n/5 radians;
(c) 7n/12 radians; (d) 5n/4 radians; (e) 7n/6 radians.

258 If a bug moves a distance of 3n centimeters along a circular arc and if this arc subtends a central angle of
45°, what is the radius of the circle?

259 In each of the following cases, from the information about two of the quantities s (intercepted arc), r
(radius), and 6 (central angle), find the third quantity. (If only a number is given for 8, assume that it is the
number of radians.) (@) r =10, 8 =n/5; () 0 =60°, s = 11/21;(c)r=1,s=n/d;(d)r=2,5s=3;(e)r =3,

0=

90°; (f) 6 = 180°, s = 6.28318; (g) r = 10, 8 = 120°.

25.10 If a central angle of a circle of radius r measures 6 radians, find the area 4 of the sector of the circle
determined by the central angle (see Fig. 25-7). [Hint: The area of the entire circle is nr*.]

r
7
/7
/o
/
/ >
\ ,
/
\ /
\ /
N\ /
\\‘_’//
Fig. 25-7

25.11 Draw pictures of the rotations determining angles that measure: (a) 405°; (b) 11n/4 radians;
(c) /2 radians; (d) —60°; (¢) —n/6 radians; (f) —5n/2 radians.

25.12 Reduce each angle in Problem 25.11 to the range of 0 to 2= radians.
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Sine and Cosine Functions

26.1 GENERAL DEFINITION

The fundamental trigonometric functions, the sine and the cosine, will play an important role in
calculus. These functions will now be defined for all real numbers.

Definition: Place an arrow OA of unit length so that its initial point O is the origin of a coordinate
system and its endpoint A is the point (1, 0) of the x-axis (see Fig. 26-1). For any given
number 6, rotate OA4 about the point O through an angle with radian measure 0. Let OB
be the final position of the arrow after the rotation. Then: (i) the x-coordinate of B is
defined to be the cosine of 6, denoted by cos 8; (ii) the y-coordinate of B is defined to be
the sine of 6, denoted by sin 8. Thus, B = (cos 8, sin 6).

1 y
B(cos 6,sin0) &~ | T~ _
N
1
0 \
A
o 1 A(1,0) x
Fig. 26-1

EXAMPLES

(@) Let 0 = m/2. If we rotate OA n/2 radians in the counterclockwise direction, the final position B is (0, 1) [see
Fig. 26-2(a)]. Hence,

n .
cosi—O sm-2-—1

(b) Let 8 = n. If we rotate OA through = radians in the counterclockwise direction, the final position B is (—1, 0)
[see Fig. 26-2(b)]. So,

cosnt=—1 sint=0
)y y Y
BjL\\ - P — /’-P'\\
-~ ~ v ~
N // N // \\
TR ’ N\ /3= \
2 \ [4 " \ / 2 \
a A 28 N A ! D 4
o 1 x ) 1 x ‘\ \Jo 1 x
\
\ 1
AN
N
\*ﬂtB
(a) (%) ©)
Fig. 26-2

190
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(c) Let 6 = 3n/2. Then the final position B, after a rotation through 3=/2 radians in the counterclockwise direc-
tion, is (0, — 1) [see Fig. 26-2(c)]. Hence,

3n . 3n
c057=0 s1n—2———1
(d Let 8 =0.1If 04 is rotated through 0 radians, the final position is still (1, 0). Therefore,
cos 0=1 sin0=0

() Let 6 be an acute angle (0 < 8 < n/2) of right triangle DEF, and let AOBG be a similar triangle with hypot-
enuse 1 (see Fig. 26-3). By proportionality, BG = b/c and OG = aj/c. So, by definition, cos 8 = a/c,
sin 8 = b/c. This agrees with the traditional definitions:

adjacent side __ opposite side

cos = ——— sin 0 =
hypotenuse hypotenuse
E
'S4
opposite B(cos 6, sin 8)
side, b <
~N
N
\
\\
1
b \
¢ \
\
0 \
-
D adjacent F 0O a ¢ A(1,0) x
side. a ¢
Fig. 26-3

Consequently, we can appropriate the values of the functions for = n/6, n/4, n/3 from high-school trigonom-
etry. The results are collected in Table 26-1, which ought to be memorized.

Table 26-1
6
radians degrees cos 0 sin @
0 0 1 0
n/6 30 NEZ B ERY)
n/4 45 V22 | V22
/3 60 12 | 3
/2 90 0 1
n 180 -1 0
3n/2 270 0 -1
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The above definition implies that the signs of cos 6 and sin 8 are determined by the quadrant in
which point B lies. In the first quadrant, cos § > 0 and sin 6 > 0. In the second quadrant, cos § < 0 and
sin § > 0. In the third quadrant, cos § <0 and sin § < 0. In the fourth quadrant, cos § > 0 and
sin 6 < O (see Fig. 26-4).

- 4+ + o+
(cos 6, sin 6) (cos 6, sin 9)
(cos 6, sin 6)
+ -
(cos 8, sin )
Fig. 26-4

26.2 PROPERTIES

We list the following theorems, which give the most important properties of the sine and cosine
functions.

Theorem 26.1: sin? 0 + cos® 6 = 1.
Proof: In Fig. 26-1, the length of OB is given by (2.1),
1= ,/(cos § — 0)* + (sin 8 — 0)? = ,/(cos 6)? + (sin 6)>

Squaring both sides, and using the conventional notations (sin 8)> = sin?  and (cos 0)* = cos?  gives
Theorem 26.1.

Corollary: 1 —sin® = cos? 6 and 1 — cos? § = sin? 4.

EXAMPLE Let 6 be the radian measure of an acute angle such that sin § = . By Theorem 26.1,

3 2
(E) +cos?f=1

9 2
-2—§+cos =1
9 16
2 =] — — = —
cos* 8 7% =735
cos 0= + 16-—4—4
T TN2S TS

Since 6 is an acute angle, cos 6 is positive; cos 6 = $.

We have already seen (Chapter 25) that two angles that differ by a multiple of 2z radians (360°)
have the same sides. This establishes:
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Theorem 26.2: The cosine and sine functions are periodic, of period 2x; that is, for all 6,
cos (0 + 2m) = cos 0 sin (0 + 2n) = sin 0

(Moreover, 2x is the smallest positive number with this property.)
In view of Theorem 26.2, it is sufficient to know the values of cos 8 and sin 6 for 0 < 8 < 2x.

EXAMPLES

@ sin F—sin(2n+5)=sin 2=

a) sn3 = si 1 3 —sm3— 2

(b) cos 5t =cos (3n + 2m) =cos 3m=cos (n + 2n) =cos = = —1

() cos 390° = cos (30° + 360°) = cos 30° = ?

(d) sin 405° = sin (45° + 360°) = sin 45° = %

Theorem 26.3: cos 8 is an even function, and sin 8 is an odd function.
The proof is obvious from Fig. 26-5. Points B’ and B have the same x-coordinates,

cos (—8@) =cos @
but their y-coordinates differ in sign,
sin (—6) = —sin @

Because of Theorem 26.3, we now need to know the values of cos 6 and sin 6 only for 0 < 6 < =.

Consider any point A(x, y) different from the origin O, as in Fig. 26-6. Let r be its distance from the
origin and let 8 be the radian measure of the angle that line OA4 makes with the positive x-axis. We call
r and @ polar coordinates of point A.

A(x,y)

Fig. 26-5 Fig. 26-6
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Theorem 26.4: The polar coordinates of a point and its x- and y-coordinates are related by
x=rcos @ y=rsinf
For the proof, see Problem 26.2.
Theorem 26.5 (Law of Cosines): In any triangle ABC (see Fig. 26-7),
¢ =a*+ b? — 2ab cos

For a proof, see Problem 26.3. Note that the Pythagorean theorem is obtained as the special case
0 = n/2.

—— e — . ——
.
L2 )
[
ﬁ
-]

L 3
L

—— .

9!
8

®
a
“
-]

Fig. 26-7 Fig. 26-8

EXAMPLE Find angle 6 in the triangle of Fig. 26-8.
Solving the law of cosines for cos 0,

a2+b-c (P+Q@F-/19* 25+4-— 19 1
2ab 205(2) 20 2

cos 8 =

Then, from Table 26-1, § = =n/3.

Theorem 26.6 (Sum and Difference Formulas):

(@) cos (u+ v)=cos u cos v — sin u sin v
(b) cos (u —v) =cos u cos v + sin u sin v
(¢) sin (4 + v) = sin u cos v + cos u sin v
(d) sin (u — v) = sin u cos v — cos u sin v

Once any one of these four formulas has been proved, the other three can be derived as corollaries.
A proof of the difference formula for the cosine is sketched in Problem 26.14.

EXAMPLES

(a) osl—cos .z -cosfcosf+sin£sin1—z
G SR TOSNF T T3 3713

=(1X_@)+(£X£)=£+>@=£_+_@
2)\ 2 2 2 4 4 4
(b) cos 135° = cos (90° + 45°) = cos 90° cos 45° — sin 90° sin 45°

o) o)
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(c) si 7n—s'n 1r+n —s'nf osf—+cosfsinn
"TRTMGRTR)TI% 212

- (1)(-‘/1#—6) + (0)(sin 115) [by example (a)]
_2+/6
B 4

Substituting ¥ = n/2 and v = 0 in the difference formulas of Theorem 26.6 yields

cos(g—6)=cos§cos0+sin§sin8=0-cos6+1-sin0=sin0

sin(§—0)=sin§cos6—cosgsin0=1-cos0—0-sin6=cos0

Thus we have:

2
of its complement.

Theorem 26.7: cos (E — 0) = sin 0 and sin (g - 0) = cos 0; that is, the sine of an angle is the cosine

We also have the useful double-angle formulas:

Theorem 26.8: cos 20 = cos?> 0 —sin? @ =2cos20 — 1 =1 — 2 sin? 8 and sin 20 = 2 sin 0 cos 6.
For cos 26, note that:

(i) cos 20 =cos (8 + 6) = cos 0 cos 6 — sin @ sin 0 [by Theorem 26.6(a)]

(ii) = cos? 0 — sin? @
= cos? 6 — (1 — cos? 6) [by Theorem 26.1]
=2cos? 8 —1
= (1 — sin? 6) — sin2 0 [by (i) and Theorem 26.1]
=1-—2sin2 0

For sin 20,

sin 20 = sin (0 + 6) = sin 6 cos 8 + cos 0 sin 6 [by Theorem 26.6(c)]
= 2 sin 0 cos 6
From Theorem 26.8, we deduce:

Theorem 26.9 (Half-Angle Formulas):

@ cos“g=1+;ose
0 1—cos@
in? =7

(b) sin 3 5

In fact, replace 6 by 6/2 in Theorem 26.8:

_ LAY 20 20 1+cosé
(a) cos0—cos(2 2)—Zcos 2—1.So,cos 7= 3 .

_ 0 ., 0 . ,0 1—cos@
(b) cosB—cos(z 2)-—1-—2511‘] 2.So,sm 3= 3
EXAMPLES

(a) sin 120° = sin (2 x 60°) = 2 sin 60° cos 60°

- 2(£>(1) _V3

2 J\2 2
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(b) cos — = cos (2 x g—) = cos? — — sin? g
(LY (ﬁ S N
2 2/ 4 4 2
3
l4+cos= 1+ £
() cos? — = cos? 1><E = 6 2
12 2 6 2 2
2 3
= +4\/_ [multiply numerator and denominator by 2}

{CHAP. 26

cHeCck Earlier, we deduced from Theorem 26.6 that

cosl‘__ﬁf_\ﬁ

12 4
Hence, in view of the identity (u + v)* = u? + 2uv + v,

wos? - W+ ASDE) + (O _ 2+ 2/ + 6
16

12 4)?

8+4/3 2+.3
16 4

2
n 1 = l—cos-} 1——{— 2—\/5.
(d) sin? 3= sin? (5 x Z) = 5 === Hence, since /8 is in the first quadrant,
. T 2 -0
sin 8= + >
Solved Problems

'26.1 Evaluate: (a) cos (n/8); (b) cos 210°; (c) sin 135°; (d) cos 17°.
(a) By Theorem 26.9,

ok

2+ 2

1 + cos z 1+
cos? = = cos? le = 4_
8 2 2 4
Hence, since /8 is an acute angle,

cos%‘:__zii@

2
(b) Writing 210° = 180° + 30°, we have, by Theorem 26.6,

cos 210° = cos (180° + 30°) = cos 180° cos 30° — sin 180° sin 30°
=—1 é - 1 = — .‘_/_5
2 2 2

(¢) Using the previously derived value cos 135° = -—\/5/2, we have, from Theorem 26.1,

2
sin? 135° = 1 — cos? 135°=1_<_:é_§) = _2___2
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Hence, since 135° is in the second quadrant,

. o 2 ﬁ
sin 135 -+\/;— 3

(d) 17° cannot be expressed in terms of more familiar angles (such as 30°, 45°, 60°) in such a way as to
allow the application of any of our formulas. We must then use the cosine table in Appendix D, which
gives 0.9563 as the value of cos 17°. This is an approximation, correct to four decimal places.

26.2 Prove Theorem 26.4.

Refer to Fig. 26-9. Let D be the foot of the perpendicular from A to the x-axis. Let F be the point on
the ray OA at a unit distance from the origin. Then, F = (cos 6, sin 8). If E is the foot of the perpendicular
from F to the x-axis, we have

OFE =cos 0 FE =sin 0
Now, AADO is similar to AFEO (by the AA criterion), whence
OD 04 4D x r y

OF OF FE & cos0 1 sné
Therefore, x = r cos 8 and y = r sin 8. When A(x, y) is in one of the other quadrants, the proof can be

reduced to the case where A(x, y) is in the first quadrant. The proof is easy when A(x, y) is on the x-axis or
on the y-axis.

Y
A(x,y)

o

Fig. 26-9

26.3 Prove Theorem 26.5.

In Fig. 26-7, set up a coordinate system with C as origin and B on the positive x-axis. Then B has
coordinates (a, 0). Let (x, y) be the coordinates of 4. By Theorem 26.4,

x=bcos 0 y=>bsin @

By the distance formula (2.1),

c=(x—a?+ @y —07>=/(x—a)?+)
Hence,

2 =(x —a)* + y* = (b cos 8 — a)* + (b sin 6)?

ALGEBRA (P— Q) =P*-2PQ + @?

= b? cos® § — 2ab cos 0 + a* + b* sin® @
= a® + b*(cos® 0 + sin® 6) — 2ab cos §
=a*+ b?> — 2ab cos 0
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264

26.5

SINE AND COSINE FUNCTIONS

Derive the following identities:

sinf 1 —cos?26

i _ 2 = — si =
(@ (sin @ — cos 6)* = 1 — sin 20 )] o8 0 <in 20

(a) By the ALGEBRA of Problem 26.3,

(sin 6 — cos 8)®> =sin® 6 — 2 sin 0 cos @ + cos®
=1-—2sin 6 cos 6 [by Theorem 26.1]

=1 —sin 26 [by Theorem 26.8]
1—cos20 1—(cos® @ —sin? 6)
() Sn20 -  2smfcosd [by Theorem 26.8]
sin? 6 + sin? 0
= Jsinfcosf [by Theorem 26.1]

_ (2sin f)sin ) sin @
" (2sin B)cos 6) cos @

Given that 6 is in the fourth quadrant and that cos 6 = %, find: (a) cos 26; (b) sin 0;
(c) cos (6/2); (d) sin (6/2).
(@) By Theorem 26.8,

2
cos28=2c0820—1=2(§) 1= (f)_1=§_2=_1

(b) By Theorem 26.1,

2\? 4 5
in20=1—-cos2@=1—-{(2) =1—==2
sinf=1—cos*?@=1 (3> 1 3<%

Then, since sin 0 is negative for 9 in the fourth quadrant, sin § = —\/5/3‘
(c) By Theorem 26.9,

coszg_l+cos9_l+(2/3)_3+2__5_
2 2 2 6 6
Since @ is in the fourth quadrant, 3n/2 < 8 < 2x; therefore,
In < 0 <
s ~2°"
Thus, 6/2 is in the second quadrant, and cos (6/2) is negative. Hence,
o 6 5
cos 3= 6
(d) By Theorem 26.9,
sinzg_l—cos0_1—§_3—2_l
2 2 2 6 6

[CHAP. 26

From part (c), 6/2 is in the second quadrant. Hence, sin (6/2) is positive. Thus, sin /2 = 1 /\/3 = \/6/6.

26.6 Let AABC be any triangle. Using the notation in Fig. 26-10, prove

sind sinB sinC .
= = law of sines
a b c

(Here, sin A is the sine of ¥ CAB, and similarly for sin B and sin C.)
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26.7

26.8

269

26.10

26.11

26.12

Let D be the foot of the perpendicular from A to side BC. Let h = AD. Then,

. AD h .
smB—ﬁ—z or h=csin B

and so

1 1 1
area of AABC = 3 (base x height) = 3 ah =~ ac sin B

(38

(Check that this is also correct when X B is obtuse.) Similarly,
1 . 1 .
area = 2 be sin A area = 2 ab sin C
Hence,
1 'nB—lb sinA—l b sin C
3 ac si =3 C =5 a

and division by 4abc gives the law of sines.

A

|
c 'h b

I
a_
D

a C

Fig. 26-10

Supplementary Problems

Evaluate: (a) sin (4n/3); (b) cos (117/6); (c) sin 240°; (d) cos 315°; (e) sin 75°; (f) sin 15°; (g) sin (11%/12);
(h) cos 71°; (i) sin 12°.

If @ is acute and cos 8 = §, evaluate: (a) sin 8; (b) sin 20; (c) cos 28; (d) cos (6/2); (e) sin (6/2).

If 8 is in the third quadrant and sin 6 = —$, evaluate: (a) cos 8; (b) sin 28; (c) cos 26; (d) cos (6/2);
(e) sin (8/2).

In AABC, AB = 5, AC = 7, and BC = 6. Find cos B.

In Fig. 26-11, D is a point on side BC of AABC such that AB = 2, AD = 5, BD = 4, and DC = 3. Find AC.
[Hint: Use the law of cosines twice.]

Prove the following identities:

1+cos26_cos8
sin20  sin 6
{¢) (sin @ + cos 8)> =1 +sin 20 (d) cos* 8 —sin* 8 = cos? § — sin? @

(@) cos? 50 = (1 — sin 501 + sin 56)  (b)
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ty
C(cos u, sin u) - \\\\
/ \\ B(cos v, sin v)
// \
/ \
A / \
| \
i |
2 s \ } x
\ /
B 4 D 3 C \ /
\ /
\\ //
AN //
\\\ _i _
Fig. 26-11 Fig. 26-12

26.13 For each of the following, either prove that it is an identity or give an example in which it is false:

sin 8 cos 0 1

(@) sindf=dsinfoosd (b)) Tk to=—

cos 8 sin? 0

in¢ 4 g s _ 2
(¢) sin*f+cos*f=1 @ T+ oo 0 cos 6 — cos* 6
cos§ sin @ 2 .3 3 .
© sin9+cos0=sin26 ) 2sm§800s§9—sm39

26.14 Fill in all details of the following proof of the identity
cos (u — v) = cos u cos v + sin u sin v

Consider the case where 0 < v < u < v + = (see Fig. 26-12). By the law of cosines,

BC? =12 + 12 — 2(1X1) cos ¥ BOC
{cos u — cos v)? + (sin u — sin v)> = 2 — 2 cos (u — v)

cos? u — 2 cos u cos v + cos? v + sin? u — 2 sin u sin v + sin? v = 2 — 2 cos (u — v)
(cos? u + sin? u) + (cos? v + sin? v) — 2(cos u cos v + sin u sin v) = 2 — 2 cos (u — v)
1+ 1 —2(cos u cos v+ sin u sin v) =2 — 2 cos (u ~ v)

COS u €Oos v + sin u sin v = cos (u — v)

Verify that all other cases can be derived from the case just considered.

26.15 Prove the following identities:

(@) COS(9+§>=-—Sin0 (b) sin (0+1_2|:)=c0s0

(¢) cos(m+8)= —cos@ d sin(x+6)=—sinb

. ./ n )é . n 1 . W 1:_\/5
26.16 Show: (a) sm4-cos4- 5 ) sm6—cos3—2 (c)sm3—cos6— 2

[Hint: (a) Take an isosceles right triangle AOGB with right angle at G and let b = OG = BG and ¢ = OB.

b} b* 1 1 2
Then, ¢? = b? + b? = 2b2. So, sin? (2} = — ==. Hence, sin e — = —-‘/—— (b) Take an equilateral
4 c ¢t 2 4 2 2
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|

triangle AABC of side 1 and let AD be the altitude from A to the midpoint D of BC. Then BD =

3
B6 4+ 1
Since X ABD contains g radians, cos g = -g_% = % = —. By Theorem 26.7, sin % = COS <§ - 3> = COS 3’:.

and cos 2 = sin g by Theorem 26.7.

Sl
Wik

26.17 Derive the other parts of Theorem 26.6 from part (a), which was proved in Problem 26.14. [Hint: First note

that cos (7—2r - 0) = sin 0 follows from part (a). The formula for cos (1 + v) follows by applying part (a) to
cos (u — (—v)) and using the identities cos (—v) = cos v and sin (—v) = — sin v. The formula for sin (u + v)

follows by applying part (a) to cos ((g - u) - v), and then the formula for sin (v — v) follows from the

formula for sin (4 + v) by replacing v by —v.]



Chapter 27

Graphs and Derivatives of Sine and
Cosine Functions

27.1 GRAPHS
Let us first observe that cos x and sin x are continuous functions. This means that, for any fixed
x =0,

lim cos (0 + h) = cos 6 lim sin (6 + h) = sin
h—0 h—0

as is obvious from Fig. 27-1. Indeed, as h approaches 0, point C approaches point B. Therefore, the
x-coordinate (the cosine) of C approaches the x-coordinate of B, and the y-coordinate (the sine) of C

approaches the y-coordinate of B.

Table 27-1

x cos X sin x
[’} 1 0

Q

=)
o0
~

oA
“|§| Ni%
(%) w

n J2
- =0, Y—~071
i 0.71 -~ 0
z ! NERYS
3 2 2
T
= 1
> 0
2
=z _1 AR
3 2
3n 2 \/5
— —Y—~ —-071 ~—~07
4 2 2
Sn 3 1
s | Tz P
n -1 0

Now we can sketch the graphs of y = cos x and y = sin x. Table 27-1 contains the values of cos x
and sin x for the standard values of x between 0 and #/2; these values are taken from Table 26-1. Also
listed are the values for 2r/3 (120°), 3n/4 (135°), and Sn/6 (150°). These are obtained from the formulas

202
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(see Problem 26.15)

n . . n
5) = —sin 0 and sin (0 + 5) =cos f

The graph of y = cos x is sketched in Fig. 27-2(a). For arguments between — = and 0, we have used
the identity cos (—x) = cos x (Theorem 26.3). Outside the interval [ —=, ], the curve repeats itself in
accordance with Theorem 26.2.

cos (0 +

by
1
e
/” “\
\ Ud ~,
N\ /, \\
N 1 [ L & 1 % -
N, - 14 0 T e w i L4 7 3= 2w 2{‘\ x
\\ -2 643 1 [ ,/ 2 ~
\\ 7 h
S~ ak -7
(@) y=cosx

(B) y=sinx
Fig. 27-2
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The graph of y = sin x [see Fig. 27-2(b)] is obtained in the same way. Notice that this graph is the
result of moving the graph of y = cos x to the right by n/2 units. This can be verified by observing that

T .
Cos X—E =S8in X

The graphs of y = cos x and y = sin x have the shape of repeated waves, with each complete wave
extending over an interval of length 2z (the period). The length and height of the waves can be changed
by multiplying the argument and the functional value, respectively, by constants.

EXAMPLES
(@) y = cos 3x. The graph of this function is sketched in Fig. 27-3. Because

2
cos 3(x + %‘) = cos (3x + 2m) = cos 3x

the function is of period p = 2r/3. Hence, the length of each wave is 2z/3. The number of waves over an
interval of length 2z (corresponding to one complete revolution of the ray determining angle x) is 3. This
number is called the frequency f of cos 3x. In general,

pf = (length of each wave) x (number of waves in an interval of length 27n) = 2n

and so

For an arbitrary constant b > 0, the function cos bx (or sin bx) has frequency b and period 2xn/b.

Fig. 27-3

(b) y = 2sin x. The graph of this function (see Fig. 27-4) is obtained from the graph of y = sin x (see Fig. 27-2) by
multiplying each ordinate by 2. The period (wavelength) and the frequency of the function 2 sin x are the same
as those of the function sin x: p = 2w, f= 1. But the amplitude, the maximum height of each wave, of 2 sin x
is 2, or twice the amplitude of sin x.

NOTE The total oscillation of a sine or cosine function, which is the vertical distance from crest to trough, is
twice the amplitude.
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» ¥

Fig. 27-4

é 2»

For an arbitrary constant 4, the function A sin x (or 4 cos x) has amplitude | 4].

(c) Putting together examples (a) and (b) above, we see that the functions A4 sin bx and A cos bx (b > 0) have
period 2n/b, frequency b, and amplitude | A |. Figure 27-5 gives the graph of y = 1.5 sin 4x.

AAAAANL

-

L)
~%

TV

Fig. 27-5
27.2 DERIVATIVES
Lemma 27.1: (a) lim sin 6 =1; () lim 1—cos @
-0 0 0-0 0

(a) For the proof, see Problem 27.4.

VAVAYA

=0
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®) lim 1 —cosf)_lim 1—cosf 1+cosb in 1 —~cos® @
9o 0 e O 14+cos0 4.0 601+ cos 6)
. sin® 6 . sin@ sind
= lim = .
o081 +cos8) 4.0 0 1+4+cosb
sin 6 sin 6 0
=i . l = . = 0
lim =l s o~ L T
Theorem 27.2: D,(sin x) = cos x and D,(cos x) = —sin x.

For the proof, see Problem 27.5.

EXAMPLES
(@

sin 2x = g(f(x)). The chain rule (15.2) gives

D (g(f(x)) = g'(f(x)) - DS (x))

or D (sin 2x) = (cos 2x) + D,(2x) = (cos 2x) *+ 2 = 2 cos 2x
() Find D,(cos* x). The function cos* x is a composite function. If f(x) = cos x and g(x) = x*, then
cos* x = (cos x)* = g(f(x))
Therefore, D (cos* x) = D ((cos x)*) = 4(cos x)* * D (cos x)  [by the power chain rule]
= 4(cos x)* * (—sin x)
= —4 cos® x sin x
Solved Problems
27.1 Find the period, frequency, and amplitude of:
. X 1
(@) 4sin > (b) 3 cos 3x

and sketch their graphs.

(@) For 4sin §x = A sin bx, the frequency is f = b = 4, the period is p
is A = 4. The graph is sketched in Fig. 27-6(a).

(b) For 4 cos 3x = A cos bx, the frequency f is b = 3, the period is p = Eb'_‘ = 2n
A = 4. The graph is sketched in Fig. 27-6(b).

2n

[ 4

—3_;

[CHAP. 27

Find D.(sin 2x). The function sin2x is a composite function. If f(x)=2x and g(x) =sinx, then

= 4n, and the amplitude

and the amplitude is

> |

N
e
3
g b

(b)
Fig. 27-6
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27.2 Find all solutions of the equations:

(@) cosx=0 ) sinx=%

(@) For —m < x < =, inspection of Fig. 27-2(a) shows that the only solutions of cos x = 0 are

and x =

®
I
I
vla

NR

Since 2z is the period of cos x, the solutions of cos x = 0 are obtained by adding arbitrary integral
multiples of 2n to —=n/2 and =#/2,

1 ‘'m - n n ‘
—5+21m=§(4n—1) and §+2un=§(4n-1)

Together, 4n — 1 and 4n + 1 range over all odd integers, and so the solutions of cos x = 0 are all odd
multiples of /2,

x=Qk+ 1)% [k=0, +1, +2,...]

(b) Figure 27-2(b) shows that, for —n/2 < x < 3x/2, the only solutions are x = n/6 and x = 5=/6. Hence,
all the solutions are

5
g + 2nn and Fn + 27n

wheren=0, +1, +2,....

27.3 Find the derivatives of:

X

2

X

(¢) sin?x  (d) cos® 3

(@) 3sin 5x (b) 4cos

(@) D3 sin 5x) = 3D (sin 5x)
= 3(cos 5x)D,(5x) [by the chain rule and Theorem 27.2]
= 3(cos 5x)5) = 15 cos 5x

x x
) Dx(4 cos 5) = 4D,(cos —2-)

= 4(——sin %)D,(;—‘) [by the chain rule and Theorem 27.2]

X 1 X
= —4{sin=N=)= — in —
(sm 2)( 2) 2 sin

(¢) D, sin? x} = D((sin x)?)
= (2 sin x)D,(sin x) [by the power chain rule]
= 2 sin x cos x [by Theorem 27.2]
= sin 2x [by Theorem 26.8]
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274 Prove Lemma 27.1.

Consider the case when 6 > 0. Using the notation of Fig. 27-7,
area (AOBC) < area (sector OBA) < area (AODA)

Fig. 27-7
1 . — 1 .
Now area (AOBC) = 3 (OCXBC) = 3 cos O sin 6
area (sector OBA) = % x (area of circle)
(] 5 0
= x (nl%) = 2

Furthermore, since AOBC and AODA are similar (by the AA-criterion),

SN

D4 1 —_
-—= DA
sin® cos @

SN

or __l
" cos 0

1 o
area (AODA) = = (DA)(OA -3 ( sin )( )
and (I) becomes, after dividing through by the positive quantity 4 sin 6,

0s 0 < 9 < 1
cos sinf cos 8

which is equivalent to

cos0<s—m—-0—< 1
) cos 0

[CHAP. 27

(1)

@

ALGEBRA If a and b are positive numbers, then

a<b ifand only if l>l
a b




CHAP. 27] GRAPHS AND DERIVATIVES OF SINE AND COSINE FUNCTIONS 209

In (2), let @ approach 0 from the right. Both cos @ and 1/(cos 8) approach 1. Therefore, by Problem
8.8(f),
. sin@
im — =

00+

1 3

sin(—0) _sinb 14once, (3) implies lim S0 =1,
—0 9 e

Now, by Theorem 26.3, sin (— ) = —sin @ and, therefore,

in 6
which, together with (3), yields lim i‘;— =1
-0

275 Prove Theorem 27.2.
(a) Let us first prove D,(sin x) = cos x. By Theorem 26.6(c), sin (x + h) = sin x cos h + cos x sin h, and so

sin (x + h) —sin x  sin x cos h + cos x sin h — sin x

h h
_ cos x sin h + sin x (cos h — 1)
h h
_ sin h o 1—cosh
= Cos X P sin x A
Therefore,
. B — si
D_fsin x) = lim sin (x + h) —sin x
k-0 h
. sinh . —cos h
= lim cos x —— — lim sin x
h—=0 h—0
. sinh . l—cosh
= cos x lim — —sin x lim ————
k=0 h h—0 h
=cosx*1—sinx-0 [by Lemma 27.1]

= CO0Ss X

(b) By Theorem 26.7, cos x = sin (g - x) and sin x = cos (g - x). Hence, by the chain rule,

D,(cos x) = D,(sin (22‘_ — x)) = Cos (g — x) ‘(—1)= —sin x

27.6 Sketch the graph of the function f(x) = sin x — sin? x.
Along with sin x, f(x) has 2z as a period. Therefore, we need only sketch the graph for 0 < x < 2=.

f'(x) = cos x — 2 sin x cos x = cos x — sin 2x
S"(x) = —sin x — (cos 2x)D,(2x) = —sin x — 2 cos 2x

To find the critical numbers, solve f'(x) = 0.

cos x —2sinxcos x=0
(cos x1 —2sinx)=0

cos x =0 or 1—-2sinx=0
cos x=0 or sinx=l
2
x_n3 or 5
=22 *=%6

where Problem 27.2(b) has been used. Application of the second-derivative test (Theorem 23.3) at each
critical number gives the results shown in Table 27-2. The graph is sketched in Fig. 27-8.
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A Y
2
[ o
1 L
b 't i 4 o
o1 % b - ¥ X
»l -
"ZF
Fig. 27-8
Table 27-2
x | fx) f"x)
z l 3 rel. max
6 4 7 fo-max.
g 0 1 rel. min.
z ! 1 rel. max
6 2 3 el. max.
3—-; -2 3 rel min.

Find the absolute extrema of the function f(x) = 2 sin x — cos 2x on the closed interval [0, =].

For this simple function it is unnecessary to resort to the tabular method of Section 14.2. It suffices to
observe that the sine and cosine functions have maximum absolute value 1. Thus, if there is an argument x

in [0, 7] such that
fX)=2A+1)—-(-1)=3
that argument must represent an absolute maximum (on any interval whatever). Clearly, there is one and

only one such argument, x = n/2.
On the other hand, since sin x > 0 on [0, =], the arguments x = 0 and x = n minimize sin x and, at the

same time, maximize cos 2x. Hence,
JO) =f(m) =20 - (+1) = -1

is the absolute minimum value on {0, #n].

Supplementary Problems

Find the period, frequency, and amplitude of each function, and sketch its graph.

4x |
(a) cos? ) Esm 3x
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279

27.10

27.11

2712

27.13

27.14

2715

Find the period, frequency, and amplitude of:

(@) 2sin’-3‘ ®) —cos2x (9 5sin§25 @ cos (—4x)

[Hint: In part (d), the function is even.]

Find all solutions of the following equations:

(@ sinx=0 (b) cosx=1 (¢) sinx=1 (d cosx= -1

V2 3

. 1 .
() sinx=—1 N cosx—i )} smx——z- (h) cos x= >
[Hint: By Theorem 26.1, only two of parts (a), (b), and (d) need be solved.]

Find the derivatives of the following functions:

(@ 4sin® x (b) sinx+2cosx (c) xsinx (d) x> cos 2x
(@ % f) I-ocosx —:20 5 X (9) Ssin3xcosx (b cos®2x
i) cos(2x>*—3) (j) sin®(Sx +4) (k) <Jcos 2x () sin® (sin? x)

Calculate the following limits:

sin x cos x — 1 sin 2x x+1
lim — b) lim ——— li li
@ ,I.I.l‘l, 3x ®) :21, 2x © ,,_I.I; sin 3x @ ,1_1.1:, cos X
© lim sin 4x ) lim sin® x @ lim sin x? *) lim cos 3x
x—=0 5x x=0 4X3 g x—+0 x x-x/2 COS X
. .. xsin4x —sin? x ) 1 . sin? (x — 4) ., 2—2xcosx
O I O fmxcosz @ ImTr o OIS

Sketch the graphs of the following functions:

(@ f(x)=sin? x (b) g(x) =sin x + cos x © f(x)=3sin x —sin® x

(d) hx)= cos x — cos® x (e) g(x) =|sin x| (f) f(x)=sinx + x

(9) f(x)=sin(x—1)

(h) Check your answers to parts (a)—(g) on a graphing calculator.

Find the absolute extrema of each function on the given interval:

(@) sin x + x on [0, 2x] (b) sin x — cos x on [0, ] (¢} cos? x + sin x on [0, ]
1

on [0, 2x] ) R sin x on [0, 2x]

. . 1
(d) 2sin x + sin 2x on [0, 2n] (e) |cos x— 2

(99 3sin x — 4 cos x on [0, 27]

(a) Show that f(x) = A cos x + Bsin x has périod 2n and amplitude ./A4* + B2 [Him: Clearly,

f(x + 2m) = f(x). Note that <1 and < 1. Hence, there exists ¢ such that

A B
JA*+ B? JA* + B
A B

sin ¢ = —————and cos ¢ = ———. Show that f(x) = /42 + BZsin (x + ).]

JVA*+ B? JA* + B? ¢
(b) Find the amplitude and period of: (i) 3 cos x — 4 sin x; (ii) 5 sin 2x + 12 cos 2x;
(iil) 2 cos x + ﬁ sin x.
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27.16

27.17
27.18
2719
2720
27.21

27.22

2723

2124

27.25

GRAPHS AND DERIVATIVES OF SINE AND COSINE FUNCTIONS [CHAP. 27

. [m . W n 1
sm(z-’rh)-smz cos(§+h)—§
Evaluate: (@) lim () lim ———
h~0 h h-0 h
[Hint: Recall the definition of the derivative.]

For what value of 4 does 2 sin Ax have period 2?

Find an equation of the tangent line to the graph of y = sin? x at the point where x = =/3.

Find an equation of the normal line to the curve'y = 1 + cos x at the point (=/3, 3/2).

Find the smallest positive integer n such that D%(cos x) = cos x.

Let f(x) = sin x + sin | x|. (a) Sketch the graph of f. (b) Is f continuous at 0? (c) Is f differentiable at x = 0?

Find the slope of the tangent line to the graph of:

(a) y = x + cos (xy) at (0, 1); (b) sin (xy) = y at (n/2, 1).
[Hint: Use implicit differentiation.]

Use implicit differentiation to find y':
@ cosy=x (b) sin(xy)=y>

(@) A ladder 26 feet long is leaning against a vertical wall (see Fig. 27-9). If the bottom of the ladder 4 is
slipping away from the base of the wall at the rate of 3 feet per second, how fast is the angle 8 between
the ladder and the ground changing when the bottom of the ladder is 10 feet from the base of the wall?

(b) An airplane is ascending at a speed of 400 kilometers per hour along a line making an angle of 60°
with the ground. How fast is the altitude of the plane changing?

(@) A man at a point P on the shore of a circular lake of radius 1 mile (see Fig. 27-10) wants to reach the
point Q on the shore diametrically opposite P. He can row 1.5 miles per hour and walk 3 miles per
hour. At what angle 6 (0 < 8 < #/2) to the diameter PQ should he row in order to minimize the time
required to reach Q? (When 8 = 0, he rows all the way; when § = n/2, he walks all the way.)

(b) Rework part (a) if, instead of rowing, the man can paddle a canoe at 4 miles per hour.

T

Fig. 27-9 Fig. 27-10

2726 (a) Find the absolute extrema of f(x) = x — sin x on [0, n/2].

(b) From part (a), infer that sin x < x holds for all positive x.

©) Verify on a graphing calculator that cos x < 2? < 1for x #0and —(n/2) < x < (n/2).
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21.27

2728

2729

27.30

2731

2732

. sin x for x < n/4 . . .
Determine whether the function f(x) = { <7/ is continuous at x = n/4. Is the function differ-

cos x for x > n/4
entiable at x = n/4?

(@) The hypotenuse of a right triangle is known to be exactly 20 inches, and one of the acute angles is

measured to be 30°, with a possible error of 2°. Use differentials to estimate the error in the computa-
tion of the side adjacent to the measured angle.

(b)) Use differentials to approximate cos 31°.
(@) Find the first four derivatives of sin x. (b) Find the 70th derivative of sin x.

(a) Show that there is a unique solution of x> — cos x = 0 in the interval [0, 1]. (b) Use Newton’s
method to approximate the solution in part (a).

Approximate = by applying Newton’s method to find a solution of 1 + cos x = 0.

Use Newton’s method to find the unique positive solution of sin x = x/2.



Chapter 28

The Tangent and
Other Trigonometric Functions

Besides the sine and cosine functions, there are four other important trigonometric functions, all of
them expressible in terms of sin x and cos x.

. . sin x
Definitions: Tangent function tan x =
cos X
cos X 1
Cotangent function cot x = — =
gent fun sin x tanx
1
Secant function sec x =
cos x
Cosecant function CSC X = —
Jun sin x

EXAMPLE Let us calculate, and collect in Table 28-1, some of the values of tan x.

T TRV
tan & _ Sin (#/4) S |

L% _ sin(@/3) 32 _ J3

Notice that tan (n/2) is not defined, since sin (n/2) = 1 and cos (n/2) = 0. Moreover,

. . sin x . ) sin x
lim tanx= lim = 400 and lim tan x = lim = —00
x—(x/2)~ x—(x/2)+ COS X x=n+/2 x-x+/2 COS X

because cos x > 0 for x immediately to the left of /2 and cos x < 0 for x immediately to the right of
n/2.

Table 28-1
X tan x
0 0
z 3 ~ 0.58
6 3
n
d 1
4
g SI~vLT

214
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Theorem 28.1: The tangent and cotangent functions are odd functions that are periodic, of period =.

That they are odd follows from Theorem 26.3,

tan (—x) = sin (—x) _—sinx —tan x
cos(—x) cosx
cot (—x) = 1 I = —cot x
" tan (—x) —tanx
The periodicity of period = follows from Problem 26.15(c) and (d),
tan(x+n)=sm(x+n)= oS X
cos(x+m —cosx
Theorem 28.2 (Derivatives): D, (tan x) = sec? x
D (cot x) = —csc? x
D (sec x) = tan x sec x
D (csc x) = —cot x csc x

For the proofs, see Problem 28.1.

EXAMPLE From Theorem 28.2 and the power chain rule,
DZ(tan x) = D,{(sec x)?) = 2(sec x)D(sec x)
= 2sec x)(tan x sec x) = 2 tan x sec? x

Now in (0, #/2), tan x > 0 (since both sin x and cos x are positive), making D2(tan x) > 0. Thus (Theorem 23.1), the
graph of y = tan x is concave upward on (0, n/2). Knowing this, we can easily sketch the graph on (0, n/2), and
hence everywhere (see Fig. 28-1).

by

e

wp————— e ——— e ———

q
~

———— e =t e e — e ¢ N —— e — —— — — ——— . — — —— — e
t

Y

Fig. 28-1
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Theorem 28.3 (Identities): tan® x + 1 = sec? x and cot? x + 1 = csc? x.

Proof: Divide sin? x + cos? x = 1 by cos? x or sin? x.

Traditional Definitions

As was the case with sin # and cos 6, the supplementary trigonometric functions were originally
defined only for an acute angle of a right triangle. Referring to Fig. 26-3, we have

opposite side

tan 6 = adjacent side
adjacent side
cotfd=——7——
opposite side
_ hypotenuse
sec 0 = adjacent side
csc 0 = hypo?enu.se
opposite side
Solved Problems

28.1 Prove Theorem 28.2.

D (tan x) = D,,(Sin x)

cos x
_ (cos x)D(sin x) — (s:n X)Dy(cos x) [by the quotient rule]
(cos x}
_ (cos x)cos x) —z(sm XY —sin x) [by Theorem 27.2]
cos? x
2 in?
_ cos? x 12- sin® x _ 12 [by Theorem 26.1]
cos? x cos® x
= sec? x
D,(cot x) = D((tan x)" ') = (ta; 1)2 Dtan x)  [by the power chain rule)
-1 1 -1
" (tan x)? (cos x)>  (tan x cos x)?
- (an x = sin x
" (sin x)? " cos x

= —csc? x
Differentiating the first identity of Theorem 28.3,
2(tan x)(sec?® x) = 2(sec x)D,(sec x)
and dividing through by 2(sec x), which is never zero, gives
D (sec x) = tan x sec x
Similarly, differentiation of the second identity of Theorem 28.3 gives

D,(csc x}) = —cot x csc x
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28.2 Draw the graph of csc x.

Because csc x = 1/(sin x), it is, along with sin x, periodic, of period 2z, and odd. Therefore, we need
only find the graph for 0 < x < n. Now

e ==
ST s 1
As x decreases from 7/2 toward 0, sin x decreases from 1 toward 0. Therefore, csc x increases from 1 to
+ 0. Likewise, as x increases from n/2 toward =, sin x decreases from 1 toward 0, and csc x increases from
1 to + oo. In fact, since sin ((/2) + u) = sin ((n/2) — u), the graph will be symmetric about the line x = n/2
(see Fig. 28-2).

[ 34

- A i A A
3n * 3 v [3 v .
- -4 T2 ~“a 0 4 2 0 X

e ——— — —— e e e . ] o — o —— — —— —
—_————————— e T

Fig. 28-2

tanu —tan v

283 Prove the identity tan (u — v) = m

sin (u —v)  sin u cos v — cos u sin v
cos (u—v) cos ucos v+ sin usinv
siny sinv

cosu Ccosv .. .
=— .[divide numerator and denominator by cos u cos v]
sin u sin v

tan (u —v) = [by Theorem 26.6]

COS u COS v
tan 4 —tan v
l+tanutanv

284 Calculate: (a) D (3 tan? x); (b) D(sec x tan x).
(@) D,(3 tan? x) = 3D (tan? x) = 3(2 tan x)D (tan x) [by the power chain rule]
= 6 tan x sec® x

(b) D,(sec x tan x) = (sec x)D(tan x) + (tan x)D (sec x) [by the product rule}
= (sec x)sec? x) + (tan x)tan x sec x) [by Theorem 28.2]
= (sec x)(sec? x + tan? x)
= (sec x)sec? x + tan? x) (by Theorem 28.3]
= (sec x)(tan? x + 1 + tan? x)
= (sec x{2 tan? x + 1)
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28.5 A lighthouse H, 1 mile from a straight shore, has a beam that rotates counterclockwise (as seen
from above) at the rate of six revolutions per minute. How fast is point P, where the beam of

light hits the shore, moving?

Let A be the pont on shore opposite H, and let x be the distance AP (see Fig. 28-3). We must find
dx/dt. Let 6 be the measure of ¥x PHA. Since the beam makes six revolutions (of 2z radians) per minute,

de

i 12z radians per minute

Now tan 0 =

-] %

Hence, dx
dt

= (sec? G 12m) = (/x* + 1)*(12nm) l:since sec 6 =

= 12n(x* + 1)

opposite side

=X since tan 0 =
[ adjacent side

de
9% _ ptan 6) = Dy(tan 6) = [by the chain rule]

adjacent side

For instance, when P is 1 mile from A, the light is moving along the shore at 24n miles per minute (about

4522 miles per hour).

28.6 The angle of inclination of a nonvertical line % is defined to be the smaller counterclockwise
angle a from the positive x-axis to the line (see Fig. 28-4). Show that tan « = m, where m is the

slope of .£.

By taking a parallel line, we may always assume that ¥ goes through the origin (see Fig. 28-5). &
intersects the unit circle with center at the origin at the point P (cos a, sin a). By definition of slope,

sina—0 sina

m=———=——=¢tana

cosa—0 cosa

A

Fig. 28-3

28.7 Find the angle at which the lines #;: y=2x+ 1and ¥,:

y = —3x + § intersect.

\ x

Let a, and «, be the angles of inclination of &, and .#, (see Fig. 28-6), and let m, and m, be the slopes
of #, and Z,. By Problem 28.6, tan a, = m, = 2 and tan a, = m, = —3. a, — a, is the angle of intersec-

tion. Now

tan (a, — @,) = tan a, — tan a,
1+ tan a, tan a,

omy—m

_1+m1m2

. =3-2 -5 =5

T14(-32) 1-6 -5

[by Problem 28.3]

[by Problem 28.6]
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28.10

28.11

28.12

28.13

28.14
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) y
Y L4 .(tz 2,
=T = P(osa,sina) a-a
/7
/ 1 \
/ \ ay
{ COl/M™N v o I
'\ ; X a)
\ /
\ /
S X
~4— /
Fig. 28-5 Fig. 28-6

Since tan (@, — a,) =1,

oy — o, = % radians = 45°

In general, given tan («, — «,), the value of o, — a, can be estimated from the table in Appendix D.

It should be noted that, in certain cases, the above method will yield the larger angle of intersection.

Supplementary Problems

Sketch the graphs of: (a) sec x; (b) cot x.

tan u + tan v

Prove the identity tan (¥ + v) = ——————.
4 ( ) 1—tanutanv

Calculate: (a) D,(2 tan g - 5) (b) Dftanx —secx) (c) D,(cot® x)
(d) D.(cot 4x + 3x) (f) D, (csc (3x —5)

@ Dylesc /)

(e) D, (sec? 3x)

(h) D(/tan x)

Find y' by implicit differentiation:

(b) sec? y+csctx=3
@ y=tan®(x+y)

(@) tan(xy)=y
(¢) tan®(y +1)=3sinx

Find an equation of the tangent line to the curve y = tan x at the point (n/3, \/5).
Find an equation of the normal line to the curve y = 3 sec? x at the point (n/6, 4).

t 3 i
Evaluate: (@) lim 2n® ) fim 222 (@ fim 20
x=0 x—=0 X x—+0 tan 4x




220

28.15

28.16

2817

28.18

28.19

28.20

28.21

28.22
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A rocket is rising straight up from the ground at a rate of 1000 kilometers per hour. An observer 2
kilometers from the launching site is photographing the rocket (see Fig. 28-7). How fast is the angle @ of the
camera with the ground changing when the rocket is 1.5 kilometers above the ground?

rd
/I
/l
/’l
7 y
,/
7
7
rah X
Pl ,‘
2
Fig. 28-7

Find the angle of intersection of the lines #,: y=x—-3and &¥,: y=—5x+4

Find the angle of intersection of the tangent lines to the curves xy = 1 and y = x* at the common point
1 1).

Find the angle of intersection of the tangent lines to the curves y = cos x and y = sin 2x at the common
point (n/6, /3/2).

Find an equation of the tangent line to the curve 1 + 16x2y = tan (x — 2y) at the point (z/4, 0).

Find the relative maxima and minima, inflection points, and vertical asymptotes of the graphs of the follow-
ing functions, on [0, n]:

(@ f(x)=2x—tan x ) f(x)=tan x — 4x
Find the intervals where the function f(x) = tan x — sin x is increasing.

Use Newton’s method to approximate solutions of the following equations: (a) sec x =4 on [0, n/2];
(b) tan x — x = 0 on [x, 37/2]; (c) tan x = 1/x on (0, w).
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Antiderivatives

29.1 DEFINITION AND NOTATION

Definition: An antiderivative of a function f is a function whose derivative is f.

EXAMPLES

(@) x?is an antiderivative of 2x, since D (x?) = 2x.

(b) x*/4is an antiderivative of x3, since D (x*/4) = x3.

(¢) 3x® —4x® + 5is an antiderivative of 9x> — 8x, since D (3x> — 4x? + 5) = 9x? — 8x.
(d) x? + 3is an antiderivative of 2x, since D (x> + 3) = 2x.

(e) sin x is an antiderivative of cos x, since D,(sin x) = cos x.

Examples (a) and (d) show that a function can have more than one antiderivative. This is true for all
functions. If g(x) is an antiderivative of f(x), then g(x) + C is also an antiderivative of f(x), where C is
any constant. The reason is that D (C) = 0, whence

D, (9(x) + C) = D (9(x))
Let us find the relationship between any two antiderivatives of a function.
Theorem 29.1: If F'(x) = O for all x in an interval .#, then F(x) is a constant on .£.

The assumption F'(x) = 0 tells us that the graph of F always has a horizontal tangent. It is then
obvious that the graph of F must be a horizontal straight line; that is, F(x) is constant. For a rigorous
proof, see Problem 29.4.

Corollary 29.2: 1If g'(x) = K'(x) for all x in an interval #, then there is a constant C such that
g(x) = h(x) + C for all x in .£.
Indeed,

D (g(x) — h(x)) = g'(x) — K(x) =0

whence, by Theorem 29.1, g(x) — h(x) = C, or g(x) = h(x) + C.
According to Corollary 29.2, any two antiderivatives of a given function differ only by a constant.
Thus, if we know one antiderivative of a function, we know them all.

NOTATION [ f(x) dx stands for any antiderivative of f. Thus,

Dx(j f(x) dx) =f(x)

OTHER TERMINOLOGY Sometimes the term indefinite integral is used instead of antiderivative, and the process of
finding antiderivatives is termed integration. In the expression j f(x) dx, f(x) is called the integrand. The motive for
this nomenciature will become clear in Chapter 31.

221
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EXAMPLES
' 3
(@ |x*dx= % + C. Since D,(x*/3) = x?, we know that x*/3 is an antiderivative of x2. By Corollary 29.2, any

o

other antiderivative of x? is of the form (x3/3) + C, where C is a constant.

) jcosxdx=sinx+C

.

(c) sin x dx = —cos x + C

.

(d |sec?xdx=tanx+ C
J

p

(e) Jde=C

»

f) |ldx=x+C

29.2 RULES FOR ANTIDERIVATIVES

The rules for derivatives—in particular, the sum-or-difference rule and the chain rule—yield corre-
sponding rules for antiderivatives.

RULE 1. J a dx = ax + C for any constant a.

EXAMPLE
J'3 dx=3x+C

+1

RULE 2. Iﬂ dx = rx’ + C for any rational number r other thanr = —1.

+1

NOTE The antiderivative of x ! will be dealt with in Chapter 34.

Rule 2 follows from Theorem 15.4, according to which

xr+1
D(x"*Y=(@+1x" or D,( ) =x

r+1
EXAMPLES
32
(@ J‘\/;dx=J‘x”2dx=§%—+C=§x3’2+C
1 _ x~2 1 1
(b) J;;dx=fx 3dx==~:-2-+C=—-2—x 2+C=—'2—XE+C

RULE 3. jaf (x)dx=a f f(x) dx for any constant a.

This follows from Dx(a . J f(x) dx) =a- D,‘( J f(x) dx) = af(x).
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x3 5x3
EXAMPLE 5x2dx =5 xzdx=5? +C=T+C

.

RULE 4. (i) J‘[ f(x) +g(x)] dx = | f(x)dx + J.g(x) dx

LY

(i1) ~l’[f (x) —g(x)] dx = | f(x) dx — Jg(x) dx

For Dx(J‘ f(x)dx Jg(x) dx) = Dx( ” f(x) dX) * Dx(f g(x) dx) =f(x) £ g(x).

4

3
EXAMPLE j(xz+x3)dx=Jx2dx+Ix3dx=x?+xT+C

Notice that we find a specific antiderivative, x3/3 + x*/4, and then add the “arbitrary” constant C.

Rules 1 through 4 enable us to compute the antiderivative of any polynomial.

1 6 1 5 3 2
EXAMPLE I<3x5—Ex‘+7x2+x—3)dx=3(%)—5(%)+7(%)+§2——3x+C
x6 x5 7, 0x?
_7_E+§x +'2—~3X+C

The next rule will prove to be extremely useful.

(gx) !

r+1 +C

RULE 5 (Quick Formula I). f @x)g'(x) dx =

The power chain rule implies that

7+ 1 1
() - Lty = -+ P9 = TG0

which yields quick formula L.

EXAMPLES
(@) J.(lxz+5)7xdx—l(l 2+5)8+C
2 “3\2”
832
(b) f./Zx—de=%.[(2x—5)"2(2)dx=%(2J‘T5)+C=%(2x_5)3/2+c

RULE 6 (Substitution Method). Deferring the general formulation and justification to Problem 29.18,
we illustrate the method by three examples.

(i) Find | x? cos x* dx. Let x* = u. Then, by Section 21.3, the differential of u is given by
1
du=D[(x*dx=3x*dx or x*dx= 3 du
Now substitute u for x> and idu for x? dx,

1 1 1 1
szcosx"dx=J‘scosudu=§fcosudu=§sinu+C=§sinx3+C
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(i) Find | (x? 4+ 3x — 5)*2x + 3) dx. Let u = x? + 3x — 5, du = (2x + 3) dx. Then
P
J‘(x2 +3x = 532x+3)dx= | uddu=

o

ut
4

(iii) Find { sin® x cos x dx. Let u = sin x. Then du = cos x dx, and

1
+C=Z(x2+3x—5)4+C

]

3
) u
131n2xcosxdx= uzdu=?+C=

sin3

3

X

+C

Notice that quick formula I (Rule $) is a special case of Rule 6, corresponding to the substitution
u = g(x). The beauty of quick formula I is that, when it is applicable, it allows us to avoid the bother of

going through the substitution process.

Solved Problems
29.1 Find the following antiderivatives:

(a) I(Sx—sz)dx (b) J(4x+ﬁ—2)dx

(© I(xz —sec2 x)dx  (d) JY x + 3x* dx

X

(a) _[(\’/; — 5x?) dx = j.(x”3 — 5x%) dx

X413 X3
=5 - 5(—) + C  [by Rules 2 and 4]

3 3
=%x‘/3~—§x3+C
r 2 72
b) (4x+./x5—2)dx=f(4x+x5/2—2)dx=4<x7)+x—7——2x+C
J ¥

2
=2 45X - 2x 4 C

r 3
© ) (x?®—sec? x)dx=J<x2 dx—j'seczxdx=x?—tanx+c

. 2

() ——-———2‘/;: 3x dx=f(——-j_+3x) dx=2J\x’”2 dx +3 J.x dx  [by Rules I and 4]
x

xl/z 2

3
=2—1—+3—+C=4\/;+-2-x2+c
2

2

29.2 Find the following antiderivatives:

(a) J‘(Zx3 —x)*6x2—1)dx (b) J.ﬁ/ 5x2 — 1 x dx
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(@ Notice that D (2x? — x) = 6x? — 1. So, by quick formula I,
J.(2x3 — x)4(6x% — 1) dx = é 2 —xp+C

(b) Observe that D (5x% — 1) = 10x. Then, by Rule 1,

j.’/le —1xdx= I(sz - DB xdx = T16 ~[(5):2 — 1)¥3 10x dx
1R
10 %

=i(5x2 —1)"3+C=i(.’/5x2—1‘+c
40 40
- % SEE -+ C

(For manipulations of rational powers, review Section 15.2.)

+C [by quick formula I]

29.3 Use the substitution method to evaluate:
sin /x 2 /o2 2
(@) \/_ dx (b) x sec” (3x* — 1) dx (©) x*/x +2dx
X

(@) Letu= \/)E Then,

du = D,(\/;) dx = D (x'?) dx = % x"12 dx = N dx

2/x

Hence, sm\/;dx=2J.sinudu=-—2cosu+C=—2cos\/)—c+C

N

(b) Letu = 3x? — 1. Then du = 6x dx, and

1
wac2(3x2—l)dx=gjsec2udu::étanu+C=%tan(3x2——l)+C

(c) Letu=x+ 2 Thendu =dx and x = u — 2. Hence,

J-xz./x +2dx= f(u - 2)2\/; du= f(uz —4u + 4u'’? du

= J @2 — 42 4 4u'?) du by ww' = w7

..2 72 8 5/2 8 3/2 _2 712 8 5/2 8 3/2
=zu —Su +3u +C—7(x+2) —5(x+2) +3(x+2) +C

The substitution u = . /x + 2 would also work.

294 Prove Theorem 29.1.

Let a and b be any two numbers in #. By the mean-value theorem (Theorem 17.2), there is a number ¢
between a and b, and therefore in #, such that
F(b) — F(a)

Fley= b-a

But by hypothesis, F'(c) = 0; hence, F(b) — F(a) = 0, or F(b) = F(a).
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295 A rocket is shot straight up into the air with an initial velocity of 256 feet per second. (a) When

29.6

does it reach its maximum height? (b) What is its maximum height? (c) When does it hit the
ground again? (d) What is its speed when it hits the ground?

In free-fall problems, v = | a dt and s = | v dt because, by definition, a = dv/dt and v = ds/dt. Since
a = — 32 feet per second per second (when up is positive),

v=j—32dt= -32t+C,
t2
s=J.(—32t+C,) dx=(—32)3+ Cit+C,=—1682+Cit+C,

in which the values of C, and C, are determined by the initial conditions of the problem. In the present
case, it is given that v(0) = 256 and s(0) = 0. Hence, 256 =0 + C, and 0 =0 + 0 + C,, so that
v= —32t + 256 )
s = —1612 + 256t 2

(@) For maximum height, ds/dt = v = —32¢ + 256 = 0. So,
t= 3352—6 = 8 seconds
when the maximum height is reached.
(b) Substituting ¢ = 8 in (2),
s(8) = —16(8)* + 256(8) = — 1024 + 2048 = 1024 feet
(c) Setting s =0in (2),

—16t* + 256t =0
—16t(t — 16) =0
t=0 or t=16

The rocket leaves the ground at ¢t = 0 and returns at ¢t = 16.

(d) Substituting ¢t = 16 in (1), (16) = —32(16) + 256 = —256 feet per second. The speed is the magnitude
of the velocity, 256 feet per second.

Find an equation of the curve passing through the point (2, 3) and having slope 3x® — 2x + 5 at
each point (x, y).

The slope is given by the derivative. So,

d
232w+
dx

Hence, y=J‘(3x3—2x+5)dx=%x‘—-x2+5x+C

Since (2, 3) is on the curve,
=%(2)“—(2)2+5(2)+C= 12-44+10+C=18+C

Thus, C = —15, and

y=3x*—x*+5x—15
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29.7

298

29.9

29.10

29.11

29.12

Supplementary Problems

Find the following antiderivatives:

. p
(a) J-(2x3 —5x2 4+ 3x + 1) dx b) ( — —l—> dx (0 2\‘/; dx
3

7)) jsﬁ dx (6 |zdx N | x* = 1) /xdx
(9) J-(;l‘i — ;}5) dx (h) | _Z&_xz_—:zgc—+1 dx (i) f(3 sin x + 5 cos x) dx
) .[(7 sec2x —sec xtanx)dx (k) |(csc® x +3xH)dx () x\/g dx
(m) ‘[ ! dx (n) |tan? x dx 0) | x(x*+ 2)? dx
sec x J J

[Hint: Use Theorem 28.3 in (n).]

Evaluate the following antiderivatives by using Rule 5 or Rule 6. [In (m), a # 0.]

r Fo

@ | JTx+4dx (b) dx (c) I(Bx — 5)12 dx
J X = 1

@ |sin(Gx—1)dx © | sec2§ dx ) J‘coi/_ \x/; i
( r

@ |@-2)rd B |2ST+3a O f xx+ - dx
r - . v N

f)] N4 x2 —2x + 1dx (k) (x‘ + 1)”3x7 dx U] ﬁ dx
o v o + Jx

i [ cos 3x [
(m) }x/ax+bdx (n) S dx 0 |1 —xx?dx

@ | Gx—5'xdx @ |@—=72ta ¢ | Snlxcos ),

XZ

3
(s) = sec? e dx

A rocket is shot vertically upward from a tower 240 feet above the ground, with an initial velocity of 224
feet per second. (@) When will it attain its maximum height? (b)) What will be its maximum height? (c}) When
will it strike the ground? (d) With what speed will it hit the ground?

(Rectilinear Motion, Chapter 18) A particle moves along the x-axis with acceleration a = 2t — 3 feet per
second per second. At time t = 0, it is at the origin and moving with a speed of 4 feet per second in the
positive direction. (a) Find a formula for its velocity v in terms of t. (b) Find a formula for its position x in
terms of ¢. (¢) When and where does the particle change direction? (d) At what times is the particle moving
toward the left?

Rework Problem 29.10 if a = t2 — 12 feet per second per second.

A rocket shot straight up from ground level hits the ground 10 seconds later. (a) What was its initial
velocity ? (b) How high did it go?
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29.13

29.14

29.15

29.16

29.17

29.18

ANTIDERIVATIVES [CHAP. 29

A motorist applies the brakes on a car moving at 45 miles per hour on a straight road, and the brakes cause
a constant deceleration of 22 feet per second per second. (a) In how many seconds will the car stop? (b)
How many feet will the car have traveled after the time the brakes were applied? [Hint: Put the origin at
the point where the brakes were initially applied, and let ¢t = 0 at that time. Note that speed and deceler-
ation involve different units of distance and time; change the speed to feet per second.]

A particle moving on a straight line has acceleration a = § — 3¢, and its velocity is 7 at time ¢t = 2. If s(t) is
the distance from the origin at time ¢, find s(2} — s(1).

(a) Find the equation of a curve passing through the point (3, 2) and having slope 2x2 — 5 at point (x, y).
(b) Find the equation of a curve passing through the point (0, 1) and having slope 12x + 1 at point (x, y).

A ball rolls in a straight line, with an initial velocity of 10 feet per second. Friction causes the velocity to
decrease at a constant rate of 4 feet per second per second until the ball stops. How far will the ball roll?
[Hint: a = —4 and v, = 10.]

A particle moves on the x-axis with acceleration a(t) = 2t — 2 for 0 <t < 3. The initial velocity v, at t =0
is 0. (@) Find the velocity v(t). (b)) When is 1{t) < 0? (c) When does the particle change direction? (d) Find the
displacement between ¢t = 0 and t = 3. (Displacement is the net change in position.) (¢) Find the total dis-
tance traveled fromt =0tot = 3.

Justify the following form of the substitution method (Rule 6):
J‘ Sg(x))g’(x) dx = I S (u) du

where u is replaced by g(x) after integration on the right. The “substitution” would be applied to the
left-hand side by letting u = g(x) and du = g'(x) dx. [Hint: By the chain rule,

Dx( j fw) du) = Duq S du) * (du/dx) = f(u)du/dx) = f(9(x))g(x).]



Chapter 30

The Definite Integral

30.1 SIGMA NOTATION

The Greek capital letter X is used in mathematics to indicate repeated addition.

EXAMPLES

99
(@ Yi=1+2+4+3+---4+99

i=1

that is, the sum of the first 99 positive integers.

6
®) YQRi-1)=1+3+5+7+9+11

i=1

that is, the sum of the first six odd positive integers.

5 5
© Y3i=6+9+12+15=32+3+4+5=3Yi

i=2 i=2

15
@ 2j2=12+22+32+"'+152=1+4+9+...+225
i=1
5
(e) sin jr = sin © + sin 2z + sin 3n + sin 4 + sin 57
j=1

In general, given a function f defined on the integers, and given integers k and n > k,

310 =10 456+ 1+ +10)

30.2 AREA UNDER A CURVE

Let f be a function such that f(x) > 0 for all x in the closed interval [a, b]. Then its graph is a curve
lying on or above the x-axis (see Fig. 30-1). We have an intuitive idea of the area A of the region & lying
under the curve, above the x-axis, and between the vertical lines x =a and x = b. Let us set up a

procedure for finding the value of the area A.
Select points x,, x,, ..., X,_ inside [a, b] (see Fig. 30-2). Let x, = aand x, = b,

A=Xg<X; <Xy <+ <X,_y<X,=b

These divide [a, b] into the n subintervals [x,, x;]1, [X;, X321, -.., [Xs—1, X.]- Let the lengths of these
subintervals be A;x, A, x, ..., A, x, where

Ajx =X — x4

Draw vertical lines x = x; from the x-axis up to the graph, thereby dividing the region # into n strips. If
A, A is the area of the ith strip, then
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’ /
y = f(x)
x=b
R
\M
x=a
a b
Fig. 30-1

AA0A] A | 4A 4,4
4,x A}X Asx A"X
X N x X3 Xy Xn
a b

Fig. 30-2

[CHAP. 30

Approximate the area A; A as follows. Choose any point x} in the ith subinterval [x;_,, x,] and draw
the vertical line segment from the point x* up to the graph (see the dashed lines in Fig. 30-3); the length
of this segment is f(x}). The rectangle with base A;x and height f(x}) has area f(x}) A;x, which is
approximately the area A; A of the ith strip. So, the total area 4 under the curve is approximately the

sum

T A060) Arx = f(60) Aux + o) By x + - +£(xD) B

(30.1)

The approximation becomes better and better as we divide the interval [a, b] into more and more
subintervals and as we make the lengths of these subintervals smaller and smaller. If successive approx-
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imations get as close as one wishes to a specific number, then this number is denoted by

b
'[ S(x) dx

and is called the definite integral of f from a to b. Such a number does not exist for all functions f, but it
does exist, for example, when the function f'is continuous on [a, b].

(
N

e

P

X3

|
|
|
|

|
/1l
| |
| |
| l
| .
| |
} |
|
1 ]
X3 xi

= r——-————-—————-————\\

1~
»
-
a»
o>
=

Fig. 30-3

EXAMPLE Approximating the definite integral by a small number n of rectangular areas does not usually give
1
good numerical results. To see this, consider the function f(x) = x2 on [0, 1]. Then j x2 dx is the area under the

0
parabola y = x2, above the x-axis, between x = 0 and x = 1. Divide [0, 1] into n = 10 equal subintervals by the
points 0.1, 0.2, ..., 0.9 (see Fig. 30-4). Thus, each A, x equals 1/10. In the ith subinterval, choose x}* to be the
left-hand endpoint (i — 1)/10. Then,

1 n 10 i—1 2 1 10 (i —- 1)2 1
2 dx N Ax= ’__) (_)= (_)
J;x * .~=Zl Sty Aux ,;1( 10 ) \10 :=21 100 \10

10
= ﬁ Y- 1)? [by example (c) above]
i=1

1 1
=—1700—0(0+1‘+4+'“+81)—m(285)=0'285

As will be shown in Problem 30.2, the exact value is
t 1
J; xtdx = 3= 0333...

So the above approximation is not too good. In terms of Fig. 30-4, there is too much unfilled space between the
curve and the tops of the rectangles.

Now, for an arbitrary (not necessarily nonnegative) function f on [a, b], a sum of the form (30.1) can
be defined, without any reference to the graph of f or to the notion of area. The precise epsilon—delta
procedure of Problem 8.4(a) can be used to determine whether this sum approaches a limiting value as n
approaches co and as the maximum of the lengths A, x approaches 0. If it does, the function f is said to
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@l 02 0Y 04 0% OA O 0n DY ' b ]

Fig. 304
be integrable on [a, b], and the limit is called the definite integral of f on [a, b] and is denoted by’

ff (x) dx

In the following section, we shall state several properties of the definite integral, omitting any proof that
depends on the precise definition in favor of the intuitive picture of the definite integral as an area
[when f(x) = 0].

303 PROPERTIES OF THE DEFINITE INTEGRAL

Theorem 30.1: If fis continuous on [a, b], then fis integrabie on [a, b].

(]
Theorem 30.2: -[I:j(x) dx = ¢ [ Jf(x) dx for any constant c.

Obviously, since the respective approximating sums ¢njoy this relationship [example (¢) above], the
limits enjoy it as well.
EXAMPLE Supposc that f(x) < 0 for all x in [a, ] The graph of f—along with its mirror image, the graph of
— f—1s shown in Fig 30-5. Since —f{x) 2 0,

f—ﬂxldx-nmﬂ

! The definite integral is also called the Riemann integral of fon [, b) and the sums (30.1) ase called Riemann sums for fon [a, b).
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But by symmetry, area B = area A; and by Theorem 30.2, withc = —1,
Jb —f(x)dx = — lbf(x) dx
It follows that
r f(x) dx = —(area A)

In other words, the definite integral of a nonpositive function is the negative of the area above the graph of the
function and below the x-axis.

Theorem 30.3: If fand g are integrable on [a, b], then so are f + g and f — ¢, and
[[Uwrzamax= ["rwaxs [‘a as
Again, this property is implied by the corresponding property of the approximating sums,
SIP0001= TR0+ 300

Theorem 30.4: 1f a < c < b and if f is integrable on [a, c] and on [c, b], then f is integrable on [a, b],
and

be(x) dx = rf(x) dx + fb f(x) dx

For f(x) = 0, the theorem is obvious: the area under the graph from a to b must be the sum of the areas
from a to ¢ and from c to b.

EXAMPLE Theorem 30.4 yields a geometric interpretation for the definite integral when the graph of f has the
appearance shown in Fig. 30-6. Here,

b 1 c2 c3 ca
ff(x)dx=f f(x)dx+j f(x)dx+f f(x)dx+J f(x)dx+'rf(x)dx
=A,—A2+A3—‘A4+A5 ' 3 )

That is, the definite integral may be considered a total area, in which areas above the x-axis are counted as positive,
and areas below the x-axis are counted as negative. Thus, we can infer from Fig. 27-2(b) that

2x
L sin xdx=0

because the positive area from O to = is just canceled by the negaive area from = to 2x.

y

/\ As [;\
af €l A, (%] c;\\/c. b X

Fig. 30-6

Arbitrary Limits of Integration

In defining [} f(x) dx, we have assumed that the limits of integration a and b are such that a < b.
Extend the definition as follows:
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() fafix)dx=0.
(2) Ia>b,let f;f(x)dx = — [} f(x) dx (with the definite integral on the right falling under the
original definition).

Under this extended definition, interchanging the limits of integration in any definite integral reverses
the algebraic sign of the integral. Moreover, the equations of Theorems 30.2, 30.3, and 30.4 now hold for
arbitrary limits of integration a, b, and ¢.

Solved Problems

®
30.1 Show that .[ ldx=b—a.
For any subdivisiona = x, < X, < X3 < - € X,_, < X, = bof [a, b), the approximating sum (30.1) is

i fix?) Ax= ).:, A x  [since f(x) =1 for all x]

i=] i=1
=, =X+ (X, — X))+ =X+ -+ (x, - %X, )=X,—Xg=b—a

Since every approximating sum is equal 1o b — a,
'»
I ldx=b-a

As an alternative, intuitive proof, note that [2 1 dx is equal to the arca of a rectangle with base of length
b—a and height 1, since the graph of the constant function 1 is the line y = 1. This area is
(b ~ aX1) = b — a (see Fig. 30-7),

Fig. 30-7

‘u(n+ IX2n + 1)

6 which

1
302 Calculate L x? dx. [You may assume the formula 12 + 22 + --- 4+ n?
is established in Problem 30.12(a. iﬂ.]

Divide the interval [0, 1] into n equal parts, as indicated in Fig. 30-8, making each A,x = 1/a. In the
ith subinterval [(i — 1)/n, i/n], let x? be the right endpoint i/n. Then (30.1) becomes
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30.3

p ¥

am
)
'

-

Fig. 30-8

We can make the subdivision finer and finer by letting n approach infinity. Then,

1 1 1 1 1 1
2 dyx = lim - “No+Z)=2(¥2) ==
J;x x ,,l_.n;6(l+n>< +n> 6(1)() 3

This kind of direct calculation of a definite integral is possible only for the very simplest functions f(x).
A much more powerful method will be explained in Chapter 31.

Let f(x) and g(x) be integrable on [a, b].
(@ Xf(x)=0on[a,b], show that

b
I f(x)dx=0
(b) Iff(x) < g(x)on [a, b], show that
b b
f f(x)dx < i g(x) dx
(©) Ifm < f(x) < M on [a, b], show that
b
m(b—a)sj f(x)dx < M(b — a)

(a) The definite integral, being the area under the graph of f, cannot be negative. More fundamentally,
every approximating sum (30.1) is nonnegative, since f(x#) >0 and A;x > 0. Hence (as shown in
Problem 9.10), the limiting value of the approximating sums is also nonnegative.

(b) Because g(x) — f(x) = O on [a, b],

b
f (gx)—f(x) dx 20  [by (a)]

b b
J. g(x) dx — J: f(x)dx =0 [by Theorem 30.3]

’ b b

f g(x) dx 2[ f(x) dx
b *b ) b
(©) J. mdx<| f(x)dx < J M dx [by (b)]

b b b
m J. ldx < j f(x)dx< M J. 1dx [by Theorem 30.2]
r

mb —a) < ' f(x)dx<M(b—a)  [by Problem 30.1]
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305

30.6

30.7

30.8

309

30.10

THE DEFINITE INTEGRAL (CHAP. 30

Supplementary Problems

Evaluate:

@ j 8dx () LIsz i © I ot + 4y d
2 0

[Hint: Use Problems 30.1 and 30.2.]

5
For the function f graphed in Fig. 30-9, express j f(x) dx in terms of the areas A,, 4,, 4,.
[1]

y

A,

0 A, s x
As

Fig. 30-9

b 2 1

(@) Show that J;x dx =b7. You may assume the formula1 +2+ - +n= n(n2+ )

30.12(a). Check your result by using the standard formula for the area of a triangle. [Hint: Divide the

interval [0, b] into n equal subintervals, and choose x{ = ib/n, the right endpoint of the ith subinter-
val.]

proved in Problem

b —a?

b
(b) Show that J: x dx = . [Hint: Use (a) and Theorem 30.4.]}

3
(¢) Evaluate J‘ 5x dx. [Hint: Use Theorem 30.2 and (b).]
1

Show that the equation of Theorem 30.4,

J.cf(x) dx + Ibf(x) dx = J‘bf(x) dx

holds for any numbers a, b, ¢, such that the two definite integrals on the left can be defined in the extended
sense. [Hint: Consider all six arrangements of distinct @, b, c:a<b<c,a<c<b b<a<c, b<c<a,
¢ < a < b, c < b < a. Also consider the cases where two of the numbers are equal or all three are equal.]

2
Show that 1 < I x3 dx < 8. [Hint: Use Problem 30.3(c).]

1

2
(@) Find | /4~ x?>dx by using a formula of geometry. [Hint: What curve is the graph of

y=4—-x1]
(b) From part (a) infer that 0 < n < 4. (Much closer estimates of n are obtainable this way.)

Evaluate:

3 4
@ Y@i—-1) () Y(Gk+49

i=1 k=0

3 S (1) . _1
(©) jz:osmg ) "; S (;) ifflx) =~
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30.11 Iffis continuous on [a, b}, f(x) = 0 on [a, b], and f(x) > 0 for some x in [a, b], show that

rf(x) dx >0

[Hint: By continuity, f(x) > K >0 on some closed interval inside [a, b]. Use Theorem 30.4 and
Problem 30.3(c).]
30.12 (a) Use mathematical induction (see Problem 12.2) to prove:

_nn+1)
)

_nln+ 12n + 1)

(i 12422+ +n? 5

@ 1+2+---+n

(b) By looking at the cases when n = 1, 2, 3, 4, 5, guess a formula for 13 + 23 + - - - + n® and then prove it
by mathematical induction. [ Hint : Compare the values of formula (i) in part (@) forn = 1,2, 3,4, 5.]

30.13 If the graph of f between x = 1 and x = 5 is as shown in Fig. 30-10, evaluate 3} f(x) dx.

Fig. 30-10

30.14 Let f(x) =3x + 1 for 0 < x < 1. If the interval [0, 1] is divided into five subintervals of equal length, what
is the smallest corresponding Riemann sum (30.1)?



Chapter 31

The Fundamental Theorem of Calculus

31.1 CALCULATION OF THE DEFINITE INTEGRAL
We shall develop a simple method for calculating
b
Jl f(x) dx
a method based on a profound and surprising connection between differentiation and integration. This

connection, discovered by Isaac Newton and Gottfried von Leibniz, the co-inventors of calculus, is
expressed in the following:

Theorem 31.1: Let fbe continuous on [a, b]. Then, for x in [a, b],

‘r f(@) dt

Dx(J‘ f@) dt) =f(x)
A proof may be found in Problem 31.5.

Now for the computation of the definite integral, let F(x) =_[ f(x) dx denote some known anti-

is a function of x such that

derivative of f(x) (for x in [a, b]). According to Theorem 31.1, the function f(t) dt is also an anti-

derivative of f(x). Hence, by Corollary 29.2,
jxf(t) dt = F(x)+ C
for some constant C. When x = a,
0=J.af(t) dt =F(@) + C or C = —F(a)
Thus, when x = b,
ff(t) dt = F(b) — F(a)

and we have proved:

Theorem 31.2 (Fundamental Theorem of Calculus): Let f be continuous on [a, b], and let
F(x) = | f(x) dx. Then,

fbf(X) dx = F(b) — F(a)

NOTATION The difference F(b) — F(a) will often be denoted by F(x)]}, and the fundamental theorem notated as

b b
f f(x) dx=jf(x) dx:l

238
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EXAMPLES

1

(@) Recall the complicated evaluation f x2 dx = } in Problem 30.2. If, instead, we choose the antiderivative x*/3
0

and apply the fundamental theorem,

(b) Let us find the area A under one arch of the curve y =sin x; say, the arch from x =0 to x = n. With
f sin x dx = —cos x + \/3 the fundamental theorem gives

A=fx sinxdx=(——cosx+\/§)]ﬂ =(—cosn+\/§)~(—cos0+\/§)
0

0
=[—(-D+S1-(-1+ =141+ /5-/5=2

Observe that the \/g-terms canceled out in the calculation of A. Ordinarily, we pick the “simplest” anti-
derivative (here, —cos x) for use in the fundamental theorem.

31.2 AVERAGE VALUE OF A FUNCTION
The average or mean of two numbers a, and g, is

ata
2

For n numbers a,, a,, ..., a,, the average is

a1+a2+“'+a,,
n

Now consider the function f defined on an interval [a, b]. Since f may assume infinitely many values, we
cannot directly use the above definition to talk about the average of all the values of £ However, let us
divide the interval [a, b] into n equal subintervals, each of length

b—a
n

Ax =

Choose an arbitrary point x} in the ith subinterval. Then the average of the n numbers f(x¥), f(x¥), ...,

S(x)is

xPD+H+ -+ fxF) 12

S SO+ OB L

n ni=1

If n is large, this value should be a good estimate of the intuitive idea of the “average value of f on
(a, b].” But,

Ly 1y 11
;i;f(x;" “b-a 2 fx¥) Ax [Slme;:b_an]

i=1

b
As n approaches infinity, the sum on the right approaches J f(x) dx (by definition of the definite
integral), and we are led to:

b
Definition: The average value of fon [a, b] is 5 i p J; f(x) dx.
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EXAMPLES

(a) The average value V of sin x on [0, n] is

V= - f sin x dx = % 2 [by example (b) above]
- 0
= 2 ~ 0.64
n

(b) The average value V of x* on [0, 1] is

! 13 l3
=mLX dx=JLx dx

Now | x? dx = x*/4. Hence, by the fundamental theorem,

1
V=1 x}dx=—
[oa-3

With the mean value of a function defined in this fashion, we have the following useful

Theorem 31.3 (Mean-Value Theorem for Integrals). If a function fis continuous on [a, b], it assumes
its mean value in [ga, b]; that is,

1 b
mj; f(x)dx =f(c)

for some ¢ such thata < c < b.

For the proof, see Problem 31.4. Note that, by contrast, the average of a finite set of numbers
a,, a,, ..., a, in general does not coincide with any of the a;.

31.3 CHANGE OF VARIABLE IN A DEFINITE INTEGRAL

To evaluate a definite integral by the fundamental theorem, an antiderivative | f(x) dx is required.
It was seen in Chapter 29 that the substitution of a new variable u may be useful in finding { f(x) dx.
When the substitution is made in the definite integral too, the limits of integration a2 and b must be
replaced by the corresponding values of u.

EXAMPLE Let us compute

J‘l./5x+4dx
o

Let u=5x + 4; then du =S5 dx. Consider the limits of integration: when x =0, u=4; when x=1, u=9.
Therefore,
9

1 9 9
J «/5x+4dx=J' ﬁldu=-1-j ut’? du=l(-2-u3/2)]
0 4 5 5 4 5 3
2 2
=507 - 97 =S [/ - (/4]

4

38

2 2 2
IS — 33 -—23 = — —_ = — = ——
15 ( ) 15 @7-8) 15 (19) 15

See Problem 31.6 for a justification of this procedure.

Solved Problems

31.1 Calculate the area A under the parabola y = x? + 2x and above the x-axis, between x = 0 and
x =1
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31.2

31.3

314

31.5

Since x2 + 2x > 0 for x > 0, we know that the graph of y = x? + 2x is on or above the x-axis between
x = 0 and x = 1. Hence, the area A is given by the definite integral

1
J. (x* + 2x) dx
o

Evaluating by the fundamental theorem,

1 3 1 13 03 1 4
= 2 = i— 2 = | —-— 12 —_— — 2 = - = -
0(x + 2x) dx (3 +x)]o (3+ ) (3+0) 3+1 3

a+2x
Compute I sin x dx. (Compare the example following Theorem 30.4, where a = 0.

By the fundamental theorem,

a+2n a+2x
sin x dx = —cos x =0
a

a

since the cosine function has period 2.

Compute the mean value V of ./x on [0, 4]. For what x in [0, 4] does the value occur (as
guaranteed by Theorem 31.3)?

T )

8
= = (432 _ 3/2y — = — =—(2) = - =
= @O =L (BP0 = @) =

ul&

This average value, %, is the value of ,/x when x = (§)? = 1£. Note that 0 < 1f < 4.

Prove the mean-value theorem for integrals (Theorem 31.3).

. 1 b
Write V=m£ f(x) dx

Let m and M be the minimum and maximum values of f on [a, b]. (The existence of m and M is guaranteed
by Theorem 14.2.) Thus, m < f(x) < M for all x in [a, b], so that Problem 30.3(c) gives

m(b—a)s-rf(x)dst(b—a) or m<V<M

But then, by the intermediate-value theorem (Theorem 17.4), the value V is assumed by f somewhere in

[a, b].

Prove Theorem 31.1.

Write o= | s dr
Then, m+wwm‘fﬂwrfﬂwt
= ;xf(t) dt + x”.f(t) dt — J:xf(t) dt [by Theorem 30.4]
= [~ f(@t) dt
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By the mean-value theorem for integrals, the last integral is equal to hf(x*) for some x* between x and
x + h. Hence,

glx + h) — gx)

h =f(x%
and Dx( J' * f@ dt) = D,(g(x)) = lim Q(_xiﬁh)_z_g(_x_) _

k=0

lim f(x*)

k=0

Now as h — 0, x + h — x, and so x* — x (since x* lies between x and x + h). Since fis continuous,

lim f(x*) = f(x)

h-0

and the proof is complete.

b
(Change of Variablesy Consider J: f(x) dx. Let x = g(u), where, as x varies from a to b, u

increases or decreases from c to d. [See Fig. 31-1; in effect, we rule out g'(u) = 0 in [c, d).] Show
that

b d
J f(x) dx = j S(g()g'(w) du

[The right-hand side is obtained by substituting g() for x, g'(«) du for dx, and changing the
limits of integration from a and b to ¢ and d.]

x

bt
x = s(“’

ap

i 1 -

c d u

Fig. 31-1
Let F(x) = J. f(x) dx or F'(x) = f(x)

The chain rule gives

D(Flg(u))) = Fg(u)g'(w) = f(g(w))g'(w)
Hence, J‘ J(g(w)g'(u) du = F(g(u))

By the fundamental theorem,
d d
j' f(gu)g'(w) du = F (g(u))] = F(g(d)) — F(g(c))

=nw—ﬂm=rﬂna

1
31.7 Calculate f Jx%+ 1xdx.
0
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318

Let us find the antiderivative of /x? + 1 x by making the substitution u = x? + 1. Then, du = 2x dx,
and

‘[/xz_*_lxdx:f\/;.l_du:lj. llzdu_%ié_
——u =—(x2+1)3’2——(\/x—:_)’

Hence, by the fundamental theorem,

r,/xz + 1xdx =%(,/x2 +1 3]1 =31;-((,/12 + 1) - (/02 + 1)}
0 0
1 L1
=1 (WD -1 =32/2-1

ALGEBRA W2 =(/2?/2=2/2 ad (J1P=1=1

Alternate Method: Make the same substitution as above, but directly in the definite integral, changing the
limits of integration accordingly. When x =0, u =02 + 1 = 1; when x = 1, u = 12 + 1 = 2. Thus, the first
line of the computation above yields

32

1 1 1 2 2
J;\/x2+1xdx=§J‘ 1/2‘1“_5‘"?‘] =§u3/2:|

I 1

1 1
=3 (W2 - =302/2-1)

(@) Iffis an even function (Section 7.3), show that, for any a > 0,
f f(x)dx =2 f f(x) dx
-a 0
(b) Iffis an odd function (Section 7.3), show that, for any a > 0,

fa f(x)dx=0

If u = —x, then du = —dx. Hence, for any integrable function f(x),

0 0 0 a
J‘- S(x) JX=£ S(—u)(—du) = —J S(—u) d“=J;f(—u) du

NOTATION Renaming the variable in a definite integral does not affect the value of the integral:

b b )
fg(x)dx=fg(t)dt=.[g(0)d0='-'

Thus, changing u to x,

[ rae=[ s-nas 0

(0

and so r f(x)dx = f (x) dx + J. f(x) dx [by Theorem 30.4]
=J' f(— x)dX+_[ fx)dx  [by(1)]

= (f (x) + f(—x)) dx [by Theorem 30.3]
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(@) For an even lunction. f(x) + f(— x) = 2f(x), whence,

j f(x)dx = .[y(-x)ix = 2-[')'(3)33
(b) For an odd function, f(x) + f(—x) = 0, whence,

I- Sfix) dx -‘[-OJI=0L-‘3 =)

NOTATION One usually writes

» '»
[ dx instead of Ildx

(@) Letf(x) 20 on [a, b], and let [a, b] be divided into n equal parts, of length Ax = (b — a)/n,
by means of points x,, x,,..., X, [see Fig. 31-2(a)]. Show that

» a-1
I fix) dx z% (f(al +23 f(x) +f(bl) trapezoidal rule
i=1
(b) Use the trapezoidal rule, with n = 10, to approximate
1
'[ x?dx (=0333..)

(@) The area in the strip over the interval [x,_,, x,] is approximately the area of trapezoid ABCD in
Fig. 31-2(b), which is

& Utei 0 +1050)

GeoMETRY The arca of a trapezoid of height s and bases b, and b, is

1
3 hib, + b,)

where we understand x,, = a, x, = b. The area under the curve is then approximated by the sum of the
trapezoidal areas,

L]
I S(x) dx *% {Ufxg) + 0 ) 4 () + £ + =+ + (%)) + S(x))]

=t
- % (j'(a)-l- 2Y fix)+ 1)

la] 2]

Fig. 31-2
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(b) By the trapezoidal rule, with n = 10,2 = 0, b = 1, Ax = 1/10, x, = i/10,

1
~—1{02 - Loy 2
J'x dx ~ 2(0 +2§1 +1) 20(100a=§11+1)

-213 (— (285) + 1) [by arithmetic or Problem 30.12(a, ii)]

285 1
1000 2 = 0.285 + 0.050 = 0.335

whereas the exact value is 0.333....!

Supplementary Problems
31.10 Use the fundamental theorem to compute the following definite integrals:
3 /4 n/3
(a) Bx2—2x+1Ddx (b J. cos x dx () f sec? x dx
-1 0 0

) I16x3’2dx (e Js (—z——x)dx N J‘l./xz—6x+9dx
1 WS o

31.11 Calculate the areas under the graphs of the following functions, above the x-axis and between the two
indicated values a and b of x. [In part (g), the area below the x-axis is counted negative.]

@ f(x)=sin x (a=§,b=§) b) fxX)=x*+4x (a=0b=3)

1
(© f(x)=$ (@a=1,b=8) @ f)=a4x+1 @=0b=2)

€ fx)=x*-=3x (@=3,b=>5) () f(x) =sin? x cos x (a=0,b=§)
@ f)=x*(x*-2 @=1,b=2) (B fX=4x—x> @=0,b=3)

31.12 Compute the following definite integrals:

(a) J; " cos x sin x dx ) :’4 tan x sec? x dx ©) ' \/3xT—7x+—3 (Bx—1)dx
@ wzm cos xdx  (e) * Jx+ 2x? dx ) J' = 4x® dx
e
0 | Ix* = 9x3 dx ® | Gy @) L v 1)3,2
() * |x—1|dx (k) ,:2$dx ] J._z(x+2) x + 3dx
(m) J. \/x—_——ZxS dx (n) :/8 sec? 2x tan® 2x dx

[Hint: Apply Theorem 30.4 to part (j).]

(]
! When f has a continuous second derivative, it can be shown that the error in approximating [ f(x) dx by the trapezoidal rule is

at most (b — a)/12n*)M, where M is the maximum of | f"(x)| on [a, b] and n is the number of subintervals.
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31.13 Compute the average value of each of the following functions on the given interval:

@ fx)=xon[0,1] (b) f(x)=sec? x on [o, ;]
(€ f(x)=x*—2x—10on[-2,3] (@ f(x)=sin x + cos x on [0, n]

31.14 Verify the mean-value theorem for integrals in the following cases:

@ f(x)=x+2o0n[l,2] (b) f(x)=x3on[0, 1] (© f(x)=x%+5o0n][0, 3]

31.15 Evaluate by the change-of-variable technique:

3 x/2
(a) J. J2x +3x2dx (b) J. sin® x cos x dx
172 o

31.16 Using only geometric reasoning, calculate the average value of f(x) = ./2x — x* on [0, 2]. [Hint: If
y = f(x), then (x — 1)> + y? = 1. Draw the graph.]

31.17 If, in a period of time T, an object moves along the x-axis from x, to x,, calculate its average velocity.
[Hint: | v dt = x.]

31.18 Find:

() D,(r, /5+ 7 dt) ) D,,(j1
2

23

sin3 ¢ dt) (0 D,(J Yt + 1 dt)
[Hint: In part (c), use Problem 31.8(a).]

3

31.19 Evaluate J. x? sin x dx.

-3

3x2 "
3120 (@) Find Dx(f J+1 dt). [Hint: With u = 3x2, the chain rule yields D,(J. JEE+1 dt)=
1 1

“ d
D“(J Jt+1 dt) . ﬁ, and Theorem 31.1 applies on the right side.]
1

h(x)
(b) Find a formula for D( f(@) dt).

() Evaluate D,( J‘ T dt) and D,( J l (t—i + 1) dt).
0 Sx

b

31.21 Solve for b: J x""1dx =

1

SN

5
3122 If J f(x — k) dx = 1, compute
3

5-k
j f(x) dx
3-k

[Hint: Let x = u — k.]
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31.23

31.24

31.25

31.26

31.27

31.28

31.29

3130

3131

31.32

31.33

31.34

Iff(x)={sinx forx <0 find ! 00 dx.

3x> forx2>0 -2

Given that 2x? — 8 = '[ f(@) dt, find: (a) a formula for f(x); (b) the value of a.

* 1
Define H(X) = Jl T:? dt.
(@) Find H(1) (b) Find H'(1) (c) Show that H(4) — H(2) < %

If the average value of f(x) = x> + bx — 2 on [0, 2] is 4, find b.

2+h
Find lim (% j‘ Ix2 42 dx).
2

 ad ]
If g is continuous, which of the following integrals are equal?

(a) rg(x) dx (b r+ lg(x ~Ddx (o) J b_ag(x + a) dx
la a+ 1 0

The region above the x-axis and under the curve y = sin x, between x = 0 and x = =, is divided into two
parts by the line x = c. The area of the left part is 4 the area of the right part. Find c.

Find the value(s) of k for which

"2 2
Ix"dx=J‘(2—x)"dx
0 0

The velocity v of an object moving on the x-axis is cos 3¢. It is at the origin at ¢ = 0. (4) Find a formula for
the position x at any time ¢. (b) Find the average value of the position x over the interval 0 < ¢ < x/3.
(c) For what values of ¢ in [0, #/3] is the object moving to the right? (d) What are the maximum and
minimum x-coordinates of the object?

An object moves on a straight line with velocity v = 3¢t — 1, where v is measured in meters per second. How
far does the object move in the period of 0 < ¢t < 2 seconds? [Hint: Apply the fundamental theorem.]

Evaluate:

.1 = 2= ., nm
(@ lim -{sin—+sin — 4+ -+ +sin —
n n n/:

neto B
n n n n
b Ii 2 — 22— 2 —-1) — 2% —
(b) . :I:lw {sec ( 4n)+sec ( 4n)+ + sec ((n ) 4n)+ } n

(Midpoint Rule) In a Riemann sum (30.1), i S(x¥) A;x, if we choose x¥ to be the midpoint of the ith
subinterval, then the resulting sum is said t('>=l;e obtained by the midpoint rule. Use the midpoint rule to
approximate flxz dx, using a division into five equal subintervals, and compare with the exact result
obtained by thg fundamental theorem.
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31.35 (Simpson’s Rule) If we divide [a, b] into n equal subintervals by means of the points a = x,, x,, x;, .

31.36
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ey

b
x, = b, and n is even, then the approximation to | f(x) dx given by

b—
3n

% (flxo) + 4x)) + 2 () + 4 (x3) + 2 )+ + 4 (%o ) + [(x)

is said to be obtained by Simpson’s rule. Aside from the first and last terms, the coefficients consist of
alternating 4’s and 2’s. (The underlying idea is to use parabolas as approximating arcs instead of line
x

segments as in the trapezoidal rule.)> Apply Simpson’s rule to approximate j sin x dx, with n = 4, and
0
compare the result with the exact answer obtained by the fundamental theorem.

1

Consider the integral f x3 dx.
o

(@) Use the trapezoidal rule [Problem 31.9(a)], with n = 10, to approximate the integral, and compare the
result with the exact answer obtained by the fundamental theorem. [Hint: You may assume the
formula 13 + 2% + --- + n® = (n(n + 1)/2)2]

) Approximate the integral by the midpoint rule, with n = 10.

() Approximate the integral by Simpson’s rule, with n = 10.

2 Simpson’s rule is usually much more accurate than the midpoint rule or the trapezoidal rule. If f has a continuous fourth
L]

derivative on [a, b], then the error in approximatingj f(x) dx by Simpson’s rule is at most (b — a)’/180n*)M,, where M, is the

maximum of | f*Xx)| on [a, b] and n is the number of subintervals.



Chapter 32

Applications of Integration |: Area and Arc Length

321 AREA BETWEEN A CURVE AND THE y-AXIS

We have learned how to find the area of a region like that shown in Fig. 32-1. Now let us consider

what happens when x and y are interchanged.

()

(b

The graph of x = y? + 1 is a parabola. with its “nosc™ at (1, 0) and the positive x-axis as its axis of symmetry
(see Fig. 32-2). Consider the region @ consisting of all points 1o the left of this graph, to the right of the y-axis,
and between y = — 1 and y = 2. If we apply the reasoning used (o calculate the area of a region like that
shown in Fig 32-1, but with x and y interchanged, we must integrate “along the y-axis.” Thus, the area of & is
given by the definite integral

2
I 7+ 1)dy
-1

The fundamental theorem gives
2 3 2 ] 3
2 =(2 - o (e, )
J-..“’“’"" (3”)]-. (3”) ( 3 =R
8 1 9
-(§+2)—(—§—1)=3+3-3+3-6

Find the area of the region above the line y = x — 3 in the first quadrant and below the line y = 4 (the shaded
region of Fig. 32-3). Thinking of x as a function of y, namely, x = y + 3, we can express the area as

[orvar-(F+»)]

2 2
'(4?”“’)" 92-+3(m)-'3‘-+12=zo

Check this result by computing the area of trapezoid OBCD by the geometrical formula given in Problem 31.9.

Fig. 32-1 Fig. 32-2
249
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Fig. 32-3 Fig. 324

322 AREA BETWEEN TWO CURVES

Assume that 0 < g(x) < f(x) for x in [a, b]. Let us find the area A of the region # consisting of all
points between the graphs of y = g(x) and y = f(x), and between x = a and x = b. As may be seen from
Fig. 32-4, A is the area under the upper curve y = f(x) minus the area under the lower curve y = g(x);
that is,

L] » L]
A= -[ J(x)dx — .[ glx) dx = [(f{xl — g(x)) dx (32.1)

EXAMPLE Figure 32-5 shows the region # under the line y = $x + 2, above the parabola y = x?, and between
the y-axis and x = 1. [ts area is

[[((5+2)-2)ac=(go2-D)]

Formula (32.1) is still valid when the condition on the two functions is relaxed to

g(x) < f(x)

that is, when the curves are allowed to lie partly or totally below the x-axis, as in Fig. 32-6. See Problem
32.3 for a proof of this statement.

Another application of (32.1) is in finding the area of a region enclosed by two curves.

¥

¥

Fig. 32-5
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EXAMPLE Find the area of the region bounded by the parabola y = x* and the line y = x + 2 (see Fig. 32-7)
The limits of integration @ and b in (32.7) must be the x-coordinates of the intersection points P and Q,
respectively. These are found by solving simultancously the equations of the curves y = x? and y = x + 2. Thus,

x*mx+2 or x*-x-2=0 or (x—=2x+1)=0
whence, x =a = ~] and x = b = 2. Thus,

2

323 ARC LENGTH

Consider a differentiable (not just continuous) function f on a closed intervai [a, b). The graph of f
is a curve running from (a, f(a)) to (b, f(b)). We shall find a formula for the length L of this curve.

Divide [a, b] into n equal parts, each of length Ax. To each x, in this subdivision oorresponds the
point P{x;, f(x)) on the curve (see Fig. 32-8). For large n, the sum P, P, + P, P, +--- +P,_,P, =
Y74 P, P; of the lengths of the line segments P, _ P, is an approximation to the lcnglh of the curve,
Now, by the distance formula (2.7),

PP = J(x;— xo) + (f(x) = fix,- )P
But x; — x;_, = Ax; also, by the mean-value theorem (Theorem 17.2),
Sx) = flx ) = (x, = x, ) f(xP) = (Ax) f(xF)
for some x?® in (x; _,, x,. Hence,
PP = V(AP + (A GD) = UL+ (PP} Ax)?
= 1+ (7@ Va0 = JT+(f () Ax

and Y P\ Pi=% J1+(f1(x" Ax
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Fig. 32-8

The right-hand sum approximates the definite integral
b b
.[ 1+ (f'(x)?* dx =I 1+ (y)* dx
Therefore, letting n — oo, we obtain

b
= j 14+ () dx  arc-length formula (32.2)
a
EXAMPLE Find the arc length of the graph of y = x¥2 from (1, 1) to (4, 8).

We have

Hence, by the arc-length formula,

Let u=1+4+-x du = - dx dx=gdu
When x = 1, u = 4; when x = 4, u = 10. Thus,

10 10 10
L=J. uidu=if u”zdu=i(gu3’2)]
13/4 9 9 13/4 9\3 13/4
8 (a2 (13)3/2 5 5 ( / 13)3)
=% (10 7 /10y — (=
287 (10 T ) (sof - 13,/13)

where, in the next-to-last step, we have used the identity (\/E)3 = (\/5)2(\/5) = c\/Z.

Solved Problems

32.1 Find the area 4 of the region to the left of the parabola x = —y? + 4 and to the right of the
y-axis.



CHAP. 32] APPLICATIONS OF INTEGRATION I: AREA AND ARC LENGTH 253

The region is shown in Fig. 32-9. Notice that the parabola cuts the y-axis at y = + 2. (Set x =0 in the
equation of the curve.) Hence,

2
I (=Y +4)dy = L{—J" +4)dy  [by Problem 31.8(a)]

(505 )5l
A{-3+9)-{-5+5)-43)-3

322 Find the arca of the region between the curves y = x* and y = 2x, between x = 0 and x = 1 (see
Fig. 32-10).

For0<x<1,
2 — X = x(2 — X)) = (/24 3N /2 -x) 20
since all three factors are nonnegative. Thus, y = x? is the lower curve, and y = 2x is the upper curve. By

(32.1),
’(Zx—x’]dx-(x'—%‘)]: (l’—l{) (0’-07‘)”-%-%

Fig. 329 Fig. 32-10

]
323 Prove that the formula for the arca A = [ (f(x) — g(x)) dx holds whenever g(x) < f(x) on [a, b].

Let m < 0 be the absolute minimum of g on [a, b] [see Fig. 32-11(a)]. (If m = 0, both curves lic above
or on the x-axis, and this case is already known.) “Raisc” both curves by |m| units; the new graphs, shown
in Fig. 32-11(b), arc on or above the x-axis and include the same area A as the original graphs. Thus, by
(32.n,

b
= _[ {(f(x) + |m]) = (g(x} + | m|)} dx

»
- [(flxl —glx)+ 0 dx = f(f(!) — g(x)) dx
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¥ =flx) + {m)

-]
r

@) )
Fig. 32-11

324 Find the area A between the parabolas y = x> — land y = —(x* — 1).
_ From the symmetry of Fig. 32-12 it is clear that A will be equal to four times the area of the shaded

R SRR )
9690

325 Find the area between the parabola x = y? and the line y = 3x — 2 (see Fig. 32-13).
Find the intersection points. x = y*and y = 3x — 2 imply

y=3y' -2
3 —y—2=0
Gy+2y—1)=0
3y+2=0 or y—1=0

y==3 o

y=—(F-1)

Fig. 32-12 Fig. 32-13
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Notice that we cannot find the area by integrating “along the x-axis” (unless we break the region into two
parts). Integration along the y-axis is called for (which requires only the ordinates of the intersection

points),
1 1
y+2 y 2
A=I (—-—yz) y=J <—+——y’)dy
-2/3 3 -2/3 3 3

Here the “upper” curve is the line y = 3x — 2. We had to solve this equation for x in terms of y, obtaining
x = (y + 2)/3. Evaluating by the fundamental theorem,

_(¥ .2 y_’)‘ _(1 2 1 _(1(5) 2(_2)_1(_2)’)
A‘(6+3y 30, \67373) 7 6\9) 373/ 7373
_ 1+1)_(3_1+1 _1 (s §é+£)_l_<:2

“\6 3 27 9 81/ 2 \81 81 81 2 81

22 81+44 125

326 Find the length of the curve y = X + ix fromx=1tox=2.

32.7

328

6 2
* 1 ,oxE 1, x2
Y=-6—+§x y=3-3x=5-55
Then, op=2 1oL
1+(y')’=¥+§+%=(§+2_)“—2)’
\/W='xz—2+$=%z+%x‘z

Hence, the arc-length formula gives

Supplementary Problems

Sketch and find the area of: (a) the region to the left of the parabola x = 2y2, to the right of the y-axis,
and between y = 1 and y = 3; (b) the region above the line y = 3x — 2, in the first quadrant, and below the
line y = 4; (c) the region between the curve y = x3 and the linesy = —xand y = 1.

Sketch the following regions and find their areas:

(a) The region between the curves y = x? and y = x3.

(b) The region between the parabola y = 4x2? and the line y = 6x — 2.

(c) The region between the curves y = \/;, y=1and x =4.

(d) The region under the curve ﬁ + \/:v_ = | and in the first quadrant.

(e) The region between the curves y = sin x, y = cos x, x = 0, and x = /4.
(f) The region between the parabola x = —y? and the line y = x + 6.

(9) The region between the parabola y = x2 — x — 6 and the line y = —4.
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(h) The region between the curves y = \/; and y = x3.

(i)  The region in the first quadrant between the curves 4y + 3x = 7and y = x 2.
() The region bounded by the parabolas y = x2 and y = —x? + 6x.

(k) The region bounded by the parabola x = y* + 2 and the line y = x — 8.

()  The region bounded by the parabolas y = x> — x and y = x — x2.

(m) The region in the first quadrant bounded by the curves y = x? and y = x*.

(n) The region between the curve y = x> and the lines y = —x and y = 1.

329 Find the lengths of the following curves:

x4

(a) y=—8—+-4x—2fromx=ltox=2.

b y=3x—-2fromx=0tox=1.
(¢ y=x*fromx=1tox=28.
d x*P4+y**=4fromx=1tox=38.
S
X

(e) y=E+ZFfromx=ltox=2.

) y.—_%\/;(3—x)fromx=0tox=3.
(@) 24xy=x*+48fromx =2tox =4.

(h) y=§(1 + x3)*2 fromx =0to x = 3.

32.10 Use Simpson’s rule with n = 10 to approximate the arc length of the curve y = f(x) on the given interval.

(@ y=x*on[0,1] (b} y =sin x on [0, n] (c) y=x3on[0,5]



Chapter 33

Applications of Integration Il: Volume

The volumes of certain kinds of solids can be calculated by means of definite integrals.

331 SOLIDS OF REVOLUTION

Disk and Ring Methods

Let f be a continuous function such that f(x) = 0 for @ < x < b. Consider the region & under the
graph of y = f(x}, above the x-axis, and between x = a and x = b (see Fig. 33-1). If # is revolved about
the x-axis, the resulting solid is called a solid of revolution. The generating regions # for some familiar
solids of revolution are shown in Fig. 33-2.

y

Fig. 331

(b} Cylinder (€) Sphere

Fig. 33-2

Theorem 33.1: The volume V of the solid of revolution obtained by revolving the region of Fig. 33-1
about the x-axis is given by

]
V=n-[{f(x)}’dx-xfy‘dx disk formula
An argument for the disk formula is sketched in Problem 33.4.

If we interchange the roles of x and y and revolve the arca “under™ the graph of x = g(y) about the
y-axis, then the same reasoning leads to the disk formula

d d
V=:I(W))’dy-nj-x’dy

257
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EXAMPLE Applying the disk formula to Fig. 33-2{(a). we obtain
L] r 2 L] r! .
l/=r:.[. (;x) dx=lL mx dx
= [ ) e
CUREY S ¥ B
which is the standard formula for the volume of a cone with height h and radius of base r.

Now let f and g be two functions such that 0 < g(x) < f(x) for @ < x < b, and revolve the region #
between the curves y = f(x) and y = g(x) about the x-axis (see Fig. 33-3). The resulting solid of revolu-
tion has a volume V which is the difference between the volume of the solid of revolution generated by
the region under y = f(x) and the volume of the solid of revolution generated by the region under
y = g(x). Hence, by Theorem 33.1,

»
Van I {(f(x)? — (g(x)?*} dx  washer formula®

EXAMPLE Consider the region # bounded by the curves y = \.f’; and y = x (see Fig. 33-4). The curves obviously
intersect in the points (0, 0) and (1, 1). The bowl-shaped solid of revolution generated by revolving # about the

x-axis has volume
J ' o\
V'l‘[(l\/;}z—x’]b:-x‘[’[x—x']dx- ?_?):L

{(-5)-0)-3

T .“I
| v=fx)
|
‘ v = gix)
| " ‘
Fig. 33-3 Fig. 334
Cylindrical Shell Method

Let f be a continuous function such that f{x) = 0 for a < x < b, where a > 0. As usual, let # be the
region under the curve y = f(x), above the x-axis, and between x = a and x = b (see Fig. 33-5). Now,
however, revolve & about the y-axis. The resulting solid of revolution has volume

] 13
V=2n [ xf(x) dx = 2n £ xy dx  cylindrical shell formula

For the basic idea behind this formula and its name, see Problem 33.5.

1 8o termed because the cross section obtained by revalving a vertical segment has Lhe shape of a plumber's washer.
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‘Ly ¥
d, o
y = fix) |

Fig. 33§ Fig 336

EXAMPLE Counsider the function f(x) = /v — x! for 0 < x <r. The graph of f is the part of the circle

x? 4 y* = r? that lies in the first quadrant. Revelution about the y-axis of the region # under the graph of f (see
Fig. 33-6) produces a solid heinisphere of radius r. By the cylindrical shell formula,

Vm2e ’[:x\/? — x? dx

To evaluate ¥ substitutc u = #* — x*. Then du = —2x dx, and the limits of integration x =0 and x=r
become u = r? and u = 0, respectively,

a el
V=12x .[:u“’(-%du) -—x Lu”’ du = xL u'? dy
BT '=E .:x_Z )
3™ I sﬂr’)’ 3%

(This result is more easily obtained by the disk formula V = = L x*dy. Tryit)

332 VOLUME BASED ON CROSS SECTIONS

Assume that a solid (not necessarily a solid of revolution) lies entirely between the plane perpen-
dicular to the x-axis at x = a and the plane perpendicular to the x-axis at x = b. For a < x < b, let the

plane perpendicular to the x-axis at that value of x intersect the solid in a region of area A(x), as
indicated in Fig. 33-7. Then the volume V of the solid is given by

»
V= I A(x) dx cross-section formula
For a derivation, scec Problem 33.6.

-
-

L

Fig. 33-7
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(a) Assume that half of a salami of length £ is such that a cross section perpendicular Lo the axis of the salami at a
distance x from the end O is a circle of radius \/E (see Fig. 33-8). Thus,

Aix) = nl\/kx)* = nkx
and the cross-section formula gives

! ] 2 2
Vc'[nhdx=lk-[,xlx-ak%l-%

Nolc that for this solid of revolution the disk formula would give the same expression for V.

(b) Assume that a solid has a base which is a circle of radius r. Assume that there is a diameter D such that all
plane sections of the solid perpendicular to diameter D are squares (see Fig 33-9). Find the volume.
Let the origin be the center of the circle and let the x-axis be the special diameter D. For a given value of
x, with —r < x < r, the side s{x) of the square cross section is obtained by applying the Pythagorean theorem
1o the right triangle with sides x, s/2, and r (see Fig. 33-9),

3
x? + (%) =r?
4
x4 % =7
s* =Y — x¥) = Ax)
Then, by the cross-section formula,
v =I'ﬂﬁ — x¥) dx

-2 L’ﬂﬁ —x%dx  [since 4r* — x?} is an even function]

e e 5)-o-ofir)- 4o

Solved Problems

331 Find the volume of the solid generated by revolving the given region about the given axis.

(@) The region under the parabola y = x?, above the x-axis, between x = 0 and x = 1; about
the x-axis.

(b) The same region as in part (a), but about the y-axis. The region is shown in Fig. 33-10.
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.

Fig. 33-10 Fig. 33-11

{a) Use the disk formula,

S O o SO

(b) Use the cylindrical shell formula,
] ] 4 ]
- ) dx = vaxm 2 S]] = 2nf i)
v 23‘[::{1]4:( Zth dx 25(4)]0 21(4) 3

332 Let & be the region between y = x? and y = x (see Fig. 33-11). Find the volume of the solid
obtained by revolving # around: (a) the x-axis; (b) the y-axis.

The curves intersect at (0, 0) and (1, 1).
{a) By the washer [ormula,

] | 3 A\
_ 2 (o) dy — 2 _ N . | . 1_.1)=2_'
V—xL{x (xH)?) dx lL[x x*) dx 3 5)-° 1(3 3 s

(b) (Meihod 1) Use the washer formula along the y-axis,

1 1 3 nm 1 1
- [urraes [o-rar=dZ-5)] - 403

(Method 2} We can integrate along the x-axis and use the difference of two cylindrical shell formulas,

V= 2:(.[:.14.\:) dx - -['xix’] dx) = 2x -[Il{x’ - x% dx
R (RO

The formula used in method 2 can be formulated as lollows:

L]
V=1Ix .[ xglx) — fi(x)) dx difference of cylindrical shells

where V is the volume of the solid obtained by revolving about the y-axis the region bounded above
by y = g(x), below by y = f(x), and lying between x = aand x = b, withO € a < b.
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333 Find the volume of the solid whose basc is a circle of radius r and such that cvery cross section
perpendicular to a particular fixed diameter D is an equilateral triangle.

Let the center of the circular base be the origin, and let the x-axis be the diameter D. The area of the
cross seclion at x is A(x) = hs/2 (see Fig. 33-12). Now, in the horizontal right triangle,

:
x4+ G) =r  or % - fri—x!

and in the vertical right 1nangie,

h = ﬁ;-ﬁv’r’—x’

Hence, A(x) = \ﬁlr’ — x?}—an even function—and the cross-section formula gives
L v _ ! '
V= \’G -[ (r* — x¥) dx = 2\;’3 L{rl — xY)dx = 2\/.{’21 N %)]

s A
(f’ - %) = 2\,’3(% ?’) = 2)3"2 l'a

o

=23

\J

»
334 Establish the disk formula V = n I (f(xN? dx.
2

We assume as valid the expression =74 for the volume of a cylinder of radius » and height k. Divide
the interval [a. b) into n equal subintervals, cach of length Ax = (b — a)/n (sce Fig. 33-13). Consider the
volume ¥ obtained by revolving the region #, above the ith subinterval about the x-axis. If m; and M,
denote the absolute minimum and the absolute maximum of £ on the " subinterval, it is plain that ¥, must
lie between the volume of a cylinder of radius m, and height Ax and the volume of a cylinder of radius M,
and height Ax,

|
xmiAx <V, <aM?Ax  or ml<—— < M!
n Ax

The intermediate-value theorem for the continuous funclion (f(x))? guarantees the existence of some point
x%¥ in the ™ subinterval such that

Vo 2 _ 2
o= or V= m(f(<) Ax



CHAP. 33} APPLICATIONS OF INTEGRATION Il: VOLUME 263

Hence, V= i V= :ii}'[x,“}]’ Ax
=1

i=1
Since this relation holds (for suitable numbers x) for arbitrary », it must hold in the limil as n -+ oo,
D b
V =z lim (Z(ﬂx.-"])’ Ax) =-x I (f(x)* dx
A i=1 L]

which is the disk formula. The name derives from the usc of cylindrical disks (of thickness Ax) to approx-
imate the §.

L S ——

L .,

Fig. 33-13 Fig. 3314

»
335 Establish the cylindrical shell formula V = 2= [ xf(x) dx.

Divide the interval [a, #] into n equal subintervals, each of length Ax. Let #, be the region above the
i subinterval (see Fig. 33-14). Let x? be the midpoint of the i** subinterval, x* = (x,_, + x)/2.

Now the solid obtained by revolving the region #, aboult the y-axis is approximately the solid obtained
by revolving the rectangle with base Ax and height y? = f(x?). The latter solid is a eylindrical shell; that is,
it is the difference between the cylinders obtained by rotating the rectangles with the same height f(x?) and
with bases [0, x,_,] and [0, x]. Hence, it has volume

AXLS(P) — mxly f(xP) = af (xPUxF = xi ) = A QWX + X0 X = Xpo )
= af (x?A2x?NAx) = 2=x? f(xF) Ax

Thus, the total V is approximated by

20Y X fixt) Ax

i=1

L
which in wurn approximates the definite integral 2= -[ xf(x) dx.

b
336 Establish the cross-section formula V = [ A(x) dx.

Divide the interval (4, b] into n equal subintervals [x,_,, x,), cach of length Ax. Choose a point x® in
[xi— s xJ. If n is large, making Ax small, the picce of the solid between x,_, and x; will be very nearly a
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(noncircular) disk, of thickness Ax and base area A(x}) (see Fig. 33-15). This disk has volume A(x}) Ax.
Thus,

V=~ i A(x¥) Ax — J%A{x} dx

=1

Fig. 33-15

(Solids of Revolution about Lines Parallel to a Coordinate Axis) If a region is revolved about a
line parallel to a coordinate axis, we translate the line (and the region along with it) so that it
goes over into the coordinate axis. The functions defining the boundary of the region have to be
recalculated. The volume obtained by revolving the new region around the new line is equal to
the desired volume.

(@)

(b)

(a)

(b)

Consider the region # bounded above by the parabola y = x?, below by the x-axis, and
lying between x = 0 and x = 1 [see Fig. 33-16(a)]. Find the volume obtained by revolving #
around the horizontal line y = — 1.

Find the volume obtained by revolving the region # of part (a) about the vertical line
x= -2

Move @ vertically upward by one unit to form a new region #*. The line y = —1 moves up to become
the x-axis. #* is bounded above by y = x* + 1 and below by the line y = 1. The volume we want is
obtained by revolving #* about the x-axis. The washer formula applies,

1 1
V=1:J‘((x’+1)2-lz}dx=n-L(x‘+2x2)dx
0

_,,(x_s+zx3) l_ﬂ(l+_2_)-£§_’i
T\5 '3 o \5 3] 15

Move # two units to the right to form a new region #* [see Fig. 33-16(b)]. The line x = —2 moves
over to become the y-axis. #* is bounded above by y = (x — 2)* and below by the x-axis and lies

y Y ¥

(a) (b)
Fig. 33-16
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between x = 2 and x = 3, The volume we want is obtained by revolving #° about the y-axis. The
cylindrical shell formula applics,

) 3 )
V—Z:J‘s{x-—Zl‘dx=2:Jl[x’—4x’+dx)dx=2!(%x‘-;x’+2x’)]
2 2 2

—uf(tor-dop (Lap-dap :))_ H)_&
—2-((4(»' 3:3}+z31=) (4121 3@+ 20 )] =20 5 )= ¢

Supplementary Problems

Strategy: In caiculating the volume of a solid of revolution we usually apply either the disk formula (or the
washer formula) or the cylindrical shells formula (or the difference of cylindrical shells formula). To decide which
formula to use:
(1) Decide along which axis you are going to integrate. This depends on the shape and position of the region #
that is revolved.
(2) (1) Use the disk formula (or the washer formula) if the region # is revolved perpendicular to the axis of
integration.

{1) Use the cylindrical shells formula (or the difference of cylindrical shells formula) if the region ® is
revolved parailel to the axis of intcgration.

338  Find the volume of the solid generated by revolving the given region aboul the given axis.

(a)

b
(<)
)
(e}

9]

(9)
(k)

(0

The region above the curve y = x?, under the line y = 1, and between x = 0 and x = 1; about the
X-axis.

The region of part {a); about the y-axis.

The region below the line y = 2x, above the x-axis, and between x = 0 and x = |; about the y-axis.
The region between the parabolas y = x* and x = y?; about either the x-axis or the y-axis.

The region (see Fig. 33-17) inside the circle x? + y? = r?, with 0 < x < a < r; about the )-axis. (This
gives the volume cut from a sphere of radius r by a pipe of radius a whose axis is a diameter of the
sphere.)

The region (sce Fig 33-18) inside the circle x* + y* = r?, with x > 0 and y > 0, and above the line
y = a, where 0 < a < r; about the y-axis. {This gives the volume of a polar cap of a sphere.)

The region bounded by y = 1 + x? and y = §; about the x-axis.
The region (sec Fig 33-19) inside the circle x? + (y — b)* = a*, with 0 < g < b, about the x-axis.
[Hint: When you obtain an integral of the form I ,.-’a’ — x? dx notice that this is the arca of a

semicircle of radius a.] This problem gives the volume of a doughnut-shaped solid.
The region bounded by x? = 4y and y = x/2: about the y-axis.

Fig. 33-17 Fig. 33-18 Fig. 33-19
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(/)¢. The region bouaded by y = 4/x and y = {x — 3)*; about the x-axis. (Noticc that the curves intersect
when x = 1 and x = 4. What is special about the intersection at x = 1%

(k) The region of part (j); aboul the y-axis.

() The region bounded by xy = 1, x = 1, x = 3, y = 0; about the x-axis.

{m) The region of pant (/); about the y-axis.

Use the cross-section formula to find the volume of the following solids.

{a) The solid has a base which is a circle of radius r. Each cross section perpendicular to a fixed diameter
of the circle is an isosceles triangle with altitude equal to one-half of its base.

(» The solid is a wedge, cut from a perfectly round trec of radius r by two planes, one perpendicular to
the axis of the tree and the other intersecting the first plane at an angle of 30° along a diameter (see
Fig. 33-20).

(¢) A square pyramid with a height of A units and a base of side 7 units. [Hint: Locate the x-axis as in Fig.
33-21. By similar right triangles,

4 _box

e h
Ax) _ (dY?

and 7 = (—)

€

which determines A(x).]

(@ The tetrahedron (see Fig. 33-22) formed by three mutually perpendicular faces and three mutually
perpendicular edges of lengths a, b, ¢. [ Hint : Another pyramid; proceed as in part (c).]
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33.10

3311

33.12

33.13

33.14

(a) Let % be the region between x = 0 and x = 1 and bounded by the curves y = x*> and y = 2x. Find the
volume of the solid obtained by revolving # about the y-axis. (b) Let # be the region between the curves
y = 2x — x? and y = 4x. Find the volume of the solid obtained by revolving # about the y-axis.

Let & be the region in the first quadrant bounded by y = x* + x, x = 2, and the x-axis. (a) Find the volume
of the solid obtained by revolving # about the line y = —3. (b) Find the volume of the solid obtained by
revolving # about the line x = —1.

Let # be the region in the first quadrant bounded by x = 4 — y? and y? = 4 — 2x. (a) Sketch . (b) Find
the volume of the solid obtained by revolving # about: (i) the x-axis; (ii) the y-axis.

Let % be the region in the second quadrant bounded by y = 2x2, y = x? + x + 2, and the y-axis. (a) Sketch
2. (b) Find the volume of the solid obtained by revolving & about the y-axis.

Let ® be the region in the second quadrant bounded by y = 1 + x? and y = 10. (a) Sketch #. Then find the
volume of the solid obtained by revolving # about: (b) the x-axis; (c) the y-axis; (d) the line y = —1;
(e) the line x = 1.



Chapter 34

The Natural Logarithm

34.1 DEFINITION
We already know the formula

x;#l
J-x’dx-r_‘_l-i-C [r# —1]

There remains the problem of finding an antiderivative of x ~*.
Figure 34-1 shows the graph of y = 1/t for t > 0; it is one branch of a hyperbola. For x > 1, the
definite integral
J. 1&:
 f

represents the area under the curve y = 1/r and above the r-axis, betweent = 1 and ¢ = x.

'R

Fig. 34-1

Defimition: Inx=J. %d: [x>0]
]
The function In x is called the natural logarithm. By Theorem 31.1,
D.(in x) =£ [x >0) (34.1)

and so the natural logarithm is the desired antiderivative of x™', but enly on (0, cc). An antiderivative
for all x # 0 will be constructed in the following section.

342 PROPERTIES
PROPERTY 1. In1=0.

1
This follows lrom J. % dt = 0.
1

PROPERTY 2. Ifx>1,Ilnx>0.
268
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This is apparent from the area interpretation (Fig. 34-1) or, more rigorously, from Problem 30.11.

PROPERTY 3. If0<x<1,Inx<0.

* 11 D . .
In fact, Inx= J. % dt = — J‘ 7 dt [reversing limits of integration]
1 x

1
j -l—dt>0
.t

1
PROPERTY 4. I; dx=In|x|+C [x # 0]

and,for0 < x <1,

by Problem 30.11.

In other words, In |x| is an antiderivative of x~! for all nonzero x. The proof is simple. When
x > 0, then | x| = x, and so

D(In |x]) = Dy(In x) =

® |-

[by (34.1)]

When x < 0, then | x| = —x, and so

D(n jx)) = D (In (—x)) = D,(In u)D (u) [by the chain rule; u = —x > 0]
= (1)(— 1) [by (34.1)]

u
11

—u X

PROPERTY S. lnuw=Inu+Inv.

For a proof, see Problem 34.2.

PROPERTY 6. In g =Inu—Ino.
Proof: In Property 5, replace u by l;-

PROPERTY 7. In % = —Inw.

Proof: Letu =1in Property 6 and use Property 1.

PROPERTY 8. For any rational numberr, In x"=r In x.
See Problem 34.3 for a proof.

PROPERTY 9. In x is an increasing function.

. 1 . . .
Proof: Since D (In x) = X > 0, In x must be an increasing function.

PROPERTY 10. In u =In vimplies u = v.
This follows from Property 9. Since In x is increasing, it can never repeat a value.

PROPERTY 11. {<h2<1.
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Proof: The maximum of 1/t on [1, 2] is 1, and the minimum is 4. Hence, by Problem 30.3(b),

2
i2-1< J. (1/t) dt < 1(2 — 1); that is, § < In 2 < 1. The strict inequalities follow from Problem 30.11.
1

2
A more intuitive proof would use the area interpretation of J- (1/¢) dt.
1

We shall see later that In 2 is 0.693..., and we shall assume this value in what follows.

PROPERTY 12. lim In x = + o0.

x— +

Proof: By Property 9, we need only show that In x eventually exceeds any given positive integer k. For
x > 2%,

Inx>In2*=2kIn2 [by Property 8]
So In x > 2k(%) =k [by Property 11]

PROPERTY 13. limIln x = —o0.

x—=0t

1
Proof: Letu= pt As x - 0%, u— +00. So,

limnx= lim In 1 = lim —lnu [by Property 7]

x-Q+ ¥+ o u u—+ oo
=— limlnu=—o0 [by Property 12]

u—+ o0

Solved Problems

34.1 Sketch the graph of y = In x.

We know that In x is increasing (Property 9), that In 1 =0 (Property 1), and that $ <ln2 < 1
(Property 11). From the value y =1In 2 = 0.693 ... we can estimate the y-values at x = 4, 8, 16, ... and at

x=14,4,4,... by Property 8,
In4=21In2 In8=3In2 In16=41In2...

1
ln%=—ln2 ]nz=—21n2 ln-;—=—3ln2...
D3(In x) = D(x" ') = —x~2 = —1/x? < 0 and, therefore, the graph is concave downward. There is no hori-

zontal asymptote (by Property 12), but the negative y-axis is a vertical asymptote (by Property 13). The
graph is sketched in Fig. 34-2. Notice that In x assumes all real numbers as values.

342 Prove:lnuwv=Inu+Inv.

In lnv=fldt
Lt

make the change of variable w = ut (v fixed). Then dw = u dt, and the limits of integration, t =1 and t = v,
go over into w = u and w = u, respectively,

lnv=j 51dw=£ ldw=£ L
., wu w t
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y
Jh
2r
1
L | i 1 1 i
0 1 2 3 4 © b 4
-1
-2}—
Fig. 34-2

Then, by Theorem 30.4,

lnu+lnv=fldt+J. ldt=j 1dt=lnuv
lt " t 1 t

343 Prove:In x" = r In x for rational r.
By the chain rule,
1 1 _ 1
D(nx)=—=D(x)==(@x"Y)=r-=rD(ln x) = D(r In x)
x" x" x
Then, by Corollary 29.2, In x" =r In x + C, for some constant C. Substituting x = 1, we find that C = 0,

and the proof is complete.

344 Evaluate:
(@ D.(n (x* — 2x)) (b) D, (In (sin x)) (c) Djcos (In x))

Use the chain rule.

(@) D,(n (x?—2x))= D (x} —2x) = (Bx2-2)= 337 -2
x x3—-2x x3 —2x x3 —2x
. 1 . 1 cos x
(b) D(In (sin x)) = proe D (sin x) = pre (cos x) = prem cot x
(¢) Dycos (In x)) = — (sin (In x)) * D,{In x) = — (sin (In x)) * i =— ﬂ‘?

- R A
345 Quick Formula II: 7 dx=In|f(x)| + C.

Proof: D,(In|f(x)f) = 7(1_x-) f(x) [by the chain rule]

34.6 Find the following antiderivatives:

(@) Jtan xdx (b) J.COt xdx  (c) _"3x1— 1 dx () J.-xz_x—_S dx
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(a) Since D (cos x) = — sin x,

sin x —sin x
tan x dx = dx = — dx
cos X cos x

= —~Injcos x|+ C [by quick formula II]
=In|cos x|"'+ C  [by Property 7]
=In|sec x| + C [since sec x = (cos x)™ ']

(b) Since D (sin x) = cos x,

cot x dx = f Z?::dx=ln|sinx|+c [by quick formula IT]
() 1 dx—l [_3 dx—lln|3x 1|+C [by quick formula II]
O 1731973 y quick formuia

x 1 2x 1
== =-1 2 ick
(@) J‘xz—de 2 ) x2—5dx 3 n|x*-5/+C [by quick formula II]

34.7 Find f sec x dx.

The solution depends on a clever trick,

sec x + tan x sec? x + sec x tan x
fwcxdx:j(secx) dx=j dx

sec x + tan x sec x + tan x
=In|secx +tan x| + C

Here we have applied quick formula II, using the fact that D (sec x + tan x) = sec x tan x + sec? x.

348 (Logarithmic Differentiation) Find the derivative of
X3 /8x+5
T o@x—1)»

Instead of using the product and quotient rule for differentiation, it is easier to find the logarithm of

the absolute values,!
x2/8x + 5
(2x - 1)3
=In(x2/8x +5)—In|2x — 1|} [by Property 6]
=In(x)+InBx+ 5"V —In|2x — 1>  [by Property 5]

y

Injy|=In

1
=2|nx+§1n(8x+5)—31n|2x~1| [by Property 8]

and then to differentiate,

1 1 1 1 1 2 4 6
;ny=2(;)+5(m‘5 8)—3(5;’_—1 2)=;+s:+—5—27t‘1

Therefore,

by s 6 \_x/Bx+s5(2 4 6
IR T x5 2x—1)T 2x—1® \x " 8x+5 2x—1

This procedure of first taking the logarithm and then differentiating is called logarithmic differentiation.

! We take the absolute values to make sure that the logarithm is defined. In practice, we shall omit the absolute values when it is
clear that the functions are nonnegative.
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349 Showthatl—%slnxSx—lforx>0.

For x > 1, note that 1/t is a decreasing function on [1, x] and, therefore, its minimum on [1, x] is 1/x
and its maximum is 1. Then, by Problem 30.3(c),

1 *1
—(x——l)slnx:J‘ -dt<i(x-—1)
x Lt
1
l-—-<lhx<x-1
x

Note that 1 — 1/x <In x < x — 1 for x > 1 by Problem 30.11. For 0 < x < 1, — 1/t is an increasing func-
tion on [x, 1]. By Problem 30.3(c),

1 *1 ! 1
——(l—x)<lhx=) -dt= —=)dt< —1(1 —x)
x Lt A t

1
Hence,l—;slnxsx—l.

Supplementary Problems

34.10 Find the derivatives of the following functions:

@ In@x—1 () (nx® (@ Jinx d) In(n x)
@© x*Inx f) lni+i @ W|5x—2| (h) In(in® %)

34.11 Find the following antiderivatives. Use quick formula II whenever possible.

(a) fi dx 1 ix (c) J 4x3 dx (@) J Vinx+1
Tx —2 x*—1 x
cos 2x 3Ix5+2x2-3
© ,[ xInx ) j —sin 2x @) f x3 dx

sec? B In X4
(h) J @ f—— dx () f
tan x \/;(1 _ \/;)
34.12 Use logarithmic differentiation to find y':

(@ y=x3/4—x2 () y=L vx+5

x2 +4
@ _/x*—1sinx S +2
y= (2x+3)4 @ y= x—2

3413 (a) Show thatln x < x. [Hint: Use Problem 34.9.]

1 2
(b) Show that _nx_x < 7 [Hint: Replace x by \/; in part (a).]
x

1
(©) Prove: lim %=0. [Hint: Use part (b)]

X+
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34.14

3415

34.16

34.17

34.18

349

34.20

34.21

- 3422

34.23

424

3425

34.26

3427

THE NATURAL LOGARITHM (CHAP. 34

; 1 1
(d) Prove: lim (x In x) =0. [H int: Replace x by ; in part (c).J

x>0+

(¢) Show that lim (x —ln x) = + 0.

x—+ o

Calculate in terms of In 2 and In 3:

(@ In(2'3 (b) lng

Calculatein terms of In 2and In §:

@ In10 (b m% © lné @ In25

© In2 () Y5 () ln%) (h) In2’

Find an equation of the tangent line to the curve y = In x at the point (1, 0).
Find the area of the region bounded by the curves y = x2, y = 1/x, and x = 4.
Find the average value of 1/x on [1, 4].

Find the volume of the solid obtained by revolving about the x-axis the region in the first quadrant under
y=x""2betweenx = fand x = 1.

Sketch the graphs of:

@ y=In(x+1 (b) y-—lni ) y=x—-Inx (d y=In(cos x)

6
An object moves along the x-axis with accelerationa=1¢t—1 + s (a) Find a formula for the velocity u(z) if

v(1) = 1.5. (b) What is the maximum value of v in the interval [ 1, 9]?

Use implicit differentiation to find y':

@ yY=Inx*+y) () Inxy+2x—y=1 (0 Iln(x+)’)=y

Find lim (1 2 h).

B0 3

Derive the formula | csc x dx = In |csc x — cot vxI + C. [Hint: Similar to Problem 34.7.]
) z dx 2 xdx
Find: (a) J; g (b) J.l ‘1—_—2—.;2'

2
Approximate In 2 = J. (1/x) dx in the following ways:
1

{a) By the trapezoidal rule [Problem 31.9(a)], with n = 10.
(b) By the midpoint ruie (Problem 31.34), with n = 10.
(¢) By Simpson’s rule (Problem 31.35), with n = 10.

Use Newton’s method to approximate a solution of: (a)In x + x = 0; (b) In x = 1/x.



Chapter 35

Exponential Functions

351 INTRODUCTION

Let a be any positive real number. We wish to define a function a* that has the usual meaning when
x is rational. For example, we want to obtain the results
1 1
3 = . . = -2 =— =
4° =4-4-4=64 5 52~ 25

In addition, an expression such as 5V, which does not yet have any meaning, will be assigned a
reasonable value by the new definition.

823 = (/82 =22 =4

Definition: a* is the unique positive real number such that
Ina*=xIna 35.1)

To see that this definition makes sense, observe that the equation In y = x In a must have exactly
one positive solution y for each real number x. This follows from the fact that In y is an increasing
function with domain (0, + 0o) and range the set of all real numbers. (See the graph of the In function in
Fig. 34-2)

352 PROPERTIES OF d*

It is shown in Problem 35.4 that the function a* possesses all the standard properties of powers:

M a®=1.

I a'=a
(I a**° = ga".
W a=Z.

w_ 1

V) a’= ol

(VI) (ab)* = a*b*.

(VII) (g)x = Z—:.
(VIII) (a*)® = a*".

353 THE FUNCTION ¢*

For a particular choice of the positive real number a, the function a* becomes the inverse of the
function In x.

TERMINOLOGY Two functions f and g are inverses of each other if f undoes the effect of g, and g undoes the effect of
f. In terms of compositions (Section 15.1), this means:

fgx)=x and g(f(x))=x

275
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Definition: Let e denote the unique positive real number such that
Ine=1 (352

Since the range of In x is the set of all real numbers, there must exist such a number e. It can be
shown that e = 2.718 .... [See Problem 35.30(c).]

Theorem 35.1: The functions ¢* and In x are inverses of each other:
Ine*=x and e"*=x
Indeed, substituting ¢ for a in (35.1),
Ine=xlne=x-1=x
If we replace x in this result by In x,
Ine®*=In x
1

Hence, ent=x [since In u = In v implies u = v by Property 10, Section 34.2]

Theorem 35.1 shows that the natural logarithm In x is what one would call the “logarithm to the
base e”; that is, In x is the power to which e has to be raised to obtain x: €'"* = x.

Theorem 35.2: a* = e*'™°.

Thus, every exponential function a* is definable in terms of the particular exponential function e*,
which for this reason is often referred to as the exponential function. To see why Theorem 35.2 is true,
notice that, by Theorem 35.1,

X 1lna

In e =xlna
But y = a* is the unique solution of the equation In y = x In a. Therefore,
gFna — g*
In Problem 35.9 it is shown that e* is differentiable and that:
Theorem 35.3: D.(€") = ¢€"

Thus, e* has the property of being its own derivative. All constant multiples Ce* share this property,
since D,(Ce*) = C - D (¢*) = Ce”. Problem 3528 shows that these are the only functions with this

property.
From Theorem 35.3, we have

Je" dx=¢e"+C (35.3)

Knowing the derivative of ¢*, we obtain from Theorem 35.2

D (a") = D (e*"%) = e*™- D(xIna)  [by the chain rule]
=e¢*™%.lna=a*Ina

This proves:
Theorem 354: D (a*) = (In a)a”
or, in terms of antiderivatives, ja" dx = l:: - +C 354

We know that D (x") = rx"~! for any rational number r. Now the formula can be extended to
arbitrary exponents. If, in Theorem 35.2, we replace x by r and a by x (thereby making x positive), we
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get x” = ¢ '"*, Hence,
D(x)=Dye")=¢"*D(rlnx)  [by the chain rule]

1 1
=" "(r ;) = x'(r ;) =rx"!

Theorem 35.5: For any real number r and all positive x,
D(x)=rx""!

Thus, we have the following:

Solved Problems

35.1 Evaluate: (a)e?'™*;(b)Ine?;(c) e ¥ !; (d) 1~

(@) e2™*=(e"*®>  [by Property (VIII)]
=x? [by Theorem 35.1]
(b)) Ine?=2 [by Theorem 35.1]

(@ "9 t<Z  [by Property (IV)]

e
u

[by Theorem 35.1 and Property (I1I)]

(d) By definition, In 1* = x(In 1) = x(0) = 0 = In 1. Hence, 1* = 1.

352 Find the derivatives of: (a) e¥*; (b) 32%; (c) xe*; (d) 3x2.

(@ DJe™=eD(/x)  [by the chain rule]
= D (x1/?) = o5 L x-12 = Kol

2 2\/}
(b) D (3**)=(In 3)3>*D(2x)  [by the chain rule and Theorem 35.4]
= (In 3)32%(2) = (2 In 3)3%*
(©) D/xe") = xD(e’) + D(x)e  [by the product rule]
=xe&+ (1) =¢e(x+1)
@ D3x"?) =3D(x?) =3(,/2x2"1) =3, /2x/F1

353 Find the following antiderivatives (¢** stands for e*¥): (a) f 10* dx; (b) J.xe" dx.

(@) By Theorem 35.4,
JIO" dx = L 100+ C
In

(b) Letu = x2 Then du = 2x dx, and

jxe"z dx =

N =
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354 Prove Properties (I)~(VIII) of a* (Section 35.2).

By definition, I a* = x In a. We shall use the fact that In u = In v implies u = v.

()

(In

(1

av

A

(VD

(V1)

(VIII)

35.5

a®=1
In1=0=0-+(na)=Ina® Hence, 1 = a°.
at=a
Ina=1-lna=Ina!
So,a = a'.
Y = gha®
In(@a)=Ina*+Ina"=ulna+vina
=@Wu+v)lna=Ina"*’
So, a**? = a“a".
n“_"—a_“
o]

Let u = 0 in (IV), and use (I).
(aby* = a*b*
In(@b)=Ina"+Inb*=xha+xInb
= x(In a + In b) = x In (ab) = In (ab)*
So, (aby* = a*b*.

fa\* _ a_"
\b b
By (VI), (g) b* = (g . b) = &%, Now divide by b*.

(au)v . auv
In (@)’ =v In ¢ = v{u In a) = uv(ln a) = In a**

So, (@)’ = a*.

Show that J[ g(x)e’™ dx = '™ + C.

By Theorem 35.3 and the chain rule,

Thus, €*¥ is a particular antiderivative of g'(x) ¢*™, and so e + C is the general antiderivative.

35.6

Use logarithmic differentiation to find :—f;: (@y=x* (by=

£ e < (3
dx

x4+ 1€
J—-_u

Vx

[CHAP. 35
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(@ Iny=Inx*= xIn x. Now differentiate,

1 dy 1
-—=xD(nx)+D(xInx)=x—-+lInx)=1+Inx
y dx x

f1!=y(1+lnx)=x"(l+lnx)
dx

(b) 1ny=ln(./x+les")—ln2*/’_‘=ln./x+1+lne5"——\/;ln2

1
=In (x + )2 4+ 5x — (In 2)y/x = 510 (+ 1)+ 5x—(In 2)x1/2

Differentiate,
1dy 1 1 m2 _,, 1 in 2
et 4522 = §_ <
yax 2x+17° 72 " W+ o)k

dy ( 1 s ln2)_./x+1e5"< 1 5_ln2>

== +5- +
N+ 1) 2/x 2% \2x+1) 2/

35.7 Prove the following facts about e*:

(@ >0 (b) €* is increasing (c) ef>x d limeée'=+w (¢) lime*=0
x—=+ o xX—=—®

(@) a* > 0, by definition (Section 35.1).

(b) D,(e") = ¢e* >0, and a function with positive derivative is increasing. More generally, the definition of
a®, together with the fact that In y is increasing, implies that a* is increasing if a > 1.

(c) We know (Problem 34.8) that In u < u. Hence, x = In €* < €*.

(d) This is a direct consequence of part (c).

(¢) Letu = —x; then, by Property (V),

As x - — o0, u— + 00, and the denominator on the right becomes arbitrarily large [by part (d)].
Hence, the fraction becomes arbitrarily small.

35.8 Sketch the graph of y = ¢*, and show that it is the reflection in the diagonal line y = x of the
graph of y = In x.

From Problem 35.7 we know that e* is positive and increasing, and that it approaches + co on the
right and approaches 0 on the left. Moreover, since D2(e*) = ¢* > 0, the graph will be concave upward for
all x. The graph is shown in Fig. 35-1(a).

By Theorem 35.1, y = €* is equivalent to x = In y. So, a point (a, b) is on the graph of y = ¢* if and
only if (b, a) is on the graph of y = In x. But the points (a, b} and (b, a) are symmetric with respect to the line
y = x, by Problem 6.4.

In general, the graphs of any pair of inverse functions are mirror images of each other in the line y = x.

359 Prove: (a) e*iscontinuous {b) € is differentiable, and D (e*) = e*

(a) Lete > 0. To prove continuity at x, we must show that there exists 6 > 0 such that {u — x| < & implies
|e* — e*| < & Let ¢, be the minimum of ¢/2 and e*/2. Since In is increasing and continuous, the range of
In on (¢* —¢,, €+ ¢,) is an interval (c, d) containing x. Let 6 > 0 be such that (x — §, x + J) is
included within (c, d). Then, for any u, if [u — x| < 4, it follows that |e* — e*| < ¢, <.

(b) The proof will consist in showing that
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y y

3 Ik

2 2

1 1

______._——/ y= e
L 1 L 1 —_ 1 > 1 1
-2 -1 0 1 2 3 X
(a) (b)
Fig. 35-1
xth __ oX  oXh _ o* L & —
Because ¢ p ¢ _ A ¢ - e* - ¢ ; , it will suffice to show that lim —— = 1.

h—0
Let k = ¢" — 1. Then €* = 1 + k and, therefore, h = In (1 + k), by Theorem 35.1. Since ¢* is contin-
uous and e® = 1, k —» 0 as h - 0. Hence,

peo k~o In (1 + k)
. 1 .
='1‘I_I.l;l)m [since In 1 = 0]
k
1
. Im(1+k—-Inl
lim ——M———

k-0 k

In(1+k—In1l . 1 L
But lim _n_(_+_k_)__n__ is the derivative D,(In x) = o at x = 1; that is, it is equal to 1. Hence,
k=0

v ]
. e —1
lim =1
h—0

3510 (a) Evaluate: (i) €2 3; (ii) In 2.
(b) Solve for x: (i) In x2 = 5; (i) In (In x + 1) = 3; (iii) & — 6e " * = 5.
(@) (i) By Property (VIII) and Theorem 35.1, e2'" 3 = (' 2 = 32 = 9, (ii) By Theorem 35.1, In ¢* = 2.
® G Inxt=5

2Inx=35
Inx=3
x =e%?  [since In u = b implies u = €]

@i In(lnx+1)=3
Inx+1=¢°
Inx=e>-1

X .
x=e"1
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35.11

35.12

3513

35.14

35.15

35.16

3517

35.18

(i) e —6e *=5
eX* — 6 = 5¢* [multiply by e*]
e —5—6=0
(e —6)e*+1)=0
ef—6=0 or &+1=0
=6 [e* + 1> 0, since e* > 0]

x=In6 [e“ = b implies u = In b]

Supplementary Problems

Evaluate the following expressions:
(@ e* () e~ © " @ @

X

(@ "D () In (e;) @ €@ () InYe

Calculate the derivatives of the following functions:

®
o

@ e~ (b) et (¢) e>** (d) tane (e

% x|

(f) €lnx (9 x* B =~ ) me* ()

Evaluate the following antiderivatives:

r

(@) J-e”‘ dx (b) e *dx )] Je". Je* — 2 dx

Y
)

) J.e“”sinxdx (@ |3%*dx T2 f\/de

r elx X
” x,2X i
@ J-x dx (h) e*e*™ dx (i) J.e"+ N dx
r

f)] IXZZ“S dx k) {x3e*dx

LY

Use implicit differentiation to find y":
(@ €=y+Inx () tane?> *=x* (¢) e+ =2
d x>+e?+y*=1 (¢) sinx=¢e

Use logarithmic differentiation to find y':

(@) y=3un= ® y=(/2" () y=x=

@ y=(x)"* () y’=(x+1)x+2)

Solve the following equations for x:

(@ &*=2 () Inx*= -1 () =2 =1 d In(lnx)=1 () In(x—1)=0

Consider the region # under the curve y = ¢*, above the x-axis, and between x =0 and x = 1. Find:
(a) the area of #; (b) the volume of the solid generated by revolving # about the x-axis.

Consider the region # bounded by the curve y = e*/2, the y-axis, and the line y = e. Find: (a) the area of
R; (b) the volume of the solid generated by revolving # about the x-axis.
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35.19

35.20

3521

35.22

35.23

35.24

35.25

35.26

35.27

35.28

35.29

35.30

EXPONENTIAL FUNCTIONS [(CHAP. 35

Let # be the region bounded by the curve y = ¢**, the x-axis, the y-axis, and the line x = 1. Find the
volume of the solid generated by revolving # about the y-axis.

Find the absolute extrema of y = " * on the interval [ —=, n]. [Hint: ¢ is an increasing function of u.]
If y = €™, where n is a positive integer, find the nth derivative y™.

Let y = 2¢*°* (a) Find y and y". (b) Assume that x and y vary with time and that y increases at a constant
rate of four units per second. How fast is x changing when x = n?

The acceleration of an object moving on the x-axis is 9¢*. (a) If the velocity at time t = 0 is four units per

second, find a formula for the velocity v(t). (b) How far does the object move while its velocity increases
from four to ten units per second? (c) If the object is at the origin when ¢ = 0, find a formula for its position

x(t).
Find an equation of the tangent line to the curve y = 2¢* at the point (0, 2).
Sketch the graphs of the following functions, indicating relative extrema, inflection points, and asymptotes:

(@ y=e™ () y=xInx (© y=l£x_’f

1
@ y=e* (@ y=(1-lx® (/) y=5+Inx
[Hint: For parts (b) and (c) you will need the results of Problem 34.13(d) and (c).]
Sketch the graphs of y = 2*and y = 27 [Hint: a* = e*'"°.]
1
For a > 0 and a # 1, define log, x = lz—z. This function is called the logarithm of x to the base a (log,, x is
called the common logarithm of x). Prove the following properties:

1
(@) D,(og, x) = T () a°%*=x (¢ log,a*=x

(d) log,x=Inx (e) log, (uv) =log, u + log, v f) loga%=logau—-log¢v

, log, x
(@) log,u" =rlog, u (h) lnx—log,e

Show that only the functions f(x) such that f'(x) = f(x) are the functions Ce*, where C is a constant. [Hint :
Let F(x) = f(x)/e* and find F'(x).]

Find the absolute extrema of f(x) = (In x)?/x on [1, e].

(a) Prc;ve e*= lim (1 + f) . [Hint: Lety = (1 + f) . Then,
u u

u—+aw

1
Iny=uln (1 + E) =uln(@@+x)—lnuw=u-x-— [by the mean-value theorem]
u u

. . . u* x .
where u<u*<u+xif x>0, and u+ x <u* <uif x <0. Then either l <—<1+-if x>0 or
u u

* u‘
1+ X < u;— <1 if x <0. In either case, lim — = 1. So, lim Iny = x and, therefore, lim y =
u

us+o00 Y u—+ oo =+

lim ™’ = e".]

u—+ o



CHAP. 35] EXPONENTIAL FUNCTIONS 283

35.31

3532

3533

35.34

3535

3536

35.37

1 n
(b) Provee = lim (l + ;) . [Hint: Use part (a).]

n=+o

(0 Approximate e by finding (l + (1>) for large values of n (say, n > 10000).
n

x"
Show that, for any positive n, lim — = 0.

x—+
x" e
Hint: — =
[‘ &

nln x 1 1

T = s = xi—aam- Now apply Problems 34.13(c) and 35.7(d).]
[4 [4 e

Evaluate the following definite integrals:

e 1 ﬂ
@) Iﬂdx ®) J C i (© f X dx
1 X o o €

e+ 1

1
Evaluate lim - (e + X" 4 --- + €"").

n—+wo
Show that e® > n°. [Hint: Prove generally that 4’ > v* when v >u>e (u/e)’”¥ > 1 since u/e > 1 and
v > u. So,

u’e" > e"u" (1)
By Problem 349, — 1 >In~, >>ln>+ 1 =In2, ¢’* > and so,
u u u u u u

e'u’ > v (2)

By (I) and (2), u’e* > e“v*, u’ > v".]

If interest is paid at r percent per year and is compounded n times per year, then P dollars become
r n
P(l + I_OE) dollars after 1 year. If we let n — oo, then the resulting interest is said to be continuously

compounded.

(@) Show that, if continuously compounded at r per cent per year, P dollars become Pe” dollars after 1
year. [Hint: Use Problem 35.30.] Then, after ¢ years, P dollars would become Pe” dollars.

(b) Continuously compounded at 6 percent per year, how long would it take to double a given amount of
money?

(o) When r = 5 percent, compare the result of continuous compounding with that obtained by com-
pounding once a year and with that obtained by compounding monthly.

Use Newton’s method to approximate a solution of: (@) e* = 1/x; (b)e™* =In x.

1

Use Simpson’s rule with n = 4 to approximate J e 2 dx.
0



Chapter 36

L’Hépital’s Rule; Exponential Growth and Decay

36.1 L’HOPITAL’S RULE
The following theorem allows us to compute limits of the form
. J(x)
lim —
g(x)

in the “indeterminate case” when the numerator f(x) and the denominator g(x) both approach 0 or both
approach # co.

Theorem 36.1 (L’Hopital's Rule): If f(x) and g(x) either both approach 0 or both approach + oo, then
tim 7% _ i L&)

g(x) g'(x)
In L’Hoépital’s rule, the operator “lim” stands for any of
lim lim lim lim lim
x—++© x— — x—a x—+a+t x—a~

See Problem 36.21 for a sketch of the proof. It is assumed in Theorem 36.1 that g(x) # 0 and g'(x) # 0
for x sufficiently close to a.

EXAMPLES Let us verify L’Hopital’s rule for four limits found earlier by other means.
(@) See Problem 9.4(a),

im 25 =5 i & ym 82823
o dx2+5 " 8x .._,8 8 4
(b) See Problem 274,
in 0
lunﬂ—=limggs——0=cos0=l
60 8-+0

(c) See Problem 34.13(d). To apply Theorem 36.1, we must rewrite the function as a fraction that becomes indeter-

minate,
. . In x . ! -1
lim (x In x) = lim —7 = lim — [D(ln x) =x"1"])
x=0+ x=0+ X x=0+ —X
-1
= lim —x [sincej=x““‘2)=x1=x]
x=0+ x
=0
(d) See Problem 35.31, where now n is supposed to be an integer. By L’Ho6pital’s rule,
. xn . nxn- 1
lim — = lim
x~++w € x—+ o €

As the right side is indeterminate, L’Hépital’s rule can be applied again,
X~ 1 -1 n—2
lim ke — = lim u——
x=+ o € x—*+ o ex

Continuing in this fashion, we reach, after n steps,

nin—1) -~ Y1) _

ex

lim

x=+ o

1
n! lim —=n!0)=0

x—=+ o

284
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This example illustrates the importance of having the function expressed as a fraction “in the right way.”

-Xx

.. . €
Suppose we had chosen “the wrong way,” and tried to evaluate the same limit as lim et Then repeated

x— + a0
application of L’Hépital’s rule would have given
e* (=)e* (—1)%*

e im e = i e F e

lim
and we should never have arrived at a definite value.

(e) See Problem 34.13(c). By L'Hopital’s rule,

I 1
lim X gim XX o im ~=0

x—*+ o x x—+ 0 x=+

FURTHER EXAMPLES
(1) Find lim (In x).
x=*+

Since In x - + 0 and 1/x =0, it is not clear what the limit is. Let y = (In x)'”*, Then lIny =

1
— In (In x). Hence, by L’Hopital’s rule,
X

1 1
In( I 1
liminy= tim 200 _ gy BX X =
x=+w x=*+ X x=+w l x-hfmxlnx
Therefore, lim y= lim e"?=¢%=1
x++® x> +o

() Find lim x!~.

x—~++ o

1
Since x » + o0 and 1/x —0, the limit is not obvious. Let y = x'*. Then In y =—In x, and
x

I
lim Iny= lm —“x—x-=0by(e)above. Hence, lim y = lim &’ =% = 1.

x=+ oo x—+a x=+© x—=+ o

Warning: When the conditions for L’Hdpital’s rule do not hold, use of the rule usually leads to false
results.

EXAMPLE lim = = 2—2— = 3

If we used L’Hépital’s rule, we would conclude mistakenly that

x2+1

. . 2x
lim — =lim—=Ilml1l=1
x=22 X° x2 X x=2

36.2 EXPONENTIAL GROWTH AND DECAY

Example (d) above shows that ¢* grows much faster than any power of x. There are many natural
processes, such as bacterial growth or radioactive decay, in which quantities increase or decrease at an

“exponential rate.”
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Definition: Assume that a quantity y varies with time t. Then y is said to grow or decay exponentially if
its instantaneous rate of change (Chapter 19) is proportional to its instantaneous value;
that is,

2Ky (36.1)

where K is a constant.

Suppose that y satisfies (36.1). Let us make the change of variable ¥ = Kt. Then, by the chain rule,

_dy_dydu_dy dy _
Kv=w~wma~w® " w
and so, by Problem 35.28, ’
y = Ce" = CeX* (36.2)

where C is another constant.

We can now see why the process y is called exponential. If K > 0, K is called a growth constant, and
y increases exponentially with time. If K < 0, K is called a decay constant, and y decreases exponentially
with time.

Let y, be the value of y at ¢t = 0. Substituting O for t in (36.2), we obtain

yo=Ce®=C(l)=C
so that (36.2) can be rewritten as

y = yoeX! (36.3)

EXAMPLES

(@) Assume that a culture consisting of 1000 bacteria increases exponentially with a growth constant K = 0.02,
where time is measured in hours. Let us find a formula for the number y of bacteria present after ¢ hours, and
let us compute how long it will take until 100 000 bacteria are present in the culture.!

Since y, = 1000, the desired formula for y is given by (36.3),

y = 1000°-°%
Now set y = 100000 and solve for ¢,

100000 = 1000¢°-°*

100 = eo.oz:
In 100 = In €%°%
2 1n 10 = 0.02¢ [in 102 =21n 10;In € = u]
t=1001n 10

Appendix E gives the approximate value of 2.3026 for In 10. Thus,
t ~ 230.26 hours

Note: Sometimes, instead of specifying the growth constant K, say, K = 0.02, one says that the quantity is
increasing at the rate of 2 percent per unit time. This is not quite accurate. A rate of increase of r percent per
unit time is approximately the same as a value of K = 0.0r when r is relatively small (say, r < 3). In fact, with

! Although populations are measured in positive integers, (36.3) seems to be applicable, even though that formula was derived for
a quantity measured in real numbers.
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an r percent growth rate, y = yo(1 + 0.0r) after one unit of time. Since y = y,e* when t =1, e¥ =1 + 0.0r,
and, therefore, K =In (1 + 0.0r). This is close to 0.0r, since In (1 + x) &~ x for small x. [For example,
In (1.02) ~ 0.0198 and In (1.03) ~ 0.02956.] Thus, many textbooks will automatically interpret a rate of
increase of r percent per unit time to mean that K = 0.0r.

(b) If the decay constant of a given radioactive element is K < 0, compute the time T after which only half of any
original quantity remains.
Att =T, (36.3) gives

1
5%=n“’
1
_2_=eKT
1
In==KT
"3
1
—n2=KT [ln—=—lnx]
X
In2
__l =T (36.4)

The number T is called the half-life of the given element. Knowing either the half-life or the decay constant, we
can find the other from (36.4).

Solved Problems

361 Show that lim 2%

x=++ o0

= 0 for any positive integer n.

The proof will proceed by mathematical induction (see Problem 12.2). The assertion is true for n = 1,
by Problem 34.13(c). Assuming that it is true for n = k, we have, forn =k + 1,

_ In x)**! k 4+ 1XIn x)*x !
i (_L@Z‘__ [by L’Hopital’s rule]
x—=+ o x=+ o
k
—k+niim B _gyn-0=0
x—++ o

Thus, the assertion is also true for n = k + 1, and the proof is complete.

362 Find lim ©—1.
so0 SN X

The numerator and the denominator are continuous functions, each 0 at x = 0. Therefore, L’'Hopital’s
rule applies,

L e&—-1 & e°
lim — = lim =
x=0 SINX . ocosx cosO

1
=-=1
1
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36.3

364

36.5

36.6

L’HOPITAL’S RULE; EXPONENTIAL GROWTH AND DECAY [CHAP. 36

Find lim (x sin f).
x—*+ x

Since n/x — 0, it follows that sin (z/x) — sin 0 = 0 and there is no obvious way of solving the problem.
However, L’Hopital’s rule turns out to be applicable,

. T n -2
sin — cos — —ax"%)
X X

. LT . . : n
lim |xsin—)= lim —= lim — =n lim cos -
x

x=+ o x++w X x=+ -X x=+ +
=ncosO0=n-1l=n
Find lim x*.
x—=0+
By example (c) in Section 36.1, lim x In x = 0. Hence,
x=0+
lim x* = lime*"*=¢% =1

x—=0+ x—=0+

Sketch the graph of y = xe*.

By the product rule, y' = xe* + ¢* = e*(x + 1). Since e* is always positive, the only critical number
occurs when x + 1 = 0; that is, when x = —1. When x = —1,

1
y=(-De'=—~
e
Again by the product rule, y” = e*(1) + *(x + 1) = e*(x + 2). When x = —1,
1
y=e ' [(-D+2)=->0

So, by the second-derivative test there is a relative minimum at the point P(— 1, —1/e). From the expression
for y”, the curve is concave upward (that is, y* > 0) when x > —2, and concave downward (y” < 0) when
x < —2. Thus, the point I{—2, —2/e?) is an inflection point.

It is clear that the curve rises without bound as x — + 0. To see what happens as x - — oo, let
u = —x. Then,

. , - .U
lim xe*= lim —ue™=— lim —=0
e

X=+—a u—+ o0 u—+w

by Problem 35.31. Hence, the negative x-axis is an asymptote. This enables us to sketch the graph in
Fig. 36-1.

If y(t) defines an exponential growth or decay process, find a formula for the average value of y
over the time interval [0, 7].

By definition (see Section 31.2), the desired average value is given by

1 1 [f
=— dt=— | Ky dt
Yavg TLY KTJ; y

But (36.1) states that an antiderivative of Ky is y itself. Hence, by the fundamental theorem of calculus,

—l—y i =}’(T)—YO
Kt |, Kz

yavg =
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36.7

36.8

-2
1 i | >
-1 x
1 1
P [ ]
-1F
Fig. 36-1

Note that this relation was obtained without reference to the explicit form of y(t). Rewritten as

Ay

Y=g A O Ay = Ky,,; At

it provides a useful description of exponential processes: the change in a quantity over any time interval is
proportional to the size of the interval and to the average value of the quantity over that interval.

If the bacteria in a culture grow exponentially and if their number y doubles in 1 hour, how long
will it take before 10 times the original number is present?

We know that y = y, eX*. Since the number after 1 hour is 2y,
2y0 = yo €5V =y ¥ or 2=1¢X or K=In2
So, y = y,€™2*; and when y is 10y,,

10y, = yo e~

10 _ e(ln 2)
In 10 = (In 2)t
In 10 2.3026
"=z Yoeost <2

Thus, it takes a little less than 3§ hours for the number of bacteria to increase tenfold.

Given that the half-life T of radium is 1690 years, how much will remain of 1 gram of radium
after 10000 years?

e~ n 21/1690

By (364), K = — —— = — —— and the quantity y of radium is given by y = y,eX' =

In2 In2
T 1690
After 10000 years,

=e —=(In 2)(10 000)/1690

~ e~ 6931/1690 o =41 » 0,0166 gram

y

Appendix F was used to evaluate e~*!. Hence, about 16.6 milligrams is left after 10000 years.
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36.9

36.10

36.11

36.12

36.13

36.14

36.15

36.16

36.17

36.18

36.19

L’'HOPITAL'S RULE; EXPONENTIAL GROWTH AND DECAY [CHAP. 36

Supplementary Problems

Find the indicated limits:

5x3 —4x +3 In (1 + &5 1 —cos x
lim 2 —4x+3 p fim R +e) . 1—cos x
R~ s T R P @ m
1 1 1-¢* x?
im (L L I S
@ lm (x sin x) @ m ) B Gy
x3-x*+x-1 1 1 tan x
fim Lo X tx—1 B tim(—1— 1 . .
@ x‘_‘,‘: x+Ilnx—1 (k) xlf:,(ln(x+l) x) @ ,l‘lf:, x
) . . . 3X — 2x . ex
() lim x' (k) lim 0 lim—
x=+® x—=0 P x=0 X
1 —sin x x3—1
3 - l sin x H
o T o @ ma
x t ,
® lm (1 + 3) (@ lim == ®  lim 22X
x=+ o X x=0+ X x=0+ \/;
In x . sin 3x e —1
<) xl_l,I: tan nx ® ,l‘l_l.r:, sin 7x (v) ,l,lf,l, tan x
1 — cos? 2 —si
(v) lim cxozs X w) lim tan xx3 sin x
x=0 x—+0

Sketch the graphs of the following functions, indicating relative extrema, concavity, inflection points, and
asymptotes:

b) y=x%"* () y=x%* (@ y=x*Inx (¢ y=e *sinx

RARS

(@ y=

A bacteria culture grows exponentially so that the initial number has doubled in 3 hours. How many times
the initial number will be present after 9 hours?

The half-life of radium is 1690 years. If 10 per cent of an original quantity of radium remains, how long ago
was the radium created?

If radioactive carbon-14 has a half-life of 5750 years, what will remain of 1 gram after 3000 years?
If 20 per cent of a radioactive element disappears in 1 year, compute its half-life.

Fruit flies are being bred in an enclosure that can hold a maximum of 640 flies. If the flies grow exponen-
tially with growth constant K = 0.05 per day, how long will it take an initial population of 20 to fill the
enclosure? (Recall that In 2 ~ 0.6931.)

A certain chemical decomposes exponentially. Assume that 200 grams become SO grams in 1 hour. How
much will remain after 3 hours?

If 100 bacteria in a colony reproduce exponentially and in 12 hours there are 300 bacteria, how many
bacteria are in the colony after 72 hours?

If the world population in 1990 was 4.5 billion and it is growing exponentially with growth constant
K =} In 2 when time is measured in years, find the population in the year 2020.

Bacteria in a culture growing exponentially increase from 100 to 400 in the first hour. (¢) What will be the
population in 1.5 hours? (b) What is the average number present in the first 2 hours?
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36.20 Prove Cauchy’s extended mean-value theorem: If f and g are differentiable in (a, b) and continuous on

36.21

[a, b], and if g'(x) # O for all x in (a, b), then there exists a point c in (g, b) such that

) —f(@) _ 1)
4b) — 9@ g

[Hint: Apply the generalized Rolle’s theorem (Problem 17.19) to
h(x) = (f(b) — f(@)g(x) — (g(b) — g(@) f (x)

Note that g(b) # g(a) since, otherwise, the generalized Rolle’s theorem would imply that g'(x) = 0 for some x
in (a, b).]

Prove L’'Hopital’s rule. [Hint: Consider the case lim, _,,. (f(x)/g(x)), where lim,_,,. f(x) = lim,_,, g(x) = 0.
We may assume that f(a)=g(a)=0. Then, by Problem 3620, f(x)/g(x)=(f(x)—f(a))/
(g(x) — g(a)) = f'(x*)/g'(x*) for some x* between a and x. Therefore, as x »a*, x* »a*. Hence, if
lim, ... (f'(x)/g’(x)) = L, then lim,..,. (f(x)/g(x)) = L. The other cases can be handled in the same way or
can be reduced to this case.]



Chapter 37

Inverse Trigonometric Functions

371 ONE-ONE FUNCTIONS

In Section 35.3, we introduced the notion of the inverse of a function, and we showed that the
inverse of In x is e*, and vice versa. Not all functions, however, have inverses.

EXAMPLES

(@) Consider the function f such that f(x) = x? for all x. Then f(1) = 1 and f(—1) = 1. If there were an inverse g
of f, then g(f(x)) = x. Therefore, g(1) =g(f(1)) =1 and g(1) = g(f(—1)) = —1, implying that 1 = —1,
which is impossible.

(b) Let f be any periodic function, f(x + p) = f(x), for all x (see Section 26.2). The argument of example (a), for two
points x, and x, + p, shows that f cannot have an inverse. Now all the trigonometric functions are periodic
(with either p = 2x or p = n). Hence, the trigonometric functions do not have inverses!

The functions that have inverses turn out to be the one-one functions.
Definition: A function f'is one-one if, whenever u # v,

Sw) #f(v)

Thus, a one-one function takes different numbers into different numbers. A function is one-one if
and only if its graph intersects any horizontal line in at most one point. Figure 37-1(a) is the graph of a
one-one function; Fig. 37-1(b) graphs a function that is not one-one because f(u) = f(v) = c.

RN

P i .
P ¢ u v X
(a) )
Fig. 37-1

NOTATION The inverse of a one-one function f will be denoted by f 1.

Warning: Do not confuse the inverse f ~! with the reciprocal 1/f.

292
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If a one-one function f is defined by means of a formula, y = f(x), we can sometimes solve this
equation for x in terms of y. This solution constitutes the formula for the inverse function, x = f ~}(y).
EXAMPLES

(a) Letf(x) =3x + 1 (a one-one function). Let y stand for f(x); then y = 3x + 1. Solve this equation for x in terms
of y,

y—1=3x
-1
yT =X
Therefore, the inverse f ™! is given by the formula
PP i
7o) 3
(b) Consider the one-one function f(x) = 2¢* — 5,
y=2e"—S5
y+5=2
y+5_f
=
5
In % =Ilnée =x
5
Thus, ) =2 ;

(¢) Let f(x) = x>+ x. Since f'(x) = 5x* + 1 > 0, f is an increasing function, and therefore one-one (see Problem
37.12). But if we write y = x* + x, we have no obvious way of solving the equation for x in terms of y.

37.2 INVERSES OF RESTRICTED TRIGONOMETRIC FUNCTIONS
For a periodic function to become one-one—and so to have an inverse—its domain has to be
restricted to some subset of one period.

Inverse Sine

The domain of f(x) = sin x is restricted to { —n/2, n/2], on which the function is one-one [in fact,
increasing; see Fig. 37-2(a)]. The inverse function f ~*(x) = sin~! x is called the inverse sine of x (or,
sometimes, the arc sine of x, written arc sin x or arcsin x). Its domain is [ —1, 1]. Thus,

y =sin x (—§ngg> < x=sin"'y (-1<y<])

4 ry
L

NIy

=Y

(@) y=sinx

Fig. 37-2
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The graph of sin™! x is given in Fig. 37-2(b). By a general theorem, the inverse of an increasing
function is itself an increasing function. You will find it helpful to think of sin~! x as the angle (between
—7/2 and 7/2) whose sine is x.

EXAMPLES
@ sin'11=§ ®) sin‘173=§ © sin"72=§ @ sin 1%:2
1 n n
in~! = inW—-—=-}=— - in"Y(— = — =
() sin"'0=0 (f) sin ( 2) 5 (9) sin"'(-1) 5

The derivative of sin"! x may be found by the general method of Problem 35.9(b). In this case, a
shortcut evaluation is possible, using implicit differentiation. Let y = sin™! x. Then,

sin y = x
d . d
2 Gin ) =)
dy .
(cos y) o 1 [by the chain rule]

d_y_ | 1 _ 1
dx cosy +./1—sin?y +./1-x?

where the positive square root is implied because cos y > 0 for —n/2 < y < n/2. Thus we have found

1 J 1
J1—=x? V1 —x?
The importance of the inverse sine function in calculus lies mainly in the integration formula (37.1).

The procedure for the other trigonometric functions is exactly analogous to that for the sine func-

tion. In every case, a restriction of the domain is chosen that will lead to a simple formula for the
derivative of the inverse function.

Dfsin™! x) = dx=sin"!'x+C (37.1

Inverse Cosine (Arc Cosine)

:

(@) y=cosx (b) y=cos'x

Fig. 37-3
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y=cosx [0<x<n] < x=cos" 'y [-1<yx<1]

Interpret cos ™! x as the angle (between 0 and ) whose cosine is x. Let y = cos ™! x. Then,

cos y =x
D (cos y)=D(x)=1
. dy
—sin y i
dy 1 1 1

dx  siny N/l—coszy_— 1—x?
Note that sin y = +./1 — cos? y since sin y > 0 when 0 < y < . Thus,

! 1 and 1 dx= —cos ! x+C 37.2)

RV N

Observe that — cos™! x and sin~! x have the same derivative; see Problem 37.17.

D (cos™

Inverse Tangent (Arc Tangent)

| 4y | lr y
| |
| |
: :
| | il ——
] /! TTT T T n
| [
! |
' |
! |
-% : i x x
)
| :
|
| | R
I | -1
| |
' |
I
| l
[ l
(@) y=tanx (b) y=tan'x
Fig. 374
y = tan x [—§<x<§] < x=tan"'y [all y]
Interpret tan~! x as the angle (between —n/2 and n/2) whose tangent is x. Let y = tan™! x. Then,
tan y = x
D.(tan y) =1
dy
2 - = 1
sec’ y
y 111
dx sec?y Ll+tan’y 1+ x2
_ 1 -
Thus, D (tan"! x) = T and fl e dx=tan ! x+C 37.3)
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Inverse Cotangent (Arc Cotangent)

p Y y

ﬁr-——————'——-————

2
.
C)
»

(@) y=cotx (b) y=cot'x
Fig. 37-5

y=cotx [0<x<n] < x=cot"!y [ally]
Interpret cot ™! x as the angle (between 0 and n) whose cotangent is x. Then,
1 1
D_,‘(COI_1 x)= — 'iT; or JH—XE dx=—cot™'x+C (37.4)

For the relation between cot™! x and tan~! x, see Problem 37.17.

Inverse Secant (Arc Secant)

lad

.

>
1
=

4
——— e e >
u
Al
\
4

~e
A4

o
L)

..
~e
‘e

w

...

(a) y=secx (b) y=sec'x
Fig. 376
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The secant function is restricted to two separate subintervals of the fundamental period
(—n/2, 37/2),

0<x<mn?2
y=secx |or < x=sec 'y [lyl=1]
n<x<3n/2

Interpret sec™! x as the angle (in the first or third quadrant) whose secant is x. Then,

1 1
D(sec™ ! x)=——— or f—-——-—— dx=sec’'x+C (37.5)
( ) x/x2—1 x/x%—1
See Problem 37.7.
Inverse Cosecant (Arc Cosecant)
y

~E
T

4y
.
’
J
!
J

O

———— . e - e . e e s e e e . . o S . S —— . —

1 + 1 |
% F's J%v [ x -1 0 1 P 4
I
ik |
1 \‘ i
|
s |
S
v
\.. l
v
-
‘.‘l
4
(@)y=cscx (®)y=csc'x
Fig. 37-7
0<x<mnR2
y=cscx |or <« x=cscty [lyl=1]
n<Xx<3n/2

Interpret csc™! x as the angle (in the first or third quadrant) whose cosecant is x. Then,
D(csc™ ! x)= — 1 or J—l————
* x/x*—1 x/x*—1

For the relation between csc ™! x and sec™! x, see Problem 37.17.

dx=—csc”'x+C (37.6)
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371

372

37.3

374
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Solved Problems

A one-one function has an inverse. Prove, conversely, that a function with an inverse is one-one.

If the domain of f consists of a single point, there is nothing to prove. Let f have the inverse g, but
suppose, contrary to hypothesis, that the domain of f contains two distinct numbers, 4 and v, such that

f(u) = f(v). Then,
u=g(fW)=g(f()=v
a contradiction. We must then admit that f(u) # f(v); that is, that f'is one-one.

Determine whether each of the following functions fis one-one. If it is one-one, find a formula for
its inverse f " 1.

(a) fx)=x*+6x—17 B) f)=In(x2+1) () f(x)=5x3>-2

(8) f(x)=x*+6x + 7= (x + TYx — 1). Because f(—7) = 0 = f(1), fis not one-one.

( ) Obviously, f(+1) = f(—1); fis not one-one.

() Ify=5x®—2,then,

y+2=5x°
y+2_
5
3y+2=x
5

Thus, f(x) = 5x3 — 2 has an inverse,
1 _3y+2
S 5

and so, by Problem 37.1, fis one-one.

Find formulas for the inverses of the following one-one functions:
@ fx)=10x—-4 (b)) f(x)=3e"+1
(@) Lety=10x — 4. Then,

_ y+4_

y+4=10x or TR
+4
Hence, f“(y)=——y10

(b) Let y =3e* + 1. Then,
-1 -1
y—1=3¢ or y—3—-=e" or lny3 =x

- y—
Hence, f~')=In 3

Find the following values:

(@) sin"(—%) (b) COS_‘(—%) (c) tan™'(-1)

1 nn 1
in—1 _—— ] = 1 —_—— — 1 1 P —
(a) sin ( 2) the angle in [ 5 2] whose sine is 3 g



CHAP. 37] INVERSE TRIGONOMETRIC FUNCTIONS 299

W

o
=

=N —

-]

1 1
(b) cos™! (— 5) = the angle in [0, n] whose cosine is — 2

T
) whose tangent is —1 = — —.

F-N

(c) tan~!(—1) = the angle in ( )

375 Evaluate: (a)cot™!./3; (b)sec™* 2;(c) csc™! (2/,/3).
(@) cot™! ﬁ is the angle 8 between 0 and .z such that cot § = \/5 This angle is 7/6 (see Fig. 37-8). Note
that an inverse trigonometric function must be represented by an angle in radians.
(b) The angle @ whose secant is +2 must lie in the first quadrant. The secant function is negative in the
third quadrant. From Fig. 37-8, 6 = =n/3.
(¢) The angle 6 whose cosecant is +2/\/§ must lie in the first quadrant. The cosecant function is negative
in the third quadrant. From Fig. 37-8, 6 = n/3.

Fig. 37-8

37.6 Find the derivatives of:

(@ sin"'2x (b)) cos'x? () tan~! (d) sec™!x3?

X
2

(@ Dsin"!2x)= D,(2x)  [by the chain rule]

1
J1—(2x)?
1 2

= 2 =
V1 —4x2( ) J1=

—1
V1= (2
—1
===

)] D,,(tan‘l g) = 3 D,,(x) [by the chain rule]
1

() Dycos™! x?) = D(x*  [by the chain rule]

\/m

1 —
+(5) 2
2
1 1)_ 4 1 (1)
B x2\2) |4 2 \2
1+7 1+T
(A YL __2
T \4+x2\2) 4+x2
1
(d Dsec ! x¥)=——+—o—D(x? by the chain rule
S NN I
x3/x® —1 x/x% —1
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1
377 Assuming that sec™! x is differentiable, verify that D (sec™! x) = ———.
* x/x* =1
Let y = sec™! x. Then,
secy=x
D (sec y) = D(x)
d
(sec y tan y) d—i =1  [by the chain rule]
dy 1 _ 1
dx secytany“xtany

But the identity 1 + tan? y = sec? y gives
l+tan?y=x or tan?y=x*-1 or tany= +./x?—1

By definition of sec™! x, the angle y lies in the first or third quadrant, where the tangent is positive. Hence,

dy 1
. 2 _ —_ —
tany = +./x* —1 and dx—x\/xz_—_l-

37.8 Prove the following formulas for antiderivatives:

[ dx 1 X
@ Jara=gwn g+ C
) dx 1 X
b) ] az_xz—-sm a+C [a > 0]
[ dx 1 x
() ———=-sec!=4+C [a > 0]
Jx/x*—a* a a

NOTATION It is common to write

Ax LN
J(x) f(x)

In each case, we employ the chain rule to show that the derivative of the function on the right is the
integrand on the left.

(@) D,:(l tan ™! E) _1 D,r(tan"1 f) N F (1)
a a a a a E a

1+
a
1 1
@ X2 @+
1+;
1 1
) D,(sin“ 5)=——— (—)
a ) x 2 \a
“\a

= ——ITZ- (L) [a > O implies a = \/a_z]

R [Vu/o = ]
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(©) D,,(1 sec”! 5) = 1 Dx(sec'1 f) = _l- ___1____ (1)
a a/ a a) ax ()2_1 a
a

1 1 1
—x )_cz 1(_\/_§)_xﬂ/)«:2-a2
a2

CHRS

379 Find the following antiderivatives:
2x dx

dx dx dx
(a) J'x2+4 (b) J‘ /——9~x2 (C) Jx2+4x+5 (d) Jx2_2x+7
(@) By Problem 37.8(a), witha = 2,

dx —-ltan{+C
x2+4 2 2

(b) By Problem 37.8(b), with a = 3,

J"___dx =sin"-)f+C
J9 - x? 3

() Complete the square: x2 4+ 4x + 5 = (x + 2)? + 1. Thus,

dx _ dx
x2+4x+5 J(x+2*+1

Let u = x + 2. Then du = dx, and

J.(x+‘;;2+1=Ju2dil=ta“_‘“+c=tan"(x+2)+c

(d) Complete the square: x2 —2x + 7 = (x — 1)2 + 6. Let u = x — 1, du = dx, 2x = 2u + 2. So,
2xdx 2u+2du— Zudu+ 2 du
x2—2x+7 Jur+6  Jut+6 ut+6
=In(W+6)+2- ﬁ tan~"! ﬁ +C  [by quick formula Il and Problem 37.8(a)]!

=1n(x2-2x+7)+itan-15:—1+c

VORIV

37.10 Evaluate sin (2 cos ™! (—3)).
Let 6 = cos ™! (—4). Then, by Theorems 26.8 and 26.1,

sin 20 = 2 sin 6 cos 8 = 2(+./1 — cos® f)cos 0)

By definition of the function cos™*, angle 6 is in the second quadrant (its cosine being negative), and so its
sine is positive. Therefore, the plus sign must be taken in the above formula,

sin 20 = 2(,/1 — cos? )(cos 8) = 2( /l - (— %)ZX— %)
[
T3V 9T T3W9 T3 f
22543
9

! We have written In (u? + 6) instead of In {u? + 6| because u> + 6 > 0.
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37.11

37.12

37.13

37.14

37.15

37.16

3717
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Show that sin™ ! x and tan™! x are odd functions.

More generally, we can prove that if a one-one function is odd (as are the restricted sin x and the
restricted tan x, but not the restricted cot x), then its inverse function is odd. In fact, if fis an odd one-one
function and g is its inverse, then

g(—=f(x)

i

g(f(=x))  [since f(x) = —f(—x)]
= —x [since g is inverse of f7]
= —g(f(x) {since g is inverse of f]

which shows that g is odd. (Could a one-one function be even?)

Supplementary Problems

For each of the following functions f, determine whether it is one-one; and if it is, find a formula for the
inverse function f ~ .

Ix-5
x+2

@) f(x)=’—2‘+3 ®) f(x)=Ix] © fx)=

@ f@=6-1" @ f@O=6-1" () =1

@ =22 ) W= 0 fe=2E

Evaluate:

(@) cos"(—?) (b) sin"(-\/TE) (¢) tan"'1 d tan"?
@ sect 3 0w (-2) @ s B e
() sec”'(-2)

(@) Let 8 =cos™! (}). Find the values of sin 6, tan 6, cot 0, sec 6, and csc 6.
(b) Let8 =sin"! (—4). Find cos 6, tan 6, cot 6, sec 6, and csc 6.

Compute the following values:

(a) sin (cos'l ‘E‘) (b) tan (sec“ —152) (c) cos (sin‘1 % +sec™! 3)

1
(d) sin (cos'l 3 tan~! 2) (e) sin~?! (sin m)
[Hints: Part (b) 52 + 122 = 132; part (c) cos (u + v) = cos u cos v — sin u sin v; part (e) is a trick question.]
Find the domain and the range of the function f(x) = cos (tan™! x).

Differentiate:

1

. _ _ _ _ _ 1
(@ sin"!'x+cosTl!x (b)) tan"'x+cot™'x () sec'x+cscTix (d) tan"! x+tan”! -
x

(e) Explain the significance of your answers.
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37.18 Differentiate:

(@ xtan"!'x () sin~? \/)—c () tan"!'(cosx) (d) In(cot™! 3x)
(¢ e*cos™!'x () In(tan"! x) (g9) csc! % h x/a* —x*+a*sin"? 3
() tan~?! (a+x) ) sin“—1-+sec‘1 x (k) tan“-z—

1-ax x x

37.19 What identity is implied by the result of Problem 37.18(i)?

37.20 Find the following antiderivatives:

(a) [_dx b) ”_di_ (©) J'd—x 7)) I __dx—_
Ja+x? J4+9x% \/25_—)‘2 \/EE—_u%F

© & N | 2= @ f"—", (h j—d"——
Jx-3)/x*—6x+8 J/3-2x2 24+7x x/x*—4
[ dx [ dx dx x dx

L Iy U e S J TV f
[ dx [ 2xdx x dx x3 dx

™ J /6x — x? ® JJ6x —x2 ©) Jx + 8x + 20 ?) J' —2x+4
[ xdx el cos x dx dx

@ J == L brange= ) J5+sm x L jx +2x + 10

[Hints: (b) let u = 3x; (d) let u=4x; (e) let u=x—3; () let u®> = x* +9; (m) complete the square in
x% — 6x; (n) D(6x — x?) = 6 — 2x; (p) divide x? by x* — 2x + 4.]

37.21 Find an equation of the tangent line to the graph of y = sin~* (x/3) at the origin.

37.22 A ladder which is 13 feet long leans against a wall. The bottom of the ladder is sliding away from the base
of the wall at the rate of 5 feet per second. How fast is the radian measure of the angle between the ladder
and the ground changing at the moment when the bottom of the ladder is 12 feet from the base of the wall?

37.23 The beam from a lighthouse 3 miles from a straight coastline turns at the rate of 5 revolutions per minute.
How fast is the point P at which the beam hits the shore moving when that point is 4 miles from the point
A on the shore directly opposite the lighthouse (see Fig. 37-9)?

w

Ny

Fig. 379
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3124

37.25

37.26

37.27

37.28

37.29

37.30

3731

37.32

3733

3734
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Find the area under the curve y = 1—:—; above the x-axis, and between the lines x =0 and x = 1.

. 1 . . .
Find the area under the curve y = ———— above the x-axis, and between the lines x = 0 and x = 1/2.

J1=x?

The region # under the curve y = above the x-axis, and between the lines x = 2/\/3 and x =2,

x2/x* —1
is revolved around the y-axis. Find the volume of the resulting solid.

Use the arc-length formula (32.2) to find the circumference of a circie of radius r. [Hint: Find the arc length
of the part of the circle x> + y* = r? in the first quadrant and multiply by 4.]

A person is viewing a painting hung high on a wall. The vertical dimension of the painting is 2 feet and the
bottom of the painting is 2 feet above the eye level of the viewer. Find the distance x that the viewer should
stand from the wall in order to maximize the angle 6 subtended by the painting. [Hint: Express 8 as the
difference of two inverse cotangents; see Fig. 37-10.]

,/
- 2
’/
’//
/’/ ””””” N
N 12
zZ-"" I
T e =
|
|
|
|
|
|
|
L
X
Fig. 37-10
For which values of x is each of the following equations true?
(@ sin"!'Ginx)=x (b)) cos"'fcosx)=x () sin"!(—x)= —sin"!x

(d sin(sin"!x)=x (e} cos(cos”!x)=x
N Use a graphing calculator to draw the graph of y =sin~! (sin x) and review your answer to
part (a).

Find y' by implicit differentiation:

(@ x*—xtan"'y=Iny (b) cos”!xy=e?

Sketch the graph of y = tan™! x — In /1 + x%.

Assuming that cot™! x and csc™! x are differentiable, use implicit differentiation to derive the formulas for
their derivatives.

Find the average values of f(x) = on[—-2, 2]

4+ x?

' 44 -
(a) Show thatx = J 1—1% (b) Approximate = by applying Simpson’s rule to the definite integral in part
0

(a), with n = 8.



Chapter 38

Integration by Parts

In this chapter, we shall learn one of the most useful techniques for finding antiderivatives. Let fand
g be differentiable functions. The product rule tells us that

2 (1)) = /(g ) + 9909
or, in terms of antiderivatives,

S (x)g(x) = I(f (x)g'(x) + g(x)f(x)) dx = ff (x)g'(x) dx + Ig(x)f (x) dx

The substitutions u = f(x) and v = g(x) transform this into!

uv=J‘udv+J.vdu

'[u dv=uv — Iv du integration by parts

from which we obtain

The idea behind integration by parts is to replace a “difficult” integration [ u dv by an “easy”
integration | v du.

EXAMPLES
(a) Find f xe* dx. This will have the form J.u dv if we choose

u=x and dv = ¢€* dx
Since dv = v'(x) dx and dv = e* dx, we must have v'(x) = e*. Hence,
v=fe"dx=e"+C

and we take the simplest case, C = 0, making v = ¢*.
Since du = dx, the integration by parts procedure assumes the following form:

Iudv=uv—‘[vdu
Jxe‘ dx = xe&* —J‘e’ dx

=xe*—e*+C=e(x—1)+C

! For example, | f(x)g'(x) dx = { u dv, where, in the result of the integration on the right, we replace u by f(x) and v by g(x). In
fact, by the chain rule,

d d dv d , _i ,
E;(Judv)=5(_fudv)-;x-=u-;wxn =f(x)g(x)—dx(jf(x)g(x)dx)

Hence, { u dv = | f(x)g'(x) dx. Similarly, | v du = { g(x)f"(x) dx.

305
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Integration by parts can be made easier to apply by setting up a box such as the following one for
example (a) above:

u=x dv =e* dx
du = dx v=2¢

In the first row, we put u and dv. In the second row, we write du and v. The result uv — j vduis
obtained from the box by first multiplying the upper left corner u by the lower right corner v and then
subtracting the integral | v du of the two entries in the second row.

Notice that everything depends on a wise choice of u and ». If we had instead picked u = ¢* and
dv = x dx, then v = | x dx = x?/2 and we would have obtained

X xxz xz X
jxe dx =e 2 _JZ e* dx

which is true enough, but of little use in evaluating | xe* dx. We would have replaced the “difficult”
integration { xe* dx by the even more “difficult” integration { (x*/2) e* dx.

) FindJ'x In x dx. Let us try u = In x and dv = x dx:

dx

u=Inx dv=x
x?
2

du=1dx v=
X

Then, v = Jx dx = x%/2. Thus,

J.udv=uv—J‘vdu

2 2
1
fxlnxdx=(lnx)x7—J‘%;dx

2 1
=%lnx—5J‘xdx
x? 1 x?
=?lnx-§7+c
x2
=T(2lnx—1)+C
(c) Find‘[lnxdx. Let us try u = In x and dv = dx:
u=Inx dv = dx
1
du = — dx v=2x
x

Then, v = de = x. Thus,

judv:uv—jvdu
1
Jlnxdx=xlnx——J.x;dx

=xlnx-—de

=xInx—x+C
=x(lnx—-1)+C



CHAP. 38] INTEGRATION BY PARTS 307

(d) Sometimes two integrations by parts are necessary. Consider I e* cos x dx. Let u = e¢* and dv = cos x dx:

u=¢e* dv = cos x dx
du = e* dx v=sin x
Thus, Je" cos x dx = €* sin x — fe" sin x dx )

Let us try to find Ie" sin x dx by another integration by parts. Let u = ¢* and dv = sin x dx:

u=e* dv = sin x dx
du =¢e* dx V= —COS X
o
Thus, e* sin x dx = —e* cos x — J'(—e" cos x) dx

= —e*cos x + _[e" cos x dx

Substitute this expression for je" sin x dx in (1) and solve the resulting equation for the desired antiderivative,

r

e* cosxdx:e"sinx—(—e"cosx+je"cosxdx)

"
e"cosxdx=e"sinx+e"cosx—J‘e"cosxdx

o
2 | € cos x dx = € sin x + €* cos x = e*(sin x + cos x)

e*(sin x + cos x)

) +C

e cos x dx =

Solved Problems

381 Find I xe ™ dx.
Let

Integration by parts gives

J.xe"‘ dx = —xe * — I(—e"‘) dx = —xe™* + Je" dx
=—xe*—e*+C=—-e"x+1)+C

Another method would consist in making the change of variable x = —t and using example (a) of this
chapter.
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382 (a) Establish the reduction formula
~fx"e" dx = x"¢* —n J.x"' 1e* dx 2

for fx"e" dx n=123,..).

(b) Compute fx%" dx.

(@ Let
x" dv = ¢e* dx
du =nx""!dx v=e¢"
and integrate by parts,
Jx"e" dx = x"e* — Je‘(nx"") dx=x"¢—n nx"_le" dx
LY

(b) Forn=1,(2)gives
Jxe" dx = xe&* — J.e" dx = xe* — ¢* = (x — 1)e*
as in example (a). We omit the arbitrary constant C until the end of the calculation. Now let n = 2 in (2),
J.xze" dx = x%e* -2 Ixe" dx = x2&* — 2(x — 1)¢)
=(x2=2x—1)e*=(x2—-2x+ 2"+ C

383 Find J‘tan‘l x dx.

Let
u=tan"!x dv = dx
1
du=TT;—2-dx v=X
Hence,
Itan”xdx:xtan"x—f xzdx
1+x
—xtan“x—l 2
B 2)1+x?

1
=xtan"! x — 3 In|l+x%|+C [by quick formula II, Problem 34.5]

1
=xtan“x—§1n(l+x2)+C {since 1 + x? > 0]

384 Find fcosz x dx.

Let

U =Cos X dv = cos x dx
du = —sin x dx v =sin x
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.
Then, fcos’ x dx = cos x sin x — | (sin x)(—sin x) dx

Ly

n

= cos x sin x + | sin? x dx
Y
.

=cos x sin x + | (1 — cos? x) dx

o

.
= cos x sin x + ldx—‘[coszxdx

Solving this equation for J.cos2 x dx,

2Icos2xdx=cosxsinx+jldx=cosxsinx+x
2 1 s
cos xdx=5(cosxsmx+x)+C

This result is more easily obtained by use of Theorem 26.8,

1 sin 2x
2 2

1
J.cos2 x dx =3 J.(cos 2x 4+ 1) dx =

1 (2 sin x cos x

=2 2

+x)+C

1
+x)+C=§(sinxcosx+x)+C

385 Find fx tan”! x dx.

Let
u=tan"!x dv = x dx
1 x?
duy = —— dx v=—
1+x? 2
. 2 1 2
Then, fxtan“xdx=x?tan_‘x~§‘[r{7dx
x? A+x)—-1 1+4x? 1 1
But 7= 7 2 7= 1~ 2
1+x 1+ x 1+x 1+x 1+x
and so
X =14 l x—x—tan'x+C
—dx = X — | ——dx=x— x
1+ x? 1+ x?
-1 X2 1 -1
Hence, x tan” ' x dx = — tan x——i(x—tan x)+ C,

(x?tan"! x — (x —tan"! x)) + C,

(x*tan"! x — x + tan" ! x) + C,

NP NI= D=

(tan™! x)x* + 1) — x) + C,
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387

389

38.10

38.11

38.12

38.13
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Supplementary Problems

Compute:
F r
(@) J.xze"‘ dx (b) J.e" sin x dx (©) x3e* dx (d |sin~! xdx
I
(e) J-x cos x dx N fxz sin x dx )] Jcos (In x) dx (h) x cos (5x — 1) dx
r ~
) fe‘”‘ cos bx dx ) jsinz x dx k) | cos® x dx (h | cos* x dx
(m) j.xe”‘ dx (n) I x sec? x dx (0) x cos? x dx ) .[(ln x)? dx
. . [In x
) x sin 2x dx 1) x sin x2 dx (s) = dx ) x?e3* dx
r 3
() sz tan~! x dx (v) .[ln (2 + 1) dx (w) ] ﬁ dx (x) J.xz In x dx

[Hint: Integration by parts is not a good method for part (r).]

Let ® be the region bounded by the curve y = In x, the x-axis, and the line x = e. (a) Find the area of 2.
(b) Find the volume generated by revolving # about (i) the x-axis; (i} the y-axis.

Let # be the region bounded by the curve y = x ! In x, the x-axis, and the line x = e. Find: (a) the area
of #; (b) the volume of the solid generated by revolving # about the y-axis; (c) the volume of the solid
generated by revolving # about the x-axis. [Hint: In part (c), the volume integral, let u = (In x)%, v = —1/x,
and use Problem 38.6(s).]

Derive from Problem 38.8(c) the (good) bounds: 2.5 < e < 2.823. [Hint: By Problem 30.3(c),

« (In x\?2 ~1 5 _e—1
osf(“) dx<i— o 0<2-2<%5
L\ x e e e

The left-hand inequality gives e > 3$; the right-hand inequality gives e < (3 + ﬁ)/Z.]

Let ® be the region under one arch of the curve y = sin x, above the x-axis, and between x = 0 and x = .
Find the volume of the solid generated by revolving # about: (a) the x-axis; (b) the y-axis.

If n is a positive integer, find:

2%

2=
(@ X cos nx dx b) J x sin nx dx
Jo 0

Forn=2,3,4,..., find reduction formulas for:

o
(@ | cos”xdx ()] I sin” x dx

LY

(c) Use these formulas to check the answers to Problems 38.4, 38.6(k), 38.6(!), and 38.6(j).

(a) Find a reduction formula for | sec” x dx (n =2, 3, 4, ...). (b) Use this formula, together with Problem
34.7, to compute: (i) | sec® x dx; (ii) | sec* x dx.



Chapter 39

Trigonometric Integrands and
Trigonometric Substitutions

39.1 INTEGRATION OF TRIGONOMETRIC FUNCTIONS

We already know the antiderivatives of some simple combinations of the basic trigonometric func-
tions. In particular, we have derived all the formulas given in the second column of Appendix B. Let us
now look at more complicated cases.

EXAMPLES

(@) Consider | sin* x cos” x dx, where the nonnegative integers k and n are not both even. If, say, k is odd
(k = 2j + 1), rewrite the integral as

Isin” x cos" x sin x dx = j(sin2 x)’ cos” x sin x dx
= J‘(l — cos? x)! cos” x sin x dx

Now the change of variable u = cos x, du = —sin x dx, produces a polynomial integrand. (For n odd, the
substitution u = sin x would be made instead.) For instance,

fcos’ x sin® x dx = | cos? x sin* x sin x dx
L
r

= | cos? x(1 — cos? x)? sin x dx

)

= | ¥l —u?)*(-1)du= —ju’(l —2u? + u*) du

u’ ut o’
—_ 2 4 6 = =] — = —_ —
(u® — 2u* + u®) du (3 25+7)+C

1 2 1
=—§cos3x+gcos5x—7cos"x+c

(b) Consider the same antiderivative as in part (a), but with k and n both even; say, k = 2p and n = 2q. Then, in
view of the half-angle identities

cos? x = 11908 X +°208 X and  sinx= 108 —020s X

we can write
fsin" x cos” x dx = I(sinz x)P(cos? x)t dx ‘
_ l—cos2x"(l+cos2x"dx
B 2 2

J‘(l — cos 2x)P(1 + cos 2x)? dx

=p+e

1
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When the binomials are multiplied out, the integrand will appear as a polynomial in cos 2x,
1 + (g — pXcos 2x) + - -+ + (cos 2x)P*4

and so

1
Jsin" x cos” x dx = ITa] [Jl dx +(g—p) J‘(cos 2x)dx + -+ + J.(cos 2x)P*4e dx] N

On the right-hand side of (I) are antiderivatives of odd powers of cos 2x, which may be evaluated by the
method of example (a), and antiderivatives of even powers of cos 2x, to which the half-angle formula may be
applied again. Thus, if the sixth power were present, we would write

3
J(COS 2x)% dx = '[ (cos? 2x)® dx = J'<1_+2L4x) dx

and expand the polynomial in cos 4x, and so forth. Eventually the process must end in a final answer, as is
shown in the following specific case:

f cos? x sin* x dx = { (cos? xXsin? x)? dx

_ (/1 + cos 2x\/1 — cos 2x zdx
o 2 2

_ "(l + cos ZxXl — 2 cos 2x + cos? Zx) dx

J 2 4
1 r
=3 (1(1 — 2 cos 2x + cos? 2x) + (cos 2x 1 — 2 cos 2x + cos? 2x)) dx
=% (1 — 2 cos 2x + cos? 2x + cos 2x — 2 cos? 2x + cos® 2x) dx
1 T
=3 (1 — cos 2x — cos? 2x + cos® 2x) dx
=%(J.l dx-J.cos2xdx—J.cos22xdx+jcos32xdx)
1 i 4
= (x-E 2x _ | 14cos dx dx + | (cos 2xX1 — sin? 2x) dx
8 2 2
1 sin2x 1 sin 4x | O . .
= — — —_ - d =
5 (x 3 3 (x + 2 ) + j-cos 2x dx 5 fu u) [letting u = sin 2x]
1 sin 2x x sin 4x + sin 2x 1 sin® 2x c
“s\*T T2 72778 2 2 3
_1(x sindx sin® 2x +C
“8\2 8 6
_x _sindx sin® 2x +C
16 64 48

(¢) From Problem 34.6(a), we know how to integrate the first power of tan x,
Itan xdx=1In|sec x|+ C
Higher powers are handled by means of a reduction formula. We have, forn=2,3, ...,

-
J‘tan" x dx = | tan"~ 2 x(tan?® x) dx = J‘tan"'2 x(sec? x — 1) dx
o
.

= | tan""2 x sec? x dx — jtan"'2 x dx

v

r
=|u? du—j-tan"‘zxdx [let u = tan x)

t n—1
- a:_ lx—J-tan"‘zxdx (39.1)
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Similarly, from
Jsecxdx=ln |sec x + tan x| + C

and the reduction formula of Problem 38.13(a), we can integrate all powers of sec x.
(d) Antiderivatives of the forms  sin Ax cos Bx dx, | sin Ax sin Bx dx, { cos Ax cos Bx dx can be computed by
using the identities
1
sin Ax cos Bx = 3 (sin (A 4+ B)x + sin (4 — B)x)
. . 1
sin Ax sin Bx = 5 (cos (A — B)x — cos (A + B)x)

1
cos Ax cos Bx = 3 (cos (A — B)x + cos (A + B)x)

For instance,

. . 1 1 (sin 5x  sin 11x
f51n8x51n3xdx—f5(cos5x—cosllx)dx—i( T )+C

39.2 TRIGONOMETRIC SUBSTITUTIONS

To find the antiderivative of a function involving such expressions as /a2 + x> or /aZ — x? or
/x?* — a?, it is often helpful to substitute a trigonometric function for x.

EXAMPLES

(a) Evaluatef x? + 2 dx.

None of the methods already available is of any use here. Let us make the substitution x = ﬁ tan 0,
where —n/2 < 8 < n/2. Equivalently, 6 = tan™? (x/ﬁ). Figure 39-1 illustrates the relationship between x
and 6, with 0 interpreted as an angle. We have dx = ﬁ sec® 8 d6 and, from Fig. 39-1,

/2
—f\/—;—z=seco or ,/x2+2=\/§sec0

where sec 8 > 0 (since —n/2 < 0 < n/2). Thus,

J ch+2dx=J‘(\/§sec9)(\/5sec2 8)d0=2fsx38d0
=secOltan O +1In|secf +tan 0| + C [by Problem 38.13(b)]
=,/x2+2i+ :fx2+2+i

V2 V2 Vo2
2

_X/x +2+lnl,/x2+2+x|+c [
2 7
2

SN AL a4 xl—In24C

2

In +C

/2
=Zc—x-2~—+—-2+ln|,/x’+2+x|+C,l

Note how the constant —In ﬁ was absorbed in the constant term in the last step. The absolute value signs in
the logarithm may be dropped, since \/x% + 2 + x > 0 for all x. This follows from the fact that \/x? + 2 >
Jxt=|x|= —-x

This example illustrates the following general rule: If \/x2 + a® occurs in an integrand, try the
substitution x = a tan 0 with —(n/2) < 0 < (n/2).
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4—x

(b) Evaluate J. " dx.
Make the substitution x = 2 sin 8, where —n/2 < 0 < n/2; that is, 8 = sin™! (x/2). The angle interpreta-
tion of @ is shown in Fig. 39-2. Now dx = 2 cos 0 d6 and

J4-x* J4—4sin?0 2 /1—sin’6 cosf
x  2sinf 2sin@  sinf

cot 8

Note that /1 — sin? 8 = ,/cos? 8 = |cos 6] = cos 6, since cos § = 0 when — /2 < 6 < /2. Thus,
4 — 2
f - X dx = J‘(cot X2 cos 6) dO = 2 j (cf’s 0)(005 9) do

sin @

2  cin2
=2 | 0d0=2j~1—,s‘“——049=2( csc 0 df — sinode>
sin 0 sin @

=2(In|csc @ —cot 8] + cos 8) + C

— 2 — 2
=2(ln 2_JA-d L VA x)+c
x x 2

2 4 — x?
=2In ;—Tx +J4-x2+C

This example illustrates the following general rule: If \/a? — x2 occurs in an integrand, try the
substitution x = a sin 0 with —n/2 < 0 < n/2.

z —
(c) Evaluate J‘-———V"x," dx.

Let x = 2 sec §, where 0 < 6 < m/2 or 7 < 8 < 3n/2; that is, 8 = sec™! (x/2). Then dx = 2 sec 0 tan 6 d6 and
VX2 —4=/dsec? 0 —4=2/sec? 0 — 1 =2,/tan? § = 2|tan 8] =2 tan 0
Note that tan 8 > 0, since @ is in the first or third quadrant. Then

/x? —
J x3 4dx=f2tan0(23ec0tan0)d0
x

8 sec® 0

1 (tan? @ 1 sin? @ 1
| 22 = | —2 4o == |sin?
Zfswzo ZIcoszeseczo ZISIn 6 d

1 . 1 -1
—4(0—sm0cosl))+C—z(sec

2_
=;1i(sec"§—2————');24)+c

N X
=
x

The general rule illustrated by this example is: If ./x2 — a? occurs in an integrand, try the substitu-
tionx = a sec 0, with0 < 0 <(n/2)or n < 6 < 3m/2.
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Solved Problems

39.1 Find Jsin’ x cos? x dx.
The exponent of sin x is odd. So, let u = cos x. Then, du = —sin x dx, and
fsin’ x cos? x dx = Jsinz x cos? x sin x dx
= J(l — cos? x) cos? x sin x dx

= —J.(l —utu? du = .[(u‘ —u?) du

u? cos® x cos® x

3HC=73 3

u
?— +C

A

39.2 Find fcos‘ x sin* x dx.

The exponents are both even; in addition, they are equal. This allows an improvement on the method
of Section 39.1, example (b).

J‘cos"' x sin* x dx = j'(sm Zx) =— Ism‘ 2x dx

J'(l — cos 4x) dx
I(l — 2 cos 4x + cos? 4x) dx

]
$|'— a«l"‘

f dx — = Jcos udu+ 1 J-cosz u du) [letting u = 4x]

a
- Ssin w2t )
_64 ~3 sin u u + sin u cos u

1 1 x  sin 4x cos 4x
—a(x 5 1n4x+5+—8——)+c
_ i (3 sin 4x sin 8x +C
T 64 16

1 . sin 8x
—m(3x—sm4x+ 3 )+C

393 Find: (a) J‘coss x dx; (b) jsin‘ x dx.

@ J cos’® x dx = J.cos‘ x(cos x) dx = J‘(cos"l x)*(cos x) dx
= J‘(l — sin? x)%(cos x) dx = I(l — 2 sin? x + sin* x)(cos x) dx

Let u = sin x. Then du = cos x dx, and

23 5
fcos’xdx=J‘(1—2u2+u‘)du=u—%+u?
. 2sin® x  sin® x
=sin x — +C

3 T s
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This antiderivative was essentially obtained in Problem 39.2,

J sin® x dx = 2 f sin® (2u) du [let u= ;]

_y. 18 (3u — sin 4u + 51“88“) +C

128
1(3x . sin 4x
—Z(?-‘smlx-k 8 )+C
394 Find J‘tan5 x dx.
From the reduction formula (39.1),
n? x
Jtan’xdx— Jtanxdx— — In |sec x|
t t tan?

Jtan’xdx— an’ J‘tan3xdx- ar:tx_ an2x+ln|secx[+C

39.5 Show how to find | tan” x sec? x dx: (a) when q is even; (b) when p is odd. (c) Illustrate both
techniques with { tan® x sec* x dx and show that the two answers are equivalent.

(@)

(b)

()

letg=2r(r=1,273,..) Then
Jtan" x sec® x dx = Jtan' x sec? ™ x(sec? x) dx
= Jtan" x(1 + tan? x¥ ~(sec? x) dx
since 1 + tan? x = sec?> x. Now the substitution u = tan x, du = sec? x dx, produces a polynomial
integrand.
letp=2s+1(=0,12,...). Then,
Jtanz‘“x sec? x dx = Jtanz’ x sec?™! x(sec x tan x) dx
= J.(secz x — 1) sec? ! x(sec x tan x) dx

since tan? x = sec? x — 1. Now let v = sec x, dv = sec x tan x dx, to obtain a polynomial integrand.

By part (a),
Jtan’ x sec* x dx = Itan’ x(1 + tan? x)sec? x) dx
= ju’(l +u¥) du= J(tﬁ + u%) du
ut U tan* x tan® x
= — _— C =
Ttet Tt *C
By part (b),

J.tan3 x sec* x dx = I(sec’ x — 1) sec? x(sec x tan x) dx

0 — 1? dv—j(v —v3)dv

l) SCC X sec X
~4C= -

34 6 s ¢
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Since 1 + u? = v,

v vt At 60t 41 +uP) - 61 + W)
6 4 24 24

ALGEBRA A+ =1+3t+32+1

40+ 30?4 3ut + u®) — 6(1 + 20 + uf)

24
4 4 12u% + 12u* + 4us — 6 — 12u* — 6u*
- 2
6ut +4u® -2 ut s 1
T 24 “3ts i

and so the two expressions for { tan® x sec* x dx are equivalent. (The —; is soaked up by the arbi-
trary constant C.)

39.6 Find ftan’ x sec x dx.
Problem 39.5 is of no help here.

Jtanz x sec x dx = ~j\(sec2 x —1)sec x dx = J(sec*" x — sec x) dx

1
=3 (sec x tan x + In |sec x + tan x|) — In |sec x + tan x| + C  [by Problem 38.13(b)]

N | =

1
secxtanx—-z—lnlsecx+tanx|+C

39.7 Prove the trigonometric identity sin Ax cos Bx = §(sin (4 + B)x + sin (4 — B)x).

The sum and difference formulas of Theorem 26.6 give

sin (4 + B)x = sin (Ax + Bx) = sin Ax cos Bx + cos Ax sin Bx
sin (A — B)x = sin (Ax — Bx) = sin Ax cos Bx — cos Ax sin Bx
and so, by addition, sin (4 + B)x + sin (4 — B)x = 2 sin Ax cos Bx.

. 2n
398 Compute the value of f sin nx cos kx dx for positive integers n and k.
0

Case 1: n # k. By Problem 39.7, with A = nand B =k,
2n 2x
I sin nx cos kx dx = % .[ (sin (n + k)x + sin (n — k)x) dx
0 0

__1 (cos (n+ k)x L oo (n— k)x)]"

=0
2 n+k n—k o
because cos px is, for p an integer, a periodic function of period 2n.
Case 2: n = k. Then, by the double-angle formula for the sine function,
2n . 1 2% 1 2 2z
sin nx cos nx dx = = sin 2nx dx = — = [ 22X =0
[} 2 lo 2 2" 0
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dx
The presence of \/m suggests letting x = 3 tan 0. Then dx = 3 sec? 6 d6, and
JT+9=J9 tan? 6 + 9 = \/9(tan? 0 + 1) = 3,/sec® 0 = 3 sec 0

Find

2
So, f Fmo Jsec&dO:lnlsecG+tan0|+C
/x2 49 3sect
2
=In —-—"x3+9+§ +C=In —-———-“x;9+x +C
=ln|/x*+9+x|+K=In(/x*+9+x)+ K
/v2
NOTE ln—x—%g—i)—c=ln|./x2+9+x|—ln3

and the constant —In 3 can be absorbed in the arbitrary constant K. Furthermore,

VX2 +9+x>0

dx
Find J‘————
x%/3 — x?
The presence of \/3 — x? suggests the substitution x = \/5 sin 9. Then, dx = /3 cos 8 d6.

V3= x*=/3-3sin? § = /3(1 — sin? 0)=\/§./cos2 0=\/§cose

1
and I dx =I /3 cos 0 df 1I#=—Iwczodo
x2 /3 — x? (3 sin? 6)/3cos ) 3 Jsin’6 3
=—§cot9+C
cos 8 ./3—x2/\/§ V3 —-x?
But cot=——= =
sin 0 x/\/§ x
dx 3—x?
Hence, J.xz\/m_— ™ +C

2
Find J'_)_c__ dx.
Jxt—4
The occurrence of ./x? — 4 suggests the substitution x = 2 sec 6. Then dx = 2 sec 0 tan 8 d6.
JxP—4=/4sec? 0 —4 = /Hsec’ 6 — 1) =2,/tan? 6 =2 tan 0
2 4 2 0
J’ x dx=J( sec 0)(2sec8tan)d9=4j'secsoda
/x2 — 4 2tan 6

= 2(sec 6 tan 6 + In |sec 6 + tan 6|) + C [by Problem 38.13(b)]

and

z _ 2 _
=2(§___~/x4+1n §+____\/x4)+c
2" 2 2 2
2 _ Z _
=x,/x2 4+21n x+~/2x 4|+C
2 _
=~"———""24+21n|x+./x2—4|+1<

where K = C — 2 In 2 (compare Problem 39.9).
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39.12

39.13

39.14

39.15

39.16

39.17

39.18

39.19

39.20

Supplementary Problems

Find the following antiderivatives:
r r

sin x cos? x dx () | cos? 3x dx

(@)

o
(e J.c,os6 x sin? x dx

r

N J'tanzgdx

tan? x sec® x dx

V)

tan? x sec* x dx

o

o

(m) J.sin nx cos 3nx dx (n) J.sin 5x sin 7x dx

Prove the following identities:

1
(@) sin Ax sin Bx = 3 (cos (A — B)x — cos (A + B)x)

(b) cos Ax cos Bx = % (cos (A — B)x + cos (A + B)x)

(0 fsin‘ x cos® x dx
@ Jtan“ x dx
k) Itan‘ x sec x dx

(0) J-cos 4x cos 9x dx

@

U

Calculate the following definite integrals, where the positive integers n and k are distinct:

@) :' sin nx sin kx dx (b f" sin? nx dx
Evaluate:

@ ." i W f \/‘:‘i_x o ©
@ #’;_9 ) f T @

(i) fxz 1-x¥dx () J'e”‘ 1—e*™dx (k)

[Hint: In part (k), complete the square.]

1 2
J‘ + x dx
x
dx
x*+9)?

dx
(x? — 6x + 13)?

Find the arc length of the parabola y = x? from (0, 0) to (2, 4).

Find the arc length of the curve y = In x from (1, 0) to (e, 1).

Find the arc length of the curve y = ¢* from (0, 1) to (1, e).

Find the arc length of the curve y = In cos x from (0, 0) to (n/3, —In 2).

2 2
Find the area enclosed by the ellipse % + yz =1

o |
o |
X.

2

319

,

cos® x dx
LY

(h) Jsecs x dx

r

sin 2x cos 2x dx

x
dx

dx

/16 — 9x?



Chapter 40

Integration of Rational Functions;
The Method of Partial Fractions

This chapter will give a general method for evaluating indefinite integrals of the type

N(x)
f Do)

where N(x) and D(x) are polynomials. That is to say, we shall show how to find the antiderivative of any
rational function f(x) = N(x)/D(x) (see Section 9.3). Two assumptions will be made, neither of which is
really restrictive: (i) the leading coefficient (the coefficient of the highest power of x) in D(x) is +1;
(ii) N(x) is of lower degree than D(x) [that is, f(x) is a proper rational function].

EXAMPLES

@ 8x* =7 8x* _ =56x*
x4 3x—11 -7 —dx"0+3x—11 x!°—21x+77

4
7
(b) Consider the improper rational function f(x) = X 2+ lx . Long division (see Fig. 40-1) yields
x

Ix +1
xz—1

f)=x*+1+

Consequently,
3

7 7
fedx= [+ nax+ [ ot lar =L pxy [ 24
x4 ~1 3 Y2 _1

and the problem reduces to finding the antiderivative of a proper rational function.

x2+1
x2—1|x*+x
x* - x?
x? + Tx
xt—1
Ix + 1
Fig. 40-1

The theorems that follow hold for polynomials with arbitrary real coefficients. However, for sim-
plicity we shall illustrate them only with polynomials whose coeflicients are integers.

Theorem 40.1: Any polynomial D(x) with leading coefficient 1 can be expressed as the product of
linear factors, of the form x — a, and irreducible quadratic factors (that cannot be fac-
tored further), of the form x? + bx + c, repetition of factors being allowed.

As explained in Section 7.4, the real roots of D(x) determine its linear factors.

320
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EXAMPLES
(@ x—1l=(x—1x+1)

Here, the polynomial has two real roots (+ 1) and, therefore, is a product of two linear factors.
® x4 2x2 —8x — 21 =(x —3)x*+ 5x + 7)

The root x = 3, which generates the linear factor x — 3, was found by testing the divisors of 21. Division of
D(x) by x — 3 yielded the polynomial x? + 5x + 7. This polynomial is irreducible, since, by the quadratic
formula, its roots are

—b+. /b —4 -5+./-3
x = 2 = 2

which are not real numbers.

Theorem 40.2 (Partial Fractions Representation): Any (proper) rational function f(x) = N(x)/D(x) may
be written as a sum of simpler, proper rational functions. Each summand has as denomi-
nator one of the linear or quadratic factors of D(x), raised to some power.

By Theorem 40.2, | f(x) dx is given as a sum of simpler antiderivatives—antiderivatives which, in
fact, can be found by the techniques already known to us.

It will now be shown how to construct the partial fractions representation and to integrate it term
by term.

Case 1: D(x) is a product of nonrepeated linear factors.

The partial fractions representation of f(x) is

N(x) _ Ay + A, teeet A,
(x—a))x—a) - (x—a) x—a, X—a, x —a,

The constant numerators A,, ..., A, are evaluated as in the following example.

1
EXAMPLE x+l A A
x+)x—-1) x+1 x-1

Clear the denominators by multiplying both sides by (x + 1)x — 1),

2x + 1 A, A,
Dx—-—1)——m— = - -
(x + 1)x )(x+1)(x—1) (x + 1Xx 1)x+1+(x+l)(x 1)x_1
W+ 1=A(x—1)+A4,x+1) 0))
In (1), substitute individually the roots of D(x). With x = —1,
—1=4,(-2)+0 or A1=%
and with x = 1,
3
3=0+4,) or  A=3

With all constants known, the antiderivative of f(x) will be the sum of terms of the form

J A dx=Aln|x —a]
x—a

Case 2: D(x) is a product of linear factors, at least one of which is repeated.
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This is treated in the same manner as in Case 1, except that a repeated factor (x — a)* gives rise to a
sum of the form
A, A, Ay
“ee +
x—a (x—a)2+ (x — a)t

3x+1 A, A, As

EXAMPLE G-1Px—2 *x—1 x=1F x=2

Multiply by (x — 1)*(x — 2),
3x 4+ 1=A,0c = 1)x —2) + Ay(x — 2) + As(x — 1)? p))
Letting x = 1,
4=0+A,(~1)+0 or A, =-4
Letting x = 2,
T=0+0+ A5(1) or Ay =1

The remaining numerator, A,, is determined by the condition that the coefficient of x? on the right side of (2) be
zero (since it is zero on the left side). Thus,

A +A4;=0 or A =—-A3=-17
[More generally, we use all the roots of D(x) to determine some of the A’s, and then compare coefficients—of as
many powers of x as necessary—to find the remaining A’s.}

Now the antiderivatives of f(x) will consist of terms of the form In | x — a| plus at least one term of
the form

A B ,
[&ao=aty U=n

Case 3: D(x) has irreducible quadratic factors, but none is repeated.
In this case, each quadratic factor x> + bx + ¢ contributes a term

Ax + B
x2+bx+c
to the partial fractions representation.
x¥—1 A, Ayx+ A,

XAMPLE =
& P+ 1x+2 x+2 x*+1

Multiply by (x2 + 1}x + 2),
x2—1=A,(x2+ 1)+ (A, x + A3)x + 2) 3)
Letx = —2,

3=4,5)+0 or A,

]
wiw

Comparing coefficients of x° (the constant terms),
1 1 4
—1=A4,+24, or A3=—5(1+A1)=——(§)=—§
Comparing coefficients of x2,

l=4,+A4, o A,=1—-A,=<



CHAP. 40] THE METHOD OF PARTIAL FRACTIONS 323

The sum for | f(x) dx will now include, besides terms arising from any linear factors, at least one
term of the form

[ Ab
.[Ax+B ) ¢= B_T
3 2
¥ +bx+e ix+—i +¢52 6250—%>0
Au+C :]etu—x+-l2
~ Ju +62 ]

u du du
_Afﬁ+ﬁ+cff+¥

A st Cian-t Y
—zln(u +6)+6tan 3

(For a guarantee that 4 is a real number, see Problem 40.7.)
Case 4: D(x) has at least one repeated irreducible quadratic factor.

A repeated quadratic factor (x> + bx + c)* contributes to the partial fractions representation the
expression
A1x+A2 A3x +A4 e Az*-1x+A2k
ax* + bx + ¢ = (ax? + bx + c)? (ax? + bx + ¢t

The computations in this case may be long and tedious.

X¥4+1 Ax+A, A;x+ A,
2 2T T o2 += 2
>x*+1) x*+1 x*+1)

EXAMPLE

Multiply by (x2 + 1)?,

B+ 1=(Ax+ A)2+ 1)+ Ay3x + A, “
Compare coeflicients of x3,
1=4,
Compare coefficients of x2,
0=4,

Compare coefficients of x,

0=A,+A;, or Ay=-A,=-1
Compare coefficients of x°,

1=A,+A4, or A,=1-4,=1

The new contribution to | f(x) dx will consist of one or more terms of the form

Ax+ B udu du )
[ty [aim e[t wmown
E

= ———— 2(-1) =
@ 4oy 1 +F Jcos 0 de [let u = 4 tan 6]

and we know how to evaluate the trigonometric integral [see Problem 38.12(a) or example (b) of Section
39.1].
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40.1 Evaluate J-

40.2
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Solved Problems

2x3 +x2~6x+7

x> 4+x—6 dx.

The numerator has greater degree than the denominator. Therefore, divide the numerator by the
denominator,

2x—1
x2+x—612x3+x2— 6x+7
2x3 + 2x% — 12x

—x2+ 6x+7

-x2— x+6

Ix +1

2x3 2.6 7 7 1
Thus, X +2x X + =2x_1+_2_xi__
x*+x—6 x“4+x—6

Next, factor the denominator, x? + x — 6 = (x + 3)x — 2). The partial fractions decomposition has the
form (Case 1)

Tx+1 A, A,

G+hx—2) x+3 x=2

Multiply by the denominator (x + 3)x — 2),

Tx+1=A,(x —2) + A,(x + 3)

Let x =2, 15=0+ 54, or A,=3
Let x = —3, —20=—-54,+0 or A, =4
Ix + 1 4 3
Thus, (x+3)(x—2)_x+3+x—2
2} +x2—6x + 7 4
and J. e — dx-—j(Zx-1)dx+J.x+3dx+Jx_2dx

=x?—-x+4In|x+3|+3In|x-2|+C

x? dx
Find .
! Ix3—3x2—9x+27
Testing the factors of 27, we find that 3 is a root of D(x). Dividing D(x) by x — 3 yields
x2—=3x2—9x+27=(x—3)x?2—9) = (x — Ix — 3x + 3) =(x — 3)}(x + 3)

and so the partial fractions representation is (Case 2)

x2 A + A, + A,
(x—32x+3) x-3 (x—3?% x+3

Multiply by (x — 3)%(x + 3),

X2 = Ay(x — 3)x + 3) + Ay(x + 3) + Ay(x — I)?

Let x = 3, 9=0+64,+0 or A==
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Let x = —3, 9=0+0+A(~67 or Ay=g
Compare coefficients of x2,
3
1=A4,+ 4, or A1=l—,43=Z
Th x? _3.1 3 1 11
s X _3x2—9x+27 4x—3 2(x—37 4x+3
x2 dx 3 31 1
=Zln|x-3|—2——+-In|x+3|+C
and Jx3—3x2—9x+27 gilx=3l=g s +glalx+3l

. x+1
403 Find _[x =12 dx.

This is Case 3,
x + 1 Al Azx + A3

X2+2) x x2+2

Multiply by x(x? + 2),
X+ 1=A,(x*+2)+x(4,x + A3)

1
Let x =0, 1=24,+0 or A,=5
Compare coefficients of x2,
1
0=A4,+ 4, or A2=—A1=—§
Compare coefficients of x,
1=4,
x+1 1/1\ (-$Hx+1
Thus, x(x2+2)_2(x>+ x? +2
x+1 1(1 1 [ xdx dx
d ——dx==|-dx—< | 5—— —_
an Jx(x1+2) x 2fx x 2Ix2+2+Ix2+2

Because the quadratic factor x? + 2 is a complete square, we can perform the integrations on the right
without a change of variable,

1 1 1 1
Ide=§lnle—zln(x2+2)+-——tan"—x—+C

x(x? +2) ﬁ \/5

1
1 —sin x + cos x

40.4 Evaluate J‘

Observe that the integrand is a rational function of sin x and cos x. Any rational function of the six
trigonometric functions reduces to a function of this type, and the method we shall use to solve this
particular problem will work for any such function.

Make the change of variable z = tan (x/2); that is, x = 2 tan~! z. Then,

dx dz

1+ 2
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and, by Theorem 26.8,

. . X x tan (x/2)
=2 - —_— =2 —
sin x sin 3 cos 3 2 2 2)

_ tan (x/2) 2
T 1 +tan? (x/2) 1422
oy X tan? (x/2)
cos x =1—2sin 2—1 soc? (%2)
tan? (x/2) 222 1-22
= I —_— 2 3 = l —_— 3 = 3
1 + tan* (x/2) 1+22 14z

When these substitutions are made, the resulting integrand will be a rational function of z (because com-
positions and products of rational functions are rational functions). The method of partial fractions can

then be applied,

, 22 1_22 -1 2
o -1 4y o -
J(l sin x + cos x)”! dx ~(1 1+zz+1+z:> 1+22dz

_ '((l+zz)—22+(1—zz) -2 iz
) 1+ z? 1+ 272
/2 —2z2\"' 2 i 1+22 2 dz
= Zz =
J\1+22) 142 2—-2z1+22
(1
= dz=~—-In|l1-z|+C
J1—2z
= —In l—tani +C
2
x dx
Find .
(x + 1)(x? + 2x + 2)°
This is Case 4 for D(x), and so
x Ay Ayx+ A, Agx + Ag

G+ D07 +2x+2F x+1 xXP+2x+2 (2+2x+2
Multiply by (x + 1)x? + 2x + 2)%,
x=A (x> +2x + 2% + (A x + A)Xx + 1x? + 2x + 2) + (A x + Ag)x + 1)
or, partially expanding the right-hand side,
x=A(x*+4x> +8x> +8x +4) + (A, x + A)x> + 3x% +4x + 2) + (Ay x + Ag¥x + 1)

In (1), let x = —1, —1=A4,(1)=4,
Compare coefficients of x*,
0=A, +4, or A,=-A =1

Compare coefficients of x>,

0=44,+34;,+ A4, or Ay=—44,-34,=1

Compare coefficients of x2,

0=8A1+4A2+3A3 +A‘ or A‘ —8A1_4A2—3A3= 1

Compare coefficients of x°,
0=4A4, + 24, + A, or A

—44, — 24, =2

)]
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Therefore,

x dx -1 dx + 1) dx J‘ (x +2)dx
x+ D2 +2x+27 x+1 x2 +2x+2 (x? +2x+2)2

— 1]+ |22 u du f
- il (W + 1)2 (u? + 1)2
[by quick formulas II and I]

_—1n|x+1|+ ln(u +1)— 1(2+1) J.coszodo
[Case 4: let u = tan 6]

+C

1 + Q + sin 26

2 4
Now O=tan 'u=tan"'(x+1)
and (see Problem 40.4)

1., 1
= —In|x+1]+5ln(x +2x+2)—5(x2+2x+2

2tan6  2Ax+1)

in 20 = = ‘
sin 26 1+tan? 0 x2+2x+2
so that we have, finally,
x dx 1 1
-1 1 1 2x + 2 —_—
f(x+l)(x2+2x+2)z nlx+ |+ n G+ 204+ 2) - (x2+2x+2)
1, 1 x+1
+5tan (x+1)+2(x2+2x+2)+c

(ln(x +2x+2)+ +tan“(x+l))—ln|x+l|+C

X
x24+2x +2

NI#—

Supplementary Problems

40.6 Find the following antiderivatives:

dx [ xdx x*—4x? +x+ 1
o |75 O ey o [

2x2 4+ 1 [ x2—4 x3+1
@ J.(x——l)(x—Z)(x—S)dx © | —xs3> J.x(x+3)(x+2)(x—l)dx

0 [ o [y e
7) I;g%adx ® fxg_;:f"h_“ » X(Tf}?)

(m) _[ (x—l)(xz ix4x+5) (n) ,REETS(;_M ©) ;‘: 91x dx

@ f T @ (‘—'D(_dﬁi’ ® f“m"
O (st 0 [t 0 |
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40.7

40.8

409

40.10

40.11
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Show that p(x) = x? + bx + c is irreducible if and only if ¢ — (b%/4) > 0. [Hint: A quadratic polynomial is
irreducible if and only if it has no linear factor; that is (by Theorem 7.2), if and only if it has no real root.]

(@) Find the area of the region in the first quadrant under the curve y = 1/(x? + 27) and to the left of the
line x = 3.
(b) Find the volume of the solid generated by revolving the region of part (a) around the y-axis.

Find J % [Hint: See Problem 40.4]
1 —sin x

d . .
Find J-%J—c—); (@) Use the method of Problem 40.4. (b) Use the quick formula II (c) Verify that your
answers are equivalent.

Evaluate the following integrals involving fractional powers:

dx © J' dx @ J’ dx
1+ ¥x—1 xy/1+ 3x Ix+Jx
2/3
o f\/l TEd () f dx

x+1

U]

(@) _f\s/;_x
© fﬁ

[Hints: Part (a) let x = z3; part (b) let x — 1 = z*; part (c) let 1 + 3x = z2; part (d) let x = 2°.]




Appendix A

Trigonometric Formulas

cos? @ +sin? =1

cos (0 + 2m) = cos 6

sin (6 + 2n) = sin 0

cos (—6) = cos 0

sin (—0) = —sin 0

cos (¥ + v) = cos u cos v — sin u sin v

cos (u — v) = cos u cos v + sin u sin v

sin (4 + v) = sin u cos v + cos u sin v

sin (4 — v) = sin ¥ cos v — €Os u sin v

sin 26 = 2 sin @ cos 6

cos 20 = cos? § — sin? 6
=2cos’0—1=1~2sin’ 9

cosz_0_=l+cos0
2 2

sin2_0_=1—cos6
2 2

sin x 1
tan x = =
cos x cotx
cos X 1
cot x = =
sin x tan x
1
X =
Cos x
1
CSC X = —
sin x
tan (—x) = —tan x

tan (x + n) = tan x

1 + tan? x = sec? x

1 4 cot? x =csc? x

tan u + tan v

tan (¥ + v) = ——
l—tanutanv
tanu —tan v

tan (U — ) = ———
( ) l1+tanutanv

cos (g - 9) =sin 0; sin (x — ) = sin @; sin (6 + n) = —sin

2

sin (E — 0) =cos 0; cos (1 —0) = —cos 8; cos (6§ + n) = —cos 8

Law of cosines: c¢? = a® + b?> — 2ab cos 8

sinA__sinB_sinC

Law of sines:
b c




p

p

r

»

r

r

L4

Appendix B

Basic Integration Formulas

adx=ax+C
xr+l

x’dx—r+l+C [r+ —1]
1
-dx=In|x|+C
x

d

3 ad z=1tan"-)f+C
a+x a a

dx =sin"!'=+C fa>0]
2 — 2

dx 1,
. xz_a2=;sec -+C [a > 0]
efdx=¢e"+C
Fdx="—4C [a>0]

x_ln

xe*dx=e(x—1)+C

Inxdsx=xlnx-x+C

sin xdx = —cosx+ C

cos xdx=sinx+C

330

r
tan x dx =1In|sec x] + C

sec x dx =In |sec x + tan x| + C

.

cotxdx=In|sin x|+ C

r

csc xdx=In|cscx —cot x|+ C

Y
sec2 x dx =tan x + C

]
csc2 xdx = —cotx+ C

.
sec x tan x dx =sec x + C

”
cscxcot xdx = —csc x+ C

0'2 q =£_sin2x
sSin® x dax 2 2

2 x sin 2x
cos* xdx ==+
2 4

+C

»

+C

tan? xdx=tanx — x + C




Appendix C

Geometric Formulas

(A = area, C = circumference, V = volume, S = lateral surface area)
Triangle Trapezoid Parallelogram Circle
b,
!
h |
| &
H - O
b b, b
1 1 3
A=§bh A=§(b1+b2)h A = bh A=nr
C=2nr
Sphere Cylinder Cone
s
4
=3 nr3 V = nrh = % nr’h
S = 4nr? S = 2nrh S =nrs=mnr/r* + h*

33



Appendix

Trigonometric Functions

sin cos tan cot sec csC

0° 0.0000 1.0000 0.0000 cee 1.000 e 90°

1° 0.0175 0.9998 0.0175 57.29 1.000 57.30 89°

2° 0.0349 0.9994 0.0349 28.64 1.001 28.65 88°

3° 0.0523 0.9986 0.0524 19.08 1.001 19.11 87°

4° 0.0698 0.9976 0.0699 14.30 1.002 14.34 86°

5° 0.0872 0.9962 0.0875 11.43 1.004 1147 85°

6° 0.1045 0.9945 0.1051 9.514 1.006 9.567 84°

7° 0.1219 0.9925 0.1228 8.144 1.008 8.206 83°

8° 0.1392 0.9903 0.1405 7.115 1.010 7.185 82°

9° 0.1564 0.9877 0.1584 6.314 1.012 6.392 81°
10° 0.1736 0.9848 0.1763 5.671 1.015 5.759 80°
11° 0.1908 0.9816 0.1944 5.145 1.019 5.241 79°
12° 0.2079 0.9781 0.2126 4.705 1.022 4810 78°
13° 0.2250 09744 0.2309 4.331 1.026 4.445 77°
14° 0.2419 0.9703 0.2493 4.011 1.031 4.134 76°
15° 0.2588 0.9659 0.2679 3.732 1.035 3.864 75°
16° 0.2756 0.9613 0.2867 3.487 1.040 3.628 74°
17° 0.2924 0.9563 0.3057 3.271 1.046 3.420 73°
18° 0.3090 0.9511 0.3249 3.078 1.051 3.236 72°
19° 0.3256 0.9455 0.3443 2904 1.058 3.072 71°
20° 0.3420 0.9397 0.3640 2.747 1.064 2.924 70°
21° 0.3584 0.9336 0.3839 2.605 1.071 2.790 69°
22° 0.3746 0.9272 0.4040 2475 1.079 2.669 68°
23° 0.3907 0.9205 0.4245 2.356 1.086 2.559 67°
24° 0.4067 0.9135 0.4452 2.246 1.095 2.459 66°
25° 0.4226 0.9063 0.4663 2.145 1.103 2.366 65°
26° 0.4384 0.8988 0.4877 2.050 1.113 2.281 64°
27° 0.4540 0.8910 0.5095 1.963 1.122 2.203 63°
28° 0.4695 0.8829 0.5317 1.881 1.133 2.130 62°
29° 0.4848 0.8746 0.5543 1.804 1.143 2.063 61°
30° 0.5000 0.8660 0.5774 1.732 1.155 2.000 60°
3re 0.5150 0.8572 0.6009 1.664 1.167 1.942 59°
32 0.5299 0.8480 0.6249 1.600 1.179 1.887 58°
33° 0.5446 0.8387 0.6494 1.540 1.192 1.836 57°
34° 0.5592 0.8290 0.6745 1.483 1.206 1.788 56°
35° 0.5736 0.8192 0.7002 1.428 1.221 1.743 55°
36° 0.5878 0.8090 0.7265 1.376 1.236 1.701 54°
37° 0.6018 0.7986 0.7536 1.327 1.252 1.662 53°
38° 0.6157 0.7880 0.7813 1.280 1.269 1.624 52°
39° 0.6293 0.7771 0.8098 1.235 1.287 1.589 51°
40° 0.6428 0.7660 0.8391 1.192 1.305 1.556 50°
41° 0.6561 0.7547 0.8693 1.150 1.325 1.524 49°
42° 0.6691 0.7431 0.9004 1.111 1.346 1.494 48°
43° 0.6820 0.7314 0.9325 1.072 1.367 1.466 47°
44° 0.6947 0.7193 0.9657 1.036 1.390 1.440 46°
45° 0.7071 0.7071 1.000 1.000 1.414 1414 45°

cos sin cot tan csC sec
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Appendix E

Natural Logarithms

n Inn n Inn n Inn
0.0 — 45 1.5041 9.0 2.1972
0.1 —-2.3026 4.6 1.5261 9.1 2.2083
0.2 -1.6094 47 1.5476 9.2 22192
0.3 —1.2040 438 1.5686 9.3 2.2300
0.4 —09163 49 1.5892 94 2.2407
0.5 —0.6931 50 1.6094 9.5 2.2513
0.6 —0.5108 5.1 1.6292 9.6 2.2618
0.7 -0.3567 5.2 1.6487 9.7 22721
038 —0.2231 53 1.6677 9.8 2.2824
09 —0.1054 54 1.6864 9.9 2.2925
1.0 0.0000 5.5 1.7047 10 2.3026
1.1 0.0953 5.6 1.7228 11 2.3979
1.2 0.1823 5.7 1.7405 12 2.4849
1.3 0.2624 5.8 1.7579 13 2.5649
14 0.3365 5.9 1.7750 14 2.6391
1.5 0.4055 6.0 1.7918 15 2.7081
1.6 0.4700 6.1 1.8083 16 2.7726
1.7 0.5306 6.2 1.8245 17 2.8332
1.8 0.5878 6.3 1.8405 18 2.8904
19 0.6419 6.4 1.8563 19 2.9444
2.0 0.6931 6.5 1.8718 20 2.9957
2.1 0.7419 6.6 1.8871 25 3.2189
22 0.7885 6.7 1.9021 30 3.4012
23 0.8329 6.8 1.9169 35 3.5553
24 0.8755 6.9 1.9315 40 3.6889
2.5 0.9163 7.0 1.9459 45 3.8067
2.6 0.9555 7.1 1.9601 50 39120
2.7 0.9933 72 1.9741 55 4.0073
2.8 1.0296 73 1.9879 60 4.0943
29 1.0647 74 2.0015 65 4.1744
30 1.0986 1.5 2.0149 70 4.2485
31 1.1314 7.6 2.0281 75 43175
32 1.1632 77 2.0142 80 4.3820
33 1.1939 78 2.0541 85 4.4427
34 1.2238 79 2.0669 90 4.4998
35 1.2528 8.0 2.0794 95 4.5539
3.6 1.2809 8.1 2.0919 100 4.6052
37 1.3083 8.2 2.1041 200 5.2983
3.8 1.3350 8.3 2.1163 300 5.7038
39 1.3610 84 2.1282 400 5.9915
4.0 1.3863 85 2.1401 500 6.2146
4.1 1.4110 8.6 2.1518 600 6.3069
4.2 1.4351 8.7 2.1633 700 6.5511
43 1.4586 8.8 2.1748 800 6.6846
44 1.4816 8.9 2.1861 900 6.8024
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Appendix F

Exponential Functions

X e e ” X e* e *
0.00 1.0000 1.0000 25 12.182 0.0821
0.05 1.0513 0.9512 2.6 13.464 0.0743
0.10 1.1052 0.9048 2.7 14.880 0.0672
0.15 1.1618 0.8607 28 16.445 0.0608
0.20 1.2214 0.8187 29 18.174 0.0550
0.25 1.2840 0.7788 3.0 20.086 0.0498
0.30 1.3499 0.7408 3.1 22.198 0.0450
0.35 14191 0.7047 3.2 24.533 0.0408
0.40 1.4918 0.6703 33 27.113 0.0369
0.45 1.5683 0.6376 34 29.964 0.0334
0.50 1.6487 0.6065 35 33.115 0.0302
0.55 1.7333 0.5769 3.6 36.598 0.0273
0.60 1.8221 0.5488 3.7 40.447 0.0247
0.65 19155 0.5220 38 44.701 0.0224
0.70 2.0138 0.4966 39 49.402 0.0202
0.75 2.1170 04724 40 54.598 0.0183
0.80 22255 0.4493 4.1 60.340 0.0166
0.85 2.3396 04274 42 66.686 0.0150
0.90 2.4596 0.4066 43 73.700 0.0136
0.95 2.5857 0.3867 4.4 81.451 0.0123
1.0 2.7183 0.3679 4.5 90.017 0.0111
1.1 3.0042 0.3329 4.6 99.484 0.0101
1.2 3.3201 0.3012 4.7 109.95 0.0091
1.3 3.6693 0.2725 48 121.51 0.0082
14 4.0552 0.2466 4.9 134.29 0.0074
1.5 44817 0.2231 5 148.41 0.0067
1.6 49530 0.2019 6 403.43 0.0025
1.7 54739 0.1827 7 1096.6 0.0009
1.8 6.0496 0.1653 8 2981.0 0.0003
1.9 6.6859 0.1496 9 8103.1 0.0001
2.0 7.3891 0.1353 10 22026 0.00005
2.1 8.1662 0.1225

22 9.0250 0.1108

23 9.9742 0.1003

24 11.023 0.0907
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Answers to Supplementary Problems

CHAPTER 1
19 @u<0;B)x=3;(c)x<3.
110 Use(1.3): (@x=3orx=-%;(b)x=%0rx=%.

111 (@0<x<2;(b)-3<x<—-%;()x<—6orx>-=2;dx<lorx=4;
©2<x<4d4or-4<x<-2;(f) -8<x< -4

112 (@x> -5;(b) —13<x< ~-3;(0)x<—dorx>%;d-1<x<3(e—1<x<l;(f)1<x<3%

113 @x>00rx< —2;(b) " 4<x<l;()x<lorx>5d) -8<x<1l;(e -1 <x<4
(f) —-1l<x<0orx>1;(g)x< —Tor —4 <x<3.

114 |b(- =lal.

a
=|b-=
=

4
b

1.15 (a) By (1.5). (b) By (1.5) and (a), | @®| = | a®a| = |@*||a| = |a|*|a] = |a|>.
(c) |a”| = | a|" for all positive integers n.

116 Use(1.3): (@x=5orx=4;b)x=%0rx=15(c)x=38.
117 @i<x<5(bi<x<i
119 Yes: (@**=a*anda®>0.

1.20 No:./a? < ./b? implies |a| < |b|, but a < b does not hold when, for example,a =1and b = —2.

1.21
-1 0 1 2 3 4
——00—000—0—0—
B DO 1 C A

TA=3,A1=3,0C=3,BC=4TB+BD=2+4=41D=4TB+BC=2+§=3TC=4.

122 (@)b=10;(b)b= —5;(c)b= —5.

CHAPTER 2
24 A(,4), B2, 2), C@4,0), D(—3, 1), EQO, —4), F2, —3).
26 (a)5;(b)5;(c)2;(d)8.
27 Area (right triangle) = 4(ACXAB) = 4(5X10) = 25.
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28 (3,4). 29 (-1,1)and (3,0) 210 (0,2),(6,2),(4, —4).

2.11 (2, y) for some real number y.

212 (a) \/34; (b) 3./2; (¢) @.

2.13 (a) Isosceles only; (b) right only, area = 10; (c) isosceles right, area = 17.

214 k=5 215 (a) No; (b) yes.

216 (a) (4, 2); (b) G,z); © (5 +2‘/§,2). 217 (5, 8).

CHAPTER 3

39 SeeFig. A-1.

: v !
nd : \
712 \
/// | AN
// | —_— 1= \\‘__
-~ 1 N
/#—6 X —l' Ax »
P | \
: \
|
| |
! |
(a) (c) )
Y y y
s N 1 \ 1 v,
7/ N\ \ /7
/ \ \ /
7/ N\ \ /
/ N N\ /
y; \ \*/ -
o ) 7\ )
// x \\ x , N x
/7 AN / AN
Ve N e N
,/ \\ /7 \
/
(8) (h) (i)

Fig. A-1

310 SeeFig.A-2. 311 SeeFig A-3. 312 SeeFig. A4. 313 x? = 4py (parabola).

34 @x-9*+(=-3=LBGE+1)P+0-592=20x*+( - =16 (x -3+ -3 =18
@x—9+@+1)P=20()x-1* +(y—2* =5

3.15 (a) Circle [center (6, — 10), radius 113; (b) circle [center (0, — 15), radius 147; (c) null set;
(d) circle [center (3, 0), radius 3]; (e) point (—1, 1); (f) circle [center (—3, —2), radius 7).
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(c) (b) (a) () (e)
\ | [} H '
VALV NN
O U S [ | 4/
A Py
\ Vo |
LR | | i ]/
\ \ vV VL [ |
VLV VL v/
VALV Lhrir)
RAREE! f 1)1/
VALV NN
NV 11ii/
N 1111/
\\ 11/
VAN 110707
W\ 111/
Y 111,07
Wy ,/l//
MY 4
N4
\\§§\ Iéz/
\
X
Fig. A-2
y y
¥t f |
\ = / \\
\ B / \
\ - / \
‘\ / \
i L\
\ S~
\\ i / === : N
~
\F _‘l\r
X / \
R KN - \‘
1 X \
|
|
1
(a) (®)
y y
, }
t - f !
\ S | |
\ / \
/
\\ [ ,I \\
\ -/ Vk
v . i -
\\ ——/ \\\ -1
\ H/ \
\_f \
DV . \
-1 x ‘.
\
(c) (4)
Fig. A-3

3.16 (b)4F <D* + E~

317 (@) (x — 3 + (v + 27 = 100; (B) (x — 4)* + y* = 26.
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y 4y
3
>~ \
’/’ ~ \ //
/ 2 \\ \ /
/ \ \\ /
{ T \ .
l 1 J# . \ 5' .
_ng 10 1 ’|2 x _|’; 1 \\ X
\\ aF / /. ak \
\ / / \
\ 2 - / / \
\ / i AN
Sed-7
-3
(a) ()
¢y I  y
! s t/"\
f /1 N
/ /il \
— ! / \
/ | 3} \
/ / \
/ t L0 i
/ | |
> 1
/ X \ - /I
// 1 J\: [ 7 B
’/ i -2 -l_,‘:.‘—l—-’z// 3 x
/
/ -2k
]
ot
!
(d) (e)
Fig. A4

318 k=2andk= —%.

319 (x—12+(—-32=9x—-7+0-3=9%0x—-1+(y-92=9,x=72+(@p—-9?*=9.

CHAPTER 4

483 (@y—-5=4x—-2ory—4=4x+1);(b)y=4xory—4=4(x—1);
@y+l=—-x—Tory—7=—(x+1).

49 @y=#x+¥;,By=2x-1L0y= —§x+2;(d)y=4;(e)y=5x¥1;(f)y= —3x + 16;
@y=—-3x+;hy=00y=-3x+T;()y=4x;k)y=3;Dy =x.

410 @m=5b=4,(1,9;bym=3b=-2,4,5);()m=-4b=2,(1, —2);(dm=0,b=2,(1,2);
(em=—%b=4,3,0).
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413

414

415

4.16

417
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ANSWERS TO SUPPLEMENTARY PROBLEMS

k=9 412 No.

{a) Yes; () in all cases; (d) k = —§.

(a) Parallel; (b) neither; (c) parallel; (d) perpendicular; () neither.
(a)y = ¥x + 32;(b) —40°.

(a) 10; (b) —15:(c) —3:(d) 4.
@y=-dx+Hib)y=-4x+32()y=3x -2

(12, 9 is not on the line; (6, 3) is on the line.

4x + 3y - 9> 0and x > 1; see Fig. A-5.

x<200/3. 424 SeeFig A6,

(a) All nonvertical lines through the point (0, 2); (b) all lines with slope 3.
(a) Horizontal lines; (b) (1) 2; (#) 4; (i) 4; (iv) 3; (¢) none.

@y=-§x+3)y= —x+9% @) y=§x+H.

339
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Fig. A6
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y Y
2+ \2
\Ir- R4 1\
L — A L 1
, 2 x K\ x
“ M M ¢
(a) (b) (c)
4y
\\ /
\
N _
\ LS -
\ [ L~
\'[#
1 .%l I\ 11 >
6 X \|\2\3 4 b ¢
(e)
y y
,2 -~ — ,‘\
7 AN 7~ X N\
' T 7 J!J - | 1 \
T O
N\ /. o~ \ \ / /
~ - \\ x\.—/
f) 8)
\’ y
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\ P

, -
- -4
X

(h) @)
Fig. A-7
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CHAPTER 5

54

(@) (2, 0); (6) (0, 2); (c) (7, 1) and (2, 6); (d) (1, 2) and (3, 18); (¢) (0, 0) and (1, 1);

1 1 3
(f) 2 /2) and 2, —\/2); (9) (5, 4) and (5, - %) (h) (4, 1) and (-1, —4);
@) (19—3 J13, 16—3 ﬁi) and (— % J13, - 16—3 \/E); (j) null set. See Fig. A-7.

99
5.6 (b)% J5~358. 57 x=50. 58 Center (5, 5), radius % J10.
4
§9 x=0andy= — 3% 510 (33/2,34).
CHAPTER 6
6.6 (a) y-axis; (b) origin; (c) x-axis, y-axis, origin; (d) x-axis, y-axis, origin; (€) x-axis; (f) none;
(9) origin; (h) none; (i) y-axis; (j) y-axis; (k) origin; (/) none.
67 (@x*+xy+y*=1;b)y*+xy*-x*=8;(c)x* + 12x — 3y = 1;(d) y = —3x + 1; (e) no change.
CHAPTER 7
78 (Let R denote the set of real numbers. In each answer, the first set is the domain, the second set the
range. The graphs are sketched in Fig. A-8.) () R, (— o0, 41; (b) [0, o), (— o0, 01; (c) [—2, 2], range of H
is [0, 2], range of J is [—2, 0]; (d) (— o0, —2] v [2, o0) (union or “sum” of the two intervals), [0, c);
(&) R, [0, ©); (f) R, set of all integers; (g) R, set of all integers; (k) R — {0} (set of all real numbers except 0),
(@R, (—0,2] U {4}; (PR~ {0}, {—1,1}; (@) R, [2, 0); (N R, R; () R, [0, 1); () R, R.
7.10 (c) and (d).
2 -1
711 (a)f(x) = et domain is R — {0}; (b) f(x) = i 1 domain is R — {—1}; (¢) f(x) = x, domain is R.
712 (a) Domain is R — {2, 3}, range is (0, 00) U (— 0, —4]; (b) (—1, 1), (1, 00); (c) (—1, o), (0, 2];
(@ [0,4),[—1,2];(e) R, [0, o).
7.13 (a) k = —8; (b)fis not defined when x = 0, but g is.
7.14 Of the infinitely many correct answers, some examples are: (@) f(x) = 2x for0 < x < 1;
B fx)=5x—1for0<x < 1;(c)f(x) = {(1) gi:g;(d)f(x)=(x— 12 +1forx<lorl<x<?2
7.15 (a) y-axis; (b) none; (c) y-axis for both; (d) y-axis; (e) none; ( f) none; (g) none; (h) origin; (i) none;
(j) origin; (k) origin; (/) none; (m) none; (n) none; (o) none; (p) origin; () none; (r) none; (s) none;
(t) origin.
7.16 (a) Even; (b) neither; (c) both even; (d) even; (¢) neither; (f) neither; (g) neither; (h) odd; (i) neither;
(j) odd; (k) odd; (]) neither; (m) neither; (n) neither; (o) neither; (p) odd; () neither; (r) neither;
(s) neither; () odd.
7.17 (a) No; (b) yes; (c) k = 0; (d) k = 2; (e) yes; f(x) = 0 for all x.
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718 (@) 2x + h — 2; (b) 1; (c) 3x2 + 3hx + h?; (d) ! :(e) ! —5~(f)l"—th'—"i'.
' Y U b Sx SxAhtYx h

@)4, \/5’ _‘\/E-

7.20 One, two (one of them repeated), or three. 721 (@)k=3;(b)k=—2. 722 9and —12. 723 (iii).

724 (@) (=0, 3); (B) [1; c0); () (— 00, 41; (@) (4, 0); (€ @ 3); (1) [~ 3 2)3 (9) (=3, 1); () [— 4, 313
2 3); G) [~ /6, /61; (k) (=1, 3).

725 (@x< —-2o0rx>1;() -2<x<0orx>1.

CHAPTER 8

85 (@) 7;(b) —4;(c)4;(d 1;(e) 0; (/) 36;(9) 12; (k) no limit; () 7; (j) 20; (k) 37; () —8; (m) f,(n)i ;0 .

-1 {
8. li 3h) = 6x;(b) 1 ;(©lim7=17;
6 @lim (6x + 3h) = 6x;(b) lim 7= +h+1)(x+1) (x+1)2 (©) lim

(d) lim (3x% + 3xh + h?) = 3x?%; (e) lim 3 (f) lim (10x + 5k — 2) = 10x — 2.

h=0 h~0 \/J_CT- \/— 2\/— h-0

89 @ 810 @lm(x*+x*+x+1)=4. 811 (@) 812 (a)0; () t5; (c) %; (d) no limit.

x=1

CHAPTER 9
96 (a) +o0;(b) —c0;(c) +o0;(d) —c0;(e) —o0,(f) + 0.

97 (@12and11;(b)1and —1;(c) —o0;(d) + 00 and —0;(e)1and 1;(f) —oo and +0;(g) 0 and 0;
(h) % and #; (i) + o0 and —co; (j) 0 and 0; (k) 4 and —4; (]) + oo and — co0; (m) O and undefined
(denominator undefined when x* < —5); (n) 0 and 0; (0) 2 and 2; (p) + o0 and —0;(q) —4; (r) + oo;
(s) + 0.

9.8 (a) No asymptotes; (b) vertical asymptote: x = —#; horizontal asymptote: y = % (to the left and the right);
(c) vertical asymptotes: x = —3, x = 2; horizontal asymptote: y = 0 (to the left and the right);
(d) vertical asymptotes: x = — %, x = 1; horizontal asymptote: y = 0 (to the left and the right);
(e) vertical asymptotes: x = —2; horizontal asymptote: y = 0 (to the left and the right);
(f) vertical asymptotes: x = —4, x = 2; horizontal asymptotes: y = 1 (to the right) and y = —1 (to the left);
(9) horizontal asymptotes: y = 2 (to the right) and y = —2 (to the left); (k) horizontal asymptote: y = 0 (to
the right); (i) horizontal asymptote: y = 0 (to the right).

99 (o).

9.11 (a) Vertical asymptote: x = 4; horizontal asymptote: y = —3; (b) vertical asymptote: x = §; horizontal
asymptotes: y = —1 (to the right) and y = 1 (to the left); (c) horizontal asymptotes: y = —1 (to the right),
y = 1 (to the left); (d) horizontal asymptote: y = 0 (to the right); (e) horizontal asymptote: y = 2.

CHAPTER 10

10.6  (a) Continuous everywhere; (b) continuous for x # 0; (c) continuous everywhere;
(d) continuous for x # —2; (e) continuous everywhere; (f) continuous except at x = 1 and x = 2.
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10.7 (a) Continuous on the right but not on the left at x = 0; (b) discontinuous on both the left and the right at
any nonnegative integer x; (c) no points of discontinuity; (d) continuous on the left but not on the right at

= —3andatx =2.
0 if —2<x< -1 1 ifx>0
108 @f(¥) =41 if-1<sx<]; (b)g(x)=[x];(c)h(x)={0 fx <0

0 f l<xg2

109 (a) Yes; (b)—(d) no; (¢) Problem 10.3—none, Problem 10.4—no.

1010 (a) x =4, x = —1;(b) lim f(x) does not exist, lim f(x)= —3%;
x—4 x=+-1

(¢) x = 4 (vertical asymptote), y = 0 (horizontal asymptote).
10.11 (a) x = 0; (b) x = 0 (vertical asymptote), no horizontal asymptote.
10.12 (a) No; (b) no; (c) yes; (d) no. 10.13 c=38.

10.14 (a) Yes; (b) yes; (c) no. 1015 (b) % 10.16 Discontinuous for all x.

CHAPTER 11

11.6  (a) (i) slope = 4x + 1; (ii) y = 2x — }; (iii) see Fig. A-9(a); (b) (i) slope = x2; (ii) y = 4x — 4¢,
(iii) see Fig. A-9(b); (c) (i) slope = 2x — 2; (ii) y = — 1; (iii) see Fig. A-9(c); (d) (i) slope = 8x; (i) y = 4x + 2;
(iii) see Fig. A-9(d). :

28
17 (3,9 18 (Lhand(-L-1) 119 y=-3x+.

155 1
110 (,5and( 3.3 ). 1112 (636)and(~2,4) 113 y=gx+1

CHAPTER 12

1 2x
12,6 (a) 2’ (b) §X—7,(C) 6x + 3’(d)4x3;(e) (z_x)p (f)(x +2)2>(g) —(xz + 1)2

127 (@) 9x% — 8x + 5;(b) —40x* + 3./3 x? + 4=nx; (c) 39x'? — 50x° + 20x; (d) 102x°° + 36x'! — 28x + \’/7
128  (a) 21x® — x*; (b) 6x — 5; (c) 2x> + 5; (d) 2115 — 24¢; (e) Sﬁx‘ — 3x2.
129 (@y=—-Tx+1;(b)y=066x —153;(c)y = 3.

85 65
1210 (@)y=20x+2andy= —-44x+2;(b)y=x+4andy=7x—7.

1211 y=—-x+1 1212 (2,2).

20

1213 (@) D,(x)lses = 4053 (6) DAS¥") emys = 35-

12.14 f'(x} = 8x [{(iii) gives f'(u) = ku; then choose u = v = 1 in (iii)].



12.15

12.18

12.19

12.20

12.22

12.23
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(c) @)
Fig. A-9
16 17

@x=H0)0, -4 1216 c=2 1217 b=—.
(@) 4x — 2; (b) f*(x) = 2f"(x).

@ =13, =3y = —4x = 12,() @, ~15) (=2 3), or (%1_1?)

7 1 5 214 5 16384
(@3, _5’(b)y=Ex+63’(6)(3’0)and(—§’_3_5)=(_§’_2_E)'
(a) Yes; (b) yes; (c) no; (d) no.

(a) _13(2 ; (b) no. 12.24

1
NN

CHAPTER 13

13.6

(@) (x*°° + 2x3° — 3)56x7 + 20) + (7x® + 20x + 5100x°° + 100x*°);
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(x+92x)—(x*—3) x?+8x+3

®) (x +4) T x4+
(C)(x3+7)(5x“—l)—(x’—x+2)(3x2)_2x7+35x‘+3x3—6x2—~7_
(x*+ 77 h x> +7? ’
15 2 12 3 12
(d)—F;(e)24x2—2x+?—9;(f)9x2+1—P+;—,.
13.7 (a) ——lx+2'(b) --—éx—Z 138 —1 139 At all points except x = 3
X y=-3 ®0y=-7 e . e . points pt x = 3.

1310 (b)Atx=0and x =4 1311 @x=0;b)x=2;(c)x=1. 1312 -8

CHAPTER 14

147 (amax=13(atx = —2),min= —7(atx =3);(h)max = —1(at x = —1), min = —%g(atx=%>;

(c)max = 3 (at x = 1), min = —;—}’-(atx= —;—);(d)max=l(atx=0),min= —1l(atx = —1);

(¢) max = 99 (at x = 4), min = —9 (at x = 2); (f) max = —%(atx= —3), min = —-}i(atx= —4);
(g)max=§(atx=4),min=%(atx=2);(h)max=%(atx= 1), min = —1 (at x = —1);
(ﬁmax=l—34(atx=2),min= -—2—(atx=—).

148 75 yd east-west by 50 yd north-south.

149 60 yd parallel to stream, 30 yd perpendicular to stream.

1410 50 mi/h. 14.11 $200. 14.12 x = 350, at $65 per radio.

14.13 (a) Side of base = 5 ft, height = 5 ft; (b) side of base = Sﬁ ft, height = 5/\/5 ft.
14.14 Length = 105 ft, width (parallel to divider) = 60 ft. 1415 175.

1416 (@) x =50,y =50;(b)x =100,y =00rx =0, y = 100; (c) x = 50, y = 50.

1417 1=314m, w = 628/n ~ 200 m.

nL
for the circle,
n+4 n+4

14.18 (a) The entire wire for the circle; (b) for the square.

14.19 The whole wire for the square. 14.20 1000 sets. 1421 r=2ft,h= % ft.
1422 h= 27a’ r= {/5;. 1423 The equilateral triangle of side p/3.
3

1424 (a) (%, + % \/231>; ) (-5, 0).
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14.25 East-west dimension = 80 ft, north-south dimension = 48 ft.

1426 (a) 21 < x < 100 m; (b) 20400 m? (when x = 100 m). 14.27 15 tons.

CHAPTER 15
157 (a)(f-gXx)= I 2+1,(g f)(x)——6— () x + 2x3 — 5,(x% + 2x — 5)%; (c) 49, 3; (d) x5, x5; (€) x, x;
() x* —4,x*—4.

158 @Alx;()x=-500x=@Dx=0;()x= 12

159 @f() = x> — x>+ 2,9() = x7; (0)f(x) = 8 — x, 9(x) = x*; (S(x) = 1 + %%, g{x) = /;
@ f(x)=x*—4,g(x) = x"".

1510 (a) 4(x® — 2x2 + Tx — 3)’(3x% — 4x + 7); (b) 15(7 + 3x)*; (c) —4(2x — 3)73; (d) —18x(3x* + 5)%;

. (x+2?  20x(x*—2) 4(1 6x) .3 x?
(e) (4x% — 3)x + 5)%(28x% + 80x — 9); (f) —15 = 3)4,( 9) >+ 1) ;(h )( Xt 5 ,(l)2 "
3 ey X2 —9%%) 1 . x(21x 8)
15.11 (a)-z' x~14; (b) 1 =39 i e )( 24 1) ’(d)4( —4x® + 2) i(e) — 2 \/m(\/;c—_—)a
i} IR 16x 2+4./3x
6x 14 34 , _ 4/3; _— '
NG a g (9)3’4x2+3 ® - /5 4J4-J(4+x)ﬂ+x)
21 + x> —x%)

O T2+

8 5
1512 y= -~ 530x+2—5 15.13 y=—§x+10.

x+2 _ =3x24+20x - 12 o 8(x+2)
2) "4———(x—_——2)2—,(9°f)(x)——(x_2)3-

1515 (a)max =/2/2atx = 1, min = —,/2/2at x = —1; (b)) max = 216 at x = 3, min = —36at x = —4;
(max =3atx= —1,min=latx=1; (d)max—%atx-S min = —4atx = 1;(e) max = 4L at
x=—1,mn=0atx =0.

1514 (a)(g - f)x) = (

1516 Ris§mifromA4. 1517 H'(x)=0. 1518 x2. 1519 3x2G(x).
15.20 All real numbers except 0 and 1.

1521 f'(—x) = f"(x) (the derivative is an even function). 1522 12

15.23 (a) Domain [ — 4, c0), range [0, o0); (b) y = 3x + 4; (c) {1, 2).

1524 Base = /2, height = /2/2.

CHAPTER 16

164 @2 =%
2y — x

1(0)(2,4),(-2, —4;(0)4,2),(—4, -2).
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16.5 (a)% ;(b) k= £21.

x o 8x®—3xly—2 3x¥(2x—yP +4y y? .. Nz, 1
166 @~ — T ,()——or—(y—l),(d)————l—ﬁ,
3x? 21(7x 1)? 4x xx—yP? +y
(e)2x+3y,,(f) 1) ()H”z,() e
2 4 ﬁ /3 4 2 17 _ 5 11
167 @y=gx+3:0)y=-"Tox+=—@y=3x+3:@y=75x- ,(e)y—5x—3~,
1 4 1
(f)y=—7—x—7,(9)Y=—ix—i,(h)}’=—5x+4-
8 45 917 4 2
168 (a)y= —§x+ ,(b)y——3x+7(c)y —RXt3@r=3 169 3.

CHAPTER 17

1710 @ f'(1)=0; (b)f'(?) =0; (c)f’(#) =0; (d)f’(l + 3@) = 0; (¢) f not continuous at x = 1;

(f)f’(%) = 0; (g9)f'(1) = 0; (h) f not differentiable at x = 1.

17.11 (a)l<c<4;(b)c=%;(c)c=i:—;;(d)c=4—ﬁ;(e)c= i—\é—?;(f)c=4—2\/§.

17.12 The function is increasing in the first-listed region, decreasing in the second: (a) everywhere, nowhere;
(b) nowhere, everywhere; () x > 2, x < 2;(d)x < -2, x> —2;(¢) -1 <x <0,0<x < 1;
() -3<x<0,0<x<3;(@x<lorx>51<x<S;hx<—-lorx>1 -1<x<0or0<x<1;
x< —20rx>2 -2<x<2

1715 @). 1718 3

33

17.20 (a) The points (1, 1), <3—i2—‘é, 1), and (3 —2\/3, 1); (b) 0, 2 (double root); (¢) [0, 3].

327
17.24 (5,7) 17.25 (b)08.

17.26 (a) Increasing on (— 1.3, 0.17) and (1.13, + c0); () increasing on (— o0, 0.333) and (1, + o).

CHAPTER 18

184  (a) s, — s = 16t2; (b) (i) 0.25; (ii) 1; (iii) 2; (iv) 2.5.

185 4seclater.  18.6 108.8 mi/h.

18.7  (a) 112 1t, 192 ft; (b) 4 sec; (c) 256 ft; (d) 8 sec; (e) 128 ft/sec = v,.

188 (a) 5 sec; (b) 176 ft/sec; (c) 3 sec; (d) 1.5 sec.
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189 (a) It is always moving to the right; (b} 3 mi.
18.10 (a)t > 4;(b)t < 4;(c) t = 4; (d) never; (e) 27 units.
1811 (@t<4ihandt>1h;(b)3 <t<1lh;(c)t=4+handt=1h;(d)0.75 mi/h.
18.12 13 units. 18.13 320 ft/sec. 1814 (a)t=0andt=75;(b)t =2.5;(c) no.
18.15 (a) 5 sec; (b) 122.5 m.
18.16 (a) 196 ft; (b) 112 ft/sec.
CHAPTER 19
194 $30perset. 195 $7perunit.  19.6 24 ft?/ft.
19.7 40 km/sec (at t = 1000 sec). 198 (a) 18 gal/sec (i.e., G = —18); (b) 54 gal/sec (i.e., AG/At = —54).
199 ()9;(b)6. 1910 y=2.
CHAPTER 20
20.5  24/7 ft/min. 20.6 3.14/n ~ 1 ft/min. 20.7 8 ft/sec. 20.8 64 ft/sec.
209 12/n ~ 3.82 mm/sec. 20.10 4/n ~ 1.27 in/sec. 20.11 4007 ~ 1256 m?/min.
20.12 (a) 10 mm; (b) increasing at 6/\/— & 2.69 mm/sec. 20.13 36 units/sec.
20.14 Decreasing at # units/sec.  20.15 30 mm3/sec.  20.16 r=1/x.
20.17 Increasing at 6 units/sec. 20.18 500 km/h. 20.19 4ﬁ ~ 5.64 mi/h.

16 (3.14 .
20.20 % (T) 2 0.64 m/min. 2021 (-1, —3). 20.22 S ft/sec. 20.23 6 ft/sec.

45 . .
20.24 ) ft/sec. 20.25 O mi/h. 20.26 12 units/sec.
CHAPTER 21

50 53 373 12.35 159 65
21.6 (a)T ~ 7.1429; (b) 9~ 8.8333; (c) ET 4.9733; (d) = ® 4.1167; (e) 350~ 0.4969; (f) %~ 0.6771;
193 323 . 647
(g)% ~ 0.4021; (h) T 8.9722; (i) 108 > 5.9907.
3 1920n ) 3
21.7 0994 cm”. 21.8 7 ~ 78.3 gal. 219 (a) 57 = 15.7 cm’; (b) 5.1% ~ 16.0 cm”.
21.10 9%. 21.11 SL mi ~ 210 ft. 21.12 (a) 6;(b) 6. 21.13 max (1.8725, 1.8475) = 1.8725 ft2.
Y14
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21.15 (a) 1.189207115; (b) 1.587401052; (c) 1.872171231; (d) 1.817120593.

21.17 (a) 1.324717957; (b) 0.6823278038; (c) + 1.306562965 and +0.5411961001; (d) 1.179509025;
(e) —0.8793852416, 1.347296355, and 2.532088886; (f) —1.671699882; (g) 1.618033989,
—0.6180339888, and —1.

21.18 1.867460025. 21.19 1.090942496.

CHAPTER 22
2. N | S S Ny S S
25 (@)~ 25 (b)6rx;(0) — g (x + 57 = 4(J§T§)3’(d) (=17 = 9/x— 1)
(@3 2 — ¥t + D745 (1) dx = (¥ — 65— 9 @) (4”)5

1 1
226 (a) TR () — F’(C) V ’(d) x + 2y)3

227 (@)and (b)y" = % x732; (c) (a).

228 (a)y =16x> —4x, y" = 48x% — 4, y" = 96x, y¥ = 96, y™ = O for n > 4;
By =4x+1—x"2)y" =44+2x73,y"=—Q2°3x74 ..., y®=(—1ynIx""*1;
‘= 1 —1/2 # l -3/2 m = ; —5)2, y(l) = _ E x—7l2

T s e

yo = (=11 (1)(3)(5);; (2n-13) x~@n-1i2,

@y =-2x—1"2y =4x—173%y" = —120x - )74 ..., y® = (= 1)2Antx — 1)~ "*Y;
©F =G +x7%y =23 +%7%)" = 63+ x4 ..., y® = (= 1Pn!(3 + %)~ D;
)y =—=2x"3y' =32x"4y" = =43 2x75, ..,y =(=1y(n— 1) x~ "2

229 (@a=2#0;()-3;()0.

d2
dy o8y _ _

3
2210 y'= - 2211 Ix o 2212 (@K= 5,(b) no.

1
7

W N
|-

2213 () i'(x) = f(x)g"(x) + 2 (x)g'(x) + f"(x)g(x), h"(x) = f(x)g"(x) + 3f'(x)g"(x) + I "(x)g'(x) + f"(x)g(x),
h9(x) = f(x)g"“(x) + 4f"(x)g"(x) + 6f "(x)g"(x) + 4f "(x)g'(x) + [ Dx)g(x);

eho) = 5 (%) ottt where () = oo and 199 = 0

k=0 k)!

g ") —f (") _ , 969

2214 @oP )

H'(x).

22.15 (a) 5.4 ft/sec?; (b) 270 ft at ¢ = 10 sec.

CHAPTER 23

234 (a) Concave upward for all x. (b) Upward for x > —5, downward for x < —5; I(—S5, 221). (¢) Upward for
x < —Sor x> —4, downward for —5 < x < —4; I(—S5, 1371), (—4, 1021). (d) Upward for x > 4,
downward for x < 4; no inflection points. (¢) Upward for x < 3, downward for x > 3; I(3, 162).



ANSWERS TO SUPPLEMENTARY PROBLEMS 351

y 2 121 y
(-33) .}
1 R
1(-1,0) 101,0) Lo Ty
x 2 7\ X
! '(5‘"2—7)P
1l e L&
( N 125) (\/S’ 125) i
©,-1) L’
" @-9)
@) ®)
I1(-V?2,28V2)
y (-2, 64) b Y
1(0.0) /
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(-3.-27) 2 -6
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) @ ©)
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1 | LN 1 1
-1 / 2 x I(—ZM,O) i 1 2 X
/- -
-
(g
) )

— s -3
5\/5) I ’ /7
1{-3v2,-=-= i 4
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G
h) Fig. A-10 * 4
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235 (a) 1.5 (min); (b) O (max), 3 (min), — 3 (min); (c) 4 (min), — % (max); (d) 0 (max), 2 (min); () 0 (min).
23.6 See Fig. A-10. 237 (d). 238 BandE.
239 (a) One; (b) none; (c) parabola. 23.10 (f) 2311 —-4<k<O. 23.12 See Fig. A-11.

2313 (@Allxin[—1,2];(b)all xin[—1,2]but x =1 [f'(x) = 2x — 1 for x > 1, and f'(x) = 1 — 2x for x < 1];
©1<x<2or —1<x<4%;(d)f"(x)=2forx > 1,and f"(x) = —2 for x < 1; () concave upward for
x > 1, concave downward for x < 1; (f) see Fig. A-12.

2315 k=-4 2316 A=C=0,D=1,B=—4,k=1+./2

(a) (b) (C)
4 ) Y
1
—————— TL————-———»—
1
X X

_______1_4, ________

(d) (e)

y 4

f) ()
Fig. A-11

=
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Fig. A-12

23.19 (a) (0, + 00); (b) x = 0, rel. min.; (c) concave upward for | x| < \/§, I( ;tﬁ, 1);
(d) see Fig. A-13, horizontal asymptote y = 3.

2320 (@) -1<x<2o0r2<x<3;(b)0<x<2o0rx>4.

CHAPTER 24

244 (a) No maximum;(b) 10mby 10m. 245 (0,0). 246 (3,4).(—%, %)

247 Height = 7 ft, side of base = 6 ft. 248 Absolute max = —2 (at x = 0), no absolute min.
249 10cm. 24.10 200 ft north-south by 50 ft east-west.

24.11 (a) See Fig. A-14; (b) (—1, }).

/k h k h 4
2412 (@r= ,E,;=2,(b)r=\3/;,_r.=;_

2413 h=6in,r=3,/2in.

2./3 2
24.14 (a) Absolute max = —‘91-_ (at x = %) absolute min = 0 (at x = 0); (b) see Fig. A-15.
A
3
2 b
.
1 L .
=3 =2 -I\O 1 2 3 X
N

Fig. A-14
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Y
1 of
4 P
2r
I - L
Vit s x - -2 X
2 2k
Fig. A-15 Fig. A-16

24.15 Height = 8 m, side of base = 4 m. 2416 1500 per day. 2417 x=2,y=6.
24.18 (a) k = —8;(b) see Fig. A-16;(c)k = 0. 2419 & 3.1 -3

24.22 Absolute min = 0 at x = 0, no absolute max.

CHAPTER 25

1 4
256 (a)g;(b)l%;(c)g’:—);(d)i;(e)?".

257 (a) 3—:—0 ; (b) 36; (c) 105; (d) 225; (e) 210. 258 12cm.

6.28318 20%
r

39 @s=2m6)r=5@0=2:D0=3:@s=2:()r= ~2@s=3

2

2510 A= % 25.11 See Fig. A-17.

£ o @

(a) (b)

(c)
(d) (e) | f)

Fig. A-17




ANSWERS TO SUPPLEMENTARY PROBLEMS 355

n 3n 3n 1= 3n
812 50T 0500 ()
CHAPTER 26

267  (a) - i(b)‘/,u—‘[.(d)‘/—,()f(uf) (f)‘/_(ﬁ—l) (g)‘/(\/i-l)

(h) 0.3256 (to four decimal places); (i) 0.2079 (to four decimal places).

23 ()4*/_,(1»)—‘[()— ,(d)‘/_(e)
21 4,./21 5
%9 @-YoN 000 - S5 e PR

26.10 % 26.11 ——“247. 26.13 (a) and (c) are false for 8 =

n
2 4

CHAPTER 27

278 (@)p= %,f=;;, A = 1,see Fig. A-18(a); (b) p = ,f 3, 4 =-, see Fig. A-18(b).

2

(a) (b)
Fig. A-18

279 (a)p=6n,f=-:l’;,A=2;(b)p=u,f=2,A = 1;(c)p=4?n,f=-§-,A =5;(d)p=§,f= +4,4=1.
27.10 (a) n= (for all integers n); (b) 2nn (for all integers n); (c) z + 2nn (for all integers n);

(d) k= (for all odd integers k); (e) + 2znn (for all integers n); (f) + + 27 (for all integers n);

(g) 2 + 2nn and T + 2zn (for all integers n); (h) + g + 2zn (for all integers n).

X €OS X — sin x

27.11 (a) 12 sin? x cos x; (b) cos x — 2 sin x; (c) x cos x + sin x; (d) 2x(cos 2x — x sin 2x); () ———5—
X
x sin x + 2 cos x — 2 . . . .
N ;) ; (9) 5(3 cos x cos 3x — sin 3x sin x); (k) —4 cos 2x sin 2x = —2 sin 4x;
sin 2x

() —4x sin (2x* — 3); (j) 15 sin? (5x + 4) cos (5x + 4); (k) —

J/cos 2x;

(D 6(sin? (sin? x))cos (sin? x)) sin x cos x.

1 2 4 1
27712 (@3:0)0:(3:@ 103 (N7:@ 00 =303, () 05 (k) 1; () 0.
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27.13 Figure A-19 shows the graphs for one period of each function, except in the case of the aperiodic

function (f).
})’ y
Vik
i
/
1 | % L 1 1 i
-f -t o T Y« : ¥ " Yo
-vil
(a) )
R4 y
2+
2+
1 -
1
\ 1 A ) s i
- _; 0 ; ~ X - 3 ;;
-t}
2k -2 F
() (4)
ﬂ y
1 - L1
3 'i x -Aw -Iw 2w -w, v 2x 3w 4x
() ’ ()
%4

)
Fig. A-19
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2715

27.16

27.19

27.22

27.24

27.25

27.27
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(@) max = 2z (at 2z), min = 0 (at 0); (b) max = ﬁ (at 241—‘), min = —1 (at 0);

3 5
5(atfandﬁ>,1niu= 1 (ato,g,and n);(d)max=;\/3_(at§),min= —Eﬁ(at?n);

(c) max = 3 3 6

5 1
(e) max = 2 (at =), min =0 (at the two roots of cos x = 2 ;

(f) max ——--51%\/—3 (at %n-), min =%é (at 7—‘)'

3 ’
. 3 n .
(9) max = 5{ at x,,, where sin x, =§and5<xo < m),min = —5 (at x, + =#).
(b) (i) Amplitude = 5, period = 2n; (i) amplitude = 13, period = #; (iii) amplitude = \/3, period = 2.

(a)%;(b)—é, 27717 A=n 2118 y=‘—[2—3x+9—:-1325£.

2 -
y= ‘3/3 w2 - 8"‘/3_. 2720 n=4. 2721 (a)See Fig. A-20; (b) yes; (c) no.
y
2
| 1 >
; ” 3; 2n
-1
-2
Fig. A-20
1 1 y cos (xy)
1;()0. 2123 @y =——=1+ )y = ——2 5%V
(a) 1; (b) (@y e ®)y X 05 () — 2y
(@ — % rad/sec; (b) 200,/3 km/h.

f), min = 0 (at 0).

n b4
@0=3:0)0=0. 2726 (a)max-i—l(atz

Continuous, but not differentiable. 27.28 (a)g = 0.349; (b) 0.857.

27.29 (a)cos x, —sin x, —cos X, sin x; (b) —sin x.

2730 (b)0.8654740331.  27.31 3.141592523.  27.32 1.895494267.
CHAPTER 28

288 See Fig. A-21.

28.10

(a) sec? g ; (b) (sec x)sec x — tan x); (c) —2 cot x csc? x; (d) 3 — 4 csc? 4x; (e) 6 sec? 3x tan 3x;

() —3 cot (x — §) cso (3 — 5); (g) — D/ESCYT ) _sec’ x
X

2\/— 33/tan® x
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| | | |

| | | |

| | | |

| i | |

| | | |

5 : n |

| | | |

| 1 | | 1= ]

I | | |

L L | i

- —'z': 0 Z{ LI | - | -2 0 2 'l'
| | | |

] -1 | | |

| | | |

| | | |

| | | |

| | | |

| | | |

| ' | |

| | l '

(a) (%)
Fig. A-21
y sec? (xy) W+ 1) csc? x cot x 3 cos x
28.11 ! = — = — ;b '=—; —_ - ;
@Y =) -1- 0+ )-12" "eiytany @Y 3ot e 0+ 1)
@y = 2tan (x + y)sec’ (x +y) 2l +y)tan (x + )

T1-2tan(x+y)sect (x+y) 1-21+ytan(x+y)

28.12 y=4(x—13')+ﬁ. 28.13 y=—-?(x-—g)+4. 2814 (a) 1; (b) 8; (©) 3.

4
28.15 320rad/h = G rad/sec = 5° per second. 2816 tan(a, —ay) =150, —a, ~ 56°.

4x —
2817 tan(a, —a) =20, —, ~63°. 2818 tan(x, — o)) =3,0, —a, x71°. 2819 y=%’t‘,—;"T).

28.20 (a) Rel. max. at n/4, rel. min. at 3n/4, vertical asymptote at #/2, inflection points at 0 and =; (b) rel. max. at
2n/3, rel. min. at =/3, vertical asymptote at n/2, inflection points at 0 and .

28.21 On all intervals where it is defined: (— 12—[, g), (g, 3—;-), etc.

2822 (a) 1.318116072; (b) 4.493409579; (c) 0.860333589.

CHAPTER 29
x5 .,.3, 8 s /3 1
29.7 (a)—2-—--§x +5x +x+C;(b)5x—2\/J—c+C;(c)-5-x/ + C; (d) 3x% +C;(e)—;3+C;
N2x1_ 2y p 0o max — )4 Cilg) — s e+ C = (1 = 260) + €
7 3 21 ’ 2x?  4x* 4x* ’
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4
(h)gxm—§x3’2+2x”2+C=1—25\/;(9x2—10x+15)+C;(i)—3oosx+5sinx+C;
2 2x2./3
(j)7tanx-—secx+C;(k)x3—cotx+C;(l)$x5”+C=xTx+C;

(m)sinx+C;(n)tanx—x+C;(o)li0x‘°+-§-x6+2x2+C.

359

1
29.8 (a)2—21(7x +4)*2 4 C; (b) 2(x — 1)/* + C;(c)f;l'g'(3x - 513 +C;(d) —3cos Bx-1)+C;
1
(e)2tan§+C;(f)2sin\/;+C;(g)-—31—2(4—2t2)8+C;(h)Z(x3+5)"3+C;
3
(0§(x+1)3’2—2(x+1)"’+C=§,/x+1(x—2)+C;(j)§(x—1)’/’+C;
(k)% [% x*+1)73 - % (x* + 1)"3] +C= i%(x‘ +1)*34x* - 3) + C; (n§\/1 +5x% + C;
2(ax + b)*? ) 1 1 )
(m) 502 (3ax 2b)+C,(n)—3sin3x+C— 3csc3x+C,
1 2 1 2
1 — 2 - %1 — (1 — )2 = _ % (1 _ 32 2 .
(0) —2(1 — x) [3 5(1 x)+7(1 x)]+C 105(1 x)3(15x% + 12x + 8) + C;
(p)-—l—(3x—5)‘3+C'()——1—-(4—7t2)8+C’(r)—1sin21+C‘(s)—itani+C
39 ALY TRt yTRY I ET
299 (a)t =7 sec; (b) 1024 ft; (c) t = 15 sec; (d) 256 ft/sec.
s * 32 40 35
2910 (@v=t —3t+4;(b)x=§—7+4t;(c)atx=?whent=4,atx=—?whent=-—l;
@ -1<t<4
2 13 132 23 3
29.11 (a)v—?—?t+4,(b)x=E—T+4t,(c)atx—1—2whent=1,atx=—thent=3,andat
x=-—%whent=—4;(d)t<—-4and1<t<3.
29.12 (a) 160 ft/s; (b) 400 ft. 29.13 (a)3s;(b) 99 ft. 29.14 7 units.
2x?
29.15 (a)y=—3——5x—1;(b)y=6x2+x+l. 29.16 12.5ft.
29.17 (a)t2—2t;(b)0<t<2;(c)t=2;(d)0;(e)§.
CHAPTER 30
5 13
304 (a) 24;(b)§;(c)?. 305 A,—-A4,—A,. 306 (c) 20. 309 (a)n.
3 3 2
3010 (a) 15; () 110; () +2‘/_ L@15. 3042 (b)("("é+ "). W13 4-1+2=5 W14 3
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CHAPTER 31

8/5—25 5
3110 (a) 24; (b)‘/— CNHTEH® ‘/32 J(3

5
i ()\/— s (b) 27; ()— (d)— ()— (3 ,(g)%;(h)&

1 8 254 248 56 2 11322
12 @33 0); (c)3<1 2/ % <2f 1)()——? 3+ () 55 [(1°(383) — 256] = 35 c,
49522 1 486634 1
(g)3 (h)g,(i)g;(j) (k) ,(1) (6\/_ + 1); (m) —— (")§~
3 4 1 2
31.13 (a)z,(b);,(C)g,(d);-
3 857 1 n
31.14 (a)c=-7:,(b)c=7 j@©c=43. 3115 @55: ). 3116 7.

3117 -’f%x' 3L18 (a) /5 + 7x2; (b) —sin® x; () 2¢/x* + 1. 3119 O.

3120 (a) 6x,/243x7° + 1; (0) f(H(x) * ()3 (€) 3/3x and — 5253"“
3121 b=J3. 3122 1. 3123 O

3124 (a)4x;(b) +2. 3125 (a)O;(b)%. 3126 b=4 3127 /6.

31.28 All three are equal. 3129 c=

Wi

31.30 All values such that x* is integrable on [0, 2]; these include all positive values.

sin 3t

3131 (@)x = (b) [(@0<t<= ,(d) and——

2 1
3132 73m. 3133 (@)>;()1. 3134 033ascompared to.
T

31.35 %(2\/5 + 1) ~ 2.004559755 as compared to 2. 31.36 (a)0.2525, as compared to the exact answer 0.25;
(b) 0.24875; (¢) 0.25.

CHAPTER 32
52 . 16 5 .
327 (a 3 [Fig. A-22(a)]; (b) 3 [Fig. A-22(b)]; (C)Z [Fig. A-22(c)).

9 5 . 2 5
7 (h)ﬁ,(l) s (D9 (k) ,(l) sm)5imy

1 1 5
3238 (a)ﬁ;(b)ﬁ;(c)—i;(d) NI l(f) @)= e
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ey

Fig. A-22

1 1097 7
329 (dg;lb}\/m:{clz—?m\fﬁ—13v/i§h;bﬂ9:tr)m—;(ﬂ2v’3;m%;thl2l-

3210 (@) 1.478942828; (b) 3.82019779; (¢} 125.6806651.

CHAPTER 33

338 lal%':lb) .lcl .{d} .lfl 3 [ e —a’l”’];m%‘lr’-a’l-—ua(r’ a’); {g} f64R).

(k) 2x*ba*; (l') : U] .lk) .(ﬂ = (m) 4.

339 (d]gr’:(b)z‘;3r’ (c] r’h; (d) - (l ab}=£ab¢-_

3310 (n}%’;m&. 331 unu",(bgm"

, . L AR
2 s 33.12 (a) See Fig A-23; (b} 4m; (c) 5

Fig. A-23

33.13 (g See Fig. A-24; wlsﬁ—“

1152x 8ix 1332z 153n
'(ClT‘[‘]T.'e] T'

33.14 (a) Scc Fig. A-25; (b)

361
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-v

Fig. A-28
CHAPTER M

I(In x)? 1 2

5

s : 3 :
M0 (@) il =) =) 5@ X + 2 Xk (N

2x./In x

(x— x4+ 1"

o) g i (M2 eot x.

Mn [c];Iule+C;(b);Inl?x-!l-l-C;(c}%lnl:‘— 1] +C:(ﬂ§(lnx+l)”’+ Ci{e)In(ln x) + C;

U"}—%Inll —sin2x|+C;(@x* +21In x| +%+C:(&)lu|un x|+ C;

(i)—2|l'l||-\/;|+C-h—l_l_~/;’=+‘:;”]%(|ﬁx)a+c.
-4x’(l—x’]_ (x — 2]‘\/x+ ( x )
M12 (@) __m By = _2 3(::-!-5] “Tra)
,/x‘—ltinx( x 8 fx+2
{C))’- ‘1x+3]‘ I’-I+th_zx+3) {d)y' Y 2[x+2lx_2)‘
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3414 (@120 2;(b)ln2—21n3.
3415 (@)In2+In5;(}) -In2;(c) —~In5;@2In 5@ 41In2;(f)$InS;(g) —2In 2 +1n 5);(h) 7 In 2.

2102 . 3419 2zIn2. 3420 See Fig. A-26.

7
3416 y=x-1. 34.17 1n2—2—4. 3418

Y L Y 4

=5 W
&
|

(a) )] (c)
| ¢ |
|
l { |
i |
| 0 1 o ! >
-3 : . y i P E ¥  x
|
| |
| | :
| |
{ . .
(d)
Fig. A-26

1 67
3421 (a)v=§t2—t+6lnlt|+2;(b)7+12]n 3.

X e ¥Mx+D) o 1
3422 (a)y—y(x2+y2_l),(b)y—x(y_l),(c)y—}’(3xy+3y3_2). 34.23

W |

3425 (@) In3 —1n2;() —%ln 7.

34.26 (a) 0.6937714032; (b) 0.6928353604; (c) 0.6931473747 (to 10 decimal places, the correct answer is
0.6931471806).

34.27 (a) 0.5671432904; (b) 1.763222834.

CHAPTER 35

35.11 (a);‘l-;(b) —x; () x*;d)x' 3 (@) x —1;(f)x —In x;(g) 2x;(h)%.
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35.12

35.13

35.14

3515

ANSWERS TO SUPPLEMENTARY PROBLEMS

ﬂ y
0 :=x 0 e’} 1 4:
—e'F
(a) ®)
y y
| Al
3 1
ok I(em 3¢ 3/’) \N‘
/T:T\—-; | ! )
0 1 e x -2 -1 0 1 2
© (d)
/ y
1
E L 1(2.§+ln2)
1
. 4_:—/; )
0 e e? x ¢ 1 2 X
(e) V2]
Fig. A-27
el e(x—1)

@) —e7% (b)) — 7 () (—sin x)e***; (d) sec? €*; (e)

x2

() "G +1n x);(g) e
(W (In mm*; () 2; () e* + e~

1
2In3

(a)% e+ C;(b) e+ C; (c)§ W€ =2+ C;(d) —e=* + C; (@) 3% + C;(f) 26" + C;

xx+l 1 2x3 1
- (h) = 3% T vy ey L -xe '
(g)n+1+C,()3e +C;G)e" ln(e"+l)+C,(])-———3ln2+C,(k) 4e +C
1 2x 2x 2y? 2x + ye*’
; (b — =1 ; s(d) — ; .
@ e OV oo~ 1 o539 O e e @D — 5, @00t x

(@) (In 3)cos x)3*"*; (b) % €*2%%¢%; (c) (2 In x)x"07*; (d) )—lc [1 + In (In x)}(In x)'»*;

yf 1 1 2x+3
@z + = .
2\x+1 x+4+2/ 2 /(x+1)x+2)
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In2

3516 (a )—, (B)—=;()1In 2;(d) e*; (e) 2.

\/

3517 (@e—1; (b); @—1). 3518 (@2;G)ne+1). 3519 n(e—1).
1
3520 max=e (at x= 1—':) , min = — (at x=— E). 3521 n"e™.
2 e 2
3522 (a)y = (2 cos x)e*'"*, y" = 2¢*i" X(cos® x — sin x); (b) —2 rad/sec.

3523 (@v=3e+1; (b)2+1n—,(c)x—e3'+t 1.

3524 y=2x+2. 3525 SeeFig A-27.

35.26 In Fig. 35-1(a) and Fig. A-27(d), multiply the horizontal scale by 1/In 2.

3529 max =e" ! (at x =€), min =0 (at x = 1).

35.30 (c)2.718145927. (The correct approximation to 10 significant figures is 2.718281828.)

1
3532 (a)%;(b) In(e+1)—In2; (c)% (l - ;) 3533 e—-1.

35.35 (b) Approximately 11.55 years; (c) after 1 year, 1 dollar yields: (i) 1.05 dollars when compounded once a
year; (i) about 1.05116 dollars when compounded monthly; (iii) about 1.0512 dollars when compounded
continuously.

3536 (a) 0.5671432904; (b) 1.309799586.  35.37 0.8556260464.

CHAPTER 36

369 (a) +0;(0)1;(0)0; (@) 0;(e) —1;(f) +o0;@ L; (W 3D 1; () 1; (k) In 3 —1n 2;()) +00;(m) 0;(n) 1;
(0)0; (p) €%;(q) +00; (N 0;(s) 1/m; (1) %5 () 3; () 4; (W) %

36.10 See Fig. A-28. 36.11 8 times.
In 10 -
36.12 1690 s s 1690(3.32) ~ 5611 years.  36.13 ¢ 1212/23 507 g,

In2 0.6931
4 T = 3 ~ 3. . 3 X 2 3 . :
36 10— 3103 ~ 23026 — 20793 3.1 years 36.15§ 69.31 days 36.16 3.125g

36.17 72900. 36.18 288 billion. 36.19 (a) 800; (b) 1%7—; x 541.

CHAPTER 37

2
A2 @f 0= 2 = 60 70V = i @ 0D = Iy + L) TH0) = =10% @ M) = =5

1 2
W) = 3/;—4 00 = “1

5
1B @0 -5 000N 0T 00T
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ANSWERS TO SUPPLEMENTARY PROBLEMS

ry 4
4
(2 5)
e'r 1Q2.2¢7Y) ! 1
1 L > 1 1 1
1 2 X 2-V2 2 2+V2
(@) (b)
Ly Y
27
(5.5)
]
1
1 e ¥ 12
1 I\ 1 [ 1
31-V3 3 3+V3 x 3 .,
-xe€
2 1
_1 o
28
(c) (d)
y
1
T3 1
L L 1 L1 ) N D P S,
-y o -3 Tl TN — " %
1
1
(e) Damped sine wave
Fig. A-28
2
37.14 (a)sin0=-2-?—‘/§,tan0=2\/§,cot0=§,sece=3,csc0=-34£;
J1 15 4./
(b)coso=—4-§,tan0=-l£5,cot0=—~/15,sec0= 15,cscO=—4.

15
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3 12 2 2,/5
3715 (@50 5@ 5@ - 3./2); @) -—%—_ /6= 1) (e) 0.

37.16 Domain = (— oo, o), range = (0, 1].

5n/2 forx< —1
/2 forx>1 '

3717 (@)sin"!x+cos”!x =g;(b) tan™! x + cot™! x =§; (c)sec™! x +csc™! x ={

1 = 1
dtan ! x+tan"! — == (orcot'1 x = tan™’ —).
x 2 x

x __1 __fsmx . =3 :
37.18 (a)l+x2+tan x 6 NN © 1 + cos? x’ @ (1 +9x?) cot™! 3x’
= if 0
— ifx>
2 1_2
(e)e"(cos“x— L 2); (f)(EH‘_ll)(l_+Ej; (g)_\/_x__2= _lx ;
J1-x XN A+ x x/1=x ifx<0
J1-x2
w] WER a0 1 o x>0 2
2 gaco IR T2 x4
a? —x? VX2 -1
3719 tan 'u+tan"!'v=tan"! u+v.
1 —wup

11X PG S (-1 X vt oo X . -1 .
37.20 (a)ztan 2+C,(b)6tan 2+C,(c)sm S+C,(d)4sm 5+C,(e)sec x-3)+C;
1 . _, (/6 1, (J18x 1, x 1, 3
_— vor ; (W) = 1 X ) - 12X .
(f)ﬁsm (3 )+C (g)\/ﬁtan ( 3 +C()2sec 2+C(04sec 4+C
‘ —
(j)-ésec"(——\/ZEJ‘)+C;(k)2tan‘l x+C; (I)%sec'l Y x3-|-9+C;(m)siu”‘—x3 3+C;
(n)2(3sin"x;3—,/6x—x’)+C;(o)%ln(x2+8x+20)—2tan“‘x;-4+C;
x2 8\/3 ,x—1 o1 x? S D s ) 1 _l<sinx )
(p)2+2x— 3 tan \/§+C,(q)2sm 2+C,(r)2tan 2+C,(s)\/§tan \/3 +C;
1 yx+1
(93 tan™! == +C.
1 250 . . . .
3721 y =§x. 3722 —1rad/sec. 37.23 5 mi/min = 5000% mi/h ~ 15708 mi/h.
2
324 7. 325 T 326 T 328 2/if

37.29 (a)[—;,g];(b)[o,u];(c)[—1, 1;d) -1<x<1;(e -1<x<1

w1+ y*)2x —tan"!y) y

’()" .
t+y* +xy x + 262, /1 — x?y?

3730 (a)
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37.31

37.34

ANSWERS TO SUPPLEMENTARY PROBLEMS

n

See Fig. A-29. 37.33 T

Fig. A-29

(b) 3.141592651. (The correct approximation to 10 significant figures is 3.141592654.)

CHAPTER 38

38.6

38.7

38.12

38.13

(@) —e~x® + 2x + 2) + C; (b) X — 005 X) "2_ cos x)

d) xsin”! x + /1 —x2 + C;(e) x sin x + cos x + C;(f) 2x sin x + (cos x)2 — x?) + C;
(g)% [cos (In x) + sin (In x)] + C;(h)zl5 [5x sin (5x — 1) + cos (5x — 1}] + C;

+ C;(c) €(x® — 3x2 + 6x — 6) + C;

N . N i _
(1)m(bsmbx+acosbx)+C,(})z(x—smxcosx)+c,

n®x sin x 1/3 1 e
=" 2 .n=-12 i gt o &
3 3 (2 4+ cos x)+C,(l)4<2x+sm2x+8sm4x>+C,(m) 5

3x

(k) sin x — = BGx—1)+C;

(n) x tan x — In |sec x|+C;(0)%(2x2+2x sin 2x — cos 2x) + C; (p) x(in x)?> — 2x(In x — 1) + C;
(q)%(sin 2x — 2x cos 2x) + C; (r) —%cos x2 + C;(s) —J—lc(l +1In x)+C;(t)e£;(9x2 —6x+2)+C;
(u)%[2x3 tan"!x—x2+In(1 +x3)]+C;(@®)xIn(x?+ 1) — 2(x — tan"! x) + C;
(w)@(x2—2)+c; (x)-’;mnx— )+C.

@ 1; ) @) e — 2); ) 5 (1 + €.

(@) l 3 (b) 27; (¢) n(2 - 2) 38.10 (a) ,,_2 ; (b) 272, 3811 (a)0;(b) — 2
2 e 2 n

r n—1 :
cos' xsinx n-—1
(@) { cos” x dx = + I cos"” 2 x dx.
J n n
d sn—1
sin xcosx n—1/{ .
(b) | sin" x dx = — + J‘sm"’2 x dx.
J n n
r -
sec""2xtanx n—2
(@) | sec” x dx = 1 +n ] jsw"zxdx;
Ly n - -

2

. sec? x t 2 t
(b)(i)%(secxtanxun|secx+tanx|)+c;(n)i“’—"?i"—"+§tanx+c=(tan x)<1 + a“3 ")+c.
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CHAPTER 39

1 1 6
312 (@) —zc08’ x + C; (B3 x + s“; x

2 1
+C;(0)= sm’x—,—,sin7x+§sin9x+c;

3 1., 1/(5 sin 4x sin® 2x  sin 8x
- —_— - . —_—f - —_— — C’
@< ( +251n2x+851n4x 6sm 2x)+C,(e)16(8x 3 + 3 P )+
1
(f)2tan-2——x+C;(g)—;—tan5x—stan3x+tanx—x+C;
1, 3 3 N UV T
(h)zsec xtanx+§secxtanx+§ln|secx+tanx|+C;(l)§tan x+§tan x+C;

1 1 1 5 3
(j)—sec’x—gse&x+C;(k)-sec3xtanx—gsecxtanx+§ln|secx+tan x}+C;

0 - l cos 4x + C; (m) — (2 cos 2nx — cos 4nx) + C; (n) (6 sin 2x — sin 12x) + C;

L (sm 5x N sm1;3x) Lc

39.14 (a)0; (b) .

—%./ —x*+C;(0) /1 +x*+In “l+x| —1+C;

1 . 3x
(d)—~/2-—x2+C,(e)§ T tGW m+C(g) ( 3t % +9)+C
ipd=16=97 o 1y 4= VI16-97 +K;(i)%[sin“x—x(1—-2xﬂﬂ]+c;

2" I3x] =3" (x|

1 i1 ox x 2 2x . 1 —1x_3 2Ax—3)
(j)s(sm e* — (1 — 2e**) /1 —e )+C,(k)16 tan 3 6t 13 +C.

3915 (@) /x> —1—sec”! x+ C;(b)2sin~!

N X

i

2 pa—
39.16 \/1_7+%ln(\/ﬁ+4). 39.17 \/Zz‘ﬁ_(1+\/§)+,nx/e\/;ll 1

39.18 Same answer as to Problem 39.17 (because the two arcs are mirror images in the line y = x).

3919 InQ2+./3). 3920 n./9./4=6n

CHAPTER 40

1 - 31
406 (@-In x—3 +C;(b)3ln|x+3|—-2ln|x+2|+C;(c)-x—+-ln|x+2i+§1n|x—2|+C;
6 |x+3 3 4 4

3 19 3 5
(d)—ln|x——II—9ln|x—2|+—lnlx—3|+C;(e) ln|x—1|——ln|x+1|+ In|x—-3}+C;

13 1
(f)——ln|x|+——ln|x+3|——ln|x+2|+ In|x— 1|+C(g)—ln 4|+C
5 x —2 1
2 .-_1 o .-_1 Z
(h) 6 In +1’+ +C;()-In x12l %= 2+C,(J) +3 3
55
0 L, - =2
(9% +2x + 52 (266 In|x— 4] +9In|x + 1] + +1)+C(l) ( )
1 9 13 1
(m) 7510 1x = 1]+ > In (x? +4x+5)——tan"(x+2)+C(n) an”! x - ta -1§+c;

369
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2
(o)%+%[ln|x|—41 ln(x2+9)]+C;(p)ln|x|—%ln(x’+1)+%x—21—+C;

+1
1 1 3 x 1 x—4
— —1] ——1In (x2 - 12, 0 .
@zglnlx-1l-55ln G +42’2100“"“ PR RN
1 2 3 1 2x+1) 2 x-1 . x+1 .
(r)In | x| 2ln(:c +x+1) 9tem (\/5 3)624_":_’_1+C,(s)ln 12 +C;
11
(t)%ln|x|+?ln|x+3|—3ln|x+2|+C;(u)x—ln(1+e")+C.
1 1 2
4038 (a)é—l(s1n2+nﬁ);(b)-27(nﬁ—3nn2). 09 ——+C.
l—-tani

40.10 (@In(1 —sinx)+ C;()In|sinx— 1|+ C;(c)sinx S 1.

2
(c)m'J—;—\ml+c;(@Lﬁ-3sx+66x—1n(1+%)+c;(e);(\/'—z),/2fx+1+c;

(f)z\/1+e*+1n(¥/i——_T_—i—_—i)+c=2 1+ +2ln(/T+e&—1)—x+C;
Yo+

x+1 _ f2xP —1
x—l-/T:._—ll-—\/Stan 1(———)-{-C.

NG

4 — 1\ -1
40.11 (a)-%1n|1—x2/3|+c;(b)4[(\”‘3 )y _ > +‘x—1—ln(l+,‘/x—l)]+C;

1
(g)%x2’3+ln|x”3+ t|-3ln




Index

A circle, 113
Abscissa, 8 under a curve, 229, 249
Absolute extremum (maximum, minimum), 105 equilateral triangle, 113
tabular method, 106 trapezoid, 244
Absolute value, 2 Argument, 46
Absolute value function, 47 Asymptote, horizontal, 70
Acceleration, 163 vertical, 69
of gravity, 163 Average, 239
Amplitude, 204 Average speed (velocity), 136
Angle, directed, 185 Average value of a function, 239
Angle of inclination, 218 Axis of symmetry, 41
Angle measure, 185 B
Antiderivative, 221 b (y-intercept), 28
Approximation Principle, 155 Base (of logarithm), 282

Arc cosecant, 297 C

Arc cosine, 293 Chain rule, 117

t, 296
Arc cotangent, power, 117

Arc length, 251 Change of variable in an integral, 240

Arc length formula, 252 Circle, 14

Arc secant, 295 standard equation of, 14

Arc sine, 292 area, 113

Arc tangent, 295 circumference, 13

Area: Closed interval, 49

between curves, 250



Collinear points, 30
Common logarithm, 282
Completing the square, 17
Composite function, 116
Composition, 116
Concave:
downward, 167
upward, 167
Concavity, 167
Continuity, 78
over a closed interval, 80
on the left, 79
on the right, 79
one-sided, 79
Continuous function, 78, 79
Continuously compounded interest, 283
Coordinate systems, on a line, 1, 2
in a plane, 8
Coordinates, on a line, 1
polar, 193
Cosecant, 214
Cosine, 190
Cotangent, 214
Critical number, 106
Cross-section formula, 259

Cylindrical shell formula, 258, 261

D

Decay constant, 286
Decreasing function, 130
Definite integral, 231, 232
Degree, 185

Demand equation, 40

Derivative, 92
first, 161
higher-order, 161
second, 161
Difference of cylindrical shells, 261
Differentiable function, 92
Differential, 155
Differentiation, 92
higher-order implicit, 162
implicit, 126
logarithmic, 272
Directed angle, 186
Discontinuity, 78
Displacement, 136
Disk formula, 257
Distance formula, 9
Division of polynomials, 58
Domain, 46

Double-angle formulas, 195



E

e, 276

Ellipse, 14

Epsilon-delta definition, 64

Even function, 50

Exponential decay, 285

Exponential functions, 275
tables, 334

Exponential growth, 284

Exponents, 118

Extreme-value theorem, 105

Extremum, absolute, 105

relative, 104

F
First-derivative test, 171
Free fall, 137
Frequency, 204
Function, 46
composite, 116
continuous, 78, 79
even, 50
odd, 51
one-one, 292
periodic, 193
Fundamental theorem of algebra, 52

Fundamental theorem of calculus, 238

G
Gap, 78

Generalized Rolle's theorem, 135

Geometric formulas, 331
Graphs:
of equations, 14
of functions, 46
intersections of, 36
sketching, 171
Greatest-integer function, 53

Growth constant, 286

H
Half-angle formulas, 195
Half-life, 287
Half-open interval, 49
Higher-order:

derivative, 161

implicit differentiation, 162
Horizontal asymptote, 70

Hyperbola, 14

I

Implicit differentiation, 126
higher-order, 162

Increasing function, 130

Indefinite integral, 221

Inequalities, 3



Infinite limits, 68 Irreducible factors, 320

Inflection point, 167 J
Instantaneous rate of change, 144 Jump, 78
Instantaneous velocity, 136 L

Integrable function, 231-232 )
Law of cosines, 194

Integral, definite, 231, 232 Law of the mean, 129

indefinite, 221 Law of sines, 198

Riemann, 232 Laws of exponents, 118

Integrand, 221 Least-squares principle, 181

Integration, 221 Leibniz, Gottfried von, 238
by parts, 305 L'Hopital's rule, 284
Integration formulas, 330 Limit. 59. 67

Interest, continuously compounded, 283 infinite, 68

Intermediate value theorem, 130 at infinity, 70

Intersections of graphs, 36 one-sided. 67

Intervals, 48 Limits of integration, 233

Inverse: Line (see Straight line)

cosecant, 297 Linear factors, 320

cosine, 293 and roots of polynomials, 52

cotangent, 296

Logarithm:
secant, 296 to the base a, 282
sine, 292 common, 282
tangent, 295 natural, 268, 333

Inverse function, 275, 292 Logarithmic differentiation, 272

trigonometric functions, 293 M

Irrational number, 85
m (slope), 24



Marginal cost, 145 Ordinate, 8

Marginal profit, 144 Origin, 1
Mathematical induction, 95 P
Maximum, absolute, 105 Parabola, 14

relative, 104 Parallel lines, 28

Mean, 239 Partial fractions, 321

Mean-value theorem: Percentage error, 160

for derivatives, 129 Period, 193

for integrals, 240 Perpendicular lines, 29

Midpoint formulas, 10 Point of inflection, 167

Midpoint rule, 247 Point-slope equation, 27

Minimum, absolute, 105 Polar coordinates, 193

relative, 104 Polynomials, 51

N differentiation of, 94

Natural logarithm, 268 Power chain rule, 117
tables, 333 Product rule, 93

Newton, Isaac, 238 Proper rational function, 320

Newton's method, 156 Pyramid, 266

Normal line, 90 Q

Null set, 18 Quadrants, 8

o Quadratic factors, 320

Odd function, 51 Quadratic formula, 38

One-one function, 292 Quick formula I, 223

One-sided continuity, 79 Quick formula II, 271

One-sided limit, 67 Quotient of a division, 58

Open interval, 49 Quotient rule, 100



R Second-derivative test, 169

Radian, 185 Sigma notation, 229

Radicals, 118 Simpson's rule, 247

Range, 47 Sine, 190

Rational function, 71 Slope, 24

proper, 320 of a tangent line, 86

Rational number, 85 Slope-intercept equation, 28

Rational power, 118 Solid of revolution, 257

Rectilinear motion, 136 Speed, 136

Reduced angle, 188 Standard equation of a circle, 14

) Step function, 53
Reduction formulas, 308, 310, 312

Straight line, 24
Related rates, 147 raight line,

ti f, 26
Relative extremum, 104 equations of,

) Substitution method for antiderivatives, 223
maximum, 104

. Supply equation, 40
minimum, 104

S etry:
Remainder of a division, 58 yHImeRy

) o with respect to a line, 41
Removable discontinuity, 78 P

with respect to a point, 42
Repeated root, 52

Rhombus, 30 with respect to the origin, 42

Riemann integral, 232 T

Riemann sums, 232 Tabular method, 106

Rolle's theorem, 129 Tangent function, 214

Roots of a number, 118 Tangent line, 86, 87

Roots of a polynomial, 51 Total oscillation, 204

S Trapezoid, area of, 244

Secant, 214 Trapezoidal rule, 244

Triangle inequality, 3



Trigonometric:
formulas, 329
functions, 190, 214
function tables, 332
integration of, 311
Trigonometric integrands, 311

Trigonometric substitutions, 313

A%
Value of a function, 46
Velocity, 136
Vertical asymptote, 69
Vertical line test, 54
Volume, 257

of a cylinder, 113

of a sphere, 144

W

Washer formula, 258

X

x-axis, 8
x-coordinate, 8
x-intercept, 35
Y

y-axis, 8
y-coordinate, 8

y-intercept, 28

Z

Zero of a polynomial, 51



